Chapter 15

> restart;
> with(plots):

Warning, the name changecoords has been redefined

1

1

> with(plottools):
> with (DEtools) :

Warning, the name translate has been redefined

> with(linalg):

Warning, the name adjoint has been redefined

Warning, the protected names norm and trace have been redefined and
unprotected

=/ Question 1

[ > diff (s* (l-exp(-a*e)) ,e);

(-ae)
sae

(> diff (s* (l-exp(-a*e)),e$2) ;

(-ae)
—sa’e

| Since the second derivative is negative, then there is diminishing returns to effort.
| > diff (s*(l-exp(-a*e)),s);

(-ae)
l_e ae

> diff (s* (l-exp (-a*e)),s$2) ;

i 0
| [ Since the second derivative is zero, there is constant returns to stock size.

=/ Question 2

[ > solve(diff (r*s*1ln(k/s),s)=0,s);
k
e

Hence, s, =—, i.e., the stock size which achieves the maximum sustainable yield.
e

: > simplify(r*(k/exp(1l)) *1n(k*exp(1l)/k));

(-1)
rke

=/ Question 3
=l

[ > sdot:=r*s*(l-(s/k))-a*e*s;

s
sdot:er(l——j—aes
k

: > solve(sdot=0,s) ;
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k(-r+ae)

[ Given

h
—=as
e

h
then — is equal to
L e

[ > convert(a* (-k* (-r+a*e)/r) ,parfrac,a);
ked

- +ak
r

| which is linear in effort.
[ > sdot2:=r*s*1ln(k/s)-a*e*s;

k
sdot2 =rs ln[—j —aes
| S

[ > solve (sdot2=0,s) ;

> simplify(a*k/exp(a*e/r)) ;

| h
Then h{_J is equal to
L e

[ > ln(a*k*exp(-a*e/r)) ;

oed)

E > assume (a>0,e>0,r>0,k>0) :
[ > expand(ln(a*k*exp (-a*e/r)));

a~ e~

In(a~) + In(k~) -

’/‘N

_ Which is log-linear in effort.

| [> a:="'a': e:r='e': r:="'r': k:='k':

=] Gi)
In each case let oo and 3 denote the OLS estimates. Then in the first case,
2

ak oa

oa=ak and P=

r r
| Accordingly it is not possible to identify the parameters from the OLS estimates.

a
In the second case oo =In(a k) and B = ——. Then
r

: > solve (alpha=1ln(-beta*r*k)  beta) ;
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e(X

ok
| and again it is not possible to identify the parameters from the OLS estimates.

=/ Question 4
| . _ 1000
If the yield is to be at the maximum sustainable, then s, = 5 = T =500, and (s, ) = T =
.2(1000)

= 50. It must be necessary then for harvest to be 50 and the stock size to be 500.

| Since the supply is ¢’ = 1.2 p + .05 s and ¢* = h = 50 and s = 500, then
"> solve(50=1.2%p+0.05% (500),p) ;
| 20.83333333
| Butat p =20.83333333, ¢“ is equal to
| > 45-20.83333333;
24.16666667
which is not equal to 4. Accordingly it is not possible to set a price to clear the market at a
| stable equilibrium with yield equal to the maximum sustainable yield.

| The situation can be shown in the following figures.
| > solve(g=1.2*p+0.05*(500) ,p) ;

.8333333333 ¢ —20.83333333

[ > solve(g=45-p,p);
—-q +45
> plot([20.83333333,.8333333333*h-20.83333333,45-h],h=0..100,0.
.50,1labels=["qd=gs=h","p"],linestyle=[4,1,1] ,colour=[red,blue
,blue]) ;
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501
40
301
20

107

> plot ([50,0.2%s* (1-(s/1000))],s=0..1000,0..55,1labels=["s", "ds/
dt"],linestyle=[4,1] ,colour=[red,blue]) ;

B -

401
301

ds/ct

201

101

L L 0 200 400 800 800 1000
= Question 5

(i)
The equation g =k s (s, —5)
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L stock. It is a quadratic with growth of zero when s = 0 and when s =5, . Since
[ > solve(diff (k*s* (su-s),s)=0,s);
1
—Su
2
_ and
> diff (k*s* (su-s),s$2);
. -2k
| with 0 <, the growth curve must reach a maximum when s = s, .

| The harvesting function, 4 = a e s, is linear in s for given effort, e. A rise in effort
| increases the slope of the line; while a fall in effort reduces the slope.
" The profit function T = ph —w e =p a e s — w e. But in equilibrium stock size is a function
| of effort, because in equilibrium
[ > solve(k*s* (su-s)-a*e*s=0,s);
—ksu+ae

k
> expand (p*a*e* ( (-a*e+k*su) /k) -w*e) ;

paze2
T tpaesu—we

b

r 2
. ap L . .
Le.,m= (— T e+ (ap s, —w) e, which is quadratic in e. Since

> solve (-p*a“2*e”2/k+p*a*e*su-w*e=0,e) ;

0 k(pasu—w)
] - pd
[ > solve(diff (-p*a~2*e”2/k+p*a*e*su-w*e,e)=0,e);
l k(pasu—w)
] 2 pd
[ > diff (-p*a*2*e”2/k+p*a*e*su-w*e,e$2) ;
2
a
L P24
k

k(pasu—w)

Profit begins at zero when effort is zero, rises to a maximum when effort is 5
2pa

| and returns to zero at twice this value.
(i1)
[ (a)
| > g:=s->0.5%s* (25-s) ;
g=5s—>.55(25-y)
> h:=s->2.5%e*s;
h=s—>25es
> solve(diff(g(s),s)=0,s);
12.50000000
> g(l12.5);
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| 78.125
| Hence, the maximum sustainable yield is 78.125 and the stock isze at this level is s = 12.5.
[ (b)
| > sdot:=g(s)-h(s);

sdot =.5s(25-s)—25es
> sols:=solve (sdot=0,s) ;

sols =0.,25.-5.¢

> solsl:=subs(e=2,s0ls[1]);

| solsl = 0.
[ > sols2:=subs(e=2,s0ls[2]);
| sols2 = 15.
[ > subs(e=2,h(s));
| 50s
> g(15);
75.0

Hence, when the stock size is 15 there is a steady-state. This can be seen in the following
| diagram as the solution where the harvest function cuts the growth curve.
| > plot([78.125,75,g(s) ,5*s],s=0..25,1linestyle=[4,4,1,1],colo
ur=[red,red,blue,blue],labels=["s","ds/dt"]) ;

120
100-
80-
s/t ]

40_,

20

0 5 10 15 20 25

L (o)

| It can be seen from the diagram that at the stock size where the growth curve is a
maximum (the value of s which achieves the maximum sustainable yield), natural groth of
fish stocks is in excess of harvesting. This means that the stock size will rise. It will rise
until, given the value of effort implied in the harvest function (e = 2), natural growth
equals the rate of harvesting. Hence, the solution for s must exceed the stock size at the
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| | maximum sustainable yield.

D (111) (a)

> solve(sdot=0,e);
| 5. —.2000000000 s
| > profit:=subs(e=5-0.2*s,0.6*h(s)-12%e) ;
profit =150 (5-2s)s—-60+24s
> solve (diff (profit,s)=0,s);
| 16.50000000
[ > estar:=subs(s=16.5,5-0.2*s) ;
| estar .= 1.70
| > profitstar:=subs({e=5-0.2*s,s=16.5},profit);
| profitstar :=21.67500
"> g(16.5);
| 70.125
| Summary:
sstar =16.5
estar =1.7
profitstar = 21.675
gstar =70.125
- (111) (b)
> hb:=subs(e=2,h(s));
| hb=50s
| > profitb:=0.6*hb-12%(2) ;
i profith :=3.00 s — 24
| > sdotb:=g(s)-hb;
i sdoth .= .5s5(25-5)—-50s
[ > solve(sdotb=0,s) ;

| 0., 15.
[ > g(15);
| 75.0
[ > subs(e=2,h(15)) ;
| 75.0
| > subs (s=15,profitb);
| 21.00
| Summary:

sstar =15

estar = 2 (by assumption)

profitstar =21

gstar =775

=l diiee)

With effort e = 2 profits are 21, but are not at their maximum value. In fact too much effort
is being expended to maximise profits. Reducing effort to e = 1.7 raises profits to a
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| | maximum of 21.675.
=l (v)
[ (@)p=.8,w=12anda=2.5
[> g:= g : h:="h':
> g:=s->0.5*s* (25-5s) ;
g=5s—>.55(25-y)
> h:=s->a*e*s;
h=s—>aes
> profit:=p*h(s)-w*e;
profit:=paes—we
> sdot:=g(s)-h(s);
sdot : =5s(25-s)—aes
> solve (sdot=0,e);

-25.+s
—.5000000000 —
a

> newprofit:=subs (e=-.5000000000* (-25.+s) /a,profit) ;
5000000000 w (=25. +s)

newprofit :=—.5000000000 p (-25.+5) s +

| a
| > solve (diff (newprofit,s)=0,s);
25.pa+w
.5000000000
L pa
[ > sstarl:=subs({p=0.8,w=12,a=2.5},.5000000000* (25.*p*a+w) / (p

*a));
sstarl :=15.50000000
> estarl:=subs({s=15.5,a=2.5},-.5000000000* (-25.+s) /a) ;
estarl == 1.900000000
> profitl:=subs({s=15.5, p=0.8,w=12,a=2.5},newprofit) ;
profitl :=36.10000000
> gl:=g(15.5);
L gl =73.625
[ (b)p=.6,w=15anda=2.5
[ > sstar2:=subs({p=0.6,w=15,a=2.5},.5000000000* (25.*p*a+w) / (p
*a));
sstar2 :=17.50000000
> estar2:=subs({s=17.5,a=2.5},-.5000000000* (-25.+s) /a) ;

estar2 = 1.500000000
> profit2:=subs({s=17.5, p=0.6,w=15,a=2.5},newprofit) ;

profit2 := 16.87500000
> g2:=g(17.5);

g2 = 65.625

(c)p=6,w=12anda=3
> sstar3:=subs({p=0.6,w=12,a=3},.5000000000* (25. *p*a+w) / (p*a

I
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))

>

sstar3 = 15.83333334
> estar3:=subs({s=15.83333334,a=3},-.5000000000* (-25.+s)/a) ;

estar3 :=1.527777776
> profit3:=subs({s=15.83333334, p=0.6,w=12,a=3},newprofit);

profit3 = 2520833334

> g2:=g(15.83333334);

g2 :=72.56944440

[
| p=.80 p=.60 = .60
w=12 w=15 w=12
a=2.50 a=2.50 a=3.00
S 15.5000 17.5000 15.8333
e 1.9000 1.5000 1.5278
b 36.1000 16.8750 25.2083
g 73.6250 65.6250 72.5694

variables.

variables.

=] )-vi)

E> g:="'g':

> sdot:

> edot:

> h:=s->2.5%e*s;

=g(s)-h(s);

h:='h': profit:='profit':
> g:=s->0.5*s* (25-s) ;

The implications are as follows:
A rise in price, ceteris paribus
A rise in wages, ceteris paribus, leads to a rise in s, but to a fall in the other three

A rise in technology, ceteris paribus

g=5s—>.55(25-%)

h=s—>25e¢s

> profit:=0.6*h(s)-12%e;

profit:=150es—12 ¢

sdot:=.5s(25-s)—25es

=subs (v=5,v* (profit)) ;

> solve (edot=0,s) ;

edot =7.50es—60¢

8.

| i.e., the no entry/no exit stock level is s = 8.

sdot:="'sdot':

s, e, mand g.
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ds
The equation for the isocline Z =0 is given by

:> solve (0.5*s* (25-s)-2.5%e*s=0,e) ;
5.—.2000000000 s

or

s
e=5-——

s
which is linear. Furthermore, when 0 < ;, then

t

S
0<5——
5

| the isocline stock size is falling.

=] (vii)

[ > subs (s=8,solve(sdot=0,e));

| 3.400000000
> g(8);
| 68.0
[ > subs(e=3.4,h(8));
68.00

> subs ({s=8,e=3.4} ,profit);

v

solve (sdot=0,e) ;

5.—.2000000000 s

and so below (to the left of) the isocline stock size is rising; while above (to the right of)

1 I

VVVYV

sdotline:=plot (5-0.2*s,s=0..10,0..5.5,colour=black) :
display (sdotline) :

linept:=[1ine([8,0],[8,5.5]) ,point([8,3.4])]:
display (sdotline,linept, labels=["s","e"]);
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" The two differential eqﬁations of this silstem are:

ds
—=.5s5(25-s)-25es
dt

de
—=5[.625s5e—-12¢]
dt

> field:=dfieldplot([diff(s(t),t)=0.5*s(t)*(25-s(t))-2.5%e(t
) *s(t) ,diff(e(t) ,t)=7.5%e(t)*s(t)-60*e(t)],[s(t),e(t)],t=0

| ..1,s=0..10,e=0..5.5,arrows=SLIM, colour=green) :

| > display(sdotline,linept,field) ;
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iniset:
pphase:
=0..25,

:> pprhase (

=T = T T = = =T s = = En = = =

- [a} - B - -~
| Note in the following that we take the intial point as (s, e) = (25, .1)
[ > des:=diff (s(t) ,t)=0.5*s(t)*(25-s(t))-2.5%e(t) *s(t) ,diff (e(

.5*e (t) *s(t)-60*e(t):
={[s(0)=25,e(0)=0.1]}:

b
T T

=trange->DEplot ([des], [s(t) ,e(t) ], t=trange,iniset,s

e=0..25,stepsize=0.04,

method=rk£f45,linecolour=black,arrows=NONE) :

0..10);
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251
201
157

107

T T T T
n o= —— =

" If we write the system as percentage cihaanges then
shat=.5(25-s)—-25e=125-55-2.5
ehat=5[.6255s—-12]=60+7.5s

which in matrix form can be expressed,

[shar}z[IZ.S}{—.S —2.5}
ehat 60 75 0
so the matrix of the system is
-5 =25
A =
T

[ > A:=matrix([[-0.5, -2.5], [7.5, 011):;

-5 25
A ::[7.5 0 }
> eigenvalues (3) ;
-.2500000000 + 4.322904116 1, -.2500000000 — 4.322904116

> trace(3d);

-5
> det (2);

18.75

Since tr(A) < 0 and det(A) > 0, and tr(A) < det(A), then the steady state is approached by a
| spiral path. This is also indicated by the fact that the eigenvalues are complex conjugate.

=] (vii)

As just revealed, the system approaches the steady state in a spiral fashion, approaching
with a counter-clockwise movement. The higher the value of the parameter v the greater
the entry and exit from the industry. This can have two implications. First, if the stock size
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remains positive, then the speed to the new steady state is quicker. However, with greater
entry it is possible for the stock size to diminish to zero. The industry would collapse, and
no steady state would be achieved!

=l Question 6
=la

> £:=8->0.2*s*(1-(s/1000)) ;
1
=s—2s|1- K

| / ( 1000 )
[ > solve(diff(f(s),s)=0,s);
| 500.
[ > sdot:=0.2*s*(1-(s/1000))-0.125%e*s;

1

sdot =2s|1- s|—.125es

| 1000
> subs (s=500,so0lve(sdot=0,e)) ;

=l i
> g:=e—>(125/0.2)*(0.2—0.125*e)*e;

I g:=e— 625.0000000 (.2 —.125¢) e
> solve (diff (g(e),e)=0,e);

.8000000000

| which is a maximumu since
[ > diff(g(e) ,e$2);

- (iii)

> sdot:="'sdot': r:='r': a:='a': e:='e': s:='s': p:="p':

-156.2500000

w:='w':
> sdot:=r*s*(1-(s/k))-a*e*s;

s
ubﬁer(l——j—aes
k

> solve(sdot=0,s) ;
k(rtae)

2

r
> TR:=p*a*e* (-k* (-r+a*e) /r);

paek(—-r+ae)

TR = —
| r
[ > TC:=w*e;
L TC =we
| > profit6:=TR-TC;
aek(-r+ae
pmm6F—p ( )—we

r
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> solve (diff (profit6,e)=0,e);

> sols:=convert (sstar,parfrac,w);

I w 1
sols =——+=k
2ap 2

> values=subs ({k=1000,w=10,p=0.4,a=0.125},so0ls) ;
values = 600.0000000

=l Question 7

| Equation (15.20) and (15.21) indicate that at the optimal stock size sstar, we have

w
sstar =——
ap
r rsstar
e="-—
a ka

> diff (w/ (a*p) ,p);

w

2
L ap

| so optimal stock size falls for a rise in price. Also

[ > diff((rx/a)-(x/(k*a))*(w/(a*p)),p);
rw

I a kp’

| which is positive, so effort rises with a rise in price.

| a), then
[ > diff (w/(a*p) ,p);
w

L ap’

[

[ > diff((r/a)-(x/(k*a))*(w/(a*p)) ,a);
o 2rw
i dkp

[ This can be expressed

1L (pak-w)r
| 2 pdk
| > sstar:=subs(e=1/2* (p*a*k-w) *r/ (p*a*2*k) ,-k* (-r+a*e) /r);
1
—(pak—-w)r
2(p )
k| —r+
apk
sstar .= —
r

| Similarly, considering a rise in the productivity of the fishing industry (a rise in the parameter
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k
which is positive so long as E < sstar, i.e., so long as the optimal stock isze is greater than half

the maximum carrying capacity. Put another way, the optimal stock size has to be greater than
the stock size which leads to the maximum sustainable yield. This will be the case so long as
| profits can be made.

=/ Question 8

[ > p:="p': h:="h': e:='e': s:='s': w:='w': £:="£': h:="'h':
| The Hamiltonian is given by

| H(e,s,t)=ph(e,s)—we+A(f(s)—h(e,s))

> H:=p*h(e,s)-w*et+lambda* (f(s)-h(e,s));

i H=ph(e,s)—we+A(f(s)—h(e,s))

| The first order conditions are:

9 o
de

A dot = iH
o= ds

& f(s) —h(e, s)
T S e,s
[ > solve(diff (H,e)=0,w) ;

2 | Lh
L P de (e:s)]= de (&)

| which can be written,

0
(P—K)(_h(&S)j:W
L de
> diff(H,s) ;

3h A if ih
| p sbtes) [+ 1) |- | hies)

| Or

Kd—Kif Kih 3h = A 3h }»if
or=-k| S 8(s) | +3] 5-hes) [=p| 2 hes) = (=2 - heess) |- 2] = £0s)

To summarise, the first-order conditions are:

0
0 (p —k)(gh(e, s)j: w

(i) A dot=(p —x)(%h(e, nj-x(% f(s)J

(ii1) sdot = f(s) — h(e, s)
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=l Question 9

> mL:=matrix([[0,3,40],[0.1,0,0]1,[0,0.5,011):

0 3 40
mL:=|.1 0 0
0O 5 0

@
> eigenvals (mL) ;

1.339192691, -.6695963455 + 1.022290466 1, -.6695963455 — 1.022290466 1
| Hence the growth rate is 34%.

(ii)
| > eigenvects (mL) ;

[-.6695963469 + 1.022290467 1, 1, {[2.605519338 + 10.01897441 1,
5689999268 — .6275635226 I, -.3423487001 — .0540595136 1]} ],
[1.339192696, 1, {[7.819866070, .5839238897, .2180133951]} 1, [
-.6695963469 — 1.022290467 1, 1, {[2.605519338 — 10.01897441 I,

5689999268 + .6275635226 1, -.3423487001 + .0540595136 1]} ]
> sumeigl:=7.819866070+.5839238897+.2180133951;

sumeigl := 8.621803355
> evalm([[7.819866070, .5839238897, .2180133951]]/sumeigl);

[.9069872912 .06772642169 .02528628712]
> mHl:=matrix([[1/4,0,0],[0,1/4,0],[0,0,1/41]);

1
- 0 0
4
1
mHI :=| 0 - 0
4
1
0 0 -
L L 4 |
[ > mI:=matrix([[1,0,0],[0,1,0],[0,0,1]]);
1 0 O
ml={0 1 0
L 0 0 1
[ > mMl:=evalm((mI-mH1l) &*mL) ;
0. 2.250000000 30
mM1 =|.07500000000 0. 0
0. 3750000000 0O

> eigenvals (mM1) ;

| 1.004394518, -.5021972591 + .7667178498 I, -.5021972591 — .7667178498 I
| > eigenvects (mM1) ;

[-.5021972599 — 7667178508 1, 1, {[2.598850179 — 10.02899607 1,
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5699849488 + .6275563321 1, -.3425670636 + .0543982586 1]} 1, [
-.5021972599 + 7667178508 1, 1, {[2.598850179 + 10.02899607 1,
5699849488 — 6275563321 1, -.3425670636 — .0543982586 11} 1,

i [1.004394517, 1, {[7.819866050, .5839238889, .2180133947]} ]
| > sumeigM1:=7.819866050+.5839238889+.2180133947;

sumeigM1 := 8.621803334
> evalm([[7.819866050, .5839238889, .2180133947]]/sumeigMl) ;

L [.9069872913 .06772642177 .02528628714]
| group 1, 90.7%; group 2, 6.8%; group 3, 2.5%.

=/ Question 10

| > solve((1-h)*(3)*(0.1)+(1-h)*2*(40)*(0.1)*(0.5)=1) ;
1.786073133, .3639268673

| Since /4 must lie between 0 and 1, then let 4 = 0.3639268673
[ > mH2:=matrix([[0,0,0],[0,.3639268673,0],[0,0,.3639268673]11]) ;

0 0 0
mH2 :=|0 .3639268673 0
0 0 3639268673
[ > mM2:=evalm((mI-mH2) &*mL) ;
0. 3. 40
mM?2 =|.06360731327 0. 0.
0. 3180365664 0.

r > eigenvals (mM2) ;

1.000000000, -.5000000000 + .7477820941 1, -.5000000000 — .7477820941 I
> eigenvects (mM2) ;

[-.4999999975 + .7477820955 1, 1, {[1.787200034 — 7.438955438 I,
-.5075137892 + .1873244984 I, .1547914770 + .1123485099 11} 1, [
-.4999999975 — 7477820955 1, 1, {[1.787200034 + 7.438955438 1,
-.5075137892 — .1873244984 1, .1547914770 — .1123485099 1} ],

[.999999997, 1, {[-4.265218019, -.2712990579, -.08628302104 ] } ]
> sumeigM2:=-4.265218019-0.2712990579-0.08628302104;

sumeigM?2 :=-4.622800098
> evalm([[-4.265218019,-0.2712990579,-0.08628302104]]/sumeigM2)

4

| [.9226481633 .05868717059 .01866466627]
(>
[ Hence, &
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