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L Basics

O Single-unit problems
O Single-stage problems
 Multi-stage problems
L Network problems
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What is Scheduling?

It is the allocation of limited resources to tasks over time
Michael Pinedo, 1998

Single-Stage Scheduling

N jobs to be processed in M machines = Assignment of jobs to machines

4+ Release/due times = Sequencing of jobs in the same machine
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= Systematic scheduling practiced in manufacturing since early 20" century

= First scheduling publications in the early 1950s
Salveson, M.E. On a quantitative method in production planning and scheduling. Econometrica, 20(9), 1952
Johnson, S.M. Optimal two- and three-stage production schedules with setup times. Naval Research Logistics Quarterly, 1(1), 61-68, 1954.

= Extensive research in 1970s
e C(losely related to developments in computing and algorithms
e Computational Complexity: Job Sequencing one of 21 NP-complete problems in (Karp, 1972)

= Widespread applications
e Airlines industry (e.g., fleet, crew scheduling)
e Transportation (e.g., vehicle routing)
e Government, educational institutions (e.g., class scheduling)
e Sports
e Services (e.g., service center scheduling)
e Manufacturing industries

= Chemical industries
e Batch process scheduling (e.g., pharma, food industry, fine chemicals)
e Continuous process scheduling (e.g., polymerization)
e Transportation and unloading of crude oil

= Very challenging problem: Small problems can be very hard
e Most Open problems in MIPLIB are scheduling related
— Railway scheduling: 1,500 constraints, 1,083 variables, 794 binaries
— Production planning: 1,307 constraints, 792 variables, 240 binaries
— Crew scheduling: 1,803 constraints, 11,612 variables, 9,720 binaries
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Problem Statement

Given are:

a) Production facility data; e.g., processing and storage unit capacities, unit connectivity, etc.
b) Production recipes; i.e., mixing rules, processing times/rates, utility requirements, etc.

c) Equipment unit - task compatibility.

d) Production costs; e.g., raw materials, utilities, changeover, etc.

e) Material availability; e.g., deliveries (amount and date) of raw materials.

f) Resource availability; e.g., maintenance schedule, resource allocation from planning, etc.
g) Production targets or orders with due dates.

Our goal is to find a least cost schedule that meets production targets subject to resource constraints.
Alternative objective functions are the minimization of tardiness or lateness (minimization of backlog cost)
or the minimization of earliness (minimization of inventory cost) or the maximization of profit.

In the general problem, we seek to optimize our objective by making four types of decisions:
a) Selection and sizing of batches to be carried out (batching)

b) Assignment of batches to processing units or general resources.

c) Sequencing and timing of batches on processing units.

Task selection (batching) Task-resource Assignment Sequencing (for unary resources)
How many tasks/batches? What resources each task requires? In what sequence are batches processed?
What size? N
| Ul | [CACTAZTASTZA CI ]
Demand (orders) ~ Batehes | | AT
A D @@ | , | Timing
p ) . . | | When do tasks start?
cl_1 @ I | A : :
. ® | ) R 7.5n] v.va] v v 77w —
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Scheduling in the Supply Chain

= Scheduling is only one planning function in SC optimization

* Interactions with other planning functions determine:

Type of scheduling problem: cyclic vs. short-term scheduling
Overarching production goal — scheduling objective
Optimization decisions for scheduling

Inputs: resource availability, production targets, etc.

Master Planning

Production | l .cn
ﬁ Planning

Scheduling '
» Batching '«] :
e Assignment

e Sequencing
e Timing

u

Optimization, Control &
Shopfloor Management

Materials Requirement Rlanning
Transport/Distribution Plannin
Demand Planning/Fulfillment
Demand

= Wide range of problems due to market environments and company planning structure
= Variability increases due to multiple production environments and processing restrictions
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Discrete Manufacturing: Machine Environments UNIVERSITY
i€l: Jobs R;: Routing of job i (jobshop)

j €J: Machines J;: Machines for job i (open-shop)

k € K: Operations Ji:  Machines in stage k

c € C: Workcenters C;: Centersforjobi
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(e) Machines in parallel (f) Flexible flow-shop (g) Flexible job-shop (h) Flexible open-shop
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* Discrete manufacturing Discrete Manufacturing = Chemical Production

o Ajob (e.g., chip) moves through operations consisting of parallel machines ~ Absence of material handling restrictions makes

e Each ]Ob is not Sp]it into mu]tip]e jobs; jobs are not merged chemical pI‘OdUCtiOH scheduling problems different

_ _ _ _ e The notion of a batch (job) moving through

* Chemical production: tasks involve fluids stages cannot be defined

e Fluids (from different batches) can be mixed into a vessel; e Consumed/produced materials must be

output of a batch can be used in multiple downstream batches monitored
e No mixing/splitting restrictions may be added (e.g., quality control) e Model material balances
Notation

Sequential processing Network processing = Jobs = Orders or batches
* Materials cannot be mixed/split/recycled » Materials can be mixed/split/recycled . 0 ti Task
» Problem defined in terms of: » Problem defined in terms of: peré tons = ?S S

Batches, stages, and units Materials, tasks, resources = Machines = Units
= Usually, no utility & storage constraints = Utility and storage constraints modeled Key Features

Batches = Modeling of storage is important

O\ i i i i i S, (solid, liquid and gas phases)
O— | ; | : —=> Storage vessels & states
| - | = Utilities are also important
O/': U | | | | (steam, water, electricity)
O/v ! — Utilities (or resources)
_ . . = No Preemption
Fermentation Centrifugation Drying

[Variable Processing Times]

Long changeover times
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Sequential-looking process

Tasks:

TlinUl: F—->1(2h);
T2inU2:1— P (3 h)
Capacities: pmin/gmax (kg):

Ul: 20/40, U2: 20/40, V: 0/40v

No special restrictions for intermediate [

F >l 1 TR

Ul| T1/20 ! T1/20 ! Two batches of

20 20 T1 mix into one

\% Store/20 batch of T2
U2 T2/40

0 2 4 6 8 (h)

One batch of T1 splits
20 into two batches of T2

v Store/20
20 20
U2 Y 1220 Y T2220 |
o 2 4 6 8

Network-looking process

Tasks:

TO/UO: F — 1 (2 h);

T1/UL: T—P1 (3 h)

T2/U2:1— P2 (4 h);
T3/U3:1—P3 (2 h)

Capacities: Bmin/Bmax (ko).

All units should run 20 kg batches

Each batch of intermediate I should be
consumed by a single downstream batch

U0[_T0/20 ! T0/20 ! T0/20!

20 20 20
ul T1/20
U2 T2/20 |
U3 T3/20
o 2 4 6 s

= Sequential plant structure does NOT imply sequential processing
= Materials handling restrictions determine type of processing

Batches

7

- Stage 1

Stage 2
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Discrete Manufacturing: Machine Environments UNIVERSITY
i €l: Jobs R;: Routing of job i (jobshop)

j €J: Machines J;: Machines for job i (open-shop)

k € K: Operations Ji:  Machines in stage k

c € C: Work centers C;: Centers forjobi

1eralization
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(e) Machines in parallel (f) Flexible flow-shop (g) Flexible job-shop (h) Flexible open-shop
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Problem Classes

o/PB/y
a Production environment

e Material handling constraints are key (not facility structure): sequential, network, hybrid

B Processing characteristics
e Typical characteristics: setups, changeovers, release/due times, etc.
e Chemical production characteristics: storage constraints, material transfer constraints, utilities, etc.

Yy Objective functions
e min Cost, min Lateness, min Tardiness, max Throughput, etc.

______________________________________________________

{ Production Environment - o Processing characteristics -
Sequential — multistage (Sms) —

Sequential — multipurpose (Smp) —;! — Setups (s) & changeovers (c)

| Network (N) ‘ | Utilities (u)

Hybrid () ————————— [ problom Class l §— Storage restrictions (sf)
S S5 SIS, o il #— Material transfers (mz?)

Djsginve Pt on - — Unit connectivity constraints (uc) !
min Makespan (M) — Release/due times (r) |
min Cost (C,,)) L : L

i min Max Lateness Ly —% DG :

‘min Weighted Lateness (Sw,L) —: O Selec.tion of one .
i : B Multiple selections possible
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We use:

= Jower case Latin characters for indices,

= uppercase Latin bold letters for sets,

» uppercase Latin characters for variables,
» Greek letters for parameters, and

= regular uppercase Latin letters for set elements.

All subsets of a set will be denoted by the letter used for the set and a subscript and/or superscript. Specifically,

» indices are used as subscripts to denote subsets that are index-specific
(e.g., the subset of units J in stage i is denoted by J);

» uppercase letters are used as superscripts to further differentiate subsets
(e.g., if ] is the set of units, the subset of processing units and storage vessels are denoted by J© and J°, respectively).

Parameters and variables may also have superscripts for differentiation;
e.g., , the processing cost of task i is denoted by y while the changeover cost between tasks i and i’ is denoted by y£*.
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O Single-unit problems
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Single Unit Problem

There is only one unit available with known capacity

The minimum number of batches to meet orders can be pre-calculated,

We have predefined set of batches (some of which may be identical)

We are given:
* Asetofbatches, i €I, to be carried out on a single unit, U.
* Processing time of batch i is t;

= [sthis an optimization problem?

= Since all batches will be carried out on the same unit, we observe the following:
* The minimum makespan will be equal to }}; 7; regardless of the sequencing of batches.
- Ifthere is a processing cost, y; the total processing cost will be ;7.
* Since there are no due times, lateness, tardiness, and earliness cannot be defined.
* Since the number and size of batches is fixed, the total production and thus profit are fixed.

» There are two features that make this problem more interesting:
* Each batch is subject to release and due times, p; and ¢;, respectively.
« There are sequence dependent changeover times, o;;, and costs, y5/'.

= Note: setup (i.e., sequence independent) times and costs are not relevant for single-unit problems because:
 all feasible solutions have exactly the same setup cost (since all batches are assigned to the same unit) and
* setup times can be simply added to the processing times, so the problem statement remains the same.

Cambridge University Press Chemical Production Scheduling: Mixed-Integer Programing Models and Methods Christos T. Maravelias
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Basic idea

= Use binary variable to represent the relative order (sequence) and then employ big-M constraints to enforce a no-overlap condition
Y;;, € {0,1} := 1 if batch i is processed before batch i’

= §; € R, =start time of batch i

Equations
= How do we ensure that batch i is finished before batch i’ starts if ¥;;, = 1 (disjunctive constraint)?

where Mis a sufficiently large number.
(Note: we could have defined E; = S; + 7; but we used S; + 7; instead).

= Eq (1) enforces correct batch timing provided that binary variables Y,;; assume correct values.
How do we ensure that a sequencing relationship is established for every pair of tasks (i.e., no overlap)?

Yiil + Yili = 1, i,i, > [ (2)
= How do we enforce release and due dates?
Si = Pi, [ (3), Si +71,<¢, 1 (4)

= [f due times can be violated, at a cost, then (4) can be replaced with:
Si +Ti S€i+Li, [ (5)
where L; is the lateness/tardiness of batch i

 If the objective function is to minimize lateness then (5) will be satisfied as equality;
i.e, L; will assume the smallest possible value, which can be negative.

 [f the objective tardiness minimization, then we should enforce L; = 0 and eq (3.5) will be satisfied as equality only if S; + 7; < ¢;.

Cambridge University Press Chemical Production Scheduling: Mixed-Integer Programing Models and Methods Christos T. Maravelias



Single Unit Problem: Global Sequence-Based Models UNIVERSITY

How do we enforce changeover times?
If the triangle inequality, g;;,, < gy;, + T;, + 03,5, holds for all i’, i’, i’ then changeover times can be addressed through:
Si+Ti+Uii/ SS,:""M(]._YU’), l,l’#—'l

= Can we model changeover costs using global sequencing variables?
No, because for a given batch i’ we potentially have many variables with Y;;» = 1

= Makespan, MS, minimization, we have:
min MS
and require:
MS > Si + T;, [

= For earliness minimization,
min Y; w;(&; — (S; + 7))
where w; is a weight factor

= Do you see a problem with the above equation?

!/

Yes, we can benefit from increasing the lateness of batch i in order to decrease earliness of batch i
We should assume that due times are met.

LTOT TTOT

= The objective function for total weighted lateness, , and tardiness, , minimization is,
min Zi (Ul'Ll'

where
Li > (Sl +Ti) — &, [

and for tardiness we also require L; = 0.
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Preliminaries A B, ., .
* Inimmediate-sequencing, binary Y, if batch i is immediately followed by i, - — —
which means that the number of variables being equal to 1 is different: | B 1[A] a
* Inglobal sequencing, [I|(|I| —1)/2 Y;;s variables are equal to 1 (why?) X~y 0> _,—7 YBC‘:B ............. ;::::;;D "
« Inimmediate sequencing, there are only |I| — 1 variables beingequalto1 ~ —™— _,— e YBD=o""' """""""""""

= Main difference: equations that activate Y;;; specifically, (2) should be replaced with alternative equations.
Basic Ideas and Equations

= We exploit that all batches have one immediate predecessor/successor, except the first/last which has no predecessor/successor.
« YF €{0,1} := 1 ifbatch i is processed first in unit U.
. Yl-L € {0,1} := 1 if batch i is processed last in unit U.

* The two new variables should satisfy:

Y=Y =1 (1)
» The condition on the number of immediate predecessors and successors is then enforced via,
SiYu=1-Y;, i (2 SoYu =1-Y} i (3)

= Egs (1) - (3) can be used to activate immediate sequencing binary variables Y};,.

» Once Y;;, assume feasible values, the equations presented in the previous slide can be used to enforce the remaining constraints.

= An alternative approach exploits the fact that exactly I-7 immediate sequencing variables will be activated in any feasible solution:

z:i,il Yiil = [I] — 1 (4)

= Eq (4) coupled with (2)-(3) and timing constraints (e.g., (1) in previous slide) enforce that only one batch is processed at a time
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Single Unit Problem: Continuous Time Grid-Based Models

Preliminaries

Time-grid-based approaches require the definition of a time grid onto which the execution of tasks/batches are mapped.
When a continuous grid is adopted, the horizon, 1, is divided into |I| periods of unknown length.

Each period t € T starts at time point t — 1 and ends at time point ¢; the timing of point t is T.

The horizon starts at p® = min;{p;}; if deadlines are given, then it ends at e¥ = max;{¢;} (i.e. n = F — p?)

The set of necessary periodsis T = {1, 2, ..., |I|}, and the set of points is T' = TU {0} = {0, 1, 2, ..., [1]}.

The timing of time points should satisfy the following constraints:

To=0, T)gy =0Tt =2 Tp—q, t (1)

Equations

Basic idea: match a batch and a time period through the introduction of
X;: € {0,1}: is equal to 1 if batch i is allocated to time period t,

Enforce that each batch is allocated to exactly one period and A

each period is used for exactly one batch:

ZtXit = 11 I (2) ZiXit = 17 t (3)

Variables X;; are used to enforce no-overlap between batches; | : | | |

if S; are the batch start time variables, then: Points t € T: 0 1 2 .. |11 1]
Variables Ty: Ty = 0 T; T, .. Ti-1 Tiy=n

Si > Tt—l - M(l — Xit)' i,t (4), Si + T; < Tt + M(l - Xit)' i,t (5) — 1
Periods t € T: 1 2 1]

The first model based on a continuous time grid consists of eqs (1) - (5)

Same objective functions can be used as in global-sequencing models

Cambridge University Press Chemical Production Scheduling: Mixed-Integer Programing Models and Methods Christos T. Maravelias
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Alternative Models

A slightly different model is obtained when S; is required to be equal to the start of the period to which batch i is allocated:
Tio1 —MQA = Xy) <S5 <Tpoy + M(A - Xye), it (6)

= Alternatively, the batch end time, S; 4+ T;, can be enforced to be equal to the end time of the period to which is allocated
T, —M(A—-X;p)<S;+1; <Te + MA —X;p), i,t (7)

= A different model is obtained if batch start time, S;, is removed; no overlap condition enforced using T;:
Te =2Teq + 2T, € (8)
where )}, 7; X;; represents the processing time of the batch allocated to ¢t
» Since variable S; is removed, T; is used to enforce release and due times:
Tt—1 2 piXie, 0t (9); Te—1 + 71X < X +1(1 — Xie), it (10)
assuming that batch processing starts at the start of the allocated period

* In general, models based on a continuous time grid can employ different
variables and sets of constraints to enforce:
(1) that a batch starts and ends within the period it is allocated to, and
(2) release and due time constraints.

= Consequently, the same schedule can be represented by
different variables and, when the same variables are employed,
by a different solution vector.
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Changeovers
= Accounting for changeovers is, in general, more challenging with time-grid-based models.

= One approach is to introduce period-specific immediate sequencing variables:
Y;;: € {0,1}: are equal to 1 if the i — i’ changeover occurs before point t prior to the execution of batch i’

= Activation of Y;;,; is accomplished using the batch-period allocation binaries,

Yiire 2Xit-l'Xi’,Hl_l' it # 0t (11) Xpa1 =1 Xp, =1
: Yap1 =1
i Yioe < Xiey Ut (12) Sy=1 Sg =9
. 77777 | B |
2iYiire—q < Xyrpy Ut (13) . Ta=3  opp=2 Tp = 4
H : P
» Then use a new timing constraint, whose most intuitive (but not tightest) form is, T:To =0 T,=38 T, =14

Si + Tl' + O-l'l" S Tt + M(l - Yii’t)’ i,i, ;t l,t (14)

= Note that sequencing variables Y;;,; can be defined in multiple ways.
E.g., Y;;,; = 1ifthei — i’ changeover occurs within t prior to the execution of i’
which also occurs in period ¢
(Can you see the difference? How should (11) - (13) be modified in this case?).

* The minimization of changeover cost can then be expressed as follows:
: CH
miny;; ;, Xt Vi Yiire

= The modeling of changeover times and costs using models based on a continuous time
grid requires the introduction of new binary variables Y;;,; which leads to large models.
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Single Unit Problem: Discrete Time Grid-Based Models UNIVERSITY

Preliminaries

= Weusen € N ={0,1,2,...|N|} to denote time points’.

» The horizon is divided into periods n € N’ = N\{0} = {1,2, ..., IN|} of equal length §; period n runs between points n — 1 and n.

* The natural choice of ¢ is the greatest common factor of time-related data (processing, t;, changeover, g;;, release/due, p;/¢;, times).
* The data for the model are then obtained by dividing the original parameters by §, and, if a coarse discretization is used, rounding:

T; = Ti/staiir = Gii'/a;ﬁi = pi/g,gi = Si/s
%i = [Ti/5]; Eiil = [O-ii,/5-|tﬁi = [pi/5]’§i = lei/SJ
(Can you see why some parameters are rounded up and some are rounded down?)

Equations

» We introduce binary variable X;,, which is equal to 1 if batch i starts at time point n.

The first constraint that should be enforced is that each batch is executed once,

dnXin =1, 1
= Next, we should enforce the no-overlap restriction. How can we do it?
: : , B1 & EEEEn
= What do you think about this: }}; X;;, <1, n? LTy
B1 7 B2
= Can you think of another one? R 4 s
B3
n'=n _ . . B3 8 EEEEEEED
ZiZn'=n-@+1er <1 n (1) [Clique constraint] L | | |

I
. . o _ _ _ . _ n: .6 8 10 12 14
I Note that we use index t € T to denote points/periods in continuous time models but index n € N in discrete time models.
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Single Unit Problem: Discrete Time Grid-Based Models UNIVERSITY

Equations (continued)

= Release times and deadlines are enforced via fixing the binaries outside the allowable window to zero,
Xin =0, ,n<p,n>¢&—T1;

* In general, the timing of an event can be modeled through the multiplication of time points by the corresponding binary variable.
Si = 2nXin, Ei=2a(n+7)Xin

= Using this idea, we can enforce constraints for makespan,
MS =Y, n+7)Xip, 1

= We can also calculate batch earliness, €; — Y.,,(n + 7;)X;;, ; and lateness, ).,,(n + T;)X;, — €;.
* The corresponding objective functions become,
min MS

min Y; w;(g; — Xn(n + 7)) Xin)
min ¥; w; QXn(n + 7)) Xin — &)
= For tardiness minimization, we first define and constrain a non-negative batch-specific tardiness variable (L; = 0),
Li 2 Xn(n+7)Xin — &, i
and then express:

min Zi (Ul'Ll'
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Single Unit Problem: Product Families UNIVERSITY

Products are often grouped into product families f € F to generate computationally tractable optimization models.
The grouping can be based on various criteria; e.g., product similarities, processing similarities, or changeover considerations.

Since the number of batches of each product is known, batches are assigned to families: the subset of batches of family f is I¢.

Transitions between batches in different families (from i € I to i’ € I, f # f') incur sequence-dependent changeover time, o, and

cost, nyb,’ ; transitions between batches within a family have no changeover or sequence-independent changeovers (setup).

One approach is to use a model that accounts for changeover times/costs and simply update changeover parameters as follows.
1) Products within a family (i.e., i € Ir and i’ € I¢ for some f):

« Ifthere is no changeover time/cost, then o;;, = ¥ = 0.
» Ifthere is setup time, we can still use a model for changeover times but use: 0;,; = 0;, Vi’ € I¢, where o; is setup time of i € I¢.

If 0; < 07,5, Vf, f',1 € I, then an alternative approach is to use adjusted processing times 17 = 1; + 0}, zero changeovers

between batches of the same family, and adjusted changeovers between batches of different families, ¢;;, = 0;;, — 0;,.

(Do you see any other adjustments that have to be made? How would you make them?)
2) Products in different families (i.e., i € Ir and i’ € I, with f # f7):
* Sequence-dependent time/cost: oy, = off, Vil = Vffi-
The treatment of families with adjusted parameters can be effective when immediate-sequence models are employed (why?).
Other models can also be simplified in additional ways;

* In sequence-based models, if changeovers between products within a family are zero, then simpler equations can be used (why?).

 In continuous time grid-based models, variables Y;;,; removed for batches i, i’ in the same family; and the summations in
the equations used for activating Y;;,; can be modified to include batches outside the families.
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Single Unit Problem: Prize Collection UNIVERSITY

* No minimum demand; we maximize profit; we should consider batch selection decisions: Z; € {0,1} = 1 if batch i is carried out

= The objective function, PC, then becomes (where 7; is the prize for carrying out batch i): max};; m;Z;

Global sequence models

= Variables Y;;, can be equal to 1 only if both batches i and i’ are selected:
Yio <Z;, ,i'+i(1); Yiu<Z;, i,i'+i (2)

= If two batches are selected, then a sequence should be established
Yo +Yyi=2Zi+Zp—1, i,i" >0

= [f a batch is not selected, its start and end date are set to zero and the release and deadline constraints are relaxed,
Si<MZ;, i (3); S; =piZ;, i (4) S;+7t1Zi<¢€Z; i (5)

Continuous time grid models

= Introduce Z, € {0,1}, which is 1 if a batch is allocated to period t.

= Since the number of the selected batches is an optimization decision, |I| time periods should be postulated; we add (why?)
2, <Z, 4, t>1

= Batch i is allocated to a period only if it is selected and only active periods can be allocated a batch,
YeXie =Zy U (6); XiXie=Zy t (7)

Discrete-time grid models

= What changes are needed? Check model in previous slide.
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Single Unit Problem: Exercises UNIVERSITY

Consider a single unit environment consisting of four batches I = {B1, B2, B3, B4} with processing times, release and due times,
and changeover times and costs given in the following table.

Table. Processing (7;), release (p;) and due (¢;) times; and changeover (o;;/) times and costs (y;;).

Batch T pi /& a1 /v, (=left, =top)

B1 B2 B3 B4
Bl 2 0/15 - 1/1 2/1 1/1
B2 4 6/15 1/4 - 1/2 1/2
B3 3 5/20 1/1 2/8 - 1/1
B4 5 2/15 1/1 3/1 1/1 -

Using the above data, formulate and solve the following problems using a sequencing model:
a) Makespan minimization without changeovers.

b) Makespan minimization accounting for changeover times; compare with (a) above.

c) Earliness minimization with weight factor w;={4,5,1,10}.

d) Makespan using the immediate sequencing model and compare with (i).

e) Changeover cost minimization.
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Outline UNIVERSITY

O Single-stage problems
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W PRINCETON

Single Stage (Multi-Unit) Problem: Sequence-Based Models UNIVERSITY

Problem Statement

The facility has a set of units ]

Demand is converted into a set of batches I; each batch i € I has a release, p;, and due, ¢;, time, and has to be carried out in
exactly one compatible unit j € J; < J; the set of batches that can be processed on unit j is denoted by I;.

The processing time of batch i on unitj is 7;; and the processing cost is yf}; the changeover cost/time is denoted by yicif}’-/aii,j.

Equations

The new type of decision is the assignment of batches to units. Regardless of the modeling approach, we introduce:
Xij € {0,1}: is equal to 1 if batch i is assigned to unit j € J;.

Batch-unit assignment:

YjeXij =1, 1

If two batches are assigned to the same unit, then the relative order in which they are processed should be determined:
Yii,j € {0,1}: is equal to 1 if both batches i and i’ are assigned to unit j, and batch i is processed before batch i'.

In global sequence models, the activation of the sequencing binary variables can be achieved via,

Yiej+Yiij 2 X+ Xy =1, Li'>0L,j€);N],

Exercise: Develop equations to activate Y;;,; in immediate sequence models

If feasible assignments (X;;) and sequencing relationships (Y;;,;) are available, then all remaining problem restrictions and
features can be modeled using the same equations for all sequence-based models
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PRINCETON

Single Stage Problem: Sequence-Based Models UNIVERSITY

Equations (continued)

The main remaining constraints are:

= Start time disaggregation
Si=2;Sij, i Sij = MX;;, i,

» Enforcement of no-overlap condition;

Sij ¥ty =Syt M(l - Yii'j)' LijeJin]

= Release, due time constraints;
Si > Pi, i; Si + ZjTinij < &i + Li, [

where L; is batch lateness/tardiness (L; = 0 if hard deadlines).

* Objective functions:
* Makespan minimization
min MS  with MS = S; + X7, X;;, i
* Weighted earliness and lateness/tardiness minimization
min Y; w;(&; — (S; + 2 745X5)),  min,; w;L;
* Cost minimization

, P
min Y;; ; ¥i;Xij

Changeovers

Changeover times & costs can be handled using techniques similar
to the ones presented for single unit problems

* Assuming that the triangular inequality holds, timing constraint:
Sij +Tij + 0y Sy +M(1=Yyrp),  LiLjENNT;

= Changeover costs can be addressed using immediate-sequence-
based models.

: CH
min Y;; ;, Zj Yiirj Liirj
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Single Stage Problem: Continuous Time Grid-Based Models

Time Grids

= Time horizon of each unit divided into T/ unit-specific periods

= If unit j becomes available at ¢; and deadlines are given, then
the start, ¢;, and end, ¢;, of the unit horizons are given by:

0j = max{g;, mintpil), & = max{e)
= TM4X: max number of periods, TM4¥ = max;{T’};
we define T = {1, ..., T"4%} and unit-specific subsets T; € T

of time periods T; = {1, ..., T/}.

* T = 0: timing of point ¢ in the grid of unit j;
each unit period starts at T ;_; and ends at T};

Tio=0j Tirj =&
Tjt = Tj,t—li j,t € T]
Variables
" X;j: € {0,1}: equal to 1 if batch i allocated to period ¢ of unit j

= §ij = 0: (disaggregated) start time of batch i on unit j

= §; = 0: start time of batch i

& UNIVERSITY

Equations

Assignment of batches to units and time periods:
Xt Xije = Xij, 1]
2itXije =11

ZiXijt <1, jte T]

Start times:

Si=%iSij, b S S MY Xije, i)
Timing constraints:
Sij=Tie-1—n(1—Xjt), i,j,t €T
Sij+ i <Tjie +n(1 = Xije), i,j,t €T,

Release and due times:
Si + Zj,tTinijt < &i, i; Si + Zj,tTinijt < & + Lir i

Objective functions:
* Same as sequence-based for makespan, earliness, lateness

* Cost minimization: min};; ; , )/UXUt
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Single Stage Problem: Discrete Time Grid-Based Models UNIVERSITY
Time Grid

Time pointsn € N = {0,1, ... IN|}; periods n € N’ = N\{0} of
length §; period n runs between points n — 1 and n.

Rounding time-related data as in single unit problem

Unit grid: N; = {n|max{g;, min{p;}} < n < max{&;}}
L€l Lel;

Equations

All decisions encompassed in single assignment variable:
Xijn € {0,1}: equal to 1 if batch i starts on unit j at time pointn

Each batch is executed once:

Zj,nXijn =1, 1

Processing of at most one batch at a time:
n'=n X < 1 .

Zi Zn’=n—fij+1 ijnr = L nn

Release and due times:

Xijn = 0, i,j,n < p_l-,n > E'_i —'l_'ij

Do we need another equation?

How many equations do we have?

Objective Functions

Makespan minimization

minMS with  MS =Y, (n+7;)Xjn, i
Weighted earliness:

min ¥; w;(& — X n(n +Tij) Xijn)

Weighted lateness

min ¥; 0;(X; (0 +Ti) Xijn — &)

Weighted tardiness (L; € R,):

min ); w;L; subjectto L; = Zj,n(n + fij)Xijn -5, i

Cost minimization:
. P
min Y (Vi Xin Xijn)
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Single Stage Problem: Batching Decisions UNIVERSITY

Problem Statement
= If units have different capacities, f;, then the number of required batches to meet given demand (orders) is not known a priori

= Given are a set of orders I and a set of units J; each order has amount ¢; due, release/due time p;/¢;; the batches towards it can be
executed in j € J; € J; the processing time for a batch of order i in unit j is 7;; and the processing cost is yf}-.

Sequence-Based Model Discrete-time Model
* Minimum and maximum number of batches for order i: = Since sequencing is achieved via the mapping of the
AMIN — & /maxfBA], AMAX = [, /min{BY] i Whv? starting times onto the grid, there is no need to
l [Szl/ J€li ) }] l [Szl/ J€li ) }] (Why?) differentiate between batches of the same product
= Set of potential batches for order i, € L; = {1, 2, ..., AM4%X} = No need to calculate A}V and A}4X
= Batch selection: Z;; € {0,1} = Batch selection/activation:
= [fbatch is selected, it should be assigned: Yietn BiXin = &,
Ljey Xij = Ziy LIEL (instead of ¥;, Xijn =1, i)
= Demand satisfaction = Everything else remains the same, that is,
Qier; 2jBiXuj =S 1 i Z:iﬁ-ajﬂ Xijm <1, jin

= Remaining constraints similar to the ones for the fixed-batch problem:
(1) variables defined for i and [ € L; instead of i only; and (2)
constraints are expressed for i and [ € L; instead of i only; for
example

Yili/llj + Yi/l’ilj > Xilj +Xi’l’j - 1, i,i, > l,l € Li,l’ € Li,,j € ]i N ]il

Cambridge University Press Chemical Production Scheduling: Mixed-Integer Programing Models and Methods Christos T. Maravelias



LW PRINCETON
Shared Resources & UNIVERSITY
Preliminaries

= So far, we have assumed that the only shared resources type is units and that each batch requires only one type of shared resource.

= This is not always true: a batch may require, simultaneously, multiple types of resources; e.g., labor, electricity, and cooling water.

= [n general, shared resources can be classified as renewable and non-renewable

= Renewable resources are used during the execution of a batch and freed after a batch is finished; e.g, in the case of cooling (power), a
certain load (which is subtracted from the available cooling capacity of the facility) is necessary during the execution of a batch.

= Non-renewable resources are consumed by a batch, that is, they do not become available after the batch is finished; e.g., a promoter,
necessary for the initiation of a polymerization batch, can be viewed as a non-renewable resource.

= For now, we will focus on renewable resources (and, without loss of generality, problems with no changeovers)
= Atasecond level, resources can be classified as discrete (e.g., labor) and continuous (e.g., cooling load).

= A special discrete resource is a unary resource; i.e., a resource for which the demand is 1 unit and its capacity is also 1;
an equipment unit can be viewed as a unary resource.

Classification Consumption depends on: Renewable (R) Nonrenewable (NR)
We classify resources based on the nature of the demand for them: Unary (U) R.A.U
h _ 1 of a batch Execution (A){ _
Type A: based on the execution (on/off) of a batc (on/off) Discrete (D) -
* Unary (e.g. unit, labor) -
* Discrete (e.g., pumps needed to load/withdraw material) Batchsize (B) - NR.B
= Type B: based on the size (continuous variable) of a batch -

Execution & batchsize (C)

|

= Type C: based on both the execution and batch size.
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% PRINCETO
Shared Resources A UCIVERS Y
Formulation Basics

 If @i/ Wim is the fixed /variable requirement of resource m by batch i, then the resource use, R;;,;,, during the execution of a batch is
Rim = @im + YimB;
* Note that for type A resources, Y;,, = 0; for type B, ¢;,,, = 0; and both parameters are positive for type C resources

= Aresource can be classified differently based on the batch that requires it.
* A batch processed in small units may always require 1 pump for loading/unloading = a pump can be viewed as a unary resource
« A different batch, produced in larger units with variable batchsizes, may require many pumps (integer function of its batchsize)
= pumps should be treated collectively as a discrete resource.

» Thus, it is more accurate to say that a resource-batch pair is classified according to the proposed scheme

Example

We illustrate: (A) (non)renewable resources,
(B) resource types A-C; and (C) the relationship
between resource consumption and availability.

A B Ryypi = 03By C

Instance 1 Instance 2 Instance 3 Rgigz = 0.5 + 0.1Bg;
m R1(NR.A)'R2 (RA) R1(R.B) R2(R.C) R1(R.A) ‘ - ‘
X 3 4 3 2 4.5 o 2 4 6 8th O 2 4 6 8 10t(h) 0 2 42 6 8t

(Dfm Dim wim Dim /wrm Dim RlRl(E;C;{U)I’CG Avariflzi:)ty RlR(eRsoBu)rce Av:”za:):g 4 - - _ Capacity
Bl 2 0.3 0.5/0.1 1 3 o ' R 3 o r _________ § i .......... Availability
B2 2 2 4 %[ —————————— - S -] L S Use/consumption
B3 2 B J O SR 17 L

. . . 0 T T T T T T T T T T T T T T T T T - T T T T T T s Ik
1 parameter @;. is used, instead of ¢;,,,, because consumption of o 2 4 6 8¢tth O 2 4 6 8 10t 0o 2 4 6  8t(h
renewable resource, at the start of the batch, is permanent.
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Shared Utilities: Sequence and Continuous Time Grid Models W tXiVersity

Sequence Based Continuous Time Grid

= A key attribute of single-stage problems is that batches » The special case of unary resources can be treated similarly:
aSSigned to different units are not interacting with each Other, e Define resource_unit_specific grldS,
i.e., batch sequencing (Y ;) is unit-specific « Assign batches to resource unit slots;

= If batches assigned to different units require the same resource, » Disaggregate start time variables with respect to all resources;
then monitoring resource consumption across units is needed; (note: all disaggregated S;,,, must be equal).

i.e., the parallel units are coupled. Enforce that batches are carried out within resource unit slots.

* Sequence-based models are not well suited to address problems « The general case cannot be readily handled by models based on
under shared resources, unless they are unary (e.g., labor) unit-specific grids (see Figure)

. i i - - - -
Each unary resource m € M is modelled as a unit. = For the general case, a single common time grid is necessary

* Resource-specific grids are defined
e VariablesY,;, € {0,1} and §;,,, € R, are introduced

im

* A batch spans multiple time periods;

* The ending time point cannot be inferred from the starting one

« All sets of constraints are expressed for all unary resources +  Advantage of continuous time not present

B C A. Description of instance.

Batch AstartsonUlatt=3,T; = 7. ul | | LA | | uy | | LA | B. Solution representation using unit-
Batch B startson U2att=3, butT; = 9. Tui—7 7 7 U2 B [ specific grids; T; corresponds to
Batch Arequires 2 units ofresource m ? ’ ! Tl—rr— 11 _T___ 111 t=7inUlbutt =9inU2.
Batch B requires 2 units of resource m U2l || | B ] [ T2 Ts T47;5 7;6 TI77|18T9T1° C. Representation of the same
Whatisthe resource consumptionat T5? Ty 712 TI3 7l4 le't I_ | I| if?leu:'lc(;:t l:)s;clr;gaan;oann;\(’)vn time grid;
T3 is not UniQUE|Ydeﬁn6d. T T T T T T T T > T T T | T T T > . . .

0 4 8 12 16 (h) 0 4 8 12 16 (h) correspond to different time points
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Shared Utilities: Discrete Time Models UNIVERSITY

Basics

= All types of resources can be readily addressed; even with B,
= Same common time grid is used; no new assignment variables
Resource Variables

= Resource utilization R;;, = @i + Yim Bi

= Resource engagement and release:

Rinn = @im % Xijn + Wim % Bijn, i, m,n (1)

ROun = Qim X Xijm—z,; + Wim 2jBijn-z;, Lmn (2)
» Plugged into (i.e., eqs (1)-(3) can be written as one constraint):

Ryn = Rmn-1 + X Rl!m,n—l - ZiRien,nq < Xm» M1 (3)

= Objective function
min Y, ;(vi; X Xijn) + X1 jn OiirjZiirjn + Zmn Vi SRmn

Alternative Approach
*= Bound resource consumption:

!/
=n—-1
Yij Xn'=n—z;,(PimXijns + WimBijn) < Xm, M1

= Have you seen a similar constraint before?
= What happensif ¢;, =1, ¥;,, =0,and y,,, = 1

Cambridge University Press Chemical Production Scheduling: Mixed-Integer Programing Models and Methods Christos T. Maravelias



Shared Utilities: Extensions Using Discrete Time Models UNIVERSITY

Time-Varying Resource Capacity and Cost A Capacity: 30 kW during0-2.25and4.25-6 hr B Cost:  $0.04/kWh during0-2.5and 4.25-6 hr
: : . 20 kW during 2.25-4.25h $0.03/kWh during 2.5-4.25 h
= All variables and constraints remain exactly the same 24 i ' 24 i r
. . £ | | | 2 I E—
= Need to only calculate time-varying parameters: < : i : = | i ;
. Q 1 1 L » () 1 ' >
capacity, Y,nn, and cost y,RES o 1 5 3 4 5 et S0 1 32 3 4 5 6t
Calculation of time-varyingresource capacity Y, Calculation of time-varyingresource price y,’flfls
For8 =0.5: Y, = 30, n= 1-4,10-12; ), = 20, 1. =5-9. For& =0.5:%,RES =0.04, n =1-5,9-12; RES = 0.03,n = 6-8
A A
Xmn : ' yrlrzlﬁs X
0 2 4 I 6 8 I 10 12 r? 0 2 4 6 8 I 10 12 tn
Varying Consumption During Batch Execution Resource constraint: Ry < Xmn Resource cost= Y., yRES SRy,
\_'_l -
. . . parameter linear
» Define g; ; note fix roportional en men . . . . . . .
efine Qims/YPims to de Ote_ ed/proportional engage ] ent/ Modeling of time-varying resource capacity and cost using a discrete time model
release of resource m, s periods after the start of batch i RES

with 6 = 0.5 h. Calculation of parameters ., (A) and ¥,y (B) from real data.

= Replace (3) with:

NET T; .
Ripn = D 'Zslzo((pimsxij n-s T lpiminj,n—s) , Lmn

— NET
Rmn _Rmn 1+Z len 1 <an; m,n

A Labor (L) requirements (no) B oL s Ilpw < (kW/kg) C - Labor (L) requirements (no) Xz =1,
Varying resource consumption during batch — — Power (W) consumption (kW) ' ' — — Power (W) consumption (kW) Bs = 10
A. Resource consumption during batch with El ———— | Yw,2B7-2

batchsize of 10 kg. 1 B;=10 I A . PLiKie l,l)wa,Bg 4
B. Resource consumption parameters. oS- T : = =) PL.o%s =
. . c2| i i —| i 10z c 10 3
C. Resource consumption calculations for batch =08 IS T T T T A O Mt T, +1 - I —
starting at n = 5. (index i omited fromBand C). 8 ™ r [ S S 7"", i
o0l i | : | i i 10 o c0 i ] : i 02

s=0 1 2 3 4 5 6 % n=5 6 9 11
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Outline UNIVERSITY

 Multi-stage problems
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W PRINCETON

Multi-stage Problems UNIVERSITY

Problem Statement

We consider the problem with fixed batching decisions.
The facility has k € K stages; each stage has units j € J, with Uy Jx =J and Jx N J,» = @ for all k, k; i.e,, each unit belongs to one stage

We are given a set, I, of batches that have to be processed on exactly one unit per stage
« Each batch i has a release, p;, and due, ¢;, time
* The processing time of batch i on unit; is denoted by 7;; and the processing cost by yf}-.

The processing of a batch in stage k + 1 can start only after its processing in k is completed (precedence relation or constraint)

Jix is the subset of units in stage k suitable for processing batch i; I; is the set of batches that can be carried out in unit j.

P €1 7 Ji={Uy1 - Uyl Jiki = Wik - Uy
| ! @ [ Upq ] [ Uz1 ] [ Uikl.1

Pi Ll @, U U 1) (L Y | Uil |

k=1 k=2 k = K|

Remarks

The problem can be viewed as many single-stage problems coupled together:

The environment leads naturally to (intermediate ) storage considerations — Storage Policies
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PRINCETON

Multi-Stage Problems: Coupled Models UNIVERSITY

Sequence-Based Model Discrete Time Grid Model

Each batch has to go through consecutive one stage problems Each batch has to go through consecutive one stage problems

Assigned to a unit: Assigned to a unit:

Zjeli,kXij = 1' l’k Zje]ik ZnXl]Tl = 1) l;k

Sequenced: Sequenced and timed:

.. . . I_
Yiej + Yoy 2 Xy + Xy — 1, L1 >0k, j € Jye N1y, YiZnnze1 X <L i

Sij+ Ty <SSy +MA=Yyr;), L1k j € Jie N ik

Meet release and due times:
Xl-jnzO, i,j,n<,5l-; Xl-jn=0, i,j,n>£_l-—fij

Start on unit:
Sik = Zfeliksij’ l,k st. Sij < MXij; i; kr] € ]ik

Satisfy precedence relationship
2jety 2mn " Xijn = Xjeyy_, Yn(n+7j)Xijn, ik>1

Meet release and due times:

Sike=1 = Si1 2 Pi L Sy + Ljegy g T Xij S €ir

Satisfy precedence relationship
Sik + Xjey, TijXij < Sik+1 Lk <IK|
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Multi-Stage Environments: Storage UNIVERSITY
Preliminaries

* Chemical manufacturing involves handling of fluids which leads to different types of storage policies.

= Most research has focused on storage in network environments, but the no splitting/mixing restrictions lead to complex constraints.

* [n sequential facilities, batches of the same product cannot be mixed so the number and size of available vessels are relevant

= [f enough vessels of sufficient size are available, then we operating under unlimited storage; otherwise, we are under limited storage

* The time (the material from) a batch can be stored in a vessel (storage time) is also important (e.g., food manufacturing)

* The time a batch can wait in a processing unit after its completion (waiting time) is also relevant; waiting in a processing unit can be
used instead of actual storage in a vessel if the next processing stage is the bottleneck of the system.

Main Idea

= A storage policy is based on both capacity and timing constraints. Storagtle Policy

* The former depend on both the number and size of storage vessels v v
.. _ Storage capacity Timing constraints
* The latter depend on the waiting and storage times | |
» Note 1: We use the term size to describe the capacity of an v v v v
individual storage vessel; and the term capacity to describe a Number of vessels  Size of vessels WC”“”Q time Storage time
feature of the entire process (depending on both the number (processing units)  (storage vessels)

and size of all vessels.
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Multi-Stage Environments: Storage Policy Classification

* The number and size of vessels determine whether we have unlimited (US), limited (LS) or no storage (NS).

N UNIVERSITY

* The waiting and storage time constraints determine whether we have unlimited (UT) or limited (LT) storage/waiting time policies.

« Each box in the Figure corresponds to a different case, represented by a pair f¢ /7, where B¢ and BT refer to storage capacity and

timing, respectively, constraints.

1) US/UT: it can be assumed that a batch can always be stored as soon as its processing in stage is completed, and that it can remain
stored for unlimited time. This is the problem we have considered so far.

2) US/LT: itis necessary to model waiting and storage times and introduce constraints that bound them.

3) Under limited storage, storage vessels become scarce resources, and hence the assignment and sequencing of competing batches
to storage vessels should be considered. We should also account for batch transfer from a processing unit to a storage vessel or a
processing unit in the next stage and the waiting/storage times.

4) When no storage is available, there is no need to
model batch-vessel assignments; but, unlike the
US/UT case, a batch should be directly transferred
from one stage to the next with no idle time;
no-storage automatically implies zero-wait storage
time, so zero-wait is relevant only for the waiting
time in a processing unit.

We classify zero-wait as a special case of the
limited waiting time.

Timing constraints:
waiting and storage time

Unlimited (UT)

Limited (LT)

Storage capacity: number and size of storage vessels

Unlimited (US)

Limited (LS)

Nostorage (NS)

Us/uT

Traditional approaches

LS/UT

* Vessel resource constraints

* Modeling of transfers

* Modeling of waiting &
storage times

NS/UT*
* Account for transfers

(i.e., enforce storage bypass)
* Modeling of waiting times

US/LT
* Modeling & bounding of
waiting & storage times

LS/LT

* Vessel resource constraints

* Account for transfers

* Modeling & bounding of
waiting & storage times

NS/LT*
* Account for transfers
(i.e., enforce storage bypass)
* Modeling & bounding of
waiting times

* UT and LT refer to waitingtime only;sincethere are no storage vessels, all storagetimes arezero
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PRINCETON

Multi-Stage Environments: Problem Statement UNIVERSITY

= The facility consists of processing stages k € K. Each stage has:
* Processing units j € J£ with U, J =7 and JE n}Jf, = @ for all k, k'; and
» Storage vessels j € ],f, where the output of stage k can be stored, with U, ],f =J° and ],f N ],‘E, = @ forall k, k'

= Each batch i € I has to be processed on exactly one compatible unit, j € ]fk, in each stage, and can be stored in a compatible vessel,
j € J3,, before its processing in stage k + 1 starts; I; is the set of batches that can be carried out in unit j.

= Each batch has a release, p;, and due, ¢;, time and the processing time of batch i on unit j is denoted by 7;;.

@ 7 ]f = {Ul,l’-"»U1,|]f|} ]5 = {Uz,l' ---:U2,|]f|} ]ﬁq = {U|K|,1r ""U|K|'|]|}I)<||}

@ [ Uiq [ U4 ] [ Uik 1 ]
e - = - o = -

@ (e 1) [Vagg (Waprr ) [Vays Piungn] ]

]ig = {V1,1; vy Vl,l]fl}

Remarks

Y

k=1

]g = {V2,1! '"! V2,|]§|}

T

k=2

Tk = Vit - Vi

3

k=K|

= To express the constraints, we have to account for the batch transfer time from a processing unit to a storage vessel and vice versa.
= Waiting time in processing units can be used in optimal solutions = waiting and storage times should be modeled and bounded.
= [f batching is optimized, the number & size of batches are variables => the number & size of storage vessels should be considered.

= [f batching decisions are known, batchsizes are given, so we can predetermine vessel-batch suitability in each stage;
=> it is not necessary to consider batchsizes and vessel sizes.

= We assume unlimited storage for raw materials; if raw material storage is limited, we introduce a dummy k = 0 stage with vessels.
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Outline UNIVERSITY

L Network problems
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Network Environments

Preliminaries

* An environment is classified as network when there are no restrictions in the way all materials are handled;

PRINCETON

N UNIVERSITY

i.e., multiple batches of the same task can be mixed or material produced by a single batch can be consumed by multiple batches.

= The notion of a batch going through different stages is irrelevant in network environments (no requirement for batch integrity)

* Processing stages not used because products can be produced in different ways; batching decisions have to be made

= New problem representation is necessary

= We use tasks, which are defined in terms of input (consumed) and output (produced) materials

(batch denotes different executions of the same task, i.e. a schedule may include multiple batches of the same task).

= We use the concept of materials, consumed and produced by tasks.

= [n the absence of other restrictions (e.g., unit connectivity), materials can flow freely from storage vessels to processing units.

Example
A
FaClhty producmg two prOdUCtS from two raw BasicElements Task— Unit Suitability
materials through four tasks requiring utilities. Tasks:T1, T2, T3, T4 T1and T2 carried outon R1 or R2
Fi Bi t fl di (PFD) Processmg.Unlts: R1,R2, R3 T3 and T4 carried outon R3
lgure IS ot a process How lagram ' storage Units: V1, V2,V3,V4, V5, V6 Material— Vessel Compatibility

. . Materials: RM1, RM2, IN1, IN2, IN3, P1, P2 - - - -
= Batch process: connections represent one-time  (jjities: hot steam (Hs), coolingwater (CW) VM VL RM2inV2;

] IN2inVs3; IN2and IN3inV4;
(instantaneous) transfers [kg], not flows [kg/h]  1ask conversions P1inVs5; P2in V6
. . . . T1: 0.8 RM1 + 0.2 IN1— IN3 . .
= Different connections are active at different - RM2 - 0.3 INL+ 0.7 IN2 ‘Tllt'/'tvdRTe;Weme"':;
. . . . ) an require
times; some connections may be inactive 73 IN3>P1 T2 and T4 require CW

. . . . T4: 0.6IN2+0.4IN3 —>P2
= Units are not to unit operations: a unit may

carry out different tasks at different times

V1

V4 V5

\ AR 4

[1:7 ‘71\
dNNE

|A

[«

—— ——
—

N

"

A\ 4

> >7
7 i

i

——

V2

A 4

[
|

—J

V3 V6

L
|

Representation of example network environment. A. Basic elements (tasks,
processing units, storage vessels, materials, and utilities). B. Facility structure.
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Network Environments: Representations

State Task Network (STN)

The STN representation is based on the following concepts:

= States (materials!): represented by circles.

= Tasks: activities consuming/producing materials (rectangles)

= Units: unary resources needed for task execution
= Utilities

The facility is defined in terms of the following:

Indices/Sets

[ €1 tasks

Jj€E] processing units

k € K materials

Subsets

/1, tasks producing/consuming material k
I tasks that can be carried out on unit j
J; processing units that can process task i

K} /K; materials produced/consumed by task i

Parameters:

BMIN / gMAX
J J

yiFj /yi‘;- fixed /variable cost for task i in unit j

minimum/maximum capacity of unit j

Ty price of material k

Pik conversion coefficient of material k produced

(>0) or consumed (<0) by task i
We use the term material, rather than state, because the latter is also
used to describe the system state, a concept used in real-time scheduling

I={T1,T2 T3, T4}

J = {R1,R2,R3}
K = {RM1,RM2, IN1, IN2, IN3, P1, P2}
L = {HS,CW}

Jr1 =Jr2 = {RLRZ}  Jp3 =14 = {R3}
Iys = {T1, T3} Icw = {T2, T4}

Iiys = {T1}, Iins = (T3, T4}

K7, = {RM1,IN1}, K%, = {IN3}

RM1 ~————— N IN3 [, ———— ~ Pl

[ [ |

<>—>80/: 1 b T3 4—»(I )
% | | |

| 120%) 40% |

1IN 1 :

: |

|

|

P2

| |
o T2 170% OGO%I\ 14 O

P ——

PR ——

N UNIVERSITY

Task
@ Material

|r' | Unit

= ——

Utility requirements

[ ]Heating steam
[ 1cCooling water
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Network Environments: Representations UNIVERSITY

Resource Task Network (RTN)
* The major difference between STN and RTN representations is that

in RTN materials and units are both treated as resources I = {T1,T2, T3, T4}
e RY = {R1,R2,R3}
|
Utilities are also, naturally, treated as resources RM = {RM1,RM2,IN1, IN2, IN3, P1, P2}

= The only modeling entities in RTN are tasks and resources RUT = {HS,CW}

I1?1 =1Ig; = IlJarz =1Ig, = {T1, T2},

The facility is defined in terms of the following: It, = I, = {T3, T4},
R3 — *R3 — ’ ’

Indices/Sets I = Is = (T1, T3}, Iy = Iy = (T2, T4};
i €1 tasks I, = (T2}, Iy, = {T1},
r €R resources lins = {T13, iz = {T3, T4}
R7; = {R1,R2,HS,RM1,IN1},
Si’ bsEts : : RE = {R1,R2, HS, IN3},
I7/1; tasks producing/consuming resource 7; Ry, = (R3, HS, P1}, R%, = (R1, HS, RM1, IN1}
L, tasks interacting with resource r; L. = I} U I —
RY/RM /RYT unit/material/utility resources s & [ Jrask
R} /R; resources produced/consumed by task i RM:1 T+1 IN3 T*3 P:l (] unit(r eRY) =
R; resources interacting task i, R; = Rf UR7 80%—% 5 O Material (- € RM) é
Parameters: Y v " o
20% 40% % Utility (r € RUT) | »
,B#IN/ﬂ#AX minimum/maximum extent of task i executed on r € RY R12 C;] N [;]R?’ ! |
. . . . N 1 <«— Unit utilization
vEv! fixed /variable cost for carrying out task i RM2 ¥ 130% o Y ¥ po
T; processing time for task i Ol 12 sl T2 O > Material production
S E . . . . 70% 60% and consumption
O/ Pir fixed net consumption of r by i at the start/end of task i L) 3
S 1 E . . . . ' W = I < —» Utility consumption
(VEAYAT/oh variable consumption of r by i at the start/end of task i e re--
Xr capacity of resource r
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Modeling Using Discrete Time Grid

o A 6 parameter

= —

= Skn T

= Skn yarigble_

g il iy

£ 0 1 2 3 4 5 6 t(hr)
Discrete: IC, = Y. Vi OSkn

linear

w 4 T, variable

e S«n Variable i

o 1 —

> —>

£ 0 1 2 3 4 5 6 t(hr)
Continuous: IC, = Y., Vi T;, Sk

bilinear

A. Inventory cost, IC, (v,: unit cost [S/(kg-hr)])

—»>

& parameter

Q S . .
3w lm L
QD R, variable
U © H H : — :
e 3 — Vg —p
0 1 2 3 4 5 6 t(hr)
Discrete: UC, = Y., 0,,0R
n-r m
linear
o g 4 T, variable
SR
=Rl 14 )
2 & R,,variable
U © —
< & L,
0 1 2 3 4 5 6 t(hr)
Continuous: UC, =, 0, T, R
n-r-nrnm
bilinear

B. Utility cost, UC, (o,: unit cost [$/(kW-hr)])

Availability: 30 kW during 0-2.25 and 4.25-6 hr
\ 20 kW during 2.25-4.25 hr

[

Real Profile

.

(hr)

~

1
0 1 2 3 4 5 6

urce availability 6,,

For 6=0.5 =20,n=5-9
A
Gn | |
T 1
1 1
0 1 2 3 4 5 6 t(hr)
Resource constraint: R, < 0,.,
paramter

C. Time-varying resource availability

Pricing: $0.04/kWh during 0-2.5 and 4.25-6 hr
$0.03/kWh during 2.5-4.25 hr

Real Projlle

o k-
~+

A

v

0 1 2 3 4 5

urce price o,,
12; 0,,=0.03,n=6-8

 (hr)

Calculation of tim
For 6=0.5: g, = 0.

0 1 2 3 4 5 6 t(hr)
UC, = Xn 0rn0R,
%_!

linear

D. Time-varying resource pricing

PRINCETON
UNIVERSITY

Deliveries: . .
20kgof A 30kgof B Real timeline
@t=0.5hr @ t=1.75hr Order:

ity s

@t=5. 25h

1 2 3 4 5 6 t(hr)

Calculation of ship 1):
Deliveries/or evious point if needed
? ? D/screte t|meI|ne

t (hr)
&= 20 EBz =30 £..=-25

Material balance:
Skn = Skn-1 + Xij PikBijn-r;; + Xij PikBijn + Skn

E. Modeling of release and due times

an+1 _an+ZUZ ((pLTS ijn— S+1)blTS ijn— s)

Recipe of task /=R in unit j= U:
Load B =10 kg of input F

Remove product P (75%) after 4 hr
Electricity consumption (kW/kg):
0-1 h:10; 1-3 h: 5; 3-4 h: 10 kW/kg

10

I Coefficient g g s (kW/kg)
—— Electricity consumption (kw) 0
(YR g,sBrun-s) o

B T B T

F. Variable resource consumption during task
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: % PRINCETO
Data Generation A UCIVERS Y

* Intermediate shipments and time-varying utility capacity & cost are given in terms of an external time grid with points t € T,
= Shipments, o € O, are defined in terms of: (1) an associated material k(0); (2) timing t, (ofa t € TS), and (3) amount &,,.
= Qg: shipments of material k (i.e., Oy = {o|k(0) = k}; T /T; : time points where a delivery/order of material k occurs; TH°> = T,/ U T} .

= Deliveries mapped onto the next time point;
ie,ift, € (t,—1,t,] theno — n (i.e, n(t,) = n);

0;.: deliveries of material k mapped onto n B ={123..,7} c

—{127} TUC—{35}

» Orders mapped onto the previous time point;
ie,ift, € [t,, t,+1) theno — n (i.e, n(t,) = n);
0,,,: orders of material k mapped onto n.

Deliveries: s
— MS _ = =
20kgofA 30kgofB T, =T, = {13}, Ty =Ty" = {2}, . ' |
@t=075h @ t=1.75h Order: t, =0.75& =20 tz =175, §,=30 Material shlpmentcalculatlon

@ 25 kgof C Tc =T¥S = {7}, A(1) = 2 $ci0 =—25

| : : . @t=525h "y : _52557— -25 2(2) = 4 10 12

| i s 5 4 il om | R S 4 5l om A7) = 10 " (n)
fAz—ZO '534—30

<«

Shipments

g 30 kW during0-2.25 and 3.75-6 h lel]]TCE T ={3,5}, ur )Zé}T Time-varyingutility availability calculation
H — v = = v — n ~
24 20 kW during 2.25-3.75 h s =225 X3 = 20:t5 = 375, ¥gs = 30 '\ A6n=30,n=1-4,10-12;7¢7= 20, n = 5-9.
N i 1 — 1(3) = 4 | |
;: h | | ~ — 30 : 1 : - _ 1 1
= : : L, [AEe . : L, 15 =9 : : >
>0 1 2 3 4 5 6(h) O 1 2 3 4 5 6 (h) 0 2 4 6 8 10 12 (n)
$0.04/kWh during0-2.5and 4.25-6 h TZE = TVP = {46}, Calculation of time-varying utility price
% $0.03/kWh during 2.5-4.25h K 2.5, 774 = 0.03;t, = 4.25, 707 = 0.04 vl Yen =0.04,n=1-59-12; ;7 =0.03,n = 6-8
Q
S
*? | 1 ~UT _ : 1 ﬁ(4) =5 : ]
5 : i L, i L, n©=8 ! ,
0 1 2 3 4 5 6 (h) 0 1 2 3 4 5 6 (h) 0 2 4 6 8 10 12 (n)
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State-Task Network: Discrete Time Model UNIVERSITY

Variables

" Xijn € {0,1}: 1if batch i starts on j at time point n

" B;jn € R,:batchsize of a batch of task i starting on unit j atn
" [n € R,:inventory level of material k during period n,

Equations
= Task-unit assignment

Ziet; Lpjent Xijmw =1, jon
where Ngl ={n—-1,+1,..,n}
= Batchsize constraints
BN Xijn < Bijn < B ¥ Xijm, ijim
» Inventory balance
Ik n+r = Ign + Ziel,’g 2 PikBijn—z,; + Lier; Xj PikBijn + Skn — Skn < Xi, k.on
= Utility constraints
i jel; g, (PuXin + YuBijn) < Xin'» L
= Objective Function
max(CREY — CPR — ¢UT — ¢CH _ CBCK _ (L)

where CREV = Zk Ty Zn Skns CPR = Zi,j{yfj ZnXijn + Vi]g' Zn Bijn}

Cambridge University Press Chemical Production Scheduling: Mixed-Integer Programing Models and Methods Christos T. Maravelias



Resource-Task Network: Discrete Time Model UNIVERSITY

Parameters
In addition to the already introduced parameters, we have:
= &M netaddition of (nonrenewable) material resource r € RM at time point n.

= ¥, capacity of (renewable) resource r € RUT during period n.

= yRES: cost of resource r € RUT during period n.

Variables

" X;n, € {0,1}: 1if batch i starts at time pointn

" B;, € R,:batchsize (extent) of a batch of task i starting at pointn
" R,, € R,: availability of resource r during period n

Equations
= Unit resource availability
Rr,n+1 = an + Zielr Xi,n—fij - Zielr Xin , TE RU»n
= Batchsize constraints
MIN MAX -
Bir " Xin < Bin < Bir"" Xin, L,T ER;NRY,n
= Material resource availability
R —R. +Y ER o +Y. -wWSB, +E&M 5 <M recRM
rn+l1 — frn ieLt wlr in—7t; i€l wlr in frn m=Xr, T n
= Utility resource availability
E E S S
Rypni1 =R + Ziel;-((pirxi,n—fi + lpirBi,n—Ti) - Zielr‘((pirxin + lpirBin) + er: r € RV, n
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: : % PRINCETO
Network Environments: Extensions A UCIVERS Y

Material Consumption/Production During Task Execution

= A task may require consumption of some input materials after its start and may lead to output material production before its end.

» Introduce pji: conversion coefficient of task i for material k, s periods after the start of i.

= We assume that p;, are readily available, but we note that they should be calculated based on the chosen scheduling horizon step §;

= Previous coefficients, p;; (used assuming consumption/production occurs at the start (s = 0)/end (s = t;)) become:
Piks=0 = Pik < 0,fork €Ky and pjg =7, = pix > 0, for k € K;.

= Generalized STN material balance, assuming |J;| = 1, is
Ik,n+1 = Ikn + Ziel,': Zsesl?';( piksBi,n—s + Ziel; Zsesi‘k piksBi,n—s + gik _ Skn = Xlly' k,n

where S}, = {s:pixs > 0}and S;;, = {s: pixs < 0} are the sets of points, with respect to the start of i, where k is produced/consumed

A Prat0=—05 ppaip,=—02 B Xr1=1,Bp; =50 C _
TA2 = {1} I e I : S'EA:{O}' S{D:{lf'"'@
2 P1a21=—03
S‘ = {0,2} lan=q o PraoBrioe = =25 B o
T,A1 ’ | «7 —
L___/pTAlzBT3 -2 = —10 @
— > — ¥y
01 2 3 5 6 SRR S _
s I A15 =pT,C1,SBT,6—5§ ST,A={ 5} S’F,D_{6}
Al TN YYVV VY
PTC15—03 pTC26:0'5 ——— i ! '
— T — —+——+ %
Stci =5} Sgg =16} 01 2 3 456 7 8n éj
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: : % PRINCETO
Network Environments: Extensions A UCIVERS Y

Material Storage and Transfer

= [f storage vessels are shared among materials, then, in the STN representation, they are treated explicitly as additional units.
= The set of units, ], in this case, has two subsets: the set of processing units, JFY, and the set of storage vessels, J5v.

= We define subsets:  K;: materials that can be stored in j € J°";

K*5": materials stored in shared vessels:
KP": materials stored in dedicated vessels:

Storage in Shared Vessels
" X;i €{0,1}: 1if material k is stored in j € J5" during period n
* [jxn € R,:inventory of material k in vessel j during period n.
* Only one material can be stored at in a vessel at any time:
Yiek, Xjin <1, €T, (1); likn < Xk Xin» J €1V, k €EKjn (2)
» In general, a material can be stored in many vessels

= If];"is the set of vessels material k can be stored in
and there is no dedicated storage vessel for k, then

z“J’Eli" lin+1 = Z:jeli" likn + Liert Pik Bin—v;; + Zierg Pk Bin + Sike = Skns ko1
Extensions

= Storage in processing units before and after the execution of a batch

= Resource-constrained material transfer tasks
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