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Power Series & GAMBRIDGE

A power series is an expression of the form
+alx—a)+a(x—a)P+--- or Zc,,(x— a)"

in which a and the ¢, are constants and x is a variable.
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Power Series & GAMBRIDGE

A power series is an expression of the form
+alx—a)+a(x—a)P+--- or Zc,,(x— a)"

in which a and the ¢, are constants and x is a variable.

® The ¢, are called the coefficients of the power series.
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A power series is an expression of the form
+alx—a)+a(x—a)P+--- or Zc,,(x—a)”

in which a and the ¢, are constants and x is a variable.
® The ¢, are called the coefficients of the power series.

® And a is called the centre of the power series.
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A power series is an expression of the form
+alx—a)+a(x—a)P+--- or Zc,,(x—a)”

in which a and the ¢, are constants and x is a variable.
® The ¢, are called the coefficients of the power series.
® And a is called the centre of the power series.

Main Question: For which values of x will a power series converge?
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Power Series & GAMBRIDGE

A power series is an expression of the form
+alx—a)+a(x—a)P+--- or Zc,,(x— a)"

in which a and the ¢, are constants and x is a variable.
® The ¢, are called the coefficients of the power series.
® And a is called the centre of the power series.

Main Question: For which values of x will a power series converge?

Example 1

The geometric series Z:‘;O x™ is a power series centred at 0 and with all
coefficients equal to 1. It converges absolutely for |x| < 1 and diverges
for x| > 1.

Amber Habib Calculus



Examples
Example 2
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> oreox"/nlis centred at 0 and has coefficients 1/n!. We saw earlier,
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Example 2

> oreox"/nlis centred at 0 and has coefficients 1/n!. We saw earlier,
using the Ratio Test, that it converges absolutely for every x.

Example 3

0 n —
Y o N x" converges only at x = 0.
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Example 2

> oreox"/nlis centred at 0 and has coefficients 1/n!. We saw earlier,
using the Ratio Test, that it converges absolutely for every x.

Example 3

o0 n _
> o N x" converges only at x = 0.

Example 4

o n
> (7:) (x —1)". is centred at 1 and has coefficients ¢, = (—1)"/n, with
n=1
C = 0. L

. dn+1 (X — 1)n+ n

Apply the Ratio Test: = — |x —1].

pply the Ratio Tes 2 (h+ 1)(x = 1) |x — 1]

So it converges absolutely if |[x — 1] < 1 and diverges if [x — 1| > 1.

At x = 0 it becomes the harmonic series and diverges, while at x = 2 it
becomes the alternating harmonic series and converges.

So it converges for 0 < x < 2, and diverges elsewhere.

™ mid - = =
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Convergence on an interval TP S e

In proving facts about power series, it is enough to consider the a =0
case, since the substitution y = x — a converts a power series with centre
a to one with centre 0.

Theorem 5

Suppose Y, cax" converges at x = r # 0. Then it converges
absolutely at every x which satisfies |x| < |r|.
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Convergence on an interval TP S e

In proving facts about power series, it is enough to consider the a =0
case, since the substitution y = x — a converts a power series with centre
a to one with centre 0.

Theorem 5

Suppose Y, cax" converges at x = r # 0. Then it converges
absolutely at every x which satisfies |x| < |r|.

Proof. The convergence of Y c,r" implies c,r” — 0, hence |c,r"| is
bounded by some real M. Now consider any x such that |x| < |r|. Then
n

leax”| = lcar”|

x|n X
,’ SM‘f
r r

By the Comparison Theorem, Y |c,x"| converges. a
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Theorem 6
Consider a power series Z ¢n(x — a)". One of the following will occur:
n=0

@ The series converges only if x = a.
@ The series converges absolutely for every x € R.

© There is R € R such that the series converges absolutely for
|x — a] < R and diverges for |x — a| > R.

R is called the radius of convergence. In the first case we say R = 0.
In the second case, we say R = cc.

Amber Habib Calculus



Power Series Taylor Series Fourier Series Complex Series
O0000@00000000000000 00000000000 0000000000000 0000000 000000000000 00000O0000000000000

BB CAMBRIDGE

Radius of Convergence O o

Proof. We may assume a =0. Let S = {h eR:Y 2, cnh” converges}.
We know 0 € S, so S # ().

If S is not bounded above then S =R: For any t € R, thereis he S
such that h > |t|. Therefore t € S. This is the R = oo case.

If S is bounded above, take R =sup S. Suppose |x| < R. Thereis he S
such that |x| < h < R. Since > c,h" converges, > c,x" converges
absolutely. Hence the series converges for every x € (—R, R).

Finally, suppose the series converges for some x with |x| > R. Take any t
such that R < t < |x|. Then the series converges at t, violating the
definition of R. O
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The interval of convergence consists of all the x for which the power
series converges.

It can be {a}, (—00,00), (a—R,a+R), (a—R,a+R],[a—R,a+R) or
[a—R,a+R].

The Ratio and Root Tests usually suffice to find R. Some other test
would have to be applied to the end-points a + R.
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o
Let Z ca(x — a)" have radius of convergence R > 0.

n=0
[e.¢]
It defines a function f: (a— R,a+ R) — R by f(x) = Z cn(x — a)".
n=0

The endpoints a + R can also be included in the domain, provided the
series converges there.

Is (x) differentiable? The obvious candidate for its derivative is its
derived power series > nc,(x — a)"~! obtained by term-by-term
differentiation.

We will prove this is the right candidate.
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Let >~ ca(x —a)" have radius of convergence R > 0. Then its derived
series Y -2 ncy(x — a)"~! also has radius of convergence R
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Theorem 7

Let Y-, ca(x — a)" have radius of convergence R > 0. Then its derived
series Y-~ ncy(x — a)" ! also has radius of convergence R.

Proof. Assume a=0. Let 0 < x < R.
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Convergence of Desired Series TP S e
Theorem 7

Let Z;’oo ca(x —a)" have radius of convergence R > 0. Then its derived
series Y-~ ncy(x — a)" ! also has radius of convergence R.

Proof. Assume a=0. Let 0 < x < R.
Pick h such that 0 < x < x+ h< R. Then

o0

f(X—|—h—f ZC x—|—h Z 6yt
-1

for some x < y, < x + h, by the Mean Value Theorem.
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Theorem 7

Let Z;’oo ca(x —a)" have radius of convergence R > 0. Then its derived
series Y-~ ncy(x — a)" ! also has radius of convergence R.

Proof. Assume a=0. Let 0 < x < R.
Pick h such that 0 < x < x+ h< R. Then

M ZC X+h incynl
=1

for some x < y, < x + h, by the Mean Value Theorem.
Since the series for f(x + h) and f(x) converge absolutely, so does
S nc,y"~1. By Comparison Test, > nc, x"~! converges absolutely.
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Theorem 7

Let Z;’oo ca(x —a)" have radius of convergence R > 0. Then its derived
series Y-~ ncy(x — a)" ! also has radius of convergence R.

Proof. Assume a=0. Let 0 < x < R.
Pick h such that 0 < x < x+ h< R. Then

M ZC X+h incynl
=1

for some x < y, < x + h, by the Mean Value Theorem.
Since the series for f(x + h) and f(x) converge absolutely, so does
S nc,y"t. By Comparison Test, Y. nc, x"! converges absolutely.

So the derived series converges for 0 < x < R. Hence its radius of
convergence is at least R. On the other hand, for n > x we have
|ncyx" | > |c, x"| and so the derived series diverges for x > R.
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Theorem 7

Let Z;’oo ca(x —a)" have radius of convergence R > 0. Then its derived
series Y-~ ncy(x — a)" ! also has radius of convergence R.

Proof. Assume a=0. Let 0 < x < R.
Pick h such that 0 < x < x+ h< R. Then

f(x+h—f ZC x+h inc =
=1

for some x < y, < x + h, by the Mean Value Theorem.

Since the series for f(x + h) and f(x) converge absolutely, so does

S nc,y"t. By Comparison Test, Y. nc, x"! converges absolutely.

So the derived series converges for 0 < x < R. Hence its radius of
convergence is at least R. On the other hand, for n > x we have
|ncyx" | > |c, x"| and so the derived series diverges for x > R.

Hence the radius of convergence is exactly R. O
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n=0

Let f(x) = Z ¢n(x — a)" have radius of convergence R > 0. Then

n=1

f'(x) = Z nca(x —a)"* for |x — a| < R.
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Differentiability of Power Series TP S e
Theorem 8
Let f(x Z (x — a)" have radius of convergence R > 0. Then
n=0

oo
= Z nc,(x —a)" "t for |x — a| < R.
n=1

Proof. Again let a = 0. We investigate the gap between the difference
quotient and the candidate derivative g(x) = Y 2 nca(x — a)" L.
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Differentiability of Power Series TP S e
Theorem 8
Let f(x Z (x — a)" have radius of convergence R > 0. Then
n=0

oo
= Z nc,(x —a)" "t for |x — a| < R.
n=1

Proof. Again let a = 0. We investigate the gap between the difference
quotient and the candidate derivative g(x) = Y 2 nca(x — a)" L.

fly) = f(x) e X & et
y —x g(X)_ZCny,X ;ncnx

n=1
> n
— X
= Z Cn [y - nx”_l}
n=1 y—x

(continued .. .)
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(... continued)

f(}’; : i(X) g(x) = ic"[zyk n—k—1 anfl}
= i c,,[nzjlx"_k_l(yk - Xk):| .
n=1 k=1

Fix a number p such that |x|,|y| < p < R. Then

k—1
v = XK=y = x| Yy < kly — x|k
=0

(continued . ..)
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Differentiability of Power Series WP o s

(... continued)

fly) = f(x)

S x —g(x)

Hence,

oS n—1
<y =xI Y lenl | Do ko™
n=1 k=1
> n(n—1) ,_
=ly = x| Y lenl ="
n=1
= M|y — x|.

Therefore, lim (f(y)— - g(x)) =0 and f'(x) = g(x). O

y—=Xx
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Example 9

We have seen that the power series > °  x"/n! converges for every
x € R. Thus, it defines a differentiable function f: R — R. Note that

, 0 xn—1 0 xn—1
fF0)=1 and f(x)=) n——=>" e
n=1 n=1
Therefore f(x) is the exponential function, and we get
« = X" x> X3
:Z—'_l+x+—+—+
n! 3!
n=0
I icul = 1
n particular, e = ZO E
n= V.
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Theorem 10
Suppose f(x) = >, ca(x — a)" with radius of convergence R > 0.
Then

/f dx—Z/c,,x—a Zni’jl(x_a)n“""c'
=0

Further, for any b € (a— R,a+ R),
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Integration of Power Series TP S e

Theorem 10

Suppose f(x) = >, ca(x — a)" with radius of convergence R > 0.
Then

/f dx—Z/c,,x—a i (x —a)"t +C.

Further, for any b € (a— R,a+ R),

00
=0

/bf(x)dx:i/bc,,(xa)"dx:z cn (b—a)"tt
a n=0v42 n n+

Proof. Consider the power series h(x) = 7= %7 (x — a)™.
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Integration of Power Series TP S e
Theorem 10
Suppose f(x) =Y ca(x — a)" with radius of convergence R > 0.
Then

/f dx—Z/c,,x—a Z i’l(x_a)n+1+C.
=0

Further, for any b € (a— R,a+ R),

/a dx—Z/ cn(x —a)" :Zn—l-l - "H.

n=

Proof. Consider the power series h(x) = = %7 (x — a)™.
As f(x) is the derived series of h(x), h(x) also has radius of convergence
)

R, and it is the anti-derivative of f(x).
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Integration of Power Series TP S e
Theorem 10
Suppose f(x) =Y ca(x — a)" with radius of convergence R > 0.
Then

/f dx—Z/c,,x—a Z i’l(x_a)n+1+C.
=0

Further, for any b € (a— R,a+ R),

/a dx—Z/ cn(x —a)" :Zn—l-l - "H.

n=

Proof. Consider the power series h(x) = = %7 (x — a)™.
As f(x) is the derived series of h(x), h(x) also has radius of convergence
R, and it is the anti-derivative of f(x).

This proves the first part.
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Integration of Power Series TP S e
Theorem 10
Suppose f(x) =Y ca(x — a)" with radius of convergence R > 0.
Then

/f dx—Z/c,,x—a Z i’l(x_a)nﬂ_,_C.
=0

Further, for any b € (a— R,a+ R),

/a dx—Z/ cn(x —a)" :Zn—i-l - "H.

n=

v
Proof. Consider the power series h(x) = = %7 (x — a)™.
As f(x) is the derived series of h(x), h(x) also has radius of convergence
R, and it is the anti-derivative of f(x).
This proves the first part.
The second part follows from the Second Fundamental Theorem. O
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Applications of Geometric Series WP Ve e

Consider the function defined by the geometric series

1 o0
1_X:Zx":1+x+x2+--~, for |x| < 1.
n=0
We can use various substitutions to get power series expansions of other
functions.
! :i(—l)”x"zl—x+x2—+~-- for |x| < 1
14+ x ’ ’
n=0
1 - n
1+ x2 :Z(*l) XN =1-x24x*—+-.., for|x| <1
n=0
1 Ie=x" 1 x x?
_ = . R Ep A B f < 2.
x 2w atatgt or I
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Applications of Geometric Series WP Ve e

Differentiating the geometric series repeatedly gives more power series
expansions, each valid for |x| < 1.

1 = n—1 2
mzan :1+2X+3X —+ e
n=1

1 oonn—l

X2 =143x+6x>4 -
TEE + 3x + 6x” +

M

n=2

=k—1
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Applications of Geometric Series WP Ve e

Integration gives other interesting series.

log(1+x) = /OX ﬁ dt = /0X (i(_l)ntn) dt

n=0
o0 _1,.’ 2 3
= Zux”l:x—x——i—x———&—n- for |x| < 1.
n:0n+1 2 3
Task 1
x3x5
Prove thatarctanx:xf?+€f+~~ for |x| < 1.

Amber Habib Calculus



Abel’s Theorem

mﬂm CAMBRIDGE

UNIVERSITY PRESS

Theorem 11

Suppose a power series with centre at x = a has radius of convergence

R > 0. If the power series converges at a + R then the function defined
by it is left continuous at that point.
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Theorem 11

Suppose a power series with centre at x = a has radius of convergence

R > 0. If the power series converges at a + R then the function defined
by it is left continuous at that point.

Proof. We may assume the power series has the form Z:io cx", R =1,
and Z;’io ¢p converges. Now take any x such that 0 < x < 1.
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Theorem 11

Suppose a power series with centre at x = a has radius of convergence
R > 0. If the power series converges at a + R then the function defined
by it is left continuous at that point.

Proof. We may assume the power series has the form Z:io cx", R =1,
and Z;’io ¢p converges. Now take any x such that 0 < x < 1.
Denote S, =cg+---+c,and S=1m§,.
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Abel’'s Theorem & GAMBRIDGE

Theorem 11

Suppose a power series with centre at x = a has radius of convergence
R > 0. If the power series converges at a + R then the function defined
by it is left continuous at that point.

Proof. We may assume the power series has the form Z:io cx", R =1,
and Z;’io ¢p converges. Now take any x such that 0 < x < 1.
Denote S, = ¢y + -+ ¢, and S = lim S,,. First we have,

m m—1 m—1
Z cox" =x"S,, + Z(X" — X"+1)5n =x"S5n+ (1 —x) Z x"S,,
n=0 n=0 n=0

obtained by substituting ¢, = S, — S,—1 and regrouping.
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Abel’'s Theorem & GAMBRIDGE

Theorem 11

Suppose a power series with centre at x = a has radius of convergence
R > 0. If the power series converges at a + R then the function defined
by it is left continuous at that point.

Proof. We may assume the power series has the form Z:io cnx", R=1,
and Z;’io ¢p converges. Now take any x such that 0 < x < 1.
Denote S, = ¢y + -+ ¢, and S = lim S,,. First we have,

m—1

chx =x"Sn +Z x"HS, = xmS, +(17X)ZXHS,,,

n=0
obtained by substituting ¢, = S, — S,—1 and regrouping.
By letting m — oo we obtain

i ax"=(1—-x) ix"S
n=0 n=0

(continued .. .)
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Abel's Theorem
(... continued)
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Hence, i cpx" — i cn=(1-x) ix"(s,, - 5).
n=0 n=0 n=0
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Abel’s Theorem
(- continued)
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Hence, Zc,,x —Zc,,—(l—x)Zx (S —95).

Given ¢ > 0 we flrst choose N such that n > N implies |S, — S| < ¢/2.
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Abel’'s Theorem & GAMBRIDGE

(.. .continued)

Hence, i cnx" — i ¢ =(1—x) ix”(s,, - 5).

n= n=0 n=0
Given € > 0 we first choose N such that n > N implies |S, — S| < ¢/2.
Then,

N—1
}ch S e <1 S S - S xS eSS
n=0 n=0 n=N
N—-1
<

[1=x| ) [Sh— S| +e/2.
n=0
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Abel’'s Theorem & GAMBRIDGE

(.. .continued)

Hence, i cnx" — i ¢ =(1—x) ix”(s,, - 5).
n=0 n=0 n=0

Given ¢ > 0 we first choose N such that n > N implies |S, — S| < €/2.
Then,

o] o] N—1 0o
\ Sax" =S | <11 —xI SIS, — ST+ 11— 3 [xI"ISs — S|
n=0 n=0 n=0 n=N
N—1
<1=x|> 1S — S| +e/2

n=0

The choice of N was independent of x, hence 22\11—01 |S, — S| is also
independent of x. Therefore, for x close enough to 1, we'll have
|1 — x| Zg;ol |Sn — S| < €/2. This completes the proof. O
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Applications of Abel's Theorem WP Ve e

(=1)" n+1;
1 x" s left

18

It follows from Abel's Theorem that f(x) =
0

3
Il

continuous at 1. Hence,

ZO 7 = f(1) = lim f(x) = lim log(1+x) = log2.
Task 2
Prove that
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A function is called C* or smooth if it has derivatives of every order.
Term-by-term differentiation establishes that power series are smooth.
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Taylor Series TP S e

A function is called C* or smooth if it has derivatives of every order.
Term-by-term differentiation establishes that power series are smooth.

Suppose a smooth function f(x) is expressible as a power series with
centre a and radius of convergence R > 0,
oo
f(x)=> ca(x—a), for [x —a| < R.
n=0
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A function is called C* or smooth if it has derivatives of every order.
Term-by-term differentiation establishes that power series are smooth.

Suppose a smooth function f(x) is expressible as a power series with
centre a and radius of convergence R > 0,

f(x)= io: ca(x — a)", for [x — a] < R.
n=0
By differentiating repeatedly at x = a, we get the following.
f(x) = 3 alx—a)" = f(a) = co,
n=0
f'(x) = i nc,(x —a)" ! = f'(a) =,
n=1

f(x) = Z n(n—1c,(x—a)"? = f’(a) =20c.

(continued . ..)
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Differentiating k times gives
oo

f(k)(x) = Z n(n—1)---(n—k+1)cy(x — a)"“k — f(k)( )
n=k

u}
‘ o)
it
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(... continued)

Differentiating k times gives

£ (x Zn (n—1)---(n—k+1)cy(x —a)" % =rfW(a) =kl
n=k

o f(")(a)

The power series T¢(x) = l
n!

(x — a)" is called the Taylor series

3
Il
o

of f(x) with centre at a.
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(... continued)

Differentiating k times gives

£ (x Zn (n—1)---(n—k+1)cy(x —a)" % =rfW(a) =kl
n=k

o f(")(a)

The power series T¢(x) = |
n!

(x — a)" is called the Taylor series

3
Il
o

of f(x) with centre at a.

If a=0, it is also called the Maclaurin series.
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(... continued)

Differentiating k times gives

£ (x Zn (n—1)---(n—k+1)cy(x —a)" % =rfW(a) =kl
n=k
£ (a)
— Cx — P
The power series T¢(x Z (x — a)" is called the Taylor series

n=0
of f(x) with centre at a.

If a=0, it is also called the Maclaurin series.
Every smooth function f(x) has a unique Taylor series T¢(x) centered at

a. But they may not be equal to each other.
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We already know the following Maclaurin series expansions.

1 k k+1\
E—— cee 1. keN
A=) +<k_1>x+(k_1>x + or [x| <1, keN,
x2 X3
IOg(l-’-X):X—?—‘r?—-i- ]CO|'|X|<17
3 X8
arctanx:x—?+€—+ for |x] < 1,
» x2 X3
e :1+X+§+§+"' for x € R.
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Theorem 12
Fix r € R. Then the Maclaurin series of f(x) = (1 + x)" is given by

n=0

and equals f(x) for |x| < 1. We have used the notation

— 1) (r — 1
(r) = r(r ) (r=n+ ), with the convention (6) =1.

n nl
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Binomial Series o SAAERREE
Theorem 12
Fix r € R. Then the Maclaurin series of f(x) = (1 + x)" is given by

and equals f(x) for |x| < 1. We have used the notation

(r)_r(r—1>-~(r—n+1)

n nl

, with the convention (6) =1.

Proof. We compute the Maclaurin series by repeated differentiation:

f(x) = (1+x) = f(0)=1 =1,
Flx)=r(l+x)"" = f(0)=r = a=r,
') =r(r=1)(1+x) "2 = f"(0)=r(r-1) = o= %

(continued ...)
Amber Habib Calculus



Binomial Series
(... continued)

CAMBRIDGE

UNIVERSITY PRESS

Continuing in this fashion gives ¢,

r(r—=1)---(r—n+1)
we obtain the desired form of the Maclaurin series.

(r) and
n! n
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(.. .continued)

— 1) (r— 1
Continuing in this fashion gives c, r(r=1)---(r—n+1) _ <f> and

n! n
we obtain the desired form of the Maclaurin series.
Now we have to address its convergence.
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(.. .continued)

— 1) (r— 1
Continuing in this fashion gives c, r(r=1)---(r—n+1) _ <f> and

n! n
we obtain the desired form of the Maclaurin series.
Now we have to address its convergence.
First apply the Ratio Test:

n+1 —1)--- — |
lim | S ’:\x| jim | (= (r=m) ! ‘
n—oo | Cpx” n—soolr(r—1)---(r—n+1) (n+1)!
x| lim |2 = |x]
=|x| lim =|x].
n—oo n+l
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(.. .continued)
S . . —1)---(r— 1
Continuing in this fashion gives ¢, = r(r=1) I(r n+1) = <r> and
n! n
we obtain the desired form of the Maclaurin series.
Now we have to address its convergence.
First apply the Ratio Test:

C,1+1X ’ B
n—)oo

x| lim r(r=1)--(r—n)  nl ‘
nsoolr(r—1)---(r—n+1) (n+1)!

= Ix| Jim =] = Ix.

Thus the Maclaurin series has radius of convergence 1 and defines a
function T(x) for |x| < 1.

(continued ...)
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(... continued)
To obtain the equality of f and T we consider their derivatives:

Fi(x)=r(1+x)"" = (14 x)f(x) = rf(x), and
Sor(opt o)
r+§: [(n+1)<n;1> +n(;)]xn

n=1

r+ i r<;>x” = rT(x).

(1 +X)T'(x)
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(... continued)
To obtain the equality of f and T we consider their derivatives:

fl(x)=r(1+x)"! = (1+x)f(x) = rf(x), and

(1+x)T =z:: () n_1+§"<rf7>xn
= r+n§ [(n+ 1)<n; 1) - "(;)]Xn
—r4 ,,i_o:l r<;>x" = rT(x).
EZ((XX))) - T/‘X)“XE&)Z - T(X)(fl(i)x_)fg;z e
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(... continued)
To obtain the equality of f and T we consider their derivatives:

fl(x)=r(1+x)"! = (1+x)f(x) = rf(x), and

(14+x)T :g ( ) n_1+§n<;>xn
eyt (1) o)
H;((:)) ' T/(x)f(x;(;)z(x)f’(x) . T(X)(fl(i)x_)fg;zf(x) N

It follows that T(x) = cf(x).

Amber Habib Calculus



Power Series Taylor Series Fourier Series Complex Series
0000000000000 0000000 O00000e0000 0000000000000 0000000 000000000000 00000O0000000000000

Binomial Series & GAMBRIDGE

(... continued)
To obtain the equality of f and T we consider their derivatives:

fl(x)=r(1+x)"! = (1+x)f(x) = rf(x), and

- El ()
- r+z_: [(n+ 1)<ni 1) + n(;)]x"
=r+ Z r<;>X” = rT(x).
Hence,
T\ _ TF) = T (x) _ TEF(x) = TEF) _
f(x) f(x)? (14 x)f(x)? '
It follows that T(x) = cf(x).
Checking the values at x = 0 gives T(x) = f(x), for |x|.< 1. O
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Recall that the Taylor polynomials of f(x) are defined by

(4
Tu() =3 Py

N
n:
0

n=|

The Taylor polynomials of a smooth function are the partial sums for its
Taylor series. Hence

Tr(x) = nleOO Ta(x).

So the question of whether f(x) equals T¢(x) can be addressed by
checking whether Nlim Rn(x) = 0, where Ry(x) is the remainder after N
—00

terms.
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Example 13

From the Taylor polynomial calculations in Chapter 6 we know that the
Maclaurin series of the sine function is

i 2k+1 X3 X5

5|n =X + =4
|

par 2k (2k 4+ 1)! 31 5l

The remainder terms are given by

n X2k (2ks2) 52k+2
Ry, =sinx — 1) = —_.
ont1(x) = sinx kZ::O( ) ok D) =sin (C)(2k+2)!
|x|2k+2
Hence, ( )‘ < m — 0 — R2n+]_(X) — 0
2k+1 3 5
inx=S (- X X

Therefore, sinx = ;( 1) kT D) = x 3 + 3 +

_ _ —
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o0

2k
cosx = Z(—l)k

k=0

Prove that the cosine function equals its Maclaurin series:

»2 4
(k) ~ 1=

21
Task 4

X
+H_+..._

Let f: (c — R,c+ R) — R be a C* function such that there is a
constant M with |f(")(x)| < M" for all x and n. Prove that
o £(n)

f(x) = Z #(X —¢)" for every x.

n=0
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Taylor Series and Limits WP o s

Substituting a Taylor series for the corresponding function can often be
useful in computing limits. For example,
_osinx—x . (x=x3/31+x5/51... ) —x —x3/314x5/5!. ..
lim = lim = lim
x—0 x3 x—0 x3 x—0 x3
1 x? 1

=mCa e )=y

To compute a limit at a, we use Taylor series expansions centred at a,
provided the series equal the corresponding functions. Here is another
example:

[im log x — lim (X_]-)—(X—l)2/2...
x—=14/x—1 x%l(X—l)/Q_(X_l)z/S'_.
1—(x—1)/2---

- (x=1)/8-
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Trigonometric Polynomials WP o s

Our goal is to express periodic functions in terms of the sine and cosine
functions. To begin, we consider functions whose period is 27. It is
enough to analyse such functions on the interval [—, 7].
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Our goal is to express periodic functions in terms of the sine and cosine
functions. To begin, we consider functions whose period is 27. It is
enough to analyse such functions on the interval [—, 7].

The functions sin mx and cos mx, with m € Z have period 27, so we can
consider them as basic functions from which we would like to construct
others.

Amber Habib Calculus
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Trigonometric Polynomials WP o s

Our goal is to express periodic functions in terms of the sine and cosine
functions. To begin, we consider functions whose period is 27. It is
enough to analyse such functions on the interval [—, 7].

The functions sin mx and cos mx, with m € Z have period 27, so we can
consider them as basic functions from which we would like to construct
others.

It is enough to consider the following sub-collection of these functions:
{1} U{sinmx | m=1,2,3,...} U{cosmx | m=1,23,...}.

A trigonometric polynomial is a linear combination of such functions,

M M
T(x) = % + ) ancosnx + Y bysin nx.
n=1 n=1

Amber Habib Calculus
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Trigonometric Polynomials WP o s

Our goal is to express periodic functions in terms of the sine and cosine
functions. To begin, we consider functions whose period is 27. It is
enough to analyse such functions on the interval [—, 7].

The functions sin mx and cos mx, with m € Z have period 27, so we can
consider them as basic functions from which we would like to construct
others.

It is enough to consider the following sub-collection of these functions:
{1} U{sinmx | m=1,2,3,...} U{cosmx | m=1,23,...}.

A trigonometric polynomial is a linear combination of such functions,

M M
T(x) = % + ) ancosnx + Y bysin nx.
n=1 n=1

An immediate question is: If we are able to process T in terms of finding
information like its integrals, can we recover the defining numbers a, and
b,? This is part of a general approach of trying to recover the original
data from knowledge of averages.
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Task 5
Suppose m, n € N. Show the following.

T T . 0 ifm<#n,
COS MXx COS nNx dx = sin mxsin nx dx =

. o T ifm=n,

s
/ cos mxsin nx dx = 0,

/l-cosmxdx:/ 1-sinmxdx =0,

/ 1-1dx =2m.
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From the orthogonality relations, we can conclude that

1 us
—/ T(x) cos nx dx = ap,

L

1 ™
7/ T(x)sin nx dx = by,
T s
1 /Tr T(x)-ldx=a
T -

Setting the constant part of T to ap/2 has enabled a uniform formula for
all a,.
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Example 14
An example of a trigonometric polynomial is

sin 3x n sin bx n n sin11x
3 5 1 -

T(x) =sinx +

We plot its graph and observe it appears to be approaching a square
wave shape:

This example shows that trigonometric polynomials have the potential to
approximate discontinuous periodic functions.
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A trigonometric series is an expression of the form,

T() =2+ ancosnx+ Y bysinnx.
n=1 n=1
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Trigonometric Polynomials WP o s

A trigonometric series is an expression of the form,
a > s
0 .
T =5+ n§_1 an cos nx + nE—l by sin nx.

Let f be a function with period 27 and which is integrable on [—m, 7].
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Trigonometric Polynomials WP o s

A trigonometric series is an expression of the form,
a > s
0 .
T =5+ n§_1 an cos nx + nE—l by sin nx.

Let f be a function with period 27 and which is integrable on [—m, 7].
Then the functions f(x) cos nx and f(x)sin nx are also integrable.
Hence, we can define,

ap = 1/ f(X) COS nx dx7 bn = l/ f(X) sin nx dx.

™) _x -
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Trigonometric Polynomials WP o s

A trigonometric series is an expression of the form,

T() =2+ ancosnx+ Y bysinnx.
n=1 n=1

Let f be a function with period 27 and which is integrable on [—m, 7].
Then the functions f(x) cos nx and f(x)sin nx are also integrable.
Hence, we can define,

ap = 1/ f(X) COS nx dx7 bn = 1/ f(X) sin nx dx.

™) _x T™J %

The numbers a, and b, are called the Fourier coefficients of f.
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Trigonometric Polynomials WP o s

A trigonometric series is an expression of the form,

T() =2+ ancosnx+ Y bysinnx.
n=1 n=1

Let f be a function with period 27 and which is integrable on [—m, 7].
Then the functions f(x) cos nx and f(x)sin nx are also integrable.
Hence, we can define,

1 /" 1 (7
ap = 7/ f(x)cosnxdx, by,= —/ f(x)sin nx dx.
™) _x T™J %

The numbers a, and b, are called the Fourier coefficients of f.

The corresponding trigonometric series is called the Fourier series of f

and we write:

()~ 3 + 3 ancosme-+ 3 bysinx.
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A trigonometric series is an expression of the form,
a > s
0 .
T =5+ n§_1 an cos nx + nE_l by sin nx.

Let f be a function with period 27 and which is integrable on [—m, 7].
Then the functions f(x) cos nx and f(x)sin nx are also integrable.
Hence, we can define,
1 /" 1 (7
ap = 7/ f(x)cosnxdx, by,= —/ f(x)sin nx dx.

™) _x T™J %
The numbers a, and b, are called the Fourier coefficients of f.
The corresponding trigonometric series is called the Fourier series of f

and we write:
3 > as
0 )
Fx) ~ +;3nCOSnX+;bnsmnx.

The symbol ~ indicates that the right hand side is the Fourier series of f
but we have not established its convergence to f.
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Example 15
Consider the square wave function defined by S(x) = —1 if x € (=, 0]

and S(x) =1if x € {—n} U(0,7]. Then the Fourier coefficients of S are:

1 [0 I
an:f/ (—l)cosnxdx—i—;/0 (I)cosnxdx =0+4+0=0,

™

—T

1 /° 1 [7
b,,:f/ (—1)sinnxdx+—/ (1) sin nx dx
L — T Jo
2 4 2 T 2 1—(=-1)"
27/ (1)sinnde:——~C057nX :7.¥
7 Jo T n lo n
0 if n even
B 4/mwn if n odd.

sin3x  sinbx )
4+ ).

4
Hence the Fourier series is S(x) ~ — (sin X+ 3 + G
s
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Let us see Fourier's own method for establishing the convergence of the
Fourier series for the square wave function. Let S,,(x) be the partial sum
of the first m terms of the series,

sin 3x sin(2m — 1)x
2m—1

ESm(X) =sinx +

Amber Habib Calculus
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Let us see Fourier's own method for establishing the convergence of the
Fourier series for the square wave function. Let S,,(x) be the partial sum
of the first m terms of the series,
sin 3x sin(2m — 1)x

3 2m—1
Differentiate, and multiply both sides by 2sin 2x:

ESm(X) =sinx +

gS[n(x) sin2x = 2 cos x sin 2x + 2 cos 3xsin 2x + - - - + 2 cos(2m — 1)xsin 2x

= (sin3x — sin(—x)) + (sin5x —sinx) 4 - - -
+ (sin(2m 4+ 1)x — sin(2m — 3)x)
=sin(2m + 1)x + sin(2m — 1)x = 25sin(2mx) cos x.
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Example: Square Wave WP Ve e

Let us see Fourier's own method for establishing the convergence of the
Fourier series for the square wave function. Let S,,(x) be the partial sum
of the first m terms of the series,
sin 3x sin(2m — 1)x

3 2m—1
Differentiate, and multiply both sides by 2sin 2x:

ESm(X) =sinx +

gS[n(x) sin2x = 2 cos x sin 2x + 2 cos 3xsin 2x + - - - + 2 cos(2m — 1)xsin 2x
= (sin3x — sin(—x)) + (sin5x —sinx) 4 - - -
+ (sin(2m 4+ 1)x — sin(2m — 3)x)
=sin(2m + 1)x + sin(2m — 1)x = 25sin(2mx) cos x.

2sin2
Hence, S/,(x) = < S amx.

T sinx
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Example: Square Wave WP Ve e

Let us see Fourier's own method for establishing the convergence of the
Fourier series for the square wave function. Let S,,(x) be the partial sum
of the first m terms of the series,
sin 3x sin(2m — 1)x

3 2m—1
Differentiate, and multiply both sides by 2sin 2x:

ESm(x) =sinx +

gS[n(x) sin2x = 2 cos x sin 2x + 2 cos 3xsin 2x + - - - + 2 cos(2m — 1)xsin 2x

= (sin3x — sin(—x)) + (sin5x —sinx) 4 - - -

+ (sin(2m 4+ 1)x — sin(2m — 3)x)
=sin(2m + 1)x + sin(2m — 1)x = 25sin(2mx) cos x.
_ 2sin2mx

Hence, S/,(x) = - . Note that
T sinx

Sm(m/2)=(4/7)(1=1/3+1/5+---+(=1)""1/(2m —1)) — 1, by the
Gregory-Leibniz formula which we observed earlier.
(continued .. .)
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(... continued)
Now, for any a € [r/2,7),

a 2 a
Sm(a) = Sm(m/2) + //2 S, (x) dx = Sp(m/2) + - //2 sin 2mx csc x dx
a a
+ — cos 2mx csc’ x dx
w/2 mm Jz/2

5 (n/2) cos2macsca — (—1)™ n cos2mé, /a s’ x dx
mm mm /2

= Sm(m/2) — miﬂ_(cosZmacsca —cos2méy,(csca—1) — (71)m>

2 Cos 2mx csc X

= Sm(m/2) — ~

2m

— 1 as m— oo.

The argument also works for a € (0, 7/2].
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Example: Square Wave WP Ve e

(... continued)
Now, for any a € [r/2,7),

Sm(a):5m(ﬂ'/2)+/ S, (x) dXZSm(T('/2)-|-E/ sin 2mx csc x dx
w/2 ™ Jr)2

2 2
= Sp(m/2) — SEBAMXESEXIT 2 [ cos2mx esc! x dx
m w/2 mm Jz/2

cos2macsca — (—1)™ 4 Gos 2mé,, /a
mm mm /2

= Sm(m/2) — miﬂ_(cosZmacsca —cos2méy,(csca—1) — (71)m>

a

2m

csc’ x dx

= Sm(m/2) —

— 1 as m— oo.

The argument also works for a € (0,7/2].

We have to separate these cases because in the fourth equality we have
used the Mean Value Theorem for Weighted Integration, which requires
the weight function to not change sign.

(continued .. .)
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Example: Square Wave WP Ve e

(... continued)
Further, for x € (—m,0), we have Sp(x) — —1 because these are odd
functions.

Thus the Fourier series converges to S(x) at the points where it is
continuous.

At the points of discontinuity (—, 0, ) the series gives zero, which is
the mean of the left and right hand limits.

Task 6
1 1 1
Show that ~ —( 77777 . )
ow tha 2= +
V.
Task 7
Let S be the square wave function of the last example. Show that the
Fourier series of g(x) = S(x — a) converges to 0 at x = a.

Amber Habib Calculus



Power Series Taylor Series Fourier Series Complex Series
0000000000000 0000000 00000000000 000000000080 00000000 0000000000 00O00000O0O00O0O000000000

BB CAMBRIDGE

DII’IChlet Kernel @) UNIVERSITY PRESS

Let f,, represent a partial sum of the Fourier series expansion of f(x),

fn(x) = ? + nz::la,, cos nx + ,,Zz:l b, sin nx.

Substitute the formulas for the Fourier coefficients:

-~

1 (" 1
- / (S)(E + Z(cos ns cos nx + sin nssin nx)) ds

n=1
%/ﬂ f(5)<% +icosn(s fx)) ds.
n=1
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Task 8
R sin(m + 1/2)6
Show that — 0= ———— "
ow tha 2—|—;cosn 2sin0/2
claiming equality even when 6 = 2nm.

sin(m+1/2)x
2msinx/2

. Give a justification for

The collection of functions D,(x) = is called the

Dirichlet kernel.

Assuming that f extends beyond [—m, 7] with a period of 27, the partial
sums of the Fourier series can be expressed as

fm(x) = ! f(s)Dm(s — x) ds = ! f(s+ x)Dm(s) ds.

If we take f(x) = 1 then all the partial sums are also 1, and we get
1= / Dp(s) ds for every n.
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The graphs below depict Ds and Dsp.

JANERWA
= - AATINAARe:

As n increases, the Dirichlet kernel gets more concentrated near origin.
Consequently, the values of [ f(s + x)D,(s) ds depend more and more
on the values of f near x (corresponding to s = 0).

If f is continuous at x, this should make the integral approach f(x).

If f has a jump discontinuity, then the left and right limits contribute
equally (due to the symmetry of D,) and so we expect the integral to
converge to their mean.
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Convergence of Fourier Series WP o s

Theorem 16

Let f: [-m, 7] = R be ‘piecewise differentiable’ in the following sense.

@ The interval [—m, ] has a partition —m = xg < -+ < X, = T such
that f is differentiable on each subinterval (x;, x;+1).

@ The left and right limits of f and f' exist at every point.
Then we have the following convergence results.
@ If f is continuous at x, the Fourier series at x converges to f(x).

@® If f has a jump discontinuity at x, the Fourier series at x converges
to the mean of the left and right-hand limits at x.

Amber Habib Calculus



Power Series Taylor Series Fourier Series Complex Series
0000000000000 0000000 00000000000 0000000000000V e00000 0000000000 00O00000O0O00O0O000000000

BB CAMBRIDGE

Example: Sawtooth Function WP Ve e

Example 17

Consider the sawtooth function f, which has period 27 and satisfies
f(x) = x on (—m,m). Since f is odd, all a, =0. And
by =2 [T xsinnxdx = (—1)"t12/n. Hence, the Fourier series is

T

sin2x  sin3x _ )

f(x)~2(sinx— 5 + 3

We plot two of the partial sums below, with 3 and 10 terms respectively.

s , T

Amber Habib Calculus
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Example: Triangular Wave

Example 18

C(x) =m — |x|, for x € [—m, 7], is

Fourier Series
00000000000 0000e0000

Complex Series

continuous but fails to be

differentiable at 0. Using integration by parts, we can calculate

T if n=20
a, =< 4/mn®> ifnodd , b,=0.
0 else
4
Therefore,C(x)~g+—(cosx+coss$ $+...)_
™

Convergence of the Fourier series to C(x) is guaranteed by the last

theorem.

0000000000 00O00000O0O00O0O000000000

BB CAMBRIDGE
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Example: Triangular Wave TP S e
4 3 5
The partial sum T + f(cosx + €08 oX + cosix> is plotted below.
2 7 32 52
7r

Note how quickly the series converges when the function has no
discontinuity.

Task 9

™ 11
5howthat8—:1+3—2+57+...
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Let us use the name Z for the class of integrable functions on [—m, 7].
For f, g € T we define their inner product by

(r.8)= = [ 0og(x)ax

—T

Note that the Fourier coefficients of f are given by a, = (f(x), cos nx)
and b, = (f(x),sin nx).

Task 10

Let f,g,h € Z. Show the following.
© (f,f) > 0. (Hence we can define the norm ||f|| = (f,f)/2.)
@ (f.g) = (gf)
© Ifc eR then {(cf,g) = (f,cg) = c(f,g).
O (f+g,h)=(f,h)+ (g, h) and (f, g+ h) = (f,g) + (f, h).
O (f.g)=0 = ||f +glI*=If|”+|lgl*.

Amber Habib Calculus
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Theorem 19
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Let f € T and f(x) ~ % + > 72  apcosnx + Y.~ ; bysinnx. Then
B - > 1 (7
2 2
- a by, < —
Ay

—T

f(x)? dx.

u}
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Bessel's Inequality o SAAERREE
Theorem 19
Let f €T and f(x) ~ 2 + > apcosnx + .~ bysinnx. Then

2 0o 00 T
) 2 > _ 1 2
2+;an+;bngﬂ/ f(x)* dx.

—T

Proof. Let f,, be a partial sum of the Fourier series:

fin(x) :§+Zakcoskx+2bksmkx
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Bessel's Inequality o SAAERREE
Theorem 19
Let f €T and f(x) ~ 2 + > apcosnx + .~ bysinnx. Then

2 0o 00 T
) 2 > _ 1 2
2+;an+;bngﬂ/ f(x)* dx.

—T

Proof. Let f,, be a partial sum of the Fourier series:

ao .
fin(x) =5 ;kcoskx+;bksmkx.

Due to the orthogonality relations, we have for 1 < n < m,

(fm(x),1) = a9, (fm(x),cos nx) = a,, {(fm(x),sin nx) = b,.
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Bessel's Inequality O o

Theorem 19
Let f €T and f(x) ~ 2 + > apcosnx + .~ bysinnx. Then

2 o0 (o] T
do 2 2 _ 1 2
> + ;—1 a + ;—1 b; < - [ﬂ f(x)* dx.

Proof. Let f,, be a partial sum of the Fourier series:

fin( :§+Zakcoskx+2bksmkx

Due to the orthogonality relations, we have for 1 < n < m,

(fn(x),1) = a0, (fm(x),cosnx) = an, (fm(x),sinnx) = b,.

2
2 ] 2
Hence ||fnl|® = (fm, fm) > + E as+ E b

(continued .. .)
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(... continued)

Further, for 1 < n<m,

(F(x) = fm(x), 1) = (f(x) = fm(x), cos nx) = (f(x) — fin(x),sin nx) = 0.
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Bessel's Inequality O o

(... continued)

Further, for 1 < n<m,
(f(x) — fin(x), 1) = (f(x) — fm(x), cos nx) = (f(x) — fm(x),sin nx) = 0.
Hence, (f — f, fn) = 0. Therefore,

1112 = 11(F = ) + fnl 2 = ([ = Funl > + [l * = [ o]

Amber Habib Calculus
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Bessel's Inequality o SAAERREE

(... continued)

Further, for 1 < n<m,
(f(x) — fin(x), 1) = (f(x) — fm(x), cos nx) = (f(x) — fm(x),sin nx) = 0.
Hence, (f — f, fn) = 0. Therefore,

I = 11(F = fon) + £l = [IF = Fonl |2+ ||l * = [ el

Since this is true for all m, the result follows. O

Amber Habib Calculus



Power Series Taylor Series Fourier Series Complex Series
0000000000000 0000000 00000000000 00000000000 00000000e 0000000000 00O00000O0O00O0O000000000

BB CAMBRIDGE

Bessel's Inequality O o

(... continued)

Further, for 1 < n<m,
(f(x) — fin(x), 1) = (f(x) — fm(x), cos nx) = (f(x) — fm(x),sin nx) = 0.
Hence, (f — f, fn) = 0. Therefore,

1112 = 11(F = ) + fnl 2 = ([ = Funl > + [l * = [ o]

Since this is true for all m, the result follows. O
Task 11 (Riemann Lemma)
Let f € T with Fourier coefficients a,, b,. Prove that a,, b, — 0. J

Amber Habib Calculus
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Complex Numbers O SaMERIDSE

Consider R? = R x R with the binary operations given below.

Addition: (x,y)+ (u,v) = (x+ u,y + v).
Multiplication: (x,y) * (u,v) = (xu — yv, xv + yu).
We denote the cartesian plane with these operations by C and call it the
complex plane. First we observe that C is a field.
@ The operations + and * are commutative and associative.

@ (0,0) is the additive identity, and (—x, —y) is the additive inverse of

(x.y).
© (1,0) is the multiplicative identity, and a nonzero (x,y) has
multiplicative inverse ( 2 2—y )
X2+ y2' x2 4 y2

@ Multiplication distributes over addition.

Amber Habib Calculus
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Real and Imaginary Parts O o

Now we identify (1,0) with the real number 1 and denote (0,1) by /.
Then
(x,y) = x(1,0) + y(0,1) = x + iy.

In this notation, the rules for + and * become
(x+iy)+(u+iv)=(x+u)+i(y+v).
(x+iy) * (u+iv) = (xu — yv) + i(xv + yu).

If z= x4 iy with x,y € R, we say x is the real part of z and y is the
imaginary part of z. We shall use ‘Let z = x + iy’ as an abbreviation for
‘Let z = x+ iy with x,y € R".
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Conjugation and Absolute Value WP o s

The absolute value or modulus of z is |z| = \/x2 + y? and the
conjugate of z is Z=x — iy = x + i(—y). We have the following

properties:
©2=0 <= |7 =0, @z w=7+W W=1W,
® zz = |z, 0O |z+w| < |z +|wl,
©z+40 = z ' =37/|z]% @ [z—w|>z]—|w],
0z=z 0 [zw| = |z||w].

Amber Habib Calculus
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The process of addition is depicted by the ‘Parallelogram Rule’ in the
Argand plane:

zZ+w
y+v
v w=u+iv v 4
y /Iz:x—l—iy y z
u X u X X+ u

Amber Habib Calculus
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To visualize multiplication, let us first view what happens when a
complex number is multiplied by i. We have i(x + iy) = —y + ix.

—y+ix X

X+ iy

—y | X

We see that the points x + iy, —y + ix and O form a right angled
triangle. Thus, multiplication by i/ causes a counter-clockwise rotation by
a right angle around the origin. Multiplying by i twice gives a total
rotation of 180 degrees and hence sends z to —z. This is the geometric
description of i being the square root of —1.
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Any complex number z = x + jy can be expressed as |z|(cos 6 + isin 6)
where 6 is the angle between the rays starting at origin and passing
through the points (1,0) and (x, y).

Let w = |w|(cos ¢ + isin ¢) be another complex number. Let us multiply
them:
zw = |z||w/|(cos 0 + i sin §)(cos ¢ + isin @)
= |z||w]|((cos 6 cos ¢ — sin O sin ¢) + i(cos b sin ¢ + sin f cos ¢))
= |z||w|(cos(6 + ¢) + isin(6 + ¢))

Thus the effect of multiplying by z is to stretch the other number by a
factor of |z| and also rotate it by 6.

Task 12 (De Moivre's formula)
If z=|z|(cos@ + isin@) # 0 and n € Z then

z" = |z|"(cos nf + isin nf).

————_————————————=— =
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Suppose z" =1 for n € N. Write z = |z|(cos @ + isin§).
Then 1 = |z|"(cos nf + isin nf).

Hence |z| =1 and nf = 27k with k € Z.

Taking k = 1, we get the root w = cos(2m/n) + isin(27/n).

If we let k vary over 0,...,n— 1 we get n distinct roots of unity:
1,w,w?, ..., w""L1 They are equally spaced out on the unit circle:
4
wh 3

w2

w

1
Task 13
Prove that 1 + w + w? + - + w""1 = 0. J
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Roots of Complex Numbers WP Ve e

If z=|z|(cos @ + isinf) is a non-zero complex number then

o = |z|Y"(cos(8/n) + isin(6/n))

is an n™ root: " = z.
Let 1,w,...,w" ! be the roots of unity.
Then o, aw,...,aw""! are the n'" roots of z.

Thus every non-zero complex number has n distinct n'" roots, and they
are equally spaced on a circle centred at origin.

Notice how uniform and pleasant this situation is compared to taking
roots of real numbers.

Amber Habib Calculus
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Let us compute the 4™ roots of .
We'll need the 4t roots of unity: 1, w =i, w? = —1, w? = —i.
We need the root o = cos7/8 + isinm/8 of i.

Then all the roots of i are obtained by multiplying each root of unity by
«, that is, by rotating each of them through an angle of /8.

w i
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A complex sequence is a function from N to C, that is, an unending list
of complex numbers.

Let (z,) be a complex sequence, and L a complex number. We say that
(zn) converges to L if for every real number € > 0 there is N € N such
that n > N implies |z, — L| < €. The number L is called the limit of (z,),

and we write lim z,=Lorlimz,=Lor z, — L.
n—oo

Task 14

Prove the following.
® |z,| — 0 ifand only if z, — 0.
@® z,— Lifandonly if z, — L — 0.

© z, — L implies |z,| — |L|.

Complex sequences follow the same Algebra of Limits as real sequences.
They lack the Sandwich Theorem as the complex numbers are not an
ordered field.
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Theorem 20
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Consider a sequence (z,) and let z, = x, + iy,. Further, let L= M + iN.
Then z, — L if and only if x, = M and y, — N.
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Theorem 20

Consider a sequence (z,) and let z, = x, + iy,. Further, let L = M + iN
Then z, — L if and only if x, = M and y, — N.

Proof. We begin by noting that |z, — L|? = |x, — M|> + |y, — N|2. Hence,
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Theorem 20

Consider a sequence (z,) and let z, = x, + iy,. Further, let L = M + iN
Then z, — L if and only if x, = M and y, — N.

Proof. We begin by noting that |z, — L|? = |x, — M|> + |y, — N|2. Hence,

Xy > Mandy, = N = |x,— M| —=0and |y,— N| =0

= |Zn_L|2:‘Xn_M|2+|)/n_N‘2_>O
— z, — L.
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Theorem 20

Consider a sequence (z,) and let z, = x, + iy,. Further, let L= M + iN
Then z, — L if and only if x, = M and y, — N.

Proof. We begin by noting that |z, — L|? = |x, — M|> + |y, — N|2. Hence,

Xy > Mandy, = N = |x,— M| —=0and |y,— N| =0

= |zo— L = [xo — M+ |ya — N|* = 0
— z, — L.

In the other direction, noting that |x, — M|, |y»

— N| < |z, — L|, we apply
the Sandwich Theorem for real sequences.
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Theorem 20

Consider a sequence (z,) and let z, = x, + iy,. Further, let L= M + iN
Then z, — L if and only if x, = M and y, — N.

Proof. We begin by noting that |z, — L|? = |x, — M|> + |y, — N|2. Hence,

Xy > Mandy, = N = |x,— M| —=0and |y,— N| =0

= |zo— L = [xo — M+ |ya — N|* = 0
— z, — L.

In the other direction, noting that |x, — M|, |y»

— N| < |z, — L|, we apply
the Sandwich Theorem for real sequences.

zy L = |z,—-L| 50 = |[x,— M|, |y,— N| =0

= x, > Mand y, — N.
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Consider a fixed complex number z and consider the sequence (z") of
powers of z.

If |z| > 1, we already know |z|" diverges, and hence z" diverges.
If |z,| <1 then |z|” — 0 and hence z, — 0.

If |z] = 1 the sequence (z") rotates around the unit circle and so has no
limit. The only exception is when z = 1.

N
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Given a complex sequence (z,), we create the corresponding series
>0, zp. It has the partial sums S, = >"/_, zk, and we define the sum
of the series as lim S,,. The series converges if this limit exists and

diverges if it does not.
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Given a complex sequence (z,), we create the corresponding series
>0, zp. It has the partial sums S, = >"/_, zk, and we define the sum
of the series as lim S,,. The series converges if this limit exists and
diverges if it does not.

Example 21
Consider a geometric series Y o= z" 1 =14+ 2z+ 22+ -+ with z # 1.

1_ n
The partial sumsare S, =1+ z+---+z""! = 172
—z

o0
By our earlier calculations we see that Zz"*l = if |z| <1, and

11—z
n=1

diverges otherwise.
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Given a complex sequence (z,), we create the corresponding series
>0, zp. It has the partial sums S, = >"/_, zk, and we define the sum
of the series as lim S,,. The series converges if this limit exists and
diverges if it does not.

Example 21
Consider a geometric series Y o= z" 1 =14+ 2z+ 22+ -+ with z # 1.
1— 2"
The partial sumsare S, =1+ z+---+z""! = 172
N -z
By our earlier calculations we see that Zz"*l = if |z| <1, and
1-=z

n=1
diverges otherwise.

Task 15 (Divergence Test)

If >~ z, converges then z, — 0.
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that:

Consider convergent complex series Y a, = L and )" b, = M. Show

@ ForanyceC, Y (ca,)=cL,

(2] Z(an+bn):L+M.
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Algebra of Series TP S e

Task 16
Consider convergent complex series Y a, = L and 3 b, = M. Show
that:

@ ForanyceC, Y (ca,)=cL, @ > (an+by)=L+M. )
Task 17
Let z, = x, + iy,. Show that >_ z, converges if and only if both }_, x, and
>~ yn converge. If these series do converge, prove >z, = Xy + i) Yn.

V.

Amber Habib Calculus



Power Series Taylor Series Fourier Series Complex Series
0000000000000 0000000 00000000000 0000000000000 0000000 O00000000000000e00000000000000

Algebra of Series TP S e
Task 16
Consider convergent complex series Y a, = L and > b, = M. Show
that:
@® ForanyceC, > (ca,)=cl, @ >(an+by)=L+M. )
Task 17
Let z, = x, + iy,. Show that >_ z, converges if and only if both }_, x, and
> yn converge. If these series do converge, prove > zp =>  Xn+ 1. Yn. )

Analysing convergence by separating into real and imaginary parts is not
always fruitful, as a simple complex expression may look complicated
when viewed in terms of real and imaginary parts.
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Absolute Convergence WP o s

A complex series Y z, is called absolutely convergent if 3 |z,]|
converges. For example, if |z| < 1, the geometric series > z" is
absolutely convergent.
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BB CAMBRIDGE

Absolute Convergence WP o s

A complex series Y z, is called absolutely convergent if 3 |z,]|
converges. For example, if |z| < 1, the geometric series > z" is
absolutely convergent.

Theorem 22

Let z, = x, + iy,. Then > z, is absolutely convergent if and only if both
> x, and >y, are absolutely convergent.
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Absolute Convergence WP o s

A complex series Y z, is called absolutely convergent if 3 |z,]|
converges. For example, if |z| < 1, the geometric series > z" is
absolutely convergent.

Theorem 22

Let z, = x, + iy,. Then > z, is absolutely convergent if and only if both
> x, and >y, are absolutely convergent.

Proof. First, suppose >_ |z,| converges. Then, |x,|, |ya| < |z, implies
> |xn] and 3 |ya| converge.
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Absolute Convergence TP S e

A complex series Y z, is called absolutely convergent if 3 |z,]|
converges. For example, if |z| < 1, the geometric series > z" is
absolutely convergent.

Theorem 22

Let z, = x, + iy,. Then > z, is absolutely convergent if and only if both
> x, and >y, are absolutely convergent.

Proof. First, suppose >_ |z,| converges. Then, |x,|, |ya| < |z, implies
> |xn] and 3 |ya| converge.

Next, suppose Y |x,| and >_ |y,| converge. Then |z,| < x| + |yal
implies > |z,| converges.
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Absolute Convergence TP S e

A complex series Y z, is called absolutely convergent if 3 |z,]|
converges. For example, if |z| < 1, the geometric series > z" is
absolutely convergent.

Theorem 22

Let z, = x, + iy,. Then > z, is absolutely convergent if and only if both
> x, and >y, are absolutely convergent.

Proof. First, suppose >_ |z,| converges. Then, |x,|, |ya| < |z, implies
> |xn] and 3 |ya| converge.

Next, suppose Y |x,| and >_ |y,| converge. Then |z,| < x| + |yal
implies > |z,| converges.

Task 18

If a series is absolutely convergent then it is convergent. J
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A complex power series is an expression of the form
o0
2
Zc,, z—a)"=cg+alz—a)+alz—a)+---
n=0

in which a and the ¢, are complex numbers and z is a complex variable.
Our main question is: For which values of z will a power series converge?

Example 23

The geometric series Znoio z" is a power series centred at a = 0. It
converges absolutely on the open disc |z| < 1 and diverges for |z| > 1.
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We can replicate the basic results for real power series, with the same
proofs.

Theorem 24

Suppose > caz" converges at zy # 0. Then it converges absolutely at

every z which satisfies |z| < |zg].
v

Theorem 25

Consider a complex power series Z ¢n(z — a)". One of the following
cases will occur.

@ The series converges only if z = a.
@® The series converges absolutely for every z € C.

© There is R € R such that the series converges absolutely for
|z — a| < R and diverges for |z — a| > R.
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The radius of convergence R determines a disc of convergence inside
which the series converges absolutely at every point. The bounding circle
of this disc becomes an object of special interest, as the series may
converge on some points of this circle and diverge on others.

Complex power series give a convenient procedure for extending real
functions to the complex plane. We simply take the power series of a real
function and convert the real variable to a complex one. For example, we

define
2 3
expz = 1#—2—%—4—+—§T—+
2 2 7
SInZ:Z—§+§—ﬁ+"',
72 A 2
COSZ:1—§+E—E+~.
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Task 19

Use the Ratio or Root Test to prove that the power series that define the

complex exponential, sine and cosine functions converge absolutely for
every complex z.

u}
o)
1

n
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Identities & GAMBRIDGE

Task 19

Use the Ratio or Root Test to prove that the power series that define the
complex exponential, sine and cosine functions converge absolutely for
every complex z.

Following the real notation, we shall write e = expz. The complex
numbers reveal a close relationship between the exponential and
trigonometric functions.
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Identities & GAMBRIDGE

Task 19

Use the Ratio or Root Test to prove that the power series that define the
complex exponential, sine and cosine functions converge absolutely for
every complex z.

Following the real notation, we shall write e = expz. The complex
numbers reveal a close relationship between the exponential and
trigonometric functions.

Theorem 26

ez e ]
COSZ = #, Sinz =

—iz iz
— €

2i
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Identities & GAMBRIDGE

Task 19

Use the Ratio or Root Test to prove that the power series that define the
complex exponential, sine and cosine functions converge absolutely for
every complex z.

Following the real notation, we shall write e = expz. The complex
numbers reveal a close relationship between the exponential and
trigonometric functions.

Theorem 26
eiz + efiz
cosz = — sinz =

2 3 4 5
i .z
Proof. We have =1+iz— o7 /3! + 2 +/5
2 3 4
—iz _ 1 _; i ZLE G2
e¥“=1—iz—- + i 3 + 5|
Adding and subtracting these expressnons glves the result. 0
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Task 20
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Show that e = cosz + isinz. In particular, we have Euler’s identity:
e'm =—1.

u}
‘ o)
it
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Properties of Exponential
Task 20

GANERIDSE
Show that e = cosz + isinz. In particular, we have Euler’s identity:
e'm =—1.
Task 21
Let 6, ¢ € R. Show that e'(0+®) = gif¢i®
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Properties of Exponential B CAMBRIDGE

UNIVERSITY PRESS
Task 20

Show that €' = cosz + isinz. In particular, we have Euler's identity:
™ =—1.

Task 21

Let 6, ¢ € R. Show that e'(0+®) = gif¢i®

Theorem 27

For any z,w € C, e*T" = e%e".
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Properties of Exponential O SaMERIDSE
Task 20

Show that e = cosz + isinz. In particular, we have Euler’s identity:
™= 1.

Task 21
Let 6, ¢ € R. Show that e'(0+¢) = ¢ifei®

Theorem 27

For any z,w € C, e*t% = e%e".
y Z,

Proof.

m m
z_w . z" w" .
ee:hmg—g—:hmg E
m—o0 n! nl m— oo k|

n=0 k=0

i 33 (1) umzu=

n=0 k=0
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Properties of Exponential WP Ve e

We can now express the exponential function in terms of the real and
imaginary parts of z:

z=x+Iy = &% =& = e = eX(cosy + isiny).
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Properties of Exponential WP Ve e

We can now express the exponential function in terms of the real and
imaginary parts of z:

z=x+Iy = &% =& = e = eX(cosy + isiny).

Task 22

Prove the following properties of the exponential function.
@ Foreveryze C, e #0 and ()"t = e~ 2.
@® Every non-zero z € C can be expressed as z = e for some w € C.

©® We have e =1 if and only if z = 2n7i, with n € Z. Hence
e’ =e" ifand only if w — z € 2niZ.
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. . _ 1
Consider the real power series expansion —— =1 — X2 xt—

1+ x
It has R = 1. The function itself is smooth on all of R so it seems odd

that the power series representation breaks down at +1.

. . 1
Now consider the complex version —— =1 — 224

The function 1/(1 + z2) is not defiie—g zt +i. In fact, as z varies along
the imaginary axis, the function takes the following appearance:
1 1
L+ (it)2 1-¢°
It takes values which are arbitrarily large in magnitude as t — +1. Hence
its power series expansion must break down beyond a radius of 1.

Interval of convergence for > (—1)"x*"
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Complex Fourier Series O SaMERIDSE

Consider f: R — C. We express it as f(x) = u(x) + iv(x) with
u,v: R — C. In future, we will just say ‘Let f = u+ iv'.

We say f has period T if f(x+ T) = f(x) for every x. This is equivalent
to both u, v having period T.

Further, we call f integrable on [a, b] if u, v are integrable there, and we

define . . .
/a f(x)dx = /a u(x) dx + i/a v(x) dx.

We shall work with functions that have period 2. We only need to
understand these over the interval [—7, 7]. The role of the integral

f f(x)g(x) dx in the real case will be assumed by f f(x)g(x) dx in the
complex case
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A trigonometric polynomial T(x) can be expressed in terms of
exponentials:

M M
T(x)= ?—i-Zancosnx—i-ansinnx

ao IﬂX 7IITX IITX . 7II7X
= 5 Z ani — IZ b
:%+Zan_ /nx+zan+lb —inx
n=1
M
= Z Cnen(x).
n=—M

Similarly, a trigonometric series can be expressed as
o) M
E Cnen(x) = lim g Cnen(X).
M— o0
n=—o00 n=—M
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Orthogonality Relations
For n € Z, define e,(x) = ™. Then

CAMBRIDGE
T
en(x) dx = /
—T

UNIVERSITY PRESS
T

cos nx dx + i /

—T

sinnxdx:{ 0 ifnz0,
_ﬂ 27

if n=0.
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Orthogonality Relations o SAAERREE
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For n € Z, define e,(x) = ™. Then
T 7 T _J 0 ifn#0,
/_We,,(x)dx— /_ﬂcosnxdx—i— //_Wsmnxdx— { ox ifne
This leads to the following calculation:

/Tr en(x)em(x) dx = /Tr en_m(x) dx = { 0 ifn#m,

27 ifn=m.

—Tr —Tr
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Orthogonality Relations WP o s

For n € Z, define e,(x) = ™. Then

™ B ™ ) ™ . B 0 - 7é O’
/_WEH(X)dX— /_ﬂcosnxdx—i— //_wsmnxdx_ { o it o
This leads to the following calculation:

/ en(x)mdx:/ en—m(x) dx:{ 2(; if n#m,

if n=m.
—Tr —Tr

We can use integration to extract the coefficients of a trigonometric

polynomial:
T T M
/ T(x)em(x) dx = / Z cnen(x)em(x) dx
- T =M
M ™

I
2y
\
(0]

S
—~
X
~
o

3
—~
X
~
3

Il
)
3
o
3
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Given an integrable function f with period 27 we try to express it as a
trigonometric series by first defining its Fourier coefficients:

f(n) = % /W f(x)en(x)dx,  (n€Z)

—T

and then its Fourier series
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FOU rlel’ Se I’IeS @) UNIVERSITY PRESS

Given an integrable function f with period 27 we try to express it as a
trigonometric series by first defining its Fourier coefficients:

f(n) = i/ f(x)en(x)dx,  (n€Z)
2 J_
and then its Fourier series
F(x) ~ > F(n)en(x)

We see that the use of complex numbers gives a much cleaner description
of Fourier series, without a split into the sine and cosine coefficients.
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FOU rlel’ Se I’IeS @) UNIVERSITY PRESS

Given an integrable function f with period 27 we try to express it as a
trigonometric series by first defining its Fourier coefficients:

™

F(n) 1/ f(x)en(x)dx,  (n€Z)

:g -

and then its Fourier series
o0
F(x) ~ > F(n)en(x).
n=—o0
We see that the use of complex numbers gives a much cleaner description

of Fourier series, without a split into the sine and cosine coefficients.

Let us use the name Z for the class of integrable functions on [—m, 7].
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Given an integrable function f with period 27 we try to express it as a
trigonometric series by first defining its Fourier coefficients:

f(n) = % /_ﬂ f(x)en(x)dx,  (n€Z)

and then its Fourier series
> F(n) en(x)
n=—o0

We see that the use of complex numbers gives a much cleaner description
of Fourier series, without a split into the sine and cosine coefficients.

Let us use the name Z for the class of integrable functions on [—m, 7).
For f, g € T we define (f, g) 727rf f(x)g(x) dx and ||f|]2 = (f, ).
Note that f(n) = (f,en).
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Fourier Series
Task 23

5% CAMBRIDGE
Show that (f,g) =0 = ||f +g|]®> = ||fI|* + ||g]*.
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Fourier Series CAMBRIDGE

UNIVERSITY PRESS

Task 23

Show that (f,g) =0 = ||f +g|]®> = ||fI|* + ||g]*.

Task 24

Prove Bessel’s Inequality: Z 1F(n)? < ||F]I2.

n=—0o0
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Fourier Series & GAMBRIDGE
Task 23
Show that (f,g) =0 = ||f +gl|* = ||f|]* + ||g]]*.

Task 24

Prove Bessel’s Inequality: Y |f(n)]* < ||f|P*.

n=—0o0

Complex numbers reveal a connection between trigonometric series and
power series. Consider f(z) =Y.~ c,z" and let us describe z as re’. If
we fix 6 and vary r we get a power series in the real variable r,
o0
fo(r) = Z(cneine)r”.

n=0
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Fourier Series & GAMBRIDGE

Task 23
Show that (f,g) =0 = ||f +g|]?> = ||IfII? + ||g]l?.

Task 24

Prove Bessel’s Inequality: Y |f(n)]* < ||f|P*.

n=—0o0

Complex numbers reveal a connection between trigonometric series and
power series. Consider f(z) =Y.~ c,z" and let us describe z as re’. If
we fix 6 and vary r we get a power series in the real variable r,
o0
fo(r) = Z(cneine)r”.
n=0
On the other hand, if we fix r and vary 6 we get a trigonometric series,
o0
£(0) = (car)e™.
n=0
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Consider f(z) = Y72, z"/n?. It has R = 1 and converges absolutely at
each point of the unit circle. We look at the values on the unit circle:

£(0) — >, gint B . cosnfd .= sinnf
0= 7 =27 T
n=1 n=1 n=1

The real part of this series is the Fourier series of the even function given
by g(0) = 3(6 — m)*> — 72/12 for 0 < 6 < . This function is not
differentiable at § = 0. Below, we see the graph of g as well as that of
the real part of f(z), showing the kink corresponding to r =1 and § = 0.

72 /6
- 7T

7

This lack of differentiability prevents the series from converging beyond

the unit circle.
Amber Habib Calculus



	Power Series
	

	Taylor Series
	

	Fourier Series
	

	Complex Series
	


