Solutions to the Tutorial Problems in
the book “Magnetohydrodynamics of the Sun”
by ER Priest (2014)
CHAPTER 4

PROBLEM 4.1. Sound Waves in a Flowing Medium.
Show that sound waves in the presence of a uniform flow v, obey a wave
equation of the form

a 2
(a + vp - V) Vi = CiV(V . Vl) (1)

and deduce their dispersion relation.

SOLUTION.
In the absence of a magnetic field, gravity or an angular rotation, the basic
MHD equations (4.1)-4.3) reduce to

dp
°F v = 2
i +pV v =0, (2)
dv
p p —Vp, (3)

By writing p = po + p1, p = po + p1, V = Vo + v and linearising, where
Po, Do, Vo are uniform, these reduce to

0

<§+VOV) pl_l'pO(VVl):O? (5)
9 vV )vi= -V (6)

0o BN Vo V1= P1,

B 0

(E—F(Vo'V)thcg(a"‘(VO'v)ph (7>

Eliminating p; and p; gives
a 2
(a—i‘Vo'V) V| = CiV(V'Vl), (8)
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as required, where ¢ = ypy/po.
Thus, plane wave solutions of the form

vi(r,t) = vyeltkr—wt)
then yield
w? = /{;2c§,

where w’ = w — k - vg, which is just a Doppler-shifted frequency.

PROBLEM 4.2 Finite-Amplitude Alfvén Waves.

Show that an Alfvén wave of arbitrary amplitude propagating along a uni-
form background magnetic field (Byz) with V-v = 0, p+B?/(2u) = constant,
v = 1b/\/(1up) and b = Byf(,y, £ Vat) satisfies the ideal MHD equations,
where f is an arbitrary vector with V - f = 0.

SOLUTION.
The ideal incompressible MHD equations are
ov 1
— . =-VP+—-(B-V)B
pgp ToVV)v=-V +u( V)B,
0B

5 TV V)B-(B-V)v=0.

where P =p+ B?/(2u) and V - v = 0.

Now write B = Bg+ b, where By = Byz is uniform and suppose the total
pressure remains constant (P = constant). Then the equation of motion and
the induction equation reduce to

ov 1 1
—+(v-V)v=—(By-V)b+ —(b- V)b,
VY= By Vbt (b V)
and
Ob
E+(V~V)b:(B0~V)V+(b~V)V.
Then, if v = :I:b/ﬂ,up), both of these equations reduce to
b b
- 4y, 22
o~ Vg



where V4 = By/ ﬂup), which has solutions
b = Bof(x,y, z + Vat),

where V - B = 0 implies V - f = 0.
The corresponding plasma velocity and electric field are from v = +b/ \ﬂ wp)
and E=v x B
VvV = :EVAf(SL’, Y,z + VAT,),

and
E=1VyBy x f(z,y, 2 £ Vat).

PROBLEM 4.3. Energy Flux in Alfvén Waves.
Find the magnetic and kinetic energy densities and the Poynting flux in a
finite-amplitude Alfvén wave propagating in the positive z-direction.

SOLUTION.
We follow Roberts (1967). Consider an Alfvén wave of the form

b = B0f<x7y7 Z—VAt), vV = —VAf(I', Y, Z_VAt)v E= _VABOXf(x7y7 Z—VAt)

propagating in the positive z-direction.
The total magnetic energy density is

(Bo+b)* Bf ¥

24 2u  2p
and so the magnetic energy density associated with the wave is
T

ﬂ - 2qu2 = %p‘/az.f2 = %PU2,
which is just the kinetic energy density. Thus, we have equipartition between
magnetic and kinetic energy in the wave.
The total energy density is the sum of magnetic and kinetic energy den-
sity, namely,
R
5wcwe = —+ 5PV
2u 2
The corresponding Poynting vector is
ExB Ex(By+b)

f I




or, after substituting for E and rearranging,

ExB
1

= pVAV + ViEuave.

The first term is a radiation term that vanishes when integrated over a
closed surface or when integrated over time at a fixed position. The second
term represents a flux of energy in the z-direction.

PROBLEM 4.4. Diffusion of Linear Alfvén Waves.
By adding a term of the form nV2B; to the right-hand side of

0B

a—tl =V X (Vl X BQ), (9)
determine the effect of magnetic diffusion on shear Alfvén waves in a uniform
medium. If the magnetic Reynolds number is defined as R,, = v4/(kn), find
the real and imaginary parts of w and deduce that, when R,, > 1, the effect
of diffusion is to produce a slow decay of the wave and a small reduction in
its frequency of oscillation.

SOLUTION.
Assume V.v' = 0. Then the linearised continuity equation implies p’ = 0 as
usual for Alfven waves, while the equations of induction (with diffusion) and
motion become

OB’ v’
o = VX (v x Bo) + VB, Mpoa—‘; — (VxB) x By ,

where V.B’ = 0. After making the usual wave assumption, they reduce to
—iwB’ = i(Bo.k)V — K*(B', —pupowv' = B'(Bo.k) — k(B'.By) ,

where, as usual, B".By = 0.
These two equations may be combined to yield the dispersion relation

k
w? = k?vp? — iw% , (10)
where
VA
R, =—
kn



By splitting w into a real (w,) and imaginary (w;) part, Eq.(??) gives

1
Wi = _p A w2 = k20,2 (1 — 4Rm2) ) (11)

Thus if R, > 1, the effect of diffusion is to produce a slow decay of the wave
and a small reduction in the frequency w;.

PROBLEM 4.5. Nonlinear Alfvén Waves with Diffusion.

Consider a finite-amplitude wave obeying the visco-resistive MHD equations
and having a constant total pressure and density and a magnetic field Bo+b,
where By = Byz is uniform. Show that, if v = —b/y/(up) and 1 = v, then
b satisfies a linear equation and solve it if b = b(z, t)%.

SOLUTION.

With a constant total pressure, a magnetic field of the form Bg + b with
By = Byz uniform, and an incompressible flow (V - v = 0), the equations of
induction and motion are

b
b :B()&—V%—(b-V)v— (v-V)b+nV?b
ot 0z
and 5 b
9 . - W . 2
Hp (815 + (v V)V) By P + (b- V)b + uprV-v.
Then, if we put v = —b/\/(,up) and n = v, both of these equations
reduce to b b
2
e g b
ot =~ lagy VR

where vy = By/+/(up), or, if b = b(2, )%,

ob 9 9%

ot~ Mg Tga

Since this is a linear equation with constant coefficients, we may Fourier
analyse and consider each Fourier component of the form

b = expli(wt — kz)],



for which the above equation gives the dispersion relation as
w = kv + ink?,

so that
h= 6ik(UAt—Z)e—77k2t.

Thus, we have a nonlinear Alfvén wave of wavenumber k propagating
along the z-direction and decaying over a time-scale 1/(nk?).

PROBLEM 4.6. Internal Gravity Waves.
Use

wivy = ck(k-vy) + i(y—1)ga(k-vi) + igkv, — 2w x vi. (12)

to establish the dispersion relation w = N sin 6, for internal gravity waves
when g/cs < kcs. Deduce the physical behaviour of the waves and the fact
that an upward propagating wave carries energy downwards.

SOLUTION.
For a plane wave of the form

vi(r,t) = vyellkr—wt)

the linearised MHD equations with vanishing magnetic field and no rotation
yield Eq.(??), namely,

wivi = ck(k-vy) + iy —1)ga(k-vy) + igkov..

The intuitive discussion of Sec 4.4 led us to expect the existence of gravity
waves when N2 > 0 due to the tendency for plasma to oscillate slowly with
frequency N. Their dispersion relation can be determined by taking the
scalar product with k and Z in turn of the above equation and gathering
together terms in vy, and k - vy, to give

igk® v, = (W — Ek* — i(y — 1)gk.) (k- vy),

(w? —igk.) vi, = (k. +i(y —1)g) (k-vy).

Then an elimination of (k - vy)/v, between these two yields
(wW? —igks) (W* — K —i(y — 1)gks) = igh® (k. + 1(v — 1)g).
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The object is to seek waves with a frequency of the order of the Brunt-
Vaisala frequency (V) and much slower than that of sound waves, so that

w2 < keg;

Cs
this implies that the wavelength is much smaller than a scale-height and the
above full dispersion relation reduces to

wieg m (v = 1)g*(1 = k2/K?).

s

In terms of N and the inclination (6, = cos™*(k,/k)) between the direc-
tion of propagation and the z-axis, this may be rewritten

w=N sin 6§,

for (internal) gravity waves. The word ‘internal’ is sometimes added to distin-
guish them from surface gravity waves propagating along an interface between
two fluids.

Several properties of this mode are of note. A typical value for N=! is
50 s, so the gravity mode tends to be rather slow by comparison with the
other waves (except for the inertial wave). Gravity waves do not propagate
in the vertical direction (§, = 0), since that would not allow a horizontal
interaction with elements at the same height. Furthermore, the dispersion
relation implies that w < IV, so that the waves cannot propagate faster than
the Brunt-Viisala frequency.

For a given w and N, it also means that they propagate along two cones
centred about the z-axis with 6, = sin™'(w/N). For the upward-propagating
wave with

w=N(—k/K)"2,

the z-component of the group velocity is

Ow w k,
RGO

which is negative. Thus gravity waves have the unusual characteristic that a
group of upward propagating waves carries energy downward and vice versal
In fact, the group velocity is in a direction normal to the surface of the cone
with angle 0,,.

PROBLEM 4.7. Entropy Waves.
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Show that, in the absence of gravity, the linearised MHD equations pos-
sess a solution with w = 0, vi = p; = B; = 0 and an arbitrary p; and
entropy.

SOLUTION.

The linearised MHD equations about a uniform state are
Ip1
ot : -0
BN + po(V - v1) ;

ov

,Ooa—tleVpl—(VXBl)xBo/,u :0,
dp1 .0
— — = =0
ot “ ot ’
0B
a—tl—VX(V1XB0) :0,
V- -B; =0.

Plane-wave solutions of the form
vi(r,t) = vyelkr—ed

reduce these equations to

—wp1 + po(k - v1) =0, (13)
— powvi + kp; — (k x By) x Bo/p =0, (14)
wp — CAwp =0, (15)
—wB; —k x (vi x By) =0, (16)
kB, —0 (17)

Then, if w = 0, Eq.(??) implies v = 0, Eq.(??) implies B; = 0, Eq.(??)
implies p; = 0, and Eq.(??) implies p; is arbitrary, which implies that the
perturbation s; = so(p; — vp1) in entropy is arbitrary, as required for an
entropy wave.



