Solutions to the Tutorial Problems in
the book “Magnetohydrodynamics of the Sun”
by ER Priest
CHAPTER 10

PROBLEM 10.1. Connection Formulae for Resonant Absorption.

Consider a linear perturbation of the form
f(r)expli(me + kz — wt)]

to a twisted cylindrical flux tube in equilibrium having field components
[Bog (1), Bo-(r)]. Such perturbations satisfy the Hain-List equation (4.60).
(a) Show that
98P — 2fBBoyBoz&1r/ (1ir) (1)

is conserved and equal to a constant (C4) at the Alfvén resonance point
(wa(r) = w], where gg = (m/r) By, —kBog, f5 = (m/r)Boy+kBo., Py = p1+
Bg-B; /1 is the total pressure perturbation, and &y, is the radial displacement
perturbation.

(b) Show that the thickness of the dissipation layer is [w(v + w)/|A[]Y/?,
where A = —2wadwa/dr.

(c) Show that the jumps in &, and P across the resonant dissipation

layer are
€] . sign w gp
1r] = —1T =)
Al pBj

CAa

__sign w 2By Bo. fB
17T As
Al pBiur

and are therefore independent of the dissipation coefficients (v, 7).

)=~

SOLUTION.
We follow Sakurai et al (1981) Solar Phys. 133, 227.

(i) In the absence of dissipation, perturbations of the above form to a
twisted flux rope satisfy two equations of the form

d /
D= (r&iy) = Caréyy — Cor Py (2)



and
dP|

D
dr

= C'3517‘ - C’lf)l/v (3>

where
D(r) = p(c + v3)(w? —w})(W® — ),

in terms of the Alfvén frequency (w4) and the cusp frequency (w.).
These may be combined to give the Hain-Liist equation in the form

d d
& 10560 - geres (@)
for the radial displacement and
d dP.
& [P0 - corn )

for the total pressure perturbation.
Expand about the Alfvén resonance r4 [for which w(r4) = w], by putting
s =1 —ry4. Then Egs.(4), (5) reduce to

d ( d&,

a (s 1 ) + bé1,, (6)
d ( dP] )

e (s 7 ) + dPi, (7)

where a, b, ¢, d are constants.
Their solution has the form

£1r(5) = wi(5) Ins +{ N (3)
Pl = (o) misl +{ £30 150 0

Now, close to the resonance point Egs.(2, (3) become

dglr 9B / glr
=== P —2fgBysBo,~— 10
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and
dP|  2fpByyBo.

A
° ds urpB2

(QBP{ — 2fpBogy Bo. 517«) : (11)

r
which imply

d glr
S Ts <9BP1/ - 2fBBo¢>BoZE> = 0.

This implies that Eq.(1) holds, namely, that

98P — 2fpBoyBo:&1r/(1r) = Ca, (12)

say.
Eqgs.(10) and (11) may then be integrated to determine the functions
up(s) and wuy(s) in Egs.(8) and (9) as u(s) = ggCa/(pABEZ) and usy(s) =
2fBBogBo-Ca/(upAB3)r 4.

(ii) The jumps in &, and P| are due to dissipative effects and are de-
termined by including those effects in the basic equations, for which Egs.(2)
and (3) still hold, but with D replaced by

D(r) = p(c2+v3) wz—wi—iw(u+n)d—2 w? —w? —iw V—Fw—gﬁ ~ :
3 dr? c w?y ') dr?

Then the inclusion of diffusion modifies Eqgs.(10) and (11) to

d2 dglr o 9B / glr
@) ds ~ pB? 9P — 2fBBO¢>BOzE (13)

(sA —iw(v+n)

and

2 !
(sA —iw(v+n) d ) b = 2/5Boy Bo-

517‘
= P~ 2f3BoyBo.22 ). (14
ds?) ds — prpB} (gB 1~ 2/5Be By (14)

ur

The result is that the conservation law Eq.(12) still holds and so the two
above equations have the form

d>\ dY
(sA —i(w+ I/)—) — =R. (15)
ds

Dissipation is important when both terms on the left are comparable, and so

equating them in order or magnitude gives the thickness of the dissipation
layer as [w(v + w)/|A|]Y/3, as required.
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(iii) Integrating Eq.(15) across the dissipation layer can be shown to give
the jump in Y as
R
Y] = —%ﬂsign (%) ,
or, in terms of &, and P,

0] = _msign W gB
’ Al pB3

. Sign w 2BO¢BOZfB

P =—
[71] m |A| pB2pur A

as required.

PROBLEM 10.2. Phase Mixing of Waves in Space.
Derive the solution of

az’Uly 2 azvly 02 0vly
= — 1
o~ ) g T NEa T, (16)
of the form of .
viy(z, 2,t) = V(z, z)eilkz(@)z—wat] (17)
in the case of weak damping and strong phase mixing, namely,
1 z dk,
]{;_Z < 1 and ]{j_z dx > 1,
SOLUTION.
Consider 52 o2 2 5
U1y 2 U1y U1y
= — . 1
o~ g T nga Ty (18)
Seek solution in the form
viy(, 2, 1) = V(x, 2)elk=@zmwat] (19)

which is strongly phase-mixed in the sense of having variations that are much
stronger across the field than along it. This is similar to Eq.(10.13), except
that the amplitude [V (x, z)] varies weakly (in the sense that zdk,/dx > 0/0z,
k., > 0/0z and k,z > 1).



Then the dominant terms in Eq.(18) with va = wy/k, are

2 2
0= (ki_z) 2k, 5 + (v + 1) (iwg) ( I ) 2%V,

which is of the form

with

But k.(x) = wg/va(z) and so

v+ dva\? k2
e

2 %UA

The solution for V is
V = Vyexp(—[f2*/3)

V(z,2) = V(z,0)exp {— (v +mkZ (d”A)2 z3} ,

or

603, dx

which decays with height like 23.

PROBLEM 10.3. Phase Mixing Solution by Multiple Scales
Seek solutions of Eq.(18) in the form

vy = Voy(T, 2, to, t1) + eviy (@, 2,0, t1) + sy (20)

where tg =t,t; = et and € < 1.

SOLUTION.
We follow Hood et al (2002) Proc. Roy. Soc 458, 2307-225 for this so-

lution.
Substituting Eq.(20) into Eq.(18) gives to zeroth order

2 2
0 Voy 2 0 Voy

ot? ~ Valw) 072

=0, (21)



with solution
vy = F([z — Va(x)to], z, t1), (22)

where the function F' is determined by initial conditions and a solvability
condition that comes from the order € equations.
At first order in € Eq.(18) becomes

d*vy,, vy, 5 v, m Dy,

[ 2 —_
gz~ Va5 Dtodt, | ¢ Otodr?’ (23)

In order to eliminate secular terms, we equate the right-hand side of this
equation to zero and integrate over ty to give
dvgy, 1 gy

2 —
oty ¢ 022

= 0. (24)

The solution is in the form

vyo = f(t)F(§)  and &= g(t1)[z — Va(x)to]. (25)

Substituting into Eq.(24) gives an equation to determine the functions f and
g, namely, in terms of the variables £ and ¢; to leading order

o7 F 2 (10 e = L i (26)

In order to make both sides the same order, we choose ¢ = n'/3 and we
choose functions f and g to make the coefficients in this differential equation
for F(£) independent of ¢;, namely,

2¢' = —a(Vi(2))*tig® (a)  and  2f" = -b(Vi(x))*tifg®, (b) (27)

where a and b are constants.
Eq.(26) becomes
F" 4+ afF' 4+ bF = 0. (28)

The solutions of Eq.(27) are

9(t1)=(02+%aVAt§’)_m (@) and  f(t) = [g(t)]"" (b)

where 0 = 1/¢(0) is a constant.



Thus, the solution for v,y becomes finally

1 Ia Z — VAT,
[0+ (1/3)aViei]2e (0 + (1/3)aVtd) /2 |7

(29)

Uyo =

where the function F' is found by solving Eq.(28), depending on the value of
the constant a.

In his paper, Hood shows that the case a = 0 reduces to the usual
Heyvaerts-Priest phase mixing case, whereas otherwise the solutions can be
found in terms of an infinite series of Hermite polynomials. By picking vari-
ous initial conditions he is able to treat single pulses and multiple pulses.

PROBLEM 10.4. Phase Mixing of Waves in Time.
Find the time-scale for phase mixing in time of Alfvén waves.

SOLUTION.
On a short coronal loop, standing waves have their wavenumber (k,) fixed
by the geometry, and so each magnetic surface with £ = constant oscillates
independently of its neighbour with a frequency w(x) = k,va(z) = wa(x)
and a velocity of

viy(x, 2, 1) = V(x)eF==wa@,

Thus, we have phase mizing in time as the field lines become more and more
out of phase. At the same time the z-gradients grow, since the variations in
phase wa(x)t make a contribution

vy Z_dw A
ox dx

Thus, the phase mixing produces an effective wavenumber k, .rr = (dwa/dz)t,
which grows in time, so that the effective wavelength becomes smaller and
smaller until again dissipation converts the wave energy into heat.

The inclusion of dissipation may be modelled by seeking a strongly phase-
mixed solution of

# o,
ox? Ot

2 2
avly_ 2 0vly

o~ a5

+ (v+n)

of the form vy, (x, 2,t) = V(z,t)ellF=*=2a@ having an amplitude that is
weakly varying (with wy > 9/0t and wy > t~1). The dominant terms in this



equation are

ov., , dwa?
E(—QZMA) =i(v+n)wa (%) 2V,

with a solution having an amplitude that decays in time like

V(x,t) = V(x,0)exp {—(V —g n) (d;—;) t3} :

The time-scale (typically a few periods) for dissipation by phase mixing is
therefore

1 a\1/3
ase — T 127R *_) )
Tph wa < TiIe b\

where w' is the Alfvén time. At this phase-mizing time, the z-scale again
becomes a fraction (k, .fra)~! = (127 Re*a/\) ™3 of the original scale (a).

PROBLEM 10.5. Interaction Distance of Photospheric Magnetic
Fragments.
Consider a 2D potential field model of two fragments of flux +F| at points
(z,y) = (a,0) on the z-axis in an ambient uniform magnetic field By&. Show
that:

(a) when a > d = 2Fy/(7By), there are two null points on the z-axis and
none on the y-axis;

(b) when a = d, a second-order null point appears at the origin with
separatrices inclined at 7/3;

(c) when a < d, a first-order null point is present on the y-axis, and its
maximum altitude is %d;

(d) for a 3D field the interaction distance is d* = \/Fy /(7 By).

SOLUTION.

We follow Priest et al (1994) Ap. J. 427, 459.
(a) The 2D potential magnetic field due to two fragments of flux +Fj at

points z = @ in an ambient uniform magnetic field Box, where z = x + iy is

given by

’éFQ/ﬂ' ’iFQ/T('

B B, = By, 30
y Tl Z—a Z+a + 450 ( )
The interaction distance is defined to be
2F,
d= "2
7TBO
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Then, in terms of this, when a > d, Eq.(30) becomes

» » 2’2 _ b2
By + ’le = ’LBom, (31)
where
b = a(a — d).

Thus, the magnetic field vanishes at z = 4a, namely, two points on the
x-axis and none on the y-axis, as required.
(b) When a = d, the magnetic field becomes

22

By + ’le - iBom,

or, near the origin,
2

. . zZ
B, +1iB, ~ —zBOE,
so that B oB
B, = d—;(—atz +9?), B, = d—zoz):y.

In other words, the origin is a second-order null point with flux function

By 2 y3

and the field lines are given by

3 3
, Yy —=C 2B,
= ?)y , By = ?xy

a

where C' is a constant. The separatrices are thus the positive and negative
x-axis and the two field lines inclined at 7/3 to the z-axis
(¢) When a < d, Eq.(30) becomes
2 2
B, +iB, = iByoC (32)

22_a2’

where
& =a(d—a).

Thus, the magnetic field vanishes at z = ic, namely, one point on the
y-axis, as required. As a increases from 0 to %d, so the altitude of this null
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point increases from 0 to a maximum value of %d. As a increases further to
d, so the altitude decreases to 0.

(d) In 3D, the magnetic field a distance d* from a pole of half-flux Fj is
Fy/(2md*?), and so, equating this to one-half of the ambient field By gives an

interaction distance of
o\ /2
= =<
<7TB() ) ’

PROBLEM 10.6. A Smooth Force-Free Field from Imposed Foot-
point Motions.

(a) Show that the small force-free perturbation By + B; to a uniform field
By produced by arbitrary perturbations & = &~ on the plane z = 0 and
& =¢&" on 2z = d is determined uniquely to be

o k, '5_ Siﬂh[lﬂ_(d— Z)] k, '£+ sinh(klz)
K sinh(k, d) k*  sinh(k,d)

d—zk, x (ky x€7) zky x (k. x€&T)
d k% d k% ’
where By ~ expi(wt + k-r) and € ~ expi(wt +k - r).
(b) Show that the force-free currents arise from a difference in rotational
motions on the boundaries.
(c) Show also that the force-free fields here are the low-frequency limit of
shear Alfvén waves.

as required.

13 k| + ki

SOLUTION.
We follow Sakurai and Levine (1981) Ap. J. 248, 817.
(a) Seek solutions of the form

0€
- = = —
B =B, + By, VEVIE 50
of the form
By ~expi(wt+k-r) vy ~expi(wt +k-r)

to the linearised force-free and ideal induction equations, namely,

0B,

j By=0 o
J1 X Do ) ot

=V x (Vl X BQ), (33)
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where j; = V x Bj.
Then Egs.(33) become

(k xBy) x By =0 (34)
and
B1 =k x (é X Bo. (35)
Now write
k=k, +k,z

and substitute for B; from Eq.(35) into Eq.(34), which reduces to
k€ — (k- k.2 + k1 & k=0, (36)
Taking k| - Eq.(36) gives
(k2 4+ K3k €L =0, (37)
while taking k; x Eq.(36) and then taking-z the result gives
k, x&-2k>=0. (38)
Then Egs.(37),(38) have two types of solution, namely,
k & ~expi(kyr) +£k.2), with E>+k1 =0, k; x€-2=0,
and
k| x&2z ~ expi(kyr,)xlinear function ofz, with k* =0 (ie., 0%/02* = 0), ki & =0,

If we specify & = € on the plane z = 0 and £ = €7 on z = d and
decompose £ into the two parts

k- & k, -§

) T (39)
then the solution is
£ o k, - é_ smh[lﬁ(d — Z)]k n k, - £+ sinh(/ﬁz)k
" k2 sinh(kid) - k2 sinh(kyd)
_d—zklx(klxs‘)_Eka(kLXEJF)H (40)

d K2 d K2

11



as required
(b) Eq.(34) is V x By x By = 0, which implies

V x B1 = OKBO
and
By-Va =0,
so that « is independent of z. These imply that
z-(tk x B
QZL:Z']{?ZZ-(Z'I{J_ x &)
By

for each term in Eq.(40).
The first two terms in Eq.(40) don’t contribute to «, while the last two
with ik, = 0/0z give

o=k x (€ €] (11)
for one Fourier component, or
1

a= -7 [Vix (€ —€) (42)

for arbitrary £ and €.

Eq.(41) or a superposition over all k; implies that B; is determined
uniquely when an arbitrary small motion (£7,&7) is imposed on the bound-
ary. The perturbation does indeed satisfy the condition 0B;/0z = 0 far away
from the boundary, but & does not vanish and the system can respond with
a smooth equilibrium to any small perturbations on the boundary.

Eq.(42) implies that force-free currents arise from a difference in rota-
tional motions on the boundary. Irrotational motions generate no currents,
unless the basic state is nonuniform.

(c) If we repeat the analysis of part (a) but replace the force-free equation
by the equation of motion with just a magnetic force, then Eq.(33) becomes

8V1 8B1

—— = Jj1 X By, ot =V x (V1 X BO)v (43)

so that Eq.(34) is modified to

pupwvy = (k x By) x By, (44)

12



which implies that By - v = 0.
Then Eq.(44) and Eq.(35) may be combined to give

2
U_2V1 = ]ngl + (kJ_ . Vl)kJ_. (45)
A

Taking k| - Eq.(45) gives

(w?/vh — k2 — kD )k - vi =0, (46)
while taking k; x Eq.(45) gives

(W/v3 — KDk, x vy -2 =0. (47)

These two equations are satisfied either by shear Alfvén waves with w? =
k*v% and k - vi = 0 or by magnetoacoustic waves with w? = k?v% and
k, x vy-z=0. The resulting electric current is

iBy

1 []fz(kj_ X Vl) — (kJ_ . Vl)(kJ_ X Z. (48)

1=
Therefore the current is perpendicular to By for magnetoacoustic waves but
has both parallel and perpendicular components for shear Alfvén waves.

By comparing Eqs.(37),(38) with Eqs.(46),(47), it can be seen that the
force-free field is the low frequency limit of shear Alfvén waves. This can also
be understood from the fact that only the shear Alfvén waves have a field
aligned current component (j,) and j, > j; when w — 0. By comparison,
the magnetoacoustic waves only survive as current-free perturbations in the
limit w — 0.

PROBLEM 10.7. Current Sheet Formation in Flux Tube Tectonics.

Consider a 2D (z,z) corona between two photospheres on z = 4L, with
an array of line sources of flux [(2n + 1)w, +L], where w/(2L) < 1 is the
aspect ratio of the loops.

(a) Prove that the initial potential magnetic field is

F/(2w)

(Bow, Boe) = CooirntE ol contra gy S0 s ). sinfr (L—1:0) /),
(19)
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and describe its properties.

(b) Suppose the source footpoints are sheared by Y,, = +(—1)"Y. Show
that the current density is j = (db/dAg)By, where A is the flux function
associated with the field By (Eq.49) and b(A4y) = Y/Vp, where

4? sinh®(37L/w) cos?(m Ao/ F) + cosh?(iw L/w) sin®(r Ay / F)

Vo(Ap) = l
0(4o) nF OBe sin?(wAy/F)

(50)

(c) Show that the current flows in a narrow layer of width w /me~["L/(w),

SOLUTION.
We follow Priest, Heyvaerts and Title (2002) Ap J 576. 533.

(a) For the considered boundary conditions the field components have the
forms

nmwx

By, = ; Bun(2) sin (7) . Bo.=1B+ ; Bun(2) cos (?) (51)
Since By.(z,£L) is a set of Dirac peaks, we have B,,(+L) = (F/w)(—1)",

so that
F ., cosh(nmz/w)

Bon(z) = —(—1)n 2207 52
(2) w( ) cosh(nmL/w) (52)
Then V - By = 0 determines B,,(z) and Eqs.(51) become
F & . /nrx\ sinh(nmwz/w)
Bow = —— S (=1)" , 53
0 w 21:( ) sm( w ) cosh(nmL/w) (53)
F F nrx\ cosh(nmz/w)
By, = —+ — —-1)" . 4
T ow " w - (=1) COS( w )cosh(mrL/w) (54)

In addition, the flux function Ay(z,z) defined by By, = —0Ay/0z, By, =
0Ay/0x is given by

mAo(z,2)  mx N i (=)™ <in (mrx) cosh(nmz/w) (55)

F T 2w — n w / cosh(nmwL/w)

Now in the close-packing limit (w < L), these reduce to
F/(2w)

(Bogz, Bo.) = [cosh[nr(L — |2])/w] + cos(mz/w)]

(sgn(z) sin(mz/w), sin[r(L—|z])/w]),
(56)
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as required, whereas the equation for Ay becomes

tan {W} — tanh {@} tan (;T—x) . (57)

w w

The field is essentially uniform as soon as z departs from the boundary
by more than w. The potential field has null points on the boundaries at
z ==L, x = 2nw.

(b) The perturbed flux function has the form A(x, z) = Ay(z, 2) +a(z, 2),
where we assume Y < w, a <€ Ay. The corresponding field has a y-
component [b(Ag)] that is determined by

dy ds
so that v
b(Ap) = ) 59
where the specific volume is
ds
Vo(do) = | 5= (60)
Ag 0
The resulting current density is
. db/dA
j= /u ’B,. (61)

Thus, if V, diverges on field lines that pass close to a null point, then b
vanishes at such surfaces. In terms of variables X = nz/w, Z = n(L—|z|)/w,
the equation for magnetic surfaces becomes

n (Z2) = (X s (2). »

while the specific volume is given by

dw? [T/ cos X + cosh Z
Ag) = — A
Vo(4o) 7w /0 sinh Z dz, (63)
or
4? sinh®(37L/w) cos?(m Ao/ F) + cosh?(Aw L/w) sin®(r Ay / F)
%(AO) = 108;6 ) )
v sin“(m Ao/ F)

(64)
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as required
(c) Thus, V depends on two parameters, namely,

7TAO L
v=7 4= 5 (65)
For small 9, i.e., field lines passing close to the separatrix, V{ diverges as
Sw? 1
Vo(Ap) & —1 — . 66
0) ~ o, (1) (60

On the other hand, for field lines that are far from the separatrix, V; is

constant )
Sw
Vo(Ap) = Voo = —¢. 67
0(Ao) 0co - Fq (67)
b behaves like 1/} and so is essentially constant except near separatrices.
Thus, the current is concentrated near the separatrices. The integral of the
current density between a separatrix and another magnetic surface, namely,

the current surface density (/(¢))) is given from Eq.(61) by
TFY 1

1Y) = . 68
)= e g~ Tog, (457 0] (58)
I vanishes at x = 0 and rapidly increases to a constant value
FY
Io,=—. 69
4Lwp (69)
The width (0) of the layer where the current is flowing is from Eq.(68)
w
§=—¢ 1 70
Yo, (70)

as required. Since ¢ > 1, the thickness of the current layer is very small.

PROBLEM 10.8. Binary Reconnection.
(a) Suppose the position of one magnetic source rotates relative to another,
and calculate the resulting electric field and field line velocity.

(b) Show that, if the mean photospheric flux densities of positive and
negative flux are B, and B_, then the heat flux due to the source motion
(’Uo) is

Bi’Uo

- 3
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SOLUTION.
We follow Priest, Longcope and Titov (2003) Ap J 598, 203.

(a) Let us seek to determine the nature of the electric field (E) and plasma
velocity (v) outside the vicinity of the null point (where the electric currents
are concentrated). In the steady-state kinematic approximation for a given
magnetic field, E and v are determined by

V xE =0, (71)
which implies that
E=Vo, (72)
and by
E+vxB=0. (73)

Equation (73) has two implications. Taking the scalar product with B
and using (72) gives
B-V® =0,

so that ® is constant along a magnetic field line. In particular, if such a
field line is characterised by constant values for two functions (c(z,y,z) =
constant and k(x,y, z) = constant, say) that define surfaces, then

® = (c, k). (74)

The second consequence of (73) arises by taking the vector product with
B, namely, that the plasma velocity (v1) normal to the magnetic field is

_E><B

= (75)

Vi
Thus our task is to determine the function ®(c, k), and then E and v, follow
from (72) and (75), respectively.

Suppose now that there is one source of unit strength at the origin and a
smaller source of strength —e at a point A a distance a along the y-axis (see
Figure 4b of Priest, Longcope, Titov, 2003). The resulting magnetic field is

B=-_ 2 (76)

r2 ry
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and contains a null at a distance

. a

along the y-axis. Here r,0,¢ and ry,60;,¢ are the polar coordinates of a
general point P with respect to the origin O and the position of the smaller
source at A.

The field lines are given elegantly by constant values of

c=ecosf; — cosb, k=0, (77)

where the coordinates (r,6) and (r1,6;) are related by

ry8inf; = rsinf, rycosfy = rcost — a,
so that "
rsin
tant)y = —— 78
ML= osl —a (78)
and
r? = r? — 2ar cos 0 + a’. (79)
Furthermore, the unit vector along OP is
. rcos —a ) .
rlzf{(r—acosﬁ)r—i-asmﬁe}. (80)
ry

Thus, in (76) the magnetic field is given in terms of s and 6 with r1 given by
(80) and r? by (79), while the equation of the field lines is given by ¢ = ¢(r, §)
in (77) with 6, given by (78).

The question now arises: how can we choose ® = ®(c, ¢), with ¢ given
by (77), in such a way that

® — eQcosd asr — 0,

so as to give uniform rotation of the source at the origin? The variables
(0',¢') and (0, ¢) in Figure 4 are related by

cos® = sinfcos o, <= ;)
cos 6 (: %) (81)

sin 6’ sin ¢’
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Thus, the above question is equivalent to finding ®(c, ¢) such that
®(c, ) — ewsinfcos¢asr — 0,

where ¢ = ecos; — cos 6.
Since #; — 7 and so ¢ — —e — cos 0 as r — 0, the function we seek is

®(c,¢) = [1 — (¢ + €)}]"2 cos . (82)

Singularities in v, (given by (75)) occur where B = 0 and also where 0®/0c
is singular, namely, at ¢ = —e £+ 1, which represents the spine of the null.
Thus the rotation of the dominant source drives spine reconnection at the
null point.

In cartesian coordinates the potential becomes

9y 1/2
B z B Yy . E(y B 1) —c
O(z,y,2) —m{l [x2+y2+22 VIy —1)2 + a2 + 22 } } '

Furthermore, near the null point the ¢-component of the electric field com-

ponent behaves like
cos @

R
where R? = 22 + 22, which is characteristic of spine reconnection.

In this analysis, we imposed a solid-body rotation of one source and had
no control over the motion of the other source. In general, for different source
motions, the reconnection will be of spine-fan type (see Priest, Longcope,
Titov, 2003 and chapter 6.13.2).

(b) Now consider the energy contributed by turning a flux source F'
through an angle A¢ over a time At at a constant rotation rate w = A¢/At.
Suppose the field of the source is

Ey=2¢€(1—¢)

F
B, = I
07 22
and that the rotation produces an Alfvén wave with v;4 = rwsinf and

Big = Bov1g/va0 in terms of the local Alfvén speed (v49). Then the Poynting
flux is
—(V1 X B(]) X B1 Bg 9 A

S = —= v r =
K HYA0 b HYA0

2
BO 2

w?sin? 0 r’f.




The resulting power produced is

2m /2 B2
P= / do / sinf r29df = —2—rw?,
0 0 HU A0

or, in terms of the flux (F') and angle (A¢),
F? W F?  (Ag)?

T 12n2uva  127% vao(At)?

The energy injected in time At is then

2 (Ag)?
AFE = PAt = 83
1272 v g0 AL (83)
or, in terms of the self-helicity (AH = F2A¢/)
AE = AH ﬂ’ (84)
127 p v a0 At
Now the free energy (AEysf) in a linear force-free field is

AH

AEj = —
1=, a, (85)

which provides a lower bound on the energy release. Equating Eqs.(84) and
(85) gives an expression

(86)

for the maximum injection time beyond which Eq.(84) fails and the energy
conversion becomes quasi-static in nature rather than wave-like.

Equating AH to the helicity H sy in the linear force-free field determines
the value of a. Changeover between a wave process and a quasi-static process
occurs when wave reflections occur, namely, when

2L,
At = =11
VAo
where L.¢; is the effective length of the field lines. Thus, equating this
timescale to Atyss gives an alpha value of
__A¢
@ 127 Le ff .

(87)
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The distinction between impulsive and quasi-static heating is therefore de-
termined by the parameter
o 'UAOAt

2Ly
For impulsive generation (¢ < 1) the energy release (AFE) is given by Eq.(84),

whereas for quasi-static energization (¢ > 1) the energy release follows from
Eqgs.(85) and (87) as

(88)

AH A¢
B 2477',[1 Leff'

Now, consider a binary collision between two sources A; and A, with
fluxes F; and F3, respectively, and suppose that initially A, is at distance
d from A;. In other words, in the frame of reference of Ay, the source A,
lies on a circle of radius d. Suppose that during the collision A, approaches
within a distance b of A;. Thus, in terms of the impact parameter (b), the
change (A¢) in angle of orientation of AjA, is given by

(89)

A
TQS =cos ™" (g) , (90)
while the duration (At) of the interaction is
2d . (A

The parameter £ can then be rewritten, after identifying L.r; with b and
substituting for At from Eq.(91), as

€= vaod sin A¢
N Uob 2 ’

or, after using Eq.(90) for A¢,

1/2
g:@(z—z—o . (92)

However, the motion of magnetic sources is in practice highly sub-Alfvénic
(vo < va0), and so we deduce from Eq.(92) that in the vast majority of
interactions (i.e., unless b &~ d) £ > 1, so that the interactions are quasi-static
(through a series of force-free states) rather than being impulsive (mediated
by wave motions).
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The energy release given by Eq.(83) can be written in the form

N 24%2:“ Leff ’

where F,,;, is the smaller of the two fluxes F; and F, involved in an in-
teraction. Replacing L.ss by b and substituting for A¢ from Eq.(90) then
gives
F2, L (017
= R = : 93
s [ (3). o9

The rate of collisions () with a source of a given sign is

AE

v =27d Nypp Vo,

where N, is the density of sources of opposing polarity and d is the radius
of a circle that contacts one source on average, so that mN,,,d* = 1. Thus,

1

d= ————
(WNopp)l/z’

and the collision rate becomes

N\ 2
v = 2ug ( Opp) . (94)
m

Using the expressions for AE and v from Eqs.(93) and (94), and the fact
that the mean value of (d/b)[cos™(b/d)])? is about v/2(7/4)? ~ 0.9 ~ 1, the

mean rate of energy release is

V(AE) = L

- Nopplo.
37T,U min pp 0
The heat flux (Fjeq) from a distribution of (majority species) sources of
density N therefore becomes
1

Fheat = —F2

371_,“ minNNOPPUO' (95>

If the minority species has a fraction (f) of the total source density (N, +
N_), then NN,,, = f(1 — f) and the heat flux becomes

1
Fheat = 3 Fr?unf(l - f)“0~
T
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An alternate way of writing this is in terms of the mean flux densities
B+ = (F} )Ny, B_ = (FL)N-,

where N, and N_ are the numbers of these flux elements per unit area, while
(Fy) and (F_) are the mean fluxes per element. The heat flux is then

¢ - -
Fhreat = —— B B_wy, 96
heat 34 +D Vg ( )

vyhere Q; = Fipin/ Finaj is the ratio of minority to majority flux. If, in particular
B, ~ B_, the heat flux becomes finally

1 _
Fheat = —— B2y, 97
heat 37T,U +Yo ( )

which is enough to heat the corona provided B, is large enough.
For further details, see Priest, Longcope and Titov (2003) Ap J 598, 203.
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