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Coloured figures for Chapter 2

Fig. 2.2 The two-dimensional surface defined by Equation (2.12), when evaluated over the
ball in R? of radius 3, centred at the origin. The inner box is the unit cube [0, 1.

(@) ®)

Fig. 2.3 Intersection of the surface defined by Equation (2.12) with the unit cube [0, 1],
different views obtained using surf in (a) and MATLAB in (b).
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370 Coloured figures for Chapter 2

Fig. 2.4 Projection of the non-identifiable spaces corresponding to the first and second
and third MLE from Table 2.2 (a) into the three-dimensional unit cube where A1, a11 and
21 take values.

Fig. 2.5 Projection of the non-identifiable spaces the first MLE in Table 2.2 (a), the first
three local maxima and the last local maxima in Table 2.2 (b) into the three-dimensional
unit cube where A1, a1 and fi1 take values. In this coordinate system, the projection
of non-identifiable subspaces for the first three local maxima in Table 2.2 (b) results in
the same surface; in order to obtain distinct surfaces, it would be necessary to change the
coordinates over which the projections are made.
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maximum log-likelihood when [ is fixed to 0.2

log-likelihood

Fig. 2.6 The plot of the profile likelihood as a function of a1 and a21 when a3 is fixed
to 0.2. There are seven peaks: the three black points are the MLEs and the four grey
diamonds are the other local maxima.
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Fig. 2.7 The contour plot of the profile likelihood as a function of a1 and a21 when as;
is fixed. There are seven peaks: the three black points are the MLEs and the four grey
points are the other local maxima.
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Fig. 2.8 The contour plot of the profile likelihood as a function of a11 and as; when as;
is fixed for the data (2.8) multiplied by 10000. As before, there are seven peaks: three
global maxima and four identical local maxima.
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Supplementary note to
Maximum likelihood estimation in latent class
models for contingency table data
Yi Zhou

22.1 Algebraic Geometry
22.1.1 Polynomial Ring, Ideal and Variety

In this section, we review some basic concepts and definitions in algebraic geometry
and we draw connections between algebraic geometry and statistics. We begin with
some concepts in abstract algebra. In mathematics, a ring is an algebraic structure
in which addition and multiplication are defined and have some properties.

Definition 22.1 (Ring) A ring is a set R equipped with two binary operations
+:RXR—=Rand-: R xR — R, called addition and multiplication, such that:

o (R,+) is an abelian group with identity element 0, so that Va,b,c € R, the
following axiom hold:

-a+beR
-(a+b)+c=a+(b+c)
-0+a=a+0=a
-a+b=b+a
-3—a€R such that a+ (—a) = (—a)+a=0
e (R,:) is a monoid with identity element 1, so that Va,b,c € R, the following
axioms hold:

-a-beR
-(a-b)-c=a-(b-c)
-lra=a-1=a

o Multiplication distributes over addition:
-a-(b+e)=(a-b)+(a-c)
-(a+b)-c=(a-c)+(b-¢)

The set of integer numbers Z, the set of real numbers R, and the set of rational
numbers Q all are rings with the common addition and multiplication defined for
numbers. Algebraic geometry is interested in polymonials and hence the polymonial
rings. A polynomial ring is the set of polynomials in one or more unknowns with
coefficients in a ring, for example, the set of polynomials with one variable in real
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numbers R[z] or the set of polynomials with two variables in rational numbers
Qlz, y]-

An ideal is a special subset of a ring. The ideal concept generalizes in an appro-
priate way some important properties of integers like “even number” or “multiple
of 3”.

Definition 22.2 (Ideal, generating set) An ideal 7 is a subset of a ring R
satisfying:

o f+geZiffel andgeZ, and

e pfel if fel andp € R is an arbitrary element.

In other words, an ideal is a subset of a ring which is closed under addition and
multiplication by elements of the ring. Let T = (A) denote the ideal T generated by
the set A, this means any f € T is of the form f = ayry + --- + a,r, where each
a; € A andr; € R. If A is finite then I is a finitely generated ideal and if A is a
singleton then T is called a principal ideal.

From now on, we only talk about the polynomial rings and ideals in the poly-
nomial rings. For an ideal, we can consider the generating set of the ideal and a
particular kind of generating set is called Gréobner basis. Roughly speaking, a poly-
nomial f is in the ideal if and only if the reminder of f with respect to the Grébner
basis is 0. But here, the division algorithm requires a certain type of ordering on the
monomials. So Grébner basis is stated relative to some monomial order in the ring
and different orders will result in different bases. Later, we will give some examples
of the Grébner basis.

The following terms and notation are present in the literature of Grébner basis
and will be useful later on.

Definition 22.3 (degree, leading term, leading coefficient, power product)
A power product is a product of indeterminants {x{h s BreN1<G < n}
The degree of a term of polynomial f is the sum of exponents of the term’s power
product. The degree of a polynomial f, denoted deg(f), is the greatest degree of
terms in f. The leading term of f, denoted 1t(f), is the term with the greatest
degree. The leading coefficient of [ is the coefficient of the leading term in f while
the power product of the leading term is the leading power product, denoted Ip(f).

But sometimes there are many terms in the polynomial which all have the greatest
degree, therefore to make the leading term well-defined, we need a well-defined term
order. Below is one kind of term ordering.

Definition 22.4 (Degree Reverse Lexicographic Ordering) Let z > y > 2
be a lex ordering and u® = x®'y®2 2% . Then u® < u’ if and only if one of the

following is true:
e artaytag<fi+0+0

e oy +ag + a3 = B1 + B2 + B3 and the first coordinates «; and B; from the
right which are different satisfy o; > [3;.
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For example, consider the polynomial f = 2%z — 22%y? + 5y?2? — Tyz. Then the
degree reverse lexicographic ordering produces z?y? > 2%z > 3?2% > yz. So the
leading term of f is 1t(f) = —22%y? and the leading power product is Ip(f) = x2y2.
Now we can introduce the definition of Grébner basis.

Definition 22.5 (Grobner basis) A set of polynomials G contained in an ideal T
is called a Grobner basis for I if the leading term of any polynomial in T is divisible
by some polynomial in G.

Equivalent definitions for Grobner basis can be given according to the below
theorem.

Theorem 22.1 Let T be an ideal and G be a set contained in . Then the following
statements are equivalent:

(a) G is a Grobner basis of T.

(b) The ideal given by the leading terms of polynomials in T is itself generated
by the leading terms of G.

(c) The reminder of the division of any polynomial in the ideal T by G is 0.

(d) The reminder of the division of any polynomial in the ring in which the ideal
7 is defined by G is unique.

Now that we can obtain a Grobner basis, we would like to obtain a simple and
probably unique basis. The concept of minimal Grébner basis ensures the simplicity
of the basis in some sense.

Definition 22.6 (Minimal Grébner basis) A Grébner basis G is minimal if for
all g € G, the leading coefficient of g is 1 and for all g1 # g2 € G, the leading power
product of g1 does not divide the leading power product of gs.

A minimal Grébner basis has the least number of polynomials among the Grobner
bases. But a minimal Grébner basis is not unique. For example if our basis is
{y?> +yx+2% y+ax,y,22, x} for the ideal {y? +yx + 2%, y+x,y} with the lex y > x
term order then both {y,z} and {y + x,z} are minimal Grébner bases. To obtain
a unique Grobner basis, we need to put further restrictions on the basis.

Definition 22.7 (Reduced Grobner basis) A Grébner basis is reduced if for g €
G the leading coefficient of g is 1 and g is reduced with respect to other polynomials
m G.

By the definition, in our previous example {y,z} is a reduced Grobner basis. Ev-
ery non-zero ideal 7 has a unique reduced Grobner basis with respect to a fixed term
order. In algebraic geometry, Buchberger’s algorithm is the most commonly used
algorithm computing the Grobner bases and it can be viewed as a generalization
of the Euclidean algorithm for univariate Greatest Common Divisor computation
and of Gaussian elimination for linear systems. The basic version of Buchberger’s
algorithm does not guarantee the resulting basis to be minimal and reduced, but
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there are many variants of the basic algorithm to produce a minimal or reduced
basis.

Now let’s talk about varieties. A variety is indeed a hyper-surface or a manifold
in the enveloping space where it is defined. It is essentially a finite or infinite set
of points where a polynomial in one or more variables attains, or a set of such
polynomials all attain, a value of zero. The ideal arising from a variety is just
the set of all polynomials attaining zero on the variety. For example, the surface of
independence for the 2 x 2 table is a variety, and the ideal of this variety is generated
by the set {p11p22 — p12p21 } (Grobner basis). As a geometric object, we can consider
the dimension of a variety. The dimension of a variety and the dimension of its ideal
is the same thing, as the ideal dimension is the dimension of the intersection of its
projective topological closure with the infinite hyperplane. As we will show later the
way we compute the dimension of a variety is by computing the dimension of the
ideal arising from it. The dimension of a variety may be less than the dimension
of its enveloping space. Again, take the surface of independence as an example.
The dimension of this variety is 2 while the dimension of the enveloping space, the
probability simplex, is 3.

Definition 22.8 (Variety) A wvariety is the zero set of systems of polynomial
equations in several unknowns.

Definition 22.9 (Ideal of variety) The ideal of an variety is the set of polyno-
mials vanishing on the variety.

Algebraic geometry studies polynomials and varieties. And the models we are
working on, the traditional log-linear models and the latent class models, are all
stated with polynomials! That’s why concepts in statistics and concepts in algebraic
geometry connects with each other. For example, in (Pachter and Sturmfels 2005),
drawed the connections between some basic concepts of statistics and algebraic
geometry, and we summarized them in table 22.1.

Statistics Algebraic Geometry
independence = Segre variety
log-linear model = toric variety
curved exponential family =  manifold
mixture model = joint of varieties
MAP estimation = tropicalization

Table 22.1 A glimpse of the statistics - algeobraic geometry dictionary.

Algebraic geometry views statistical models as varities, for example, the model
of independence is related to the surface of independence. And here we like to
refer to another figure in (Pachter and Sturmfels 2005), which we show here in
Figure 22.1, to illustrate the connection between models and varieties. The model
of interest here corresponds to the polynomial mapping f and the image of f which is
a variety in the probability simplex. The observed data is a point in the probability
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parameter space

-
=]

probability simplex

® data

Fig. 22.1 The geometry of maximum likelihood estimation.

simplex. Thus, maximum likelihood estimation is to find a point p in the image
of the mapping f, which maps back to 6 in the parameter space, closest to the
observed data point.

In Table 22.1, we can see that specific models are corresonded to specific varieties.
Here we want to talk more about the Segre variety and the secant variety because
they are related to the log-linear models and the latent class models.

22.1.2 Segre Variety and Secant Variety

Let’s begin by setting up the basic notations and concepts. let R**! be a (n + 1)-
dimensional vector space on the real field. Then the n-dimensional projective space
P? = P(R"*!) of R"*! is a set of elements constructed from R"*! such that a
distinct element of the projective space consists of all non-zero vectors which are
equal up to a multiplication by a non-zero scalar. The projective space P" is iso-
morphic to the n-dimensional simplex.

Definition 22.10 (Segre map) The Segre map o is a map from the product
space of two projective space P" x P™ to a higher dimensional projective space
P+ D=1 sych that for all x = (20,21, ...,%,) € P, ally = (Yo, Y1, -, Ym ) €
]P)TTL;

Zo
4ol
o (X, y)H . (yOa Y, 5 YUm )
'fL"!I,
The Segre varieties are the varieties P" x --- x P embedded in PV, N =

[1(n;+1)—1, by Segre mapping, and the Segre embedding is based on the canonical
multilinear map:

R x ... xR" S R" @ ... QR
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where ® is the tensor product, a.k.a. outer product. Now we denote the enveloping
space P(R™ ®- - -®@R™ ) by PV and denote the embedded Segre variety P ®- - -QP"
as X,,. Then, with this point of view:

e the Segre variety X, is the set of all classes of decomposable tensors, i.e. classes
of tensors (i.e. multi-dimensional arrays) in P(R" ® --- ® R™) of the form
V] Q- Q.

o the secant variety, Sec,(X,,), is the closure of the set of classes of those tensors
which can be written as the sum of < r 4+ 1 decomposable tensors.

Now let’s consider the 2-dimensional tensors, which are actually matrices. In
such case, P"! is the set of (n; + 1)-dimensional vectors, P"? is the set of (ny + 1)-
dimensional vectors, and PV is the set of (n; + 1) x (ny + 1) matrices, all under the
projective equivalence. Then, the Segre variety P"' ® P2 consists of all the rank
1 matrices in PV. And the r-secant variety Sec, (P" ® P"?) is the set of matrices
having rank < r + 1 because a matrix has rank < r + 1 if and only if it is a sum of
< r + 1 matrices of rank 1.

For example, consider the embedding of P> @ P? in P?, where P® is the projective
space of 3x3 matrices under projective equivalence. The ideal of 2x2 minors of the
generic matrix of size 3x3 defines P? ®P? and the determinant of the generic matrix
gives the equation of Sec; (P? @ P?). The Segre variety P2 @P? corresponds to the no
2nd-effect log-linear model for the 3 x 3 table and the secant variety Sec; (P! @ P?)
corresponds to the 2-level latent class model for the 3 x 3 table.

Back to the former notations, we have X,, = P" ® --- ® P". What is the
dimension of the secant variety Sec,(X,,)? There is an expected dimension by
counting parameters:

min{N, (r + 1) an +r}
7
which is only an upper bound of the actual dimension of Sec, (X, ). If the actual
dimension is different from the expected dimension, the secant variety is deficient.
Computing the dimension of secant varieties has been a challenge problem in alge-
braic geometry. We summarize some results in the following theorems.

For the case of two factors, we have a complete answer for the actual dimension

of the secant variety.

Theorem 22.2 (Proposition 2.3 in Catalisano etc.’s (Catalisano et al. 2002)) For
the case of two factors, for allr, 1 <r < min(ny,ny) the secant varieties Sec, (X,,)
all have dimension less than the expected dimension. Moreover, the least integer
for which Sec,(X,,) fills its enveloping space is r = ny.

When it comes to the case of three factors, the dimension of the secant variety is
still an open problem in general. But for some special varieties, there are beautiful
results. The below two theorems are for n = (n1,ng,ng3).

Theorem 22.3 (Proposition 2.3 in Catalisano etc.’s (Catalisano et al. 2002)) Ifn =
(n1,n2,n3) and r < min(ny,na,n3), then Sec, (X,,) has the expected dimension.
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As a direct proposition from theorem 22.3, we have a complete answer for 2-level
latent class model for 3 x 3 tables.

Theorem 22.4 When n = (ny,ng, n3), the secant line variety for any Segre variety
has the expected dimension.

Remark 22.1 Theorem 22.3 and 22.4 says that 2-level and “small” latent class
models for 3 x 3 tables have the dimension

min{(n; +1)(ng +1)(n3 +1) = 1, (r + 1)(n1 + na +n3) +r}

Note that the first term is the free dimension of the observed table and the second
term is the dimension of underlining parameter space. And obviously, Theorem 22.4
can be directly applied to our conjecture about 2x 2x K models.

For more factors, the dimension of some special varieties can still be derived.

Theorem 22.5 (Proposition 3.7 in (Catalisano et al. 2002)) Let n = (nq,...,n:)
and lett >3, n <ng <--- < ny,

ng+mng+---+n+1
2

> max(n; + 1,7+ 1)

Then dim Sec, (X)) = (r+1)(ny +ng + -+ +n) + 1.

Another result concerning about higher secant varieties is from coding theory
when the dimensions of the Segre varieties are equal, that is, ny =ny =---=n; =

qg— 1.

Theorem 22.6 (Example 2.4 in (Catalisano et al. 2002))

(i) Let k be any positive integer, ¢ = 2, t = 28 —1, r = 2!=% . For these numbers
the Segre embedding

X, = P'x...xP' —p2-l
~—————
t

we have Sec,_1(X;) = P2~ qnd these secant varieties fit 7exactly” into
their enveloping space.

(ii) We can make families of similar evamples for products of P?, P?, P*, P7,
P8, ..., P! where q is a prime power. Given such a q, for any integer
k> 1 we taket = (¢ —1)/(q — 1) copies of P!~', which gets embedded in
P? ~1. Then forr =g we get

Sec,_1(PI7" x oo x PITH) =o' 1

t-times
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22.2 Symbolic Software of Computational Algebra

Unlike many numerical softwares we use in machine learning, by which we get the
answer for a particular set of values of the variables of interest, symbolic softwares
provide us an algebraic answer for all possible values of the variables. The symbolic
computation can fill up the machine very quickly. So current symbolic softwares
can only deal with limited-scale problems. Here we use some examples to show
some symbolic computations relevant to the problems we have been discussed so
far. We have been using various symbolic softwares for different purposes and here
we will talk about the software SINGULAR because it is the software we need to do
the computations related to our problems in this paper.

22.2.1 Computing the dimension of the image variety

Let’s take the 2 x 2 x 3 table with 2 latent classes as an example, to see how to
compute the dimension of the image variety defined by the polynomial mapping f:

f : Z&l X Z&l X Zkl X Zkg — 1311

(ataxitayjtazkt) — pijk:Ztatxityjtzkt

where A, is the n-dimensional probability simplex. The first step is to get the
ideal arising from the model that is only defined on the probabilities {p;;x}. In
SINGLUAR, we define a polynomial ring r on the unknowns p;;; which stand for
cell probabilities and the unknowns a;, i, ¥j¢, 2zx. Which stand for the conditional
probabilities. The ideal I on the ring r is defined by the model equalities (the first
12 polynomials) and sum 1 constraints of the probabilties (the last 7 polynomials).

ring r=0, (al,x11,x21,y11,y21,z11,221,231,a2,x12,x22,
yi12,y22,z12,222,2z32,p111,p112,p113,p121,p122,p123,p211,
p212,p213,p221,p222,p223), lp;

ideal I=plill-alxx1lxyllxzll-a2*x12*yl12%z12,
pli2-al*xx11*xyl1xz21-a2*x12*xy12%z22,
pl13-al*x11*yl1xz31-a2*x12*%y12%z32,
pl21-al*x11*xy21*xz11-a2*x12*xy22%z12,
pl22-al*xx11*xy21*xz21-a2*x12*%y22%z22,
pl23-al*x11*xy21%z31-a2*x12%y22%z32,
p211-al*x21*xyl11*xz11-a2%x22*xy12*z12,
p212-al*x21*xy11xz21-a2%x22*%y12%z22,
p213-al*x21*yl11%*z31-a2%x22%y12%z32,
p221-al*x21*xy21*z11-a2*x22*y22%z12,
P222-al*x21*y21%z21-a2%x22%y22%z22,
p223-al*x21%y21%z31-a2%x22%y22%z32,
al+a2-1,

x11+x21-1,

x12+x22-1,

yli+y21-1,

yi12+y22-1,

z11+z21+231-1,

z12+z22+z32-1;

But the ideal I defined as above is on all the unknowns, including both the cell
probabilities and the conditional probabilities. So the next step is to eliminate the
unknowns a¢, T;t, Yjt, 25+ and then to get the image variety where p; ;. lies. To use
the elimination functions in SINGULAR, we need to include the library “ELIM.LIB”.
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LIB "elim.1lib";

ideal J=elim1(I, al*x11*x21kyllxy21xz11xz21*z31*a2+x12%x22
*y12%y22%212%222%232) ;

J;

===>

J[1]=p121%p212%p223-p121%p213*p222-....;
J[2]=p112*p211%p223+p112*p212*p223-p112%p213*p221-....;
J[3]=p112+p121+p223+p112+p122+p223-p112+p123+p221-. . . . ;
J[4]=p112%p121%p213+p112%p121%p223+p112%p122+p213+. .
J[5]—p111+p112+p113+p121+p122+p123+p211+p212+p213+p221+p222+p223 1;

Now we can see the image variety is defined by five polynomials of ideal J. And
the first four polynomials are the determinants in Equation (22.1) and the last
one corresponds to the sum 1 constant. We can also get the five polynomials by
computing Grébner basis.

P121 P211 P221 Pi+1 P211 D221 P+11 P121 D221
D122 P212  P222 Pi+2 D212 D222 P+12  P122 D222
Pi123  P213  P223 P1+3 D213 D223 P+13  P123 D223

P111 P121 +P211 D221
D112 P122 + D212 P222

D113 P123 + D213 P223
(22.1)

ideal J=groebner(I);

Using the above command “GROEBNER”, we will get an ideal J defined by
184 polynomials. Among them, the first five polynomials only involve the vari-
able p;;; and they are the five polynomials we have got before. When using the
“GROEBNER” command, please be aware that the resulting basis is subject to the
monomial ordering you choose for defining the ring.

To compute the dimension of the ideal, we need to define another ring r; only
with unknowns p;;; and then an ideal (which we also call J) defined by the above
five polynomials. Note that the dimension of the ideal and the size of the Grobner
basis for the ideal are different things.
ring r1=0, (p111,p112,p113,p121,p122,p123,p211,p212,p213,p221,p222,
p223), 1p;
ideal J;

J[11=p121%p212+p223-p121+p213%p222-. .. .;

J[2]=p112%p211*p223+p112+p212%p223-p112%p213+p221-. .. . ;
J[31=p112%p121*p223+p112+p122%p223-p1124p123*p221-. . . . ;
J[4]=p112%p121#p213+p112+p121%p223+p112%p1224p213+. .. . ;

J[5]=p111+p112+p113+p121+p122+p123+p211+p212+p213+p221+p222+p223-1;
dim(groebner(J));

Table 22.2 lists the effective dimenions of some latent class models which have
been considered so far. (Kocka and Zhang 2002) have showed that the maximal
numerical rank of the Jacobian of polynomial mapping equals the symbolic rank
and the numerical rank reaches the maximal rank almost surely. Therefore, although
it is impossible to compute the symbolic rank of the Jacobian or to compute the
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dimension of the image variety, we can calculate the numerical rank of the Jacobian
at many points to find the possible maximal rank.

Latent class model Effective dimension
dim of table num of dim of max numerical rank
latent class  image variety of Jacobi
2x2 r=2 3 3
3x3 r=2 7 7
4 x5 r=3 17 17
2X2x2 r=2 7 7
2X2x2 r=3 7 7
2X2x2 r=4 7 7
3x3x3 r=2 N/A 13
3x3x3 r=3 N/A 20
3x3x3 r=4 N/A 25
3x3x3 r=>5 N/A 26
3x3x3 r==6 N/A 26
5x2x2 r=3 N/A 17
4x2x2 r=3 N/A 14
3x3x2 r=>5 N/A 17
6x3x2 r=>5 N/A 34
10 x 3 % 2 r=5 N/A 54
2X2x2x%x2 r=2 N/A 9
2X2x2x%x2 r=3 N/A 13
2X2X2x2 r=4 N/A 15
2X2x2x2 r=>5 N/A 15
2X2X2x2 r==6 N/A 15

Table 22.2 Effective dimensions of some latent class models. 'N/A’ means it is
computationally infeasible.

22.2.2 Solving Polynomial Equations

SINGULAR can also be used to solve polynomial equations. For example, in the
100 Swiss Franks Problem, we need to solve the optimization problem in Equa-
tion (22.2).

p) = Zni]— log p;j, P € A5, det(py;) =0allid,j € [4], (22.2)
i,J
where pj; is the 3 x 3 sub-matrix of p obtained by erasing the ith row and the jth

column. Using Lagrange multipliers method, the objective becomes finding all the
local extrema of the below function H(-)

H(pij, hos hij) = an‘j log pij + ho sz‘j — 1| + hi; det pj; (22.3)
i i
Taking the derivative of H(-) with respect to p;;, ho and h;;, we get a system of 33

polynomial functions. In SINGULAR, we can define the ideal generated by these 33
polynomials.
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ring r=0, (pl1,p21,p31,p41,pl12,p22,p32,p42,p13,p23,p33,p43,p14,p24,p34,p44,
h11,h21,h31,h41,h12,h22,h32,h42,h13,h23,h33,h43,h14,h24,h34,h44,h0), 1p;
ideal I=4+hO*pl1+h23*pl1*p32*pd4- h23*p11*p34*p42+h24*p11*p32*p43 N
2+h0*p21+h13*p21*p32*p44-h13*p21*p34+*p42+h14*p21*p32*p43 ...,
2+h0*p31-h13*p31%p22*p44+h13+p31*p24*p42-h14*p31*p22*pd3 ...,
2+h0*p41+h13*p41*p22*p34-h13*p41*p24*p32+h14*p41*p22*p33 ...,
2+h0*p12-h23*p31*p12*p44+h23*p41*p12*p34-h24*p31*p12*p43 ...,
4+h0*p22-h13%p22*p31*p44+h13%pd1*p22*xp34-h14*p22*p31*p43 ...,
2+h0*p32+h13*p32*p21*p44-h13*p41*p24*p32+h14*p32*p21*p43 ...,
2+h0*p42-h13*p42+p21*p34+h13*p42*p31*p24-h14*p42*p21*p33 ...,
2+h0*p13+h24+*p42*p31*p13-h24+*p41*p13*p32-h21*p32*p13*pd4 ...,
2+h0*p23+h14*p42*p31*p23-h14*p41*p23*p32-h11*p32*p23*p44d ...,
4+h0*p33-h14%p42*p21*p33+h14*p41*p22*p33+h11*p22*p33*p44d ...,
2+h0*p43+h14*p32*p21*p43-h14*p22*p31%p43-h11*p22*p34*p43 ...,
2+h0*p14+h23*p31*p14*p42-h23*p41*p14*p32+h21*p32*p14*p43 ...,
2+h0*p24+h13+*p42*p31*p24-h13+p41*p24*p32+h11*p32*p24*pd3 ...,
2+h0*p34-h13*p42*p21*p34+h13*p41*p22*xp34-h11*p22*p34*p43 ...,
4+h0*p44+h13*p32*p21*p44-h13*p22*p31*p44+h11*p22*p33+pd4d .
p22%p33*p44-p22+p34*p43- p32*p23*p44+p32*P24*p43+p42*p23*p34 p42*p24*p33
P12%p33*p44-p12*p34*p43-p32xp13*p44+p32*%p14*p43+p42*p13*p34-p42+p14*p33,
P12%p23*p44-pl12+p24*p43-p22xp13*p4d+p22*p14*pa3+p42*p13*p24-p42+p14*p23,
p12*p23*p34-p12*p24*p33-p22*p13*p34+p22*p14*p33+p32*p13*p24-p32*p14*p23,
p21*p33*p44-p21*p34*p43-p31*p23*p44+p31*p24*p43+p41*p23*p34-p41*p24*p33,
pl1*p33*pd4-pl1*p34*p43-p31xpl3*p4d+p31*pl4*pd3+p41*p13*p34-p41*pl14*p33,
pl1xp23*p44-pl1*p24*p43-p21*p13*p4d4+p21*pl4*ps3+p41*pl13*p24-p41*pl4*p23,
pl1*p23*p34-p11*p24*p33-p21*p13*p34+p21*p14*p33+p31*p13*p24-p31*p14*p23,
P21%p32%p44-p21*p34*p42-p31*p22+p44+p31*p24*pa2+p41*p22*p34-p41*p24*p32,
pl1*p32*p44-pl1xp34*p42-p31*p12xpl44+p31*pl14*p42+p41*pl2*xp34-p41*p14*p32,
pl1*p22*p44-pl1*p24*p42-p21*p12+p4d+p21*p14*pa2+p41*p12*p24-p41*pl4*p22,
pl1*p22%p34-pl1%p24*p32-p21*p12+p34+p21*pl14*p32+p31*pl12*p24-p31*p14*p22,
Pp21*p32*%p43-p21*p33*p42-p31*p22*p43+p31*p23*p42+p41*p22*p33-p41*p23*p32,
pl1*p32*p43-pl1*p33*p42-p31*p12+p43+p31*p13*pa2+p41*p12*p33-p41*p13*p32,
pl1%p22%pd3-pl1*p23%p42-p21*p12+p43+p21*p13*p42+p41%pl12*p23-p41*p13*p22,
pl1*p22*p33-p11*p23*p32-p21*p12*p33+p21*p13*p32+p31*p12*p23-p31*p13*p22,
pl1+p21+p31+p41+p12+p22+p32+p42+p13+p23+p33+p43+p14+p24+p34+psd-1;

By using the routine 'SOLVE’ in SINGULAR we can find the numerical solutions
to the system of polynomial equations.

LIB ’solve.lib’;
solve(I, 6, O , ’nodisplay’);

Unfortunately, the system we want to solve is beyond what SINGULAR can handle.
But we can check whether a given table {p;;} is a solution to the system or not, by
substituting the values of p;; into the ideal /. And if the resulting ideal is not an
empty set, then {p;;} is a solution to the system.

LIB "poly.lib"

ideal v=p11,p21,p31,p41,pl12,p22,p32,p42,p13,p23,p33,p43,p14,p24,p34,p44;
ideal p=3/40,3/40,2/40,2/40,3/40,3/40,2/40,2/40,2/40,2/40,3/40,3/40,
2/40,2/40,3/40,3/40;

ideal J=substitute(I,v,p);

dim(std(J));

===> 28

It should be noted that the reason we get a dimension 28 is that the ideal v and
p are defined on the ring r which has additional 17 unknowns other than p;;. No
matter what the number is, the positiveness of the number means p is a solution
for p;;. Otherwise, if it is zero, p is not a solution for p;;.
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22.2.3 Plotting Unidentifiable Space
For the 100 Swiss Franks problem, we know that

332 2
1|3 3 2 2
0 2 2 3 3

2 2 3 3

is one MLE for the 2-level latent class model, that is, the MLE maximizing Equa-
tion (22.2). And we also know there is a 2-dimensional subspace in the parameter
space of conditional probabilities corresponding to this MLE. Now we show how to
find the equations defining this unidentifiable space. In the below code, w;’s are
the marginal probabilities of the latent variable, a;’s and b;;’s are the conditional
probabilities of the observed variables given the latent variable. Then we define an
ideal I, in which the first 5 polynomials corresponds to the sum 1 constraints and
the last 16 polynomials corresponds to the model equalities p;; = >, wya;;bj; for
the MLE.

ring r=0, (wl,all,a21,a31,a41,b11,b21,b31,b41,
w2,al2,a22,a32,a42,b12,b22,b32,b42), 1lp;
ideal I=wil+w2-1,
all+a21+a31+a4dl-1,
al2+a22+a32+a42-1,
b11+b21+b31+b41-1,
b12+b22+b32+b42-1,
wil*all*bll+w2*al12xb12-3/40,
wl*all*b21+w2*al12xb22-3/40,
wil*all*b31+w2*al12xb32-2/40,
wil*all*bd1l+w2*al2xbd2-2/40,
wl*a21*bl1+w2*a22xb12-3/40,
wl*a21*b21+w2*a22xb22-3/40,
wl*a21*b31+w2*a22xb32-2/40,
wl*a21*bd1+w2*a22xbd2-2/40,
wl*a31*bll+w2*a32xb12-2/40,
wl*a31*b21+w2*a32xb22-2/40,
w1l*a31%b31+w2*a32%b32-3/40,
wl*a31*bd1+w2*a32xb42-3/40,
wil*adlxbll+w2*ad2xb12-2/40,
wlxad1¥b21+w2*ad2%b22-2/40,
wl*adl*b31+w2*ad2xb32-3/40,
wl*adl*bd1+w2*ad2xbd2-3/40;
dim(std(I));

===> 2

Now we can see the dimension of the ideal I is really 2. Then we can eliminate the
unknowns other than wi, a1, b17 from the ideal I, thus we get the equation for the
projection of the 2-dimensional unidentifiable subspace in (w1, a11,b11) coordinates.
ideal J=elimi(I, a21*a31*ad1¥b21xb31xbs1*w2*al2*a22%a32xad2
*b12+b22%b32%b42) ;

J;
===> J[1]=80*w1*all*b11-20*wl*all-20%wl*bl1+6%wl-1;

The resulting ideal J has a one-to-one correspondence to the identifiable space.
This is because the unidentifiable space is 2-dimensional, thus once the values of
wi, a1 and by are known so do the other paramters.
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Fig. 22.2 The surface that the ideal J is vanishing.

the vanishing surface
(a) intersected with the unit cube (b) inside the unit cube

Fig. 22.3 The intersection of the vanishing surface for ideal J and the [0,1]® cube.

LIB "surf.lib";

ring r2=0, (wi, all, bll), 1lp;

ideal J=80*wl*all*xbl1-20*wl*all-20*wlxbll+6*wli-1;
plot(J);

SINGULAR calls the programme surf to draw real pictures of plane curves and
surfaces in 3-D space. If you load library “SURF.LIB” in SINGULAR and execute
the “PLOT” command to show the vanishing surface of the ideal J, you will get a
picture in Figure (22.2).

But the surface showed in figure 22.2 doesn’t guarantee wy, a11, b11 to be within
0 and 1. If we want to plot more sophisticated surfaces, we can use the stand-
alone programme surf. The unidentifiable space is the intersection of the vanishing
surface and the [0, 1]* cube, which is shown in Figure (22.3). We include the script
used in surf to draw the pictures in the next section.
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22.2.4 Surf Script
Below is the script used in surf to draw the pictures in figure 22.3-(b).

width = 500; height = 500; double pi = 3.1415926; double ss = 0.15;
origin_x = -0.5; origin_y = -0.5; origin_z = 0;

clip = cube;radius = 0.5;center_x = 0.5;center_y = 0.5;center_z = 0.5;

scale_x = ss;scale_y = ss;scale_z = ss;

rot_x = pi / 180 * 10;rot_y = - pi / 180 * 20;rot_z = pi / 180 * O;

antialiasing = 4;antialiasing_threshold = 0.05;antialiasing_radius = 1.5;
surface2_red = 255;surface2_green = 0;surface2_blue = 0;

inside2_red = 255;inside2_green = 0;inside2_blue = 0;

transparence = 0O;transparence2 = 70;

illumination = ambient_light + diffuse_light + reflected_light + transmitted_light;
surface = 80xx*y*z - 20*x*z - 20%y*z + 6%z -1;

surface2 = (x-0.500)"30 + (y-0.500)~30+(z-0.500)"30 - (0.499)"30;

clear_screen;

draw_surface;

22.3 Proof of the Fixed Points for 100 Swiss Franks Problem

In this section, we show that when maximizing the log-likelihood function of 2-level
latent class model for the 100 Swiss Franks problem, the table

33 2 2
13 3 2 2
f‘@ 2 2 3 3 (22.4)
2 2 3 3

is a fixed point in the Expectation Maximization algorithm. Here the observed
table is

42 2 2
124 2 2
P=70 2 2 4 2

2 2 2 4

Under the conditional independence of the latent structure model, we have

Fi=Y_ MauB
te{0,1}
where Zt )\f, = ZL Qi = Z/ 6jt = 1, )\t Z 0, Qi Z 0 and ﬂjt Z 0.
Now, we show that if we start with the values such that

A1 = Qop, Q3¢ = Qg
Bit = Bat, B3t = P
Yo A By = Do, Mg B3 = 3/40
Do A B3 = Do, Mg By = 2/40

then the EM will stay in these values and the fitted table is right the one in Equation
(22.4). In fact, in the E step, the posterior probability is updated by

(22.5)

M By

7ABX — p(X =t|A=1i,B =)
j%j

ijt
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Then in the M step, the parameters are updated by

_ . _ABX
A= Zmpzyﬂijt

= ZU Dij At(;fiz.@jz
= A+ gloniBie + anfor + 3 B3 + e B
—%[oniBar + e + asefar + ayf3e] = N
Gy = Z]- Pz‘jﬁﬁ-tBX/)\t
= Qi Zj i Bjt ] fij
i1+ 561 — 50u), i=1
it[l + 562 — 3Pul, i=
e[l + 503 — 30u), i=
]

= = Q¢
) ait[l + 381 — 503, i =4
Bie = Yipimi X /A
= Bjt > pijcit/ fij
Bit[l+ fau — sas], j=1
I IS DI o S
B Bitll + Lo — Lay), j=3 "
Bit[l + fous — 3a3,], j=4

Thus, we have proved that the starting point given by Equation (22.5) is a fixed
point in the EM algorithm. And this fixed point will give us the fitted table f in
Equation (22.4). However, this is not the only fixed points for the EM. In fact,
according to the above, we can also show that the points

ayy = g, Qop = oy, B = B3, Por = Bu
and
a1y = qup, oy = a3, Bir = Bar, Bor = Pae

are fixed points too. And the two points will lead to the tables

3 2 3 2 3 2 2 3
2 3 2 3 2 3 3 2

1 1

0|3 92 3 2 and g5 o 5 3 g
2 3 2 3 3 2 2 3

Similarly, we can show that the table

4 2 2 2
1| 2 8/3 8/3 8/3
0| 2 8/3 8/3 8/3

2 8/3 8/3 8/3

and its permutations are also the fixed points in the EM algorithm.

22.4 Matlab Codes

Here we include the two matlab subroutines which are used to compute the Jacobian
of the polynomial mapping f: Ag, —1 X - x Ag, 1 X Apy — Ag—y (d=1];d;) in
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Equation (22.6) and its numerical rank for latent class models

(pr(in) - pe i), An) = Y pi(in) - prin) M- (22.6)
helr]

TR oo tstoToTo oo oo o To o toToTo oo o o o o to o T T T oo oo o oo oo o T T oo oo o o o T T o oo oo oo o o o o o T T oo oo o

function [J,f,x,w,a]l = jacob_lem(T, I)

yA

% JACOB_LCM computes the Jacobian of the latent class model.
% For example:

% [J, £, x, w, a] = jacob_lem(2, [3,3,3]);

yA

w = sym(’’, ’real’);
a = sym(’’, ’real’);
for t=1:T
w(end+1) = sym([’w’, int2str(t)], ’real’);
for k=1:length(I)
for i=1:I(k)
a{k}(i,t) = sym([’a’, int2str(i), int2str(t), int2str(k)], ’real’);
end
end
end
w(end) = 1 - sum(w(l:end-1));
x = w(l:end-1);
for k=1:length(I)
for t=1:T
a{k}(end,t) = 1 - sum(a{k}(1:end-1,t));
x = [x, a{k}(1:end-1,t)’];
end
end
% get the mapping from parameters to table
f = sym(’’, ’real’);
for idx=1:prod(I)
subv = ind2subv (I, idx);
val = sym(’°0’);
for t=1:T
temp = w(t);
for k=1:length(I)
temp = temp * a{k}(subv(k),t);
end
val = val + temp;
end
f(end+1) = val;
end
% get the Jacobian
J = jacobian(f, x);

TRt tsToToTo oo oo o to o toToTo oo o o o o oo o T T T T o oo oo oo T o oo oo oo to T T o oo o oo oo o o o o T T o oo oo o

function r = rank_lcm(J, w, a)

h

% RANK_LCM computes the numberical rank of the sybotical matri ’J’, which

% is a function of ’w’ and ’a’. It is used after calling the funtion JACOB_LCM.
% For example,

% [J,f,x,w,a] = jacob_lecm(2, [2,2,2,2]);

% rank_lcm(J,w,a);

h

T = length(w);
zeros(1, length(a));
for k=1:length(a)

I(k) = size(a{kl},1);

—
[

end

% compute the numberical rank
v = unifrnd(0,1,1,T);

v =v ./ sum(v);
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for t=1:T
for k=1:length(I)
b{k}(:,t) = unifrnd(0,1,I(k),1);
b{k}(:,t) = b{k}(:,t) ./ sum(b{k}(:,t));
end
end
JJ = zeros(size(J));
for i=1:size(J,1)
for j=1:size(J,2)
cc = char(J(i,j));
for t=1:T
cc = strrep(cc, char(w(t)), num2str(v(t)));
for k=1:length(I)
for p=1:I(k)
cc = strrep(cc, char(a{k}(p,t)), num2str(b{k}(p,t)));

end
end
end
JI(1,j) = eval(cc);
end
end
r = rank(JJ);

Here are the EM and Newton-Raphson codes for maximum likelihood estimation
in latent class models.
Tt ToToto o ToTo o T To o To o o o To o o s o Fo T o o T o o P o o o Fo T o o o o o o T o o T o o T o o Fo o o o oo s o o T o o oo o o o o Fo o
function [nhat,m,b,se,llk,retcode,X] = LCM_newton(n,T,maxiter,eps,m,X,verbose)

7////////////////////////////////////////////////////////////////////////////A
% INPUT:

% n(required): observed table, a multi-dimensional array
% T(required) : number of latent classes

% maxiter (required): maximum number of iterations

% eps(required) : converge threshold

% m(optional): initial value for the mean vector

% X(optional): design matrix

% verbose (optional) : display results if true

% OUTPUT:

% nhat: estimated observed table

% m: estimated probability for the full table

% b: estimated parameter

% se: standard error of mle

% 11k: log-likelihood values in iterations

% retcode: 1, if the algorithm terminates normally; O, otherwise
% X: design matrix

dbstop if warning;
dbstop if error;

% 1. initialize

y = n(:); % observed table

k = length(y); % number of cells

dim = size(n); % dimensions of observed table

s = catrep(2, T, [1:k]);

S = zeros(T*k, k); % scatter matrix ===> S’m = nhat
for i=1:k

idx = find( s==i );
S(idx, i) = 1;
end

= S * inv(8’*3) * y; % observed full table ===> S’z =y
fulldim = [dim, T]; % dimensions of full table
if nargin < 7 verbose = 1; end
if nargin < 6 X =1[]; end

if nargin < 5 m = []; end
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if i

end
if i

else

end
%

%h 2.
11k
retc
for

% He

Y. Zhou

sempty (X)

X = zeros(T*k, 1+(T-1)+sum(dim-1)+sum((T-1)*(dim-1)));

for idx=1:prod(fulldim)
% for main effect
xrow = 1;
% for first order effect
G =1{};
subv = ind2subv(fulldim, idx);
for i=1:length(subv)
if subv(i)==fulldim(i)
G{i} = - omes(fulldim(i)-1, 1);
else
G{i} = zeros(fulldim(i)-1, 1);
G{i}(subv(i)) = 1;
end
xrow = [xrow, G{i}’];
end
% for second order effect
for i=1:length(subv)-1
temp = G{end} * G{i}’;
xrow = [xrow, temp(:)’];
end
%
if length(xrow) “=size(X,2)
keyboard;
end
X(idx,:) = xrow;
end

sempty (m)

b = unifrnd(-1, 1, size(X,2), 1); % initial value of the parameter
exp (X*Db) ; % estimated mean counts

m

b
m

inv(X’*X) * (X’ * log(m));
exp (X*Db) ;

newton-raphson

= sum(y .* log(S’ * m ./ sum(m)));

ode = 1;

i=1:maxiter

% Jacobi

A = S’xdiag(m)*S;

if min(diag(A))<eps % A is diagonal
disp(’maxtrix A for the Jacobi is singular.’);
disp(’the algorithm stops without converging.’);
retcode = 0;
break;

A = inv(A);
P=SxAx%3S3’;
J = (z-m)’ * P * diag(m) * X;
ssian
C = X’ * (diag(z’ * P) * diag(m) - diag(m) *
(S * diag(y) * (A"2) * S’) * diag(m)) * X;

D = X’ * diag(m) * X;

H=C - D;

if max(eig(H)) >= 0
H = -D;

end

[eigvec, eigvall = eig(H);
eigval = diag(eigval);
if min(eigval) >= 0

disp(’the hessian matrix is non-negative definite.

% design matrix
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retcode = 0;
break;
end
eigval(find(eigval<0)) = 1 ./ eigval(find(eigval<0));
eigval(find(eigval>=0)) = 0;
db = eigvec * diag(eigval) * eigvec’ * J’;
ss = 1;
b =b - ss *x db;
m = exp(X*b);
% log-likelihood
1lk(end+1) = sum(y .* log(S’ * m ./ sum(m)));
%if abs(1llk(end)-11k(end-1))<eps
if max(abs(J)) < eps
disp([’algorithm convergs in ’, int2str(i), ’ steps.’]);
break;
end
end
% log-likelihood
11k = 11k;
% fitted table
nhat = S’* (m ./ sum(m)) * sum(n(:));
% standard errors
se = sqrt(-diag(inv(H)));
%
% 3. show results
if verbose
disp(’the fitted and observed counts:’);
disp([nhat, n(:)1);
disp(’mle and stand error of the parameter:’);
disp([b, sel);
plot(11k);
axis tight;
xlabel(’iteration’);
ylabel(’log-likelihood’);
end

T T Toto T T To o T ToTo T T T o T To T T T o o T T o o T o o T o o T o o o T o o o o o Vo T o o T o o o T o o T o o o T o o s o Vo o oo o oo o o T
function [f,m,11k,1lr,df,c,p,devbuf,c00,p00]=em_lsm(n,T,maxiter,eps,c0,p0)

Tt ToToto T ToTo o T To o T T T o o To o Fa T s o T T o o T o o P T o o T s o o T o o o s o o T o o Voo o P T o o T o o o T o o s o Vo T o oo o oo o o T
% EM algorithm for latent class model

%

% input:

% n(required) : obserbed table. multi-dimensional array

% T(required) : number of latent classes

% maxiter(required): maximum number of iterations

% eps (required) : converge threshold

% cO(optional): initial value for class probabilities

% pO(optional): initial value for conditional probabilities
% output:

P2 £: fitted table

% m: expected mean vector

% 1lk: log-likelihoods

% 1lr: likelihood ratio statistic

% df: degree of freedoms

% c: class probabilities

% p: conditional probabilities

% devbuf: maximum deviations of the estimates in iteratiomns
% c00: initial class probabilties

% p00: initial conditional probabilities

dbstop if warning;
f0 = n;

n=n/ sum(n(:));
sz = size(n);
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if nargin < 6
pO = cell(l, length(sz));
for i=1:length(p0)
A = rand(sz(i), T);
A = A ./ kron(ones(sz(i),1), sum(A, 1));
po{i} = A;
end
end
if nargin < 5
c0 = rand(1,T);
c0 = cO ./ sum(cO);
end
c00 = c0;
p00 = p0;
nn = zeros([sz, T]);
c = c0;
p = pO;
iter = 0;
devbuf = [];
11k = 0;
while iter < maxiter
% E step
for idx=1:prod(size(nn))
subv = ind2subv(size(nn), idx);
nn(idx) = c(subv(end));
for i=1:length(sz)
nn(idx) = nn(idx) * p{i}(subv(i), subv(end));
end
end
nnhat = sum(nn, length(sz)+1);
nnhat = catrep(length(sz)+1, T, nnhat);
nnhat = nn ./ nnhat;
% M step
for t=1:T
A = subarray(length(sz)+1, t, nnhat);
A =n .x A;
c(t) = sum(A(:));
for i=1:length(sz)
for k=1:sz(i)
B = subarray(i, k, A);
pliX(k, t) = sum(B(:)) / c(t);

end
end
end
% mle of counts
f = zeros([sz, T]);
for idx=1:prod(size(f))
subv = ind2subv(size(f), idx);
f(idx) = c(subv(end));
for i=1:length(sz)
f(idx) = f(idx) * p{i}(subv(i), subv(end));
end
end
f = sum(f, length(sz)+1);
11k(end+1) = sum( £0(:) .* log(£(:)) );
% if converged
maxdev = max(abs(c-c0));
for i=1:length(p)
A = abs(p{i}-p0{i});
maxdev = max(maxdev, max(A(:)));
end
devbuf = [devbuf, maxdev];
if maxdev < eps
disp([’algorithm converges in ’, int2str(iter), ’ steps.’]);
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break;
end
cO = c;
p0 = p;
iter = iter + 1;

end
% frequencies estimation
f = zeros([sz, T1);
for idx=1:prod(size(f))

subv = ind2subv(size(f), idx);

£(idx) = c(subv(end));

for i=1:length(sz)

f(idx) = £(idx) * p{i}(subv(i), subv(end));

end
end
m= f; % full table
f = sum(f, length(sz)+1);
f=f . sum(£0(:));
% likelihood ratio test statistics
f0 = £f0(:);
f1 = £(:);

11lr = £0./f1;

11r( find(11lr==0) ) = 1;

11r = 2 * sum( £0.*log(1llr) );

% degree of freedom

df = (prod(size(n))-1) - (T-1+T*sum(size(n)-1));
11k = 11k(2:end);

Tt o Toto o ToTo o T To o o To o o o To o o Tt o Jo T o o To o o P T o o Fo o o o o o o o o T o o Fo o o T o o Fo o o o oo s o o o o oo o o o o Fo o

function C = catrep(dim, n, A) str = [°C = cat(’, int2str(dim), ’,’]; for i=1:n
str = [str, ’A,’];

end

str = [str(l:end-1), ’);’];

eval(str);

T T Tt T ToTo o T ToTo T To T o o To o Fa T o o T T o T o o P T o o T o o o T o o s o Vo T o o Voo o F T o o T o o o T o o T s o Vo o T o o oo Do o T
function subv = ind2subv(siz, idx) fn = ’[’;
for k=1:length(siz)

fn = [fn, ’subv(’, num2str(k), ’),’];

end
fn = [fn(1:length(fn)-1), ’] = ind2sub(siz, idx);’];
eval(fn);

Tt ToToto T ToTo o T To o T T o o o To o o T s o T T o o T o o P T o o T s o o T o o o s o P T o o Voo o P T o o T o o o T o o s o P T o o T o o Do o T
function ind = subv2ind(siz, subv)
fn = ’ind = sub2ind(siz, ’;
for k=1:length(siz)
fn = [fn, ’subv(’, num2str(k), ’),’];

end
fn = [fn(1:length(fn)-1), ’);’]1;
eval(fn);

T T Toto T ToTo o T ToTo T T o o T To o T o o T T o o T o o T o o T o o T o o T o o Vo T o o Voo o o T o o T o o o T o oo o Y oo o oo o oo o o o
function C = subarray(dim, idx, A)

str = °C = AC’;

for i=1:length(size(4))

if i==dim

str = [str, int2str(idx), ’,’];
else

str = [str, ’:,’];
end

end

str = [str(l:end-1), ’);’];
eval(str);

squeeze (C) ;
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On-line Supplement to
The generalized shuttle algorithm
Adrian Dobra
Stephen E. Fienberg

23.1 Proofs

Proposition 8.1 Let n* be the count in the (1,1,...,1) cell. Consider an index
i = (19,49,...,i0) € Z. Let {q1,q2,...,q} C K such that, for r € K, we have

Z‘OZ{ 1’ ifreK\{Qlaq%"'aql}a
" 2, ifre{a,q,. ., a}

For s =1,2,...,1, denote Cs := K \ {qs}. Then

-1

n(i) = (1) 0" = (=) eng (Lo L i), (23.1)
s=0

Proof We start from the (1,1,...,1) cell and go through a sequence of cells n()
until we reach n(i’). We can write

n* =mne (L., 100 0, 0) —n(l,. . L6,
n(l,..., 14, ....i) :nC(H)(L...71,2'2([71%1,...,@'2)—n(17...71,2'2(171),...,@2),
n(l,...,Lip ... i) =nc, (L..., 1,400 ..., i) —n().
We add the above equalities to obtain Equation (23.1). O

Proposition 8.2 The generalized shuttle algorithm converges to the bounds in
equations

L(n*) :max{ (-1)° -n(;(lfs)(l,...,1,1'2([75)“,...,2'2) il even}, (23.2)

-1
U(n*):min{ (_1)s.ncu5)(1,...,1,1'2“5)+1,...,i2):lodd}. (23.3)

395
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Proof We write the equalities in the proof of Proposition 8.1 as

By 1y STy, b a0y = T, L2, )

and

Bty iy BT 03, i) T T 0046, LM L A

s+ 1

for s=1,2,...,1 — 1. Hence

(t{1}~~{1}’t{l}m{iZl71}{1=2}{7321+1}44-{1}’t{1}~~{1}{7?21}4--{7??»}) € Q(T),

and

(t{l}...{l}{ig( }..4{1'2}7t{l}...{1}{z‘25_1}{1.2}{2'25“}4..{2'2_}775{1}...{1}{1'2';}...{i2}> € Q(T)v

s+1)
for s=1,2,...,1 — 1. Since
Tj = {t{1}.“{1}{¢gs71}{1,2}{1*3';“}.“@2} 1= 1,2,---71} C T,

the cells in T{, have a fixed value

Vv (t{l}..,{l}{igs_] }{1,2}{igw}...{ig}) ne, (1,100 g ypheip),

for s = 1,2,...,1. GSA sequentially updates the bounds for the cells in T}, in the
following way:

L (t{1y..q1y) = max {O,Tlcl (1,....,1)=U (t{l}...{l}{igl}..4{i2}>} ;

U (t...{1}{¢37}...) = min {nmncwfl) (coes 17@'2(171)“’ )= L (t...{1}{igufl>}.,4>} ;

We set the non-negativity constraints

L (t{1}...{1}{i35},..{ig}) >0, for s =1,2,...,1, (23.4)

then combine the above equalities to obtain Equation (23.2). In an analogous
manner we obtain the upper bounds in Equation (23.3) from the identities:

U (t{13(1}..{1}) = min {n¢an01 (1,...,1) =L (t{l}...{l}{ig[},“{ig})} ;

L (t...{1}{z‘gl}...) = max {0,710(;_1) (e 1’2'2”_1)“, ) =U (t...{l}{z’g(l%)}..‘)} ;

Once GSA reaches the bounds in Equations (23.2) and (23.3), no further changes
are possible. |
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Theorem 8.1 FEquations 23.5 below are sharp bounds given the marginals ng, ,

BT ¢ Yoy

P P
min {ncl (ic,)s---ne, (ch)} > n(i) > max ch zc — anj (25
j=1 =2

(23.5)

Proposition 8.3 For a subset Dy C K and an index i%o € Ip,, the following
inequalities hold:

min {ncnp, (i¢np,) |C € CG)} = np, (i),)

>max 0 Z ncnb, ZCODU Z nsnb, ZSnDU) . (236)
cec(g) SeS(g

The upper and lower bounds in Equation (23.6) are defined to be the Fréchet bounds
for the cell entry np, (iODU) given ng, ,ng,,...,Ng, .

Proof The subgraph G(D) is decomposable since G is decomposable. Equation
(23.6) follows directly from Theorem 8.1 applied for table np which has a fixed set of
marginals n¢, np, N¢,np, - -, N, np- We clearly have C(G(D)) = {C1 N D,Cy N

.,CpyND}and S(G(D)) ={SND,...,S,ND}. UJ

Lemma 8.1 Let G = (K, E) be a decomposable independence graph induced by
the marginals n¢, ,ng, ,...n¢, . Consider a subset Dy C K and let v € K\ Dy
be a simplicial vertex of G. It is known that a simplicial vertex belongs to pre-
cisely one clique, say v € Cy. Then finding bounds for a cell np, (i%u), i%o €
Ip,, given nc,,ng,,...,N¢, is equivalent to finding bounds for np, (iODU) given
ng, \{v}> ne,,...,N¢g, -

Proof If G is complete, i.e. p = 1, we have Dy C K = (], hence every entry
np, (i, ) will be fixed. Otherwise, it is known that ({v},bd(v),V \ ¢l(v)) is a proper
decomposition of G. Since bd(v) is a separator of G, X, is independent of Xy ()
given Xpq(,). Therefore no information is lost if we think about np, as being the

marginal of ny\,}. The table ny\y,) has fixed marginals ng \ (), n¢,,...,00,.
UJ

Lemma 8.2 Assume there are two fized marginals ne, and ne, such that C1UCy =
K, but Cy N Cy = 0. Consider Dy C K. The Fréchet bounds for np, (iUDU) given

ne, and ng,

min {ncl NDy (Z%I NDy )7 nc,nDy (ZOC'Z NDy )} > np, (ZODO)

> max {0, n¢,np, (i, p, ) + 1nc.np, (iC,0p,) =16} (23.7)

are sharp given ne, and ng, .
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Proof The induced independence graph is obviously decomposable, and its cliques
Cy and Cy are separated by the empty set. Every vertex v € (C; \ Dy) U (Cy \ Dy)
is simplicial in G, hence we could think about np, as being a table with two fixed
non-overlapping marginals n¢,np, and ng,np,. Lemma 8.1 implies that we do

not loose any information about the cell entry np, (z'ODU) when collapsing across the

variables {X, : v € (C1 \ Dy) U (Cy \ Dy)}. Thus the bounds in Equation (23.7) are
indeed sharp. |

Lemma 8.3 Let the two fixzed marginals ng, and ne, be such that Cy UCy = K.
Consider Dy C K and denote Dy := (Cy \ C2) N Dy, Dy := (Cy \ C1) N Dy and
Dyy := (Cy N Cy) N Dy. In addition, we let Cyo := (C1 N Cy) \ Dy. Then an upper
bound for np, (i}, ) giwen ne, and ne, is:

Z min {n(clﬁD())UCu (i0C10D07i1012) » TU(CyNDy)UCT 2 (i%zﬁDo7ilc'12>}7 (238)
i},‘IZEICIZ

while a lower bound is

-0 -1
z : maX{O,n(cl NDg)UC12 (’LCIODO’ZCIZ)
ié*,lz €lcy,

+ (CyNDy)UC, (ioCzﬂngilclg) —MNpy, (ZUDM)} . (239)

Proof We assume that C15 # ). The vertices in C; \ (CoUDy) and Cy \ (C1UDy) are

simplicial in the independence graph G = (K, F) induced by ng, and ne,. From

Lemma 8.1, we deduce that we can restrict our attention to the marginal np,uc,,

that has two fixed marginals np, yc,nc,) = N(c,npy)uc, and Np,uc,nc,) =

N(¢,nDpy)uC,, - We choose an arbitrary index if, , € Zg,,. Consider the hyperplane
1

it . .
np ' of np,y(c,nc,) With entries

-1
%Clz . L . -1 .
n, " (ip,) := np,uc,, (i, ic,, ), forip, € Ip,.

This hyperplane has two fixed marginals

1
toqy — ; il .
ncl NDy — {n(Cl ﬂDQ)U012 ('LCI ﬂD07zC12) . ch NDy S ICI ﬁDo} 9

and
-]
Lo . -1 .
ng'ip, = {nic,npeyucs, (icsnpysic,,) ticsap, € Zoynp, § -
We have Dy = Dy U D15 U D, hence it is possible to make use of Theorem 8.1 to

-
obtain the Fréchet bounds for the cell entry ng’ol‘-’ (i%,) = npyucy, (ih, ,ig,, ), e

. -0 -1 -0 -1
min {n(cl NDy)UC1» (ZCIODU’ZCIZ) > (CyNDy)UCy (ZCzﬂDo77’C|2)} ’

and

-0 -1
max {0’ N(C1NDy)UCH, (ch NDg s 7’012) +

T(C2NDy)UC, (iOC2ﬂDu’Z%'m) ~NDy, (iUDoﬂDw)}' (23.10)
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Since

nDy (ioDu) = Z NDoUC12 (i%wi}hz)’
it,, €Tc,

Equations (23.8) and (23.9) follow from Equation (23.10) by addlng over all the

12

indices IC” € Z¢,, . Although the bounds in every hyperplane nD are sharp, the
bounds in Equations (23.8) and (23.9) are guaranteed to be sharp only if Ci5 = 0.
If C1a # 0, there is no reason to believe that Equations (23.8) and (23.9) give sharp
bounds for np, (zD ). We conclude that the Fréchet upper and lower bounds for
np, (1]30) are not necessarily the best bounds possible if C1y # 0. ]

Proposition 8.4 Let n be a k-dimensional table and consider the set of cells
T = T™ associated with n. The marginals ne,,ng,,...,n¢, induce a decom-
posable independence graph G = (K, E) with C(G) = {C1,Cs,...,C,} and S(G) =
{S2,...,5,}. The set of fized cells Ty C T™) is given by the cell entries contained
in the tables

For every cellt € T, we let ngw, né”, e ngci) be the tables in RD such that t is

(t)

a cell entry inn,’, r=1,2,... k. Under these conditions, GSA converges to an
upper bound Uy (t) and to a lower bound Ly (t) such that

max{L"(t):r=1,2,...,k} < Lg(t), Us(t) <min{U"(t) : 7 =1,2,...,k: },
(23.11)
where U" (t) and L"(t) are the Fréchet bounds of the cell t in table n!").

Proof We prove Proposition 8.4 by sequentially considering several particular cases.
First we show that the shuttle procedure obtains the Fréchet bounds for a 2 x 2
table. Since any two-way table can be reduced to a number of 2 x 2 tables, it follows
that the Fréchet bounds are also attained for a two-dimensional cross-classification
with fixed one-dimensional totals. By induction on the number of fixed marginals
of an arbitrary k-dimensional table n and by exploiting the fact that, if n has
two marginals fixed, n can be split in several two-way tables with fixed one-way
marginals, we are able to prove in the last subsection that the Fréchet bounds are
attained for decomposable log-linear models with any number of minimal sufficient
statistics.

e The 2 x 2 case.
Consider a 2 x 2 table n = {n;; : 1 < ¢,j < 2} with fixed row totals
{ni+,n9+} and column totals {n,1,n49}. The grand total of the table is
ny . The set T associated with n is given by

T = {n11,n12, 21, N22, M4, N2y, Ny 1, N2, N 1}, (23.12)
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while the set of cells having a fixed value is Ty = {n1,,not,ny1, N4, Ny}
There are only six dependencies

Q(T){(n1+,n++,n2+), (n+1,n++,n+2), (n11,m14,M12),

(n12,n42,n92), (N21,Na4, N22), (N1, 21, n41) }. (23.13)

The first two dependencies are redundant because they involve only the cells
in Ty. We show that GSA converges to the Fréchet bounds:

min{n;y,ny; } > ni; > max{0,n;1 +ny; —nyy}, for 1 <45 <2, (23.14)
We initialize the upper and lower bounds of the four cells in T \ Ty:
L(ni1) = L(ni2) = L(na1) = L(ng2) :=0, and
U(nn) = U(?’ng) = U(’ngl) = U(nQQ) =N

We sequentially go through the dependencies in Q(T). When we obtain a
Fréchet bound, we mark it with “(”. Since the Fréchet bounds are sharp,
once GSA reaches such a bound, it stays at that bound.

First iteration, dependency: ni; ® nias = nq .

L(ny1) = max{L(n11),n1+ — U(n12)} = max{0,n14 —ni;} =0,
U(ni1) = min{U(m1),n14 — L(ni2)} = min{n o, niy } = nay,
L(ny2) = max{L(nia),n1+ — U(n11)} = max{0,n14 —ny4+} =0.
U(niz) = min{U(ny2),n1+ — L(n11)} = min{n; 4, n14} = ny4.

First iteration, dependency: ni9 @ noy = nyo.

L(ny2) = max{L(n2z),n42 — U(ni2)},
=max{0,n12 —ni4} = max{0,ny9 + noy —ny 1.0
U(ng2) = min{U(n22), ns2 — L(n12)},
=min{n;,nio} = nyo.
L(n12) = max{L(ni2),n+2 — U(nga)} = 0.
U(niz) = min{U(n12), ni2 — L(n2a)},

= min{ni,ny2 + min{0,n14 —ni2}} = min{n,2,n14 }.0
First iteration, dependency: nq; @ ney = no .

L(ng1) = max{L(na1),n2+ — U(na2)},

=max{0,n2y —ny2} = max{0,ny; +ny1 —nyy .0
U(nz1) = min{U(n21),m24 — L(ns2)},

= min{0, no; + min{0,ny 4 —ny2}},

=min{ngy, N+ —nyot = min{no;,nyq 1.0
U(naz) = min{U(na2),n2+ — L(n21)},

= min{ny2,ns4 +min{0,n49 — noy }} = min{n,o,n9y }.0
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First iteration, dependency: ni; ® ng; = nyq.
L(ny11) = max{L(ny1),ny1 — U(n21)},
- HlaX{O, Ny1 + ma‘X{in2+a —N41 }}7
=max{0,n11 — ngy } = max{0,ny1 +n14 —niy 1.0
U(ni) = min{U(n11),n+1 — L(n21)},
= min{ny+,ns1 +max{—nor,—ni1}},
=min{n;1,nyy —ngy } = min{n,1,niy 1.0
Second iteration, dependency: ni; ® nio = ny. .
L(ny13) = max{L(n12),n1+ — U(n11)},
= maX{O, niy+ + max{—n+1, —Ni+ }}a
=max{0,n11 —ny1} =max{0,n1+ +ni9 —ni4 1.0
We see that the Fréchet bounds in Equation (23.14) for all four cells in table
n are obtained before completing the second iteration. Therefore Proposi-
tion 8.4 holds for any 2 x 2 table.
The two-way case.
The next step is to examine a two-dimensional table n = {n;; : 1 < ¢ <
L,1 < j < L} for some I1,lo > 2. This table has fixed row sums and
column sums:

More precisely, the set of fixed cells Ty ¢ T = T™) is

To={tspzo..ny:0#J C{L,2,. ... 1}}U

{t{172“..71[}J2 0 7é Jy C {17 23 R IZ}} . (2316)
We remark that ¢ € T\ Ty if and only if ¢ is a cell in a table n’ € RD(n). In
other words, ¢ does not have a fixed value if and only if ¢ is a cell in a table
of dimension 2 that could be obtained from n by table redesign. We show
that the Fréchet bounds from Theorem 8.1 are attained when running GSA
for every cell n;;. It is sufficient to prove it for the (1,1) cell. The Fréchet
inequality for nqq is

min{ny;,ny1} > nyp > max{0,n14 +ny1 —nyy} (23.17)

We notice the similarity of Equation (23.17) with Equation (23.14). We
define the 2 x 2 table n" = {n}; : 1 <1i,j < 2}, where

U /._E /._E /._EE
Ny == N1, Nyg = Nij, Nop = N1, Mooy 1= Tj- (2318)

7j>1 i>1 i>1 j>1

This table has fixed row totals {nH, > nH} as well as fixed column totals
i>1

i>1

{nH, >oong } The Fréchet bounds for the (1,1) count in table n’ coincide
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with the Fréchet bounds for the (1,1) count in table n. Since the four cells in
table n’ are also cells in the set T associated with n, the generalized shuttle
algorithm employed for the table n is equivalent to the shuttle procedure
employed for the table n’ from the perspective of finding sharp bounds for
{nfiy,nlq,nhy,nby}. We proved before that the generalized shuttle algorithm
will converge to the Fréchet bounds for any 2 x 2 table, hence GSA finds the
Fréchet bounds for the (1,1) cell in table n.

Now take an arbitrary cell t = tg, i, . i34 js....ii} € T \ To. Consider the
2 x 2 table n*) with entries

The Fréchet bounds for the value V(t) of cell ¢ in the above table are

min {V (i, i 12,11 )s V20 1 s 1) )

and

max {0,V (ts, ayo...ny) +Vitn

The table n*) has fixed one-dimensional totals, hence we know the cell values

l
V(i it M1.20 1)) = Z n 4,
r=1

(F20e 1} 1 i }) = D P
r=1

V(tae,.. 03{1.2...0)) = -

The Fréchet bounds in Equation (23.19) are the Fréchet bounds associated
with cell ¢ in every table n’ € RD such that ¢ is a cell in n’. Again, for every
such table n’, it is true that T™) ¢ T™ and Q(T™)) c Q(T™)). When
employing the shuttle procedure for n we also run the shuttle procedure in
n’, thus the bounds in Equation (23.19) are attained by GSA and hence
Proposition 8.4 holds for an arbitrary two-dimensional table.

Bounds induced by two fixed marginals.

Let n = {n(i)};c; be a k-dimensional frequency count table having fixed
marginals n¢, and ne, such that C; U Cy = K. The Fréchet bounds for a
cell entry n(i?) are

min {n¢, (i) ,ne, (ig,)} = n(i®),
n(i) > min {ne, (i%l) + ne, (iocz) — Ny ACy (i%l ney ) b
First we study the case when the fixed marginals are non-overlapping. i.e.

Cy N Cy = (. We attempt to reduce this case to the case of two-dimensional
tables we studied before for which we know that Proposition 8.4 is true. The



The generalised shuttle algorithm 403

above inequalities become

min {ncl (z%l) SMEN\C, (iOK\CI)} > n(i"),
n(i) > min {ncl (i2,) + nie, (z"}{\cl) - n¢} . (23.20)

Without restricting the generality, we can assume that C; = {1,...,l} and
Cy ={l+1,...,k}. To every index i¢, = (i1,...,4) € Z¢, we define:

l l
INDg, (z‘cl):Zl 1T Is] (i —1)4+1e{l,.... - Ir-...-I}.

r=1 Ls=r+1

IND¢, induces a one-to-one correspondence between the sets Zg, and

{1,..., I - ... I;}. Similarly, to every ic, = (ij4+1,...,%) € Z¢,, we assign
k
INDg, (ic,) == Y _ lH I] s +1e{l,. . L. I}
r=I[+1 Ls=r+1

Introduce two new compound variables Y; and Y5 that take values in the
sets {1,..., Iy - Iy -...- L} and {1,...,I;1 - ... I }, respectively. Consider
a two-way table

n'={n},;,  1<j<h-L-...-I,1<jy<Iyi-...- It}

with entries given by

), =ng (INDZ!'(j1), INDG] (j2)) -

Ji1J2
The table n’ has fixed row totals

{7lj14, 01 f; j&, f; ]i . ]é .t ]}} 5
where n;, 1 nc, (INDEI1 (j1)), and column totals
{nij, :1<jo <Iipy-...- I},

where nj,nc, (IND(;?1 (jz)). Therefore there is a one-to-one correspon-
dence between the cells in the original k-dimensional table n and the cells
in the two-way table n’. Moreover, there is a one-to-one correspondence
between the fixed cells in n and the set of fixed cells in n’. Running GSA for
n assuming fixed marginals ne, and ne, is the same as running the shuttle
procedure for n’ assuming fixed one-dimensional totals. This implies that
the Fréchet bounds in Equation (23.20) are attained.

Consider a cell t € T\ N and let n’ € RD such that ¢t = n’(i®), for some
i’ € Z] xIh x ... xI]. If n’ € RD(n), then the Fréchet bounds for ¢ = n/(i")
in table n’ are

min {n'cl (ig:)) R (i%’\cl)} > n/(i),
/(i) > min {n’cl (i) + e (iOK\Cl) - n@}. (23.21)
and n’K\C1 are fixed marginals of n’ obtained from n¢, and ng\c,

l
11(71
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by the same sequence of “category-join” operations that was necessary to
transform the initial table n in n’. Again, we have T™) < T® and
Q(T™)) ¢ Q(T™), thus the Fréchet bounds in Equation (23.21) are ob-
tained by employing the shuttle procedure for the same reasons the bounds
in Equation (23.20) were reached.

Now assume that n’ = np,, Dy C K, with t = np, (i}, ) for some i}, € Ip,.
The Fréchet bounds in np, are given in Lemma 8.2. The table np, has two
fixed non-overlapping marginals n¢, np, and ng,np, , hence GSA reaches the
Fréchet bounds in Equation (23.7) because T("20) ¢ T™) and Q(T™r0)) C
Q(T™). If n’ € RD(np,) n’ has two fixed marginals nf, Ap, and ng, p
obtained from nc¢,np, and ne,np, by joining categories associated with
the variables cross-classified in n. It is sufficient to replace np, with n’ in
Equation (23.7) to calculate the Fréchet bounds for ¢ in table n'.

If the two fixed marginals are overlapping, we can assume that there exist
g and [ with 1 < ¢ < I < k, such that C; = {1,2,...,l} and Cy, =
{¢,9+1,...,k}. Then C; NCy = {q,...,l}. We reduce the case of two fixed
overlapping marginals to the case of two fixed non-overlapping marginals by
decomposing the tables n, ngs, and ne, in a number of hyperplanes. Each
hyperplane of n has two non-overlapping marginals that are hyperplanes of
ng, and ng,. Denote

D1 = Cl \02 2{1,27...7q—1}, and DQ = 02\01 :{l+1,l+27,k}
Take the set of contingency tables

00 0 0
U0 yeee iy Ty yenny i (s o L0 .0
{an 4 7{77/(1 "(ZDluD2)~ZD1uD2EID1UD2}~Z{1€IQ,~-~,ZIGII},

. -0 -0
B yeesdy (7 ey (2 - . .

n ](ZDlUDz)*nq 7(Zla"-azq—lall+17"'azk)
o . . .0 .0 - .
TR FEETS AU /Y TR P T

;0 ;0 . .
Every table n'«>"~" has two fixed non-overlapping marginals
1

lg‘l? §0 50 . .
np =<n'e " (ip,) 1ip, €Ip, ¢,

with entries given by

0 -0 0 -0
Ty yeuesl . NN SN ) . . _ - - -0 -0
nle o (ip, ) =n'oeot (G dg—1) = Ney (11,...,zq,1,zq,...,11),
Qi) Q00 . . . .
and np’ = qn'e" (ip,) tip, € Ip, ¢, with entries given by
-0 -0 -0 -0
G geesl - Ty yennslt . . _ -0 -0 .
nle ot (ip, ) nfe o (G, k) = ey (zq,...,zl,zlﬂ,...,zk).

Notice that the table n' 1 is a hyperplane of the original table n, whereas
-0 -0 -0 .
ng;m’l' is a hyperplane of n¢,, and nz;”’l’ is a hyperplane of nc,. Em-

ploying the generalized shuttle algorithm for n is equivalent to employing
distinct versions of the shuttle procedure for every hyperplane determined

by an index (i ;i) € Zo, ne, - We already showed that GSA for nisoeeeil

R
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converges to the Fréchet bounds of the cell entry gl (i%l ,i%z) (compare

with Equation (23.20)):

. i) 10 i send] 0
I § oy, (ZD1)7nD2 (ZDZ) z

-0 -0 0
.0 1

] . -0 =0 -0
e (i) 2 e (o ) g ()
(23.22)

o .0
where n; = Ne,NC, (ig, . 72'10) is the grand total of the hyperplane

nieil Equation (23.22) can equivalently be written as

min {ne, (ip,,i0,...,4) sney (i, ,i)ip,) } > n(ip, iy, ..., 1), ip,)

2 max {O,TLCI (ZOD| ,i%] ﬂ02) + ne, (ZUC. mCQvi(l))Q) —ncine, (Zucl ﬁCg)} .

These inequalities represent the Fréchet bounds for the cell count

n (i) = n (i, iy, i)

2
Now we show that any table n’ € RD\ | U RD(n¢) can be sepa-
r=1{c:cCc,}
rated in a number of hyperplanes such that the two fixed marginals of every
hyperplane are non-overlapping. Consider an arbitrary cell in n’ specified by
0 0

the index (J7,...,J0) € Z] x ... x Zj. The hyperplane n'e 0 of table
n’ has entries

{n'(J, .. g1, JY

I i k) €T
forr=1,...,q—1,1+1,... k. The fixed overlapping marginals ne, and
nc, induce two fixed overlapping marginals ni, and ng, of n’. The index

!/ _ : ! !
setofng , r=1,2,is 7] o X...xTIj ., where

, I, if s € C,,
IS'C» - .
i {Z,}, ifsé¢C,.
ST T , S I0 LT P
We define the hyperplanes n’ ' of ng and n';’ of ng, in the
0 0 0 0
same way we defined the hyperplane n’ i 0) of 0!, Therefore n’!/s /1)
0 0
is a table having two fixed non-overlapping marginals n’ (leq i) and

0 0
n’(C‘Z‘I 1) The Fréchet bounds for n'(J?,...,J7) coincide with the Fréchet

bounds for the cell entry

WIS D) (70 0 0 0
nt (‘]1a'“an—laJl—o—la"-v‘]k)

. JY L aP
in table n’s 0

. Therefore Proposition 8.4 holds for any table of counts
with two fixed marginals.

e (Calculating bounds in the general decomposable case.
The set of fixed cliques defines a decomposable independence graph G =

(K, E) with cliques C(G) and separators S(G). We prove Proposition 8.4 by
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induction on the number of fixed marginals. Because the notation tends to
be quite cumbersome, we will show that the Fréchet bounds for the cells in
only the initial table n are attained. A similar argument can be made about
every table in

RO\ J |J RDMe).

r=1{C:CCC,}

If G decomposes in p = 2 cliques, we already proved that GSA converges to
the Fréchet bounds in Equation (23.5). We assume that Proposition 8.4 is
true if n has at most (p — 1) fixed marginals that induce a decomposable
independence graph. We want to prove Proposition 8.4 for an independence
graph with p cliques. We take an arbitrary index i® € Z that will remain
fixed for the rest of this proof.

The cliques of G can be numbered so that they form a perfect sequence of
vertex sets. Let H,_1 := C; UCy U...UC,_;. The subgraph G (H,_1) is
decomposable and its cliques are {C1,...,C,_1}, while its separators are
{S2,...,8,-1}. As before, T = T(™) is the set of cells associated with n.

In an analogous manner we define the set of cells T(™7,-1) associated with
the marginal table ny,_ . The set of fixed cells Ty = Tén) C T induced
by fixing the cell counts in the marginals n¢,, ng,, ..., n¢, of the table n

includes the set of fixed cells T((]HH”’I) - T(®1, 1) obtained by fixing the
,_, of the table ny

We have T("»—1) T and @ (T 1)) < Q (T™). This implies that,

marginals n¢, ,ng,,...,no

p—1"°

when we run GSA for T(™ and Tém, it is as if we would run an instance
of GSA for T(®™#,-1) and TSan’l). Every vertex in C, \ S, = C, \ H,_1
is simplicial in the graph G, hence Lemma 8.1 tells us that finding bounds

is equivalent to finding

for a cell in ¢ € T(®7,-1) given n¢,,ne,,...,ng, _,

bounds for ¢ given n¢, ,ng,, ..., ng, . We do not lose any information by not
considering the marginal ng, when computing bounds for ¢t € T (n H,_y )
From the induction hypothesis we know that GSA employed for table ng, _,

with the set of fixed cells T(()HHP” ) converges to the Fréchet bounds for the
cell ny,_, (iOHp,l):

U 0 o 0 0
n,_, (’LHP_I) frnln{ncl (ZC]) NN o (ch_])}, and

p—1 p—1
n%{,},l (i(}{pil) = max {0, chr (2%7) — anr (205)} .
r=1 r=2

The shuttle procedure generates feasibility intervals [L(t), Us(t)] for every
t € T(ng,_,). These are the tightest feasibility intervals GSA can find

(an—l)

given the values of the cells in T . Because the information about the
cells in the marginal ng, is not relevant for computing bounds for the cells
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in T(n" p=1 )7 GSA employed for table n converges to the same feasibility
intervals [L;(t), U, (t)] for every t € T, ),

Since the sequence C,Cs,...,C, is perfect in G, (H,—1 \ Sp,5,,Cp \ Sp) is a
proper decomposition of G. Consider the graph G’ = (K, E’), where

E":={(u,v) : {u,v} C Hy_y or {u,v} C C,}.
G’ is a decomposable graph with two cliques H,_1, C, and one separa-
tor H,_1 N C, = S,. Running GSA for table n and the set of fixed
cells T(()n> is equivalent to running GSA for n given the feasibility intervals
{[LS t),Us(t)] : t € (e, )} and the set of fixed cells in T™) obtained by
fixing the cells in the marginal nc, .

As a consequence, by employing the shuttle procedure for table n, we end
up with the following Fréchet bounds for the count n(i):

min {ngp_l (iOHp_l) e, (z%]>} > n(io), and
n(i%) > max{O,n%%l (ioprl) +ne, (Z%p) —ng, (z%p)} (23.23)

It is straightforward to notice that Equation (23.5) is obtained by combining
Equations (23.23) and (23.23). We can conclude that Proposition 8.4 is true
when the set of fixed marginals are the minimal sufficient statistics of a
decomposable log-linear model.

O
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24.1 An example of complex coding for sudoku design

A row r of the sudoku grid is coded by the levels of the pseudo-factors Ry and Rs

(w7’| bl w7’2 )

with r; € Zy and r — 1 =p r +1o.

Similarly, for columns and symbols. Figure 24.1 gives a 9 x 9 partially filled su-
doku grid and the array on the right gives the complex coding of the fraction. For
example, for the symbol 3 in the first row and second column we have: first row

R] = WO,RQ = wo, second column Cl = LUQ,OQ = w1, symbol 3 Sl = WO,SQ = Wy.
The box is the first, in fact Ry = wy, Co = wy.

00
01
02
10
11
12
20
21
22

0001 02 10 1112 20 2122

5

3

41617|8

1

7

9

Fig. 24.1 A partially filled sudoku and its complex coding.

24.2 Proofs

Proposition 12.8 The move corresponding to the exchange of the symbol u with

the symbol v is:

M(F) = Equy Ppan(F)= > > ma, 5 Xg0 X

ag€Ll, B5€Ls

408
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where the coefficients my,, 5, are:

1 .
Ma, B, = P(_ eﬂs,uu) § b(a‘q,as)eas,uv-
as €L

Proof First, we prove that F; = F'+ M (F) is the indicator function corresponding
to the grid where the symbol v has been exchanged with the symbol v. Then, we
prove that M (F') is a valid move, according to Corollary 2.

Step 1.

If Es pr = 0 (no symbol to exchange) or if P, = P, = 0 (no cell to modify) we
have Fy = F on D.

Let’s now consider the points corresponding to the cells of the grid where the
symbol is u. We denote by (; these points of Diaza: {5 = (wy,, Wy, , wWe, , We, )-

We have: F'((;,(.) =1 and F((y,(,) = 0. On the same points the move is:

M(F)(C_QaCU) = Es,hk (Cu) Pg,h,k’(F)(C.@) =-1
M(F) (G, Co) = Esni (o) Pyni(F)(¢) =1
and, therefore: F1((;,¢y) =1—1=0and F1({;,{)=0+1=1.
Analogously, for the replacement of the symbol v by the symbol u. We can

conclude that F; = F' + M(F) is the indicator function of the grid that has been
generated exchanging u with v in the original fraction.

Step 2.
As in Lemma 1, E ;) depends only by S and S, and it is the polynomial
1 5
Esne = — Z (— & ar) X7,
Bs€Lyg

where the constant term is zero.
It follows that the move M (F') can be written as

M(F) =Es nr Py (F) =

1
— ya s —
P > D blayan) Canik Bk Xgr X[ =
ag€Lysas€L BsE€LS

_Z% Z Z <eﬁs,hk Z b(ag,(ys) eag.hk> X;g Xﬁ’

ag€L, Bs€Ls as€Ls

We verify that the coefficients m, of M(F') meet the requirements that are stated
in Corollary 2. Indeed

_ — _ (=0 —0 —0 —0 _
(&) Miyiyizis00 = 0 because —&g 1, = (W, 0, — Wy, Ty, ) =0,

My, 4,00i54; = 0 because by, 4,004 )

) =0
(€) Mooiyisisic = 0 because booiyiyisis = 0,
) M 0i50i5i, = 0 because b;, 04, 0i5i, = 0
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Example 12.7 Consider the following 4 X 4 sudoku grid

OB~ W
— W N

1
3
2
4

SRS SO Y

The corresponding indicator function is
1
F=1(1=RiGC5)(1—-RCiS5).

If we exchange the second row of the grid with the third one, the coefficient mig1010
of M(F) is 1/4 and conditions of Corollary 12.2 are not satisfied.

Proof The second row corresponds to the points of Diy , = (wu,,wu,) = (—1,1)
and the third one to ¢, = (wy,, ,wy, ) = (1, —1). Then, the move is not valid. Indeed:

1
Mi01010 = = 7 E10.hk E ba, o, €ay ik =
ags €Ly
1 11
1 1 —O ay, 09 ay, o\
Z ((.«me — Wy, Wy, § E &1&21010 wy Wy — Wy Wo, ) -
1 14 1) (b 0,0 00
1 (1+1) (boororo(wy, wy, —wy, wy,)
0 1 0 0 1.0
+ bot1o10 (Wl wy, — wy wy, )brototo (wy, wy, — wy, wh,)
b 1,1 L=t hgoin -
+ 111010(Wulwu2 _wvlwvg )) - 5 (_Z)( + ) - 7

O

Proposition 12.10 We identify the parts of the sudoku grid where the M3 moves
can be applied. Fix

- a stack: C; = wy,

- two columns of this stack Cy = w., and Cy = w,, ,

- two bozxes of this stack: (Ry,Cy) = (wp,, ,wt) and (Ry,C1) = (wp, ,wt).

- a row in each box: (Ry, Ry,Cy) = (wy,, ,w;,,wt) and (Ry, Ry, Cy) =
(Wb, ,Wr, ,Wt)-

m 7

In this way we select two couple of cells, as shown in the following table

R Ry Cp Cy symbol

wy,, er Wi We,, ai
why,, wrp Wi We, as
Wp,, Wr, Wi We, as
Wy Wy Wi We ay

n q
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Clearly, analogue identification holds by fixing a band, and then two rows of this
band, etc. Moreover, this kind of exchange can be generalised to more than two
symbols, simultaneously.

The two couples of cells selected above can be exchanged only if they contain
exactly two symbols ay and ay (i.e. ay = a; and a3 = ag).

The coefficients of the move are

Ml i i i _iwiﬁ (—67) N i
2112134156 — p4 t '1,17,27}Lk 14156

where
— (o] Q4 —iy g —iy
Niyizic = E :eas,hk: § Wi § ba,s,w:s-,apis,iﬁ (WL,f g _|_W<[:k.4 4])
o o3 oy
Moreover, it holds:

Noiyis =0 for all (is,ig) € {0,--- ,p — 1}*\ {(0,0)}.

Proof The new grid has both the boxes, the rows and the columns involved in the
moves that still contain all the symbols repeated exactly once.

Let s = {1,2}, 4 = (W, ,wr,) and ¢, = (wp,,w,, ). We define the following
indicator functions of specific parts of the grid:

- S identifying the cells of the stack represented by C; = wy:

L& L)
S = > (Z (@,Cy) ) ;

i=0

- K and K identifying the cells of the columns represented by Cy = w,, and
Cy = w,, respectively:

1 (%= : 1 (%= :
Kl = — Z (60102)2 and K2 = - Z (ECZ CQ)Z N
P \iz P \iz
- K identifying the cells of both the columns represented by Cy = w,, and
CQ = We, -

K=K, + K.

It follows that the polynomial F - S - K is the indicator function of the cells of the
specific sudoku grid in the stack and in both the columns identified by S and K
respectively.

The coefficients of the polynomial move can be obtained as in Proposition 12.8,
where the coefficients of the indicator function are replaced by those of F'- S - K.
Writing ¢, as (3, C4,C5,C6), the polynomial form of the move is:

M(F) = Es,hkéq,hk (24.1)
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where E; 3 is the usual polynomial and ]597 nk is obtained using the indicator func-
tion F'- S - K in place of F'

Py (Gy) = (F -8 - K)(wn,, wr, . G) = (F -8 - K)(wi, ,wr,,G).
The expression of the coefficients follows from Equation (24.1), observing that:
(F -5 K)(wbm awr,,7<g) =
S(C?))Kl (C4)F(wbm ) wrp y Wsy Wey, 5 C57 Cﬁ) + S(C3)K2 (C4)F(wbm P wrp y Wsy Wey, C57 CG)

Corollary 2. The conditions (a) and (c) are satisfied. Indeed

(a) milizigu()o = 0 because bi1i2i3i400 = 0

(€) Mo0iyizisic = 0 because —eq pi = wﬁn w,?.q — wgm w?p) =0
Both the conditions (b) and (d) become equivalent to ng;,;, = 0. O

Proposition 12.11 Let 01,09 be two exchanges in My (F) and write
o1(F) = F+ Es, w0, Py uyv, and 02(F) = F + Es, uy0, Pyy uyvs -

where Es, .o, and Py, 4,4, © = 1,2, are defined in Lemma 12.1. The composed
move g1 o 0y equals to oy o o1 if one of the two following conditions holds:

- 51 Nsy =10, i.e. the moves act on different factors,
- 81 = 82 and {uy,v1} N{uz,v9} = 0, i.e. the moves act on the same factors and
on different bands/rows/stacks/columns/symbols.

Proof We remind that E, ,,»,, ¢ = 1,2 depend on the set of variables whose
exponents are in Lg, and L,, respectively. Let’s consider the composition of the
moves 09 0 01

(0’2 o 0'1)(F) = 02(01 (F)) = UQ(Fl) =F + E827U2U2P(12~,’U2’Uz (Fl)
=F + ESlq'Ufl'Ul Pgl,ull’l + ESz-,uzUz sz,uzw (F + ESl-,ulUl Pgl y U101 )
We focus on Py, vy, (F + Es; uiv; Pyiuivr)-
- If sy Nsy = (), then
sz,uzw (F + Esl-,Ul'Ul Pgl ,ulvl) = sz,uzw + ESl,ulvl Pg2-,u2172 (Pglqulvl )
The polynomial Py, ., v, (Py, uyv, ) is
sz-,“z“z (F(u17Cg| ) - F(Ulvgm ) =
F(ulau% Cgm) - F(Ulvu2’ Cng) - F<u1’v27 Cgl.z) + F(U17U27 Cgl‘z)
with g1 2 = g1 N g2. It follows that

02 001 = F+ ESl-,ulUl Pgl,ﬂlvl +E82-,uzt‘2 sz,uzvz +E52,U2v2 ES1,U11’1 X
(F(Uhu?vc!ll,z)_F(U17u27<.f1|.z)_F(u17v27g91.2)+F(01’U25<4|,2))201002'
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- If s = 59 = s and {uy,v; } N{ug,v2} = 0, then
Pg,ugvg (F + Es.ulvl Pg,ulm) =
P(/;Uﬂr'z + (ES,Ul’Ul (UQ) - ES,Ulvl (UQ))P.G-’M’Ul = P.(]A,UQ’UZ
being Es y, 0, (u2) = Es 4,0, (v2) = 0. It follows that

op001 =F+ ESl,Ulvl Pglﬂh’“l + E52:1¢21r'2 PG%UZ’UQ =01 002.

O

Proposition 12.14 Let F be a 4 X 4-sudoku reqular fraction. A move in M3(F)
must satisfy the equation system:

(wr, — wr)bo110isis — (wr, + wr )bi110ii, = 0 V i5,i6 € {0,1}

It leads to a mon regular fraction.

Proof We proved the system of conditions in the Example 12.10. We observe that
only one of the b’s is different from 0. If not, also byggoji; 4 j5]is +j,] Must be different
from 0 and it does not meet the requirements of Proposition 12.5. It follows that
there always exists a solution for each regular fraction: the exchange must be made
either on the same row within the band or in two different rows.

The new fraction is non regular. Indeed, referring to the proof of Proposition
12.10, the expression of the move is

M(F) = Es,hkpg,hk~

Keeping into account that the 2nd roots of unity are +1 and that w;,, = —w;
derive the expressions of the polynomials E; j; and P, ). For E; ;. we get

we

m 7

Es,hk = ((1 + wp, Rl)(l —i—wbq RQ) — (1 + wy Rl)(]. +Wpr2)) =

m

B~

1
1 (2w, Ry + (wr, — wy, ) Ro + wy, (wy, +wy, )R1Rs)

m

We observe that all the three coefficients of Ej ) are equal to 0 or :l:% and that
the coefficient of R; is different from 0 and one of the remaining is different from
0. The expression of P, ;. is

Pf}:hk’(gq) = (IS K)(w, 7w7"p’<‘]) —(F-S-K)(w, 7“%,7@1)

In this case there are only two columns within a stack and so K = K1 + K, =1
and S is 1(1 4 w,C). We obtain

~ 1
Pg,hk(Cg) = 5(1 +W5C3) (F(Wb,,t awryyws7c4ac57<6) - F(_wb,” 7quawsac4ac5a<-6))



414 R. Fontana and M. P. Rogantin

and considering the polynomial expression of the indicator function:

1
Pg,hk = 5(1 —l—wSC’1)><

(a5} a9 o1, (9 a3 g Qo5 QO
E < § balazag(uasaﬁwbm (wr,, _(_1) qu )ws )CQ Sl‘SQ)'

Qg,05,06 \Q1,Q2,003

F is the indicator function of a sudoku regular fraction so all its non null coef-
ficients are equal to :I:i. In particular one of the non null coefficients has a; = 1
and ay = 0, by definition of regular fraction and Remark 1. If we indicate with
D10y oy a5 oy Such coefficient, the coefficient of 1591 ni corresponding to the monomial
C51 87 55° is

1 Z
o aq Qg _ aq (eD) 3
5 b(l/](lg()xg(‘l4(){5(l’ﬁwb (wrp ( ]‘) w?‘,l )we N

1,062,003 "
We observe that, in this summation, only bi0w,q, a5 0, can be different from 0 in
order to satisfy the requirements of Proposition 12.5 and so the coefficient of P,
corresponding to the monomial C35*S7? S5 reduces to

1 - -
(oF (O
hwds s W, (L+ 108 = biody s, W, W5

It follows that the coefficient of M(F) corresponding to the monomial
R C5'57° S5 is equal to +4 and therefore F, = F +M(F) is an indicator function
of a non regular design. O

24.3 Generation and classification of all the 4 x 4 sudoku

Using CoCoA software all the 288 possible 4 x 4 sudoku have been found. In order to
simplify the presentation we consider only the grids with the symbol 4 in position
(4,4). In the Appendix the CoCoA code and the list of obtained sudoku grids and
their indicator functions are provided. Among the 72 sudoku grids, 24 correspond
to regular fractions and the other 48 correspond to non regular fractions.

There are no 4 x 4 symmetrical sudoku.

Removing one or two of three symmetry conditions (a)-(c) of Proposition 12.6
there are 6 sudoku in each case; all of them correspond to regular fractions.

We list below some characteristics of the obtained sudoku fractions.

Among the 24 regular fractions:

- 6 fractions which are symmetric with respect to broken rows and broken columns,
- 6 fractions which are symmetric with respect to broken rows and locations,

- 6 fractions which are symmetric with respect to broken columns and locations,
- 6 fractions which are symmetric with respect to symbols only.

All the indicator functions of non regular fractions have 10 terms: the constant
(1/4), one interaction with coefficient 1/4, two interactions with coefficients -1/8
and six with coefficients 1/8. We can classify them using the word length pattern of
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the indicator function. We denote by i and j the indices of the factors, i, j € {1,2},
and we consider i # j.

- 16 fractions have the word length pattern (0,0,2,3,4,1) and the term whose coef-
ficient is 1/4 is either R; Cj S; or RLO} SJ‘,

- 24 fractions have the word length pattern is (0,0,2,5,2,0) and the term whose
coefficient is 1/4 is either RiCjSlSQ or RlC'lCzSi,j or RleC’lSM,

- 8 fractions have the word length pattern is (0,0,4,4,1,0) and the term whose
coefficient is 1/4 is either R1 010231 SQ or RleCl S1 SQ.

Proposition 12.7 allows us also to know how many and which solutions has a
partially filled puzzle. It is enough to add to the system on the coefficients the
conditions F'(x;) = 1, where z; are the points of F already known.

For instance, among the 72 previous sudoku with the symbol 4 the position (4,4)
of the sudoku grid, there are 54 sudoku grids with the symbol 3 in position (1,1)
and, among them, there are 45 sudoku with the symbol 2 in position (2,3). In the
Appendix the CoCoA code is provided.

24.3.1 CoCoA code for 4 x 4 sudoku
(A-1) Generation of all the indicator functions with given symmetries.

Use R::=Q[b[0..1,0..1,0..1,0..1,0..1,0..1]1;
D:=6; L1:=Tuples([0,1],D); L2:=L1; Le:=2"D;
-- LABEL A
L3:=[I | I In 1..Lel;
T:=[[[Mod(L1[I,K]+L2[J,K],2)IK In 1..D]|J In 1..Lell|lI In 1..Lel;
Tab:=[[b[B[1],B[2],B[3],B[4],B[5],B[6]] IB In T[J]]|J In 1..Lel;
Coe:=[b[B[1],B[2],B[3],B[4],B[5],B[6]] |B In L1];
LF:=[-Coe[J]+Sum([Coe[I]*Tab[I,J] | I In 1..Lel)| J In 1..Lel;
LOrth:=[];
For K:=2 To Le Do
If (L1[KI1[1]= O And L1[K][2]= 0) -- columns and symbols
Or (L1[K][3]= O And L1[K][4]= 0) -- rows and symbols
Or (L1[K][56]= O And L1[K][6]= 0) -- rows and columns
Or (L1[K][2]= O And L1[K][4]= 0) -- boxes and symbols
Or (L1[K][1]= O And L1[K][4]= 0) -- broken rows and symbols
Or (L1[K][2]= O And L1[K][3]= 0) -- broken columns and symbols
-- Or (L1[X][1]= O And L1[K][3]= 0) -- locations and symbols
Then Append(LOrth, L1[K]); EndIf;
EndFor;
CoeOrth:=[b[B[1],B[2],B[3],B[4],B[5],B[6]] |B In LOrth];
EvCoeOrth:=[[C,0]|C In CoeOrth];
Append (LF,Sum(Coe)-1); ---- 4 in position (4,4)
Fin:=Subst (LF,EvCoelrth) ;
Append (Fin,CoeOrth) ;Fin:=Flatten(Fin);
-- LABEL B
Define BCond(FinCond,B,V);
FinCond:=Subst (FinCond,B,V) ;
Append (FinCond,B-V) ;
Return FinCond;
EndDefine;
Define 0Ord(L);
L2:=[LT(L[I])-LII] | I In 1..Len(L)]; K:=L;
For I:=1 To Len(L) Do K[IndetIndex(LT(L[I]))]:= L2[I]; End;
L:=K; Return L;
EndDefine;



416 R. Fontana and M. P. Rogantin

FinCond:=BCond(Fin,b[0,0,0,0,0,0],1/4);
G :=ReducedGBasis(Ideal(FinCond));
E:=QuotientBasis(Ideal(G));Len(E);

-- 6 solutions for symmetry w.r.t. broken rows and broken columns
Define Sol(G,C,V);

LL:=BCond(G,C,V);

LL:=ReducedGBasis(Ideal(LL));

Println C,’ = ’,V;

E:=QuotientBasis(Ideal(LL));

PrintLn ’Number of solution ’,Len(E);

If Len(E)=1 Then Append(MEMORY.CT,Ord(LL));Else PrintLn LL;EndIf;
Return LL;
EndDefine;
MEMORY.CT:=[];

Solutions for symmetric sudoku w.r.t. broken rows and broken columns

G01:=801(G,b[1,0,1,1,1,0],1/4); -- 2 sol
G02:=801(G01,b[1,1,1,0,1,11,0); -- 1 sol
G03:=801(G01,b[1,1,1,0,1,1],1/4); -- 1 sol
G04:=801(G,b[1,0,1,1,1,0]1,0); -- 4 sol
G05:=801(G04,b[1,0,1,1,1,1]1,1/4); -- 2 sol
G06:=801(G05,b[1,1,1,0,1,0],1/4); -- 1 sol
G07:=801(G05,b[1,1,1,0,1,01,0); -- 1 sol
G08:=801(G04,b[1,0,1,1,1,11,0); -- 2 sol
G09:=801(G08,b[1,1,1,0,1,1],1/4); -- 1 sol
G010:=S01(G08,b[1,1,1,0,1,1]1,0); -- 1 sol

UnSet Indentation;
Len(MEMORY.CT) ;MEMORY.CT;

(A-2) Computation of sudoku grids

Use R::=Q[x[1..6]];
CT:=BringIn(MEMORY.CT);
D:=6;
L1:=Tuples([0,1],D);L2:=[[2*L1[I,J]-11J In 1..6]|I IN 1..64]
SK:=NewMat (4,4); Define Sudo(ZZ,L1,SK);
For I:= 1 To 64 Do
If ZZ[I]=1 Then
R:=2+L1[I,1]1+L1[I,2]+1;
C:=2xL1[I,3]+L1[I,4]+1;
S:=2xL1[I,5]+L1[I,6]+1;

SK[R,C] :=S;

EndIf;
EndFor;
Return SK; End;
F:=CT;

For J:=1 To Len(CT) Do

F[J]:=Sum([CT[J,I]*LogToTerm(L1[I])|I In 1..64]);PrintLn(F[J]);
Z2Z:=[Eval(F[J],L2[I])|I In 1..64]; PrintLn(Sudo(ZZ,L1,SK));
EndFor;

(A-3) Computation of solutions of incomplete sudoku grids

Use S::=Q[ x[1..6]];

L1:=Tuples([0,1],6);

Le:=2"6;

X:= [LogToTerm(L1[I]) II In 1..Lel;

Use R::=Q[b[0..1,0..1,0..1,0..1,0..1,0..1], x[1..6]1;
X:=BringIn(X);

L1:=BringIn(L1);

Continue from Label A to Label B of Item (i)
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MEMORY .EvCoe:=EvCoeOrth;
Define PS(F,S,Fin);
P:=Subst (F,S);
Point:=Subst (P,MEMORY.EvCoe) ;
Append (Fin,P) ;Fin:=Flatten(Fin) ;
Return Fin;
EndDefine;
Fin:=PS(F, [[x[1],-1]1, [x[2],-1]1, [x[31,-11, [x[41,-11, [x[5]1,1],
[x[6],-1]1]1,Fin);
Fin:=PS(F, [[x[1],-1]1, [x[2],1], [x[31,1], [x[4]1,-1]1, [x[5],-1],
[x[6]1,11],Fin);
Use RR::=Q[b[0..1,0..1,0..1,0..1,0..1,0..11];
Fin:=BringIn(Fin);

Continue from Label B of Item (i)

24.3.2 4 x 4 sudoku regular fractions

There are 96 regular fractions. Among them, 24 are symmetric for broken rows and
broken columns, 24 are symmetric for broken rows and locations, 24 are symmetric
for broken columns and locations, 24 are symmetric for symbols only. There are no
4 x 4 symmetrical sudoku.
We list only the sudoku with the symbol 4 in the position (16,16) of the grid.
After the grids we show the terms of the indicator functions; all the coefficients
are 1/4.

(A-1) Symmetric fractions for broken rows and broken columns, non symmetric
for locations:

3 2[4 1 2 314 1 3 114 2
1 412 3 1 413 2 2 411 3
4 113 2 4 112 3 4 213 1
2 3|1 4 3 2|1 4 1 3|12 4
]%11%2(71f;15§ 131(71(2255 f%g(jzfﬁ 1
RiR,C1 515y RiC105S51 Re(CySy 1
(R1C1C95152 Ri1R.C1Sy  ReCySp 1
2 114 3 1 214 3 1 3|4 2
3 4|1 2 3 412 1 2 413 1
4 312 1 4 31 2 4 211 3
1 2|3 4 2 113 4 3 112 4

1%1(71(725;155 1%11%2(71f;1 }%2(72£h
]%1}{2(71f;1 131(71(725;2 }{2(725;155
1%1(71(2p§1 1%11%2(7p92 }{2(1p91£b 1

(A-2) Symmetric fractions for broken rows and locations, non symmetric for broken
columns:

Q= N
M| = o
=l DD
SN\ EUCIE
= | = DO
[NCRFEN NUVRN o
[SCRE I ORI
= N[ = ol
=N~ W
W = DN
[Nl EUCINAN
= ol = N
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R1R2015152 RgClCle RlCQSQ
RyC1C5515, RiR.C1S1  R1Cs5,
Ry C1C5515, RiR.C1Sy  R1Cy8

_ = =

DN = e W
= N[ QO
N LR
=R N Ol
N Qo = |

[JUIN N TS

[GUI NG LN

DO Q| =
= )

0ol N

W | =N

= =0 N

Ry RQCl 51 SQ
Ry RQCl 51
Ry 01 OQ Sl

Rgcl CQSQ
RQCl CQSQ
R1R201 Sz

Ry 0251
Ry 0251 Sg
Ry 0251 Sg

(A-3) Symmetric fractions for broken columns and locations,
broken rows:

non symmetric for

3 4112 1 2 413 1 3 4|1 2
1 2|14 3 1 3|4 2 2 1|4 3
4 31 2 4 21 3 4 312 1
2 1|3 4 3 112 4 1 2|3 4
RiRy (5515 RiCiCySy RyCiS: 1
RiR (5515 RiCiCyS1 RyCiSy 1
RiCi1Cy518y RiRyCySy RyCiS: 1
2 411 3 1 413 2 1 42 3
3 1[4 2 2 314 1 3 2014 1
4 213 1 4 112 3 4 13 2
1 32 4 3 2|1 4 2 3|1 4
Ry 010251 SQ RlRQCQSl R20152 1
Ry 010251 RlRQOQSQ RQClSl SQ 1
R1R20251 R]OlCQSQ R2015'1$2 1
(A-4) Symmetric fractions for locations only:
4 213 1 4 312 1 4 3|1 2
3 1[4 2 2 1[4 3 1 2[4 3
2 411 3 3 411 2 3 412 1
1 3(2 4 1 2|3 4 2 113 4
RiRyC1C3515, RiCyS54 Ry C1Sy 1
RiRyC1C3518, RC154 RiCySy 1
RlechQSQ R1025152 R2C151
4 113 2 4 2|1 3 4 112 3
3 2[4 1 1 3|4 2 2 3|14 1
1 412 3 2 413 1 1 413 2
2 3|1 4 3 112 4 3 2|1 4
Ry R2010252 RQCl Sl SQ Ry 0251 1
Ry RQC’10251 Ry CQSl SQ RZCl SQ 1
Ry RQC’10251 RQC1 Sl SQ RlCQSQ 1
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24.3.3 4 x 4 non-regular sudoku fractions

There are 192 non regular fractions. We list only the sudoku with the symbol 4 in
the position (16, 16) of the grid.

All the indicator functions have 10 terms: the constant (1/4), one interaction
with coefficient 1/4, two interactions with coefficients -1/8 and six with coefficients
1/8.

After the grids we show the terms of the indicator functions; in bold the interac-
tions whose coefficients are 1/4.

We can classify the fractions using the word length pattern of the indicator
function. We denote by ¢ and j the indices of the factors 4,j € {1,2} and we
consider i # j.

(A-1) The word length pattern of the indicator function is (0,0,2,3,4,1).
The interactions whose coefficients are 1/4 are of the form:

RZ‘CJ‘SZ' or R,CJ Sj
(a)

2 411 3 4 211 3 2 413 1 4 213 1
1 3|4 2 3 1[4 2 3 1|14 2 1 3[4 2
4 213 1 2 413 1 4 211 3 2 411 3
3 112 4 1 3|12 4 1 32 4 3 112 4
b100110 b1o0111 bro1110 bro1111 b11o110 b11o111 bri1110 bririi
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +
R1R201 025152 R1R201 0251 Ry RQCQSl SQ Ry Cl 025152
RlRQCQSl R101 0251 Ry 025152 Ry 0251
R,C;1S2 1
(b)
3 411 2 4 312 1 4 3|11 2 3 412 1
1 214 3 1 214 3 2 114 3 2 114 3
4 312 1 3 411 2 3 412 1 4 3|11 2
2 113 4 2 113 4 1 213 4 1 213 4
b100101 b100111 b1o1101 b1o1111 b110101 b110111 b111101 b111111
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +
RIRQCI CZSISZ RIRZCI C2S2 RIRZCZSI SQ Rl Cl CZSISZ
R1R20252 Rlcl 0252 RICZSl SZ R2 Cl Sl

R1Cy5, 1
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(c)
2 114 3 4 112 3 4 312 1 2 314 1
4 312 1 2 314 1 2 114 3 4 112 3
1 413 2 3 411 2 1 413 2 3 4|1 2
3 2|1 4 1 2|3 4 3 2|1 4 1 2|3 4
bo11010 bor1011 bo11110 bor1111 bi11010 birio11 biit11o britii
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +
R1R201025152 R1R2010251 R1R2015152 R2010251SQ
R1R20151 RQCl 0251 R201 Sl SQ RgClSl
Rlczsz 1
(d)
3 114 2 4 213 1 4 113 2 3 214 1
4 213 1 3 14 2 3 2[4 1 4 13 2
1 412 3 1 42 3 2 411 3 2 411 3
2 3|1 4 2 3|1 4 1 3|12 4 1 3|12 4
bo11001 bo11011 bo11101 bori111 b111001 bi11011 b111101 bri1111
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +
RleC’lCQSng RleClCzSz RlRQClSlSQ RgClc’leSg
RlRZClsZ RZCl CZSZ RZCI Sl SQ Rl C2SI
Rgclsz 1
(A-2) The word length pattern of the indicator function is (0,0,2,5,2,0).
The interactions whose coefficients are 1/4 are of the form:
Ristl SQ or R1 010251‘7]‘ or R1R201 S,"j
(a)
4 112 3 4 113 2 1 412 3 1 413 2
3 214 1 2 314 1 2 314 1 3 24 1
1 413 2 1 412 3 4 113 2 4 112 3
2 3|1 4 3 2|1 4 3 2|1 4 2 31 4
b100101 b100110 b1o1101 b1o1110 bito101 bi1o110 britio1 bri111o
+ + + + + +
+ + + + + +
+ + + + + +
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RiRyC1CyS1  RiReC1C9S2  RiR2CyS1 R1C1CyS

RlRQCQSQ R101CQSQ R2018182 Rngsl
R1CQSQ 1

1 214 3 1 3|14 2 4 2|1 3 4 3|1 2
4 311 2 4 211 3 1 3(4 2 1 24 3
2 413 1 3 412 1 3 412 1 2 413 1
3 1|12 4 2 1|13 4 2 13 4 3 12 4
bo11001 bo11010 bor1101 bo11110 b111001 b111010 bi11101 briti1o
+ - + + + + - +
+ + + + + +
+ + + + + +
+ + + + + +
RiRyC1C2S1  RiRCi1C2Sy  RiRC1S1 RaCiCySy
R Ry C1 5, RyC1CySy R1C2S8:S: R.C1 S
RQClsQ 1
1 2|14 3 3 2|14 1 3 412 1 1 412 3
3 412 1 1 412 3 1 2(4 3 3 214 1
4 113 2 4 311 2 4 113 2 4 311 2
2 3|1 4 2 113 4 2 3|1 4 2 113 4

bo10110 bo10111 bo11010 boriot1 bito110 brio111 b111010 briio11

+ + + - - + + +

+ + - + + - + +

+ - + + + + - +
+ + + + + +

R1R2015152 RlRQCQSlsz R1R20151 RlRQCQSl
Rlclczsz R20151SQ RQCQSISQ R20151
RyC2 S5 1

DN | e W
— N W
=N e W
N =W
— oo w
N = e W
= W=
N =W
=N = W
= W =

W o= N

W ok =

= WD =

W o= N

=W = N

W RN =

bo1o101 bo10111 bo11001 borio11 bito101 biio111 b111001 bri1o11

+ + + + + +
+ + + + + +
+ + + + + +
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RiRyC1515 RiRy(555 Ri1C1CeS; RiR.C1S
R Ry (1S, RyC1515 Ry (5515 RyC1 Sy
RyC5S5 1
(e)
3 114 2 1 3|4 2 3 1[4 2 1 3|14 2
2 413 1 2 411 3 4 2|1 3 4 213 1
4 211 3 4 213 1 2 413 1 2 411 3
1 3|2 4 3 112 4 1 3|12 4 3 12 4
bo1o110 bo1o111 bo11110 bori111 b100110 bioo111 bio1110 bio1111
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +
RiC1Cy518: RyC1Cr515 RiCi1CoS1 RyCiChSy
R1R2C1S; RiC2515 Ry (515, RiCyS5
RQCQSl 1
(f)
2 114 3 2 114 3 1 214 3 1 214 3
4 311 2 3 412 1 3 411 2 4 312 1
3 412 1 4 311 2 4 312 1 3 4|1 2
1 2|3 4 1 2|3 4 2 1113 4 2 113 4
bo10101 bo1o111 bo11101 bori111 b100101 bioo111 b101101 bio1111
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +
RiC1Cy518;  RpC1(02515 RiR2C1S; RiCi(hS
RyC1Cy 5, R 05515 Ry (5515 R, CyS,
RzCQSQ 1
(A-3) The word length pattern of the indicator function is (0,0,4,4,1,0).
The interactions whose coefficients are 1/4 are of the form:
R101C231 SQ or R1R20151 S2
(a)
2 1|14 3 3 1[4 2 3 411 2 2 411 3
3 4|1 2 2 4|1 3 2 114 3 3 1[4 2
4 213 1 4 312 1 4 213 1 4 312 1
1 3|2 4 1 2|3 4 1 3|12 4 1 2|3 4
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bo1o101 b010110 bo11001 bor1o10 bitolo1 b110110 b111001 br11010
+ + + - - + + +
+ + + + + +
+ + + + + +
+ + + + + +

R1C;1C28:S:  RiRyC1S1 RiRCyS1 RiRyCh Sy
R Ry (55 RyC1 5 RyCySy RyC1 Sy
RQCQSQ 1
2 314 1 2 314 1 3 214 1 3 214 1
4 113 2 1 412 3 1 413 2 4 112 3
1 4|12 3 4 113 2 4 112 3 1 413 2
3 2|1 4 3 2|1 4 2 3|1 4 2 3|1 4
bo1o101 b010110 bo11101 boriti1o b100101 b100110 b1o1101 b1o1110
+ + + + + +
+ + + + + +
+ + + + - + +
+ + + + + +
R1R2CI Sl S2 Rl CchSl RZCI CZSl RlclcQSQ
RZCICZSZ RICZSI RZCQSI RchSZ
RyC5 S5 1
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On-line Supplement to
Replicated measurements and algebraic statistics

Roberto Notari and Eva Riccomagno

25.1 Proofs

Theorem 11.3 Consider n distinct points Py, ..., P, € A¥ with P; of coordinates
(@ins...,air), andlet X = {Py,...,P,}. Then J = (\_, (x1 —tagi1, ..., xx —ta;) C
S =Klxi,...,xk,t] is a flat family. Its special fibre is the origin with multiplicity n
and it is defined by the ideal Iy = {F € R : F is homogeneous and there exists f €
I(X) such that F = LF(f)}. Moreover, the Hilbert function does not depend on t.

Proof At first, we prove that the ideal J C S is homogeneous, that is to say, if
fedJand f= fo+- -+ fs with f; homogeneous of degree j, then f; € J for every
1=0,...,8.

By definition, if f € J then f € (z1 —ta;1,...,xp —taj,) for i =1,...,n, that is

to say, f(t,ta;1,...,ta;) is the null polynomial in the variable ¢. Let ¢™x{"" ... 2"
be a term of degree M = m + my + ...m,. If we evaluate it at (¢,ta;1,...,ta;;)
we obtain (af}'...a/"*)t". Hence, if f = fy + -+ f, with f; homogeneous of

degree j, then f(t,ta;1,... ta;,) = cot® + -+ + cst* where ¢i = fi(L,ain, ... air).
The polynomial f(¢,ta;1,...,ta;;) is the null polynomial and thus, for every j and
every i, we have f;j(1,a;1,...,a;;) = 0. The homogeneity of f; guarantees that
fi(t,taii, .. ta;,) =0 as well, and so f; € (x1 —ta;1,. ..,z —ta;,) for every j and
1. The first claim then follows.

A remarkable property of homogeneous ideals in polynomial rings is that they can
be generated by homogeneous polynomials. Secondly, we prove that J = (t° fo +
o+ 0f o f = fo+ -+ fs € I(X), f; homogeneous of degree j). Let F =
tfo+...t9f € S with f = fy +--- + f, € I(X). Then F is homogeneous of
degree s, f(aj1,-..,a;) = 0 and F(t, ta, ..., tapx) = t° f(ap,...a;) = 0. Hence,
F € (x1 — ta;;,...,xx — tag,) for every i and so F € J. Conversely, if FF € J
is homogeneous, then f(a;1,...,a;) = F(1,a;1,...,a;) = 0 for every i and so
felXx).

To simplify notation, set h(f,t) = t*fo + -+ +t°f, where f = fy +--- + f, and
f; is homogeneous of degree j.

Now, we prove that there exists a monomial ideal L C R such that LT(J) = L
with respect a term-ordering < which satisfies the following properties:

(A-l) t<ay < - S g

424
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(A-2) over R, < is graded;
(A-3) tlalv o2l <ematm et i 2l el et e or
gl =g and 1< m.

With respect to <, LT(F) = LT(f;) € R for every F' = h(f,t) € J, with f €
I(X). Furthermore, if G = {g1,...,9n } is a Grobner base of I(X) with respect to
<, then {h(g1,t),...,h(gm,t)} is a Grobner base of J with respect to <. Hence,
LT(J) =LT(I(X)) C R and the claim follows.

For every ty € KC, a Grobner base of (J,t — t;) is then

{h(gi,t),. ., h(gm,t),t —to}

because GCD(LT(h(g;,t)),t) = 1, for every ¢ = 1,...,m and GCD stands for
greatest common divisor. It follows that the Hilbert function of S/(J,¢ — o) is
equal to the Hilbert function of X and so it does not depend on t; € K. The family
J is then flat and the claim follows. In particular,

(J;t) = (LE(f) : f € I(X)).
U

Theorem 11.4 Let X = {P,..., P, },Y = {Q1,...,Q,} be sets of points in A¥,
and assume that Z = X UY has degree n = r + s; that is, n distinct points. If P,
has coordinates (a1, ... ,a;;) then the family

J = (Va1 —tan, ...,z — tag) NI(Q1) N+~ N I(Q.)
i=1
is flat, with fibers of dimension 0 and degree r + s.

Proof Assume first that P; # O and Q; ¢ I, for each 4, j where [; is the line through
P; and the origin O. Then, for each ¢y # 0, the points P; (to), ..., B (to), @1, ..., Qs
are distinct. We have to check that J is flat also for t) = 0. If t*g € J for some g € S,
then t"g € I(Q;) for every j and tg € J' = (;_, (x1 —ta;1,. ..,z —ta;). The ideal
I(Q;) is prime and t ¢ I(Q;). Then I(Q;) > g. From the proof of Theorem 11.3
it follows that g € J' and so g € J. Hence, J is flat also for t; = 0 and the claim
follows.

If one or more points among the @);’s belong to some lines among /1, ..., then
for some values we obtain some double points, but the family is still flat as a
straightforward computation shows.

If one point among the @;’s or one among the F;’s is the origin, then again the
family is flat for the same reasons as before. U

Theorem 11.8 In the hypotheses and notation of Theorem 11.7, for every i =
1,...,7 it holds
- det(Di,,,“)

“0 = Gty
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Proof The hypotheses guarantee that the polynomial ¢; is equal to

o Zh m; tm+h " det 7h o h m; det 7/7)
' tm det(A(1)) frad det(A(1))
Hence, ¢;(0) = det(D; ,,, )/ det(A(1)). O

Theorem 11.9 Let Y = {Ay,..., A, } C AF be a set of distinct points, and let
X; ={Pa1,..., Py, } be a set of r; distinct points such that Z = X; U---UX,, has
degree v =11 + -+ 1. Let J; be the I(A;)—primary ideal of degree r; obtained
by collapsing X; to A; as in previous Theorem 11.6, and let J = J; N ---NJ,,. Let
F; € % be the limit interpolating polynomial computed as in Theorem 11.7. Then
there exists a unique polynomial F € % such that F' mod J; = F;

Proof The existence and uniqueness of F' is a consequence of the isomorphism
between % and jil G- P % because J; + J; = R for every ¢ # j. In fact, the
sum of ideals correspond to the intersection of the algebraic sets associated, but
A; # A; and so the intersection is empty.

Now we want to describe an algorithm to get F' starting from Fi, ..., F,,, from a
monomial base of R/J, and from Groébner bases G; of J;. To fix ideas, assume that
G = {glw"7gt}‘

Let My = 1,Ms,,...,M, be a monomial basis of %, and assume that
My, My, ..., M, is a monomial base of %. Then, for j = r 4+ 1,...,7,
there exists o(j) such that M; = LT(g,(;))N; for a suitable monomial Nj.
From the fact that M, Ms,..., M, is a base of R/J, it follows that also
My,...,M, ,Ny 195(r,41)s---» Nrgo(r) is a base of R/J. The second base has
the property that Njg,;y = 0 in R/J; and so their cosets are a base of
R/(JoN--NJy) =R/ I & - B R/ J,,. Hence, every interpolation problem has a
unique solution as linear combination of the N;g,(;)’s

Let H=3"_, .1 ajNjgo(j) € Ji,and let F = Fy + H € R/J.

By its properties, we have that F' — F; € J;, for i = 1,...,m. Then, we impose
that NF(F, + H — F;) = 0 in R/J;. By rewriting the polynomial Fy; + H — F;
modulo G; we get a polynomial with coefficients that are linear polynomials in the
variables a,, +1,...,a,. The coeflicients must be zero because the normal form is 0
and so we get a linear system in the variables a;’s. The only solution gives the only
H and so we get F' as claimed. O
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On-line Supplement to
Geometry of extended exponential models

Daniele Imparato and Barbara Trivellato

26.1 Proofs

Proposition 19.2 Suppose that (0, F, ) is not atomic with a finite number of
atoms.

(A-1) L3 (p) is a non-separable space.

(A-2) C, = LN L3 (5) # LY (o).

(A-3) K, is neither a closed nor an open set.

(A-4) S, satisfies a cylindrical property, that is, if v € S, then v+ C, € S,.

Proof For Items (A-1) and (A-2), see (Rao and Ren 2002). For Item (A-3), consider
the Lebesgue measure on [0, 1] and let

1 1
Up (x) = log (M) — Ep |:10g <x1’11>:| .

It should be noted that, for each n € N, u,, € K,. More precisely, u,, € S,. In fact,
let o, = 14 1/n, B, its conjugate exponent and ¢, = 1/8,. Then from Holder’s
inequality one obtains that, for each v € By, [[v] 5 <1

Up n U Qg Uy 1/a, v1N1/Bn
E, [e *0] < (B, [e® )V (E, [ < oo

However, the sequence (uy, ), tends in norm to u(z) = —log(z) + E, [log(x)], which
does not belong to C,. This proves that C, is not a closed set. In order to prove
that K, is not an open set in general, let p be the uniform distribution on [0, 1/2]
and let u(z) = —log(zlog®(z)) + E, [log(z log? (z))]. It is straightforward to see
that u(z) belongs to K, \ S,. For Item (A-4), let v € S,, so that av € S, for some
a >0, and let w € Cp. Then, if A =1/a and t = 1/(1 — A), it holds that

Aav + (1 = Ntu = u + v,

that is, u +v € S, as a convex combination of elements which belong to S,. U

Proposition 19.4 The following statements are equivalent.

(A-1) g € E(p).
(A-2) log(q/p) € L*" (p).

427
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(A-3) p/q € L*(p) for some a > 0.

(A-4) q ="K () . p for some u € K, .

(A-5) A sequence g, = ep(uy), un € Sy, n=1,2,..., exists so that lim,, o u,, = u
p-a.s. and in L*' (p), lim K, (u,) = K,(u), and ¢ = ety () Ly,

Proof The equivalence between (A-1) and (A-2) easily follows from the definition
of the exponential arc. Let p(t) be a left open exponential arc connecting g to p;
namely, p(t) = '~ 5oy t € (—a,1], a > 0, with p(0) = p and p(1) = ¢. For p(t)
to be an exponential model, it is necessary and sufficient that « = log(q/p) belongs
to L*1(p).

It is trivial to say that if ¢ satisfies (A-4), then ¢ € & (p). Conversely, let us
suppose that log(q/p) € L® (p); namely, ¢ = e’p, where v € L® (p). Then, by
centring v, we obtain

u—K, (u)

g=¢ b,

where u = v — E, [v] and K,[u] = —E, [v], which is finite since L®' (p) C L'(p).
Therefore, q € g’(p)

In order to prove the equivalence between (A-1) and (A-5), let ¢ o e'p, ¢ €
& (p), (tn)n be an increasing real sequence converging to 1 and define the sequence
(un)n = (tau),. By definition, u,, — u a.e. and in L®!(p); furthermore, u, € Sy
since S, is a solid convex set, see (Cena and Pistone 2007, Theorem 21). Hence,
an = ep(uy) € E(p). Moreover, since e*" < e" for u > 0 and e"» < 1 for u < 0 from
the Lebesgue dominated convergence theorem K, (u,) — K, (u). U

Proposition 19.5 Let p € M~ ; then

~

(A-1) q € E(p) if, and only if, a left open right closed exponential arc exists that
connects p to q. In particular, g € OE(p) if, and only if, such an arc cannot
be right open.

~

(A-2) E(p) is a convex set.

Proof Ttem (A-1) is straightforward from the definition of 9€(p). In order to prove
Item (A-2), let g1,¢92 € E(p) and X € [0, 1]; then, for some o > 0, because of the
convexity of the function z=¢ for x > 0, it holds that

Q1 AN AN AN
E, [\ + 1—/\> < \E () +(1-\E () < o0,
» ( ) (1=2X) ) » [ » (1-ME, )
since, by hypotheses, both p/¢; and p/¢s belong to L*(p). O

Theorem 19.2 Let p € M. and g € M> = E(p). Let us consider sequences
u, €S, and g, = e (W) . p e E(p), n=1,2,..., such that g, — q in L' (1)
as n — oo.

(A-1) The sequence v, = u, — K, (u,) converges in p - p-probability, as n — oo, to
a [—o0, +ool-valued random variable v and {v # —o0} = Suppgq.
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(A-2) liminfv, < liminfw,. If the sequence (v,), is p-a.s. convergent, then
n—oo

n—oo

v < liminf wu,, .

n—oo

(A-3) If Supp q = Q, then either
(a) limsup K, (u,) < +oo and for each sub-sequence n(k) such that w, ;)

is p - p-convergent, it holds that

— 00 < v+ liminf K (u,) < Hm w, ;)

n—00 k—o0

< v+ limsup K (u,) < +oo,

n—oo
p-a.s., or
(b) limsup K (u,) = +o0 and for each sub-sequence n(k) such that uy )

n—oo
is p - p-convergent, it holds that klim Up (k) = +00.
oo

(A-4) If Suppq # Q, then lim K,(u,) = +oo and lim w, = 400 p- p-a.s on

n—oo

Supp g. Moreover, lim wu, — K,(u,) = —oo on {g = 0}.

n—oo

Proof The function log : [0,400[— [—00,+00] is continuous and v = log(g, /p),
therefore Item (A-1) holds true. Item (A-2) follows from the inequality v, = u, —
K, (u,) < u, and limsupv, = lim v, in the case of a.s. convergence.

n—0o0

n—oo

For Item (A-3), it should first be noted that the convergence of the real sequence
(K (un(k)))x is equivalent to the p - u-convergence of the sequence of real random
variables (uy(x))r. Therefore, the first part follows by letting k — oo in v, () <
Up (k) = Un(k) + Kp(Un(ry). On the other hand, if limsup,, ., K, (u,) = +oo then
lim K, (1)) = 400, therefore lim w, () = +o0, since (v, (1)), converges to a
k—o00 k—o00
finite v.

Now, let us suppose that Supp g #  as in Item (A-4). Reasoning by contradic-
tion, let (n(k))r be a subsequence such that lerr;o Ky (uy (1)) = k < 0o. By Jensen

inequality we obtain

0= lim et 6) =Ko (tnn) pay, = 7" lim e ) pdp
o0/ {g=0} k=eo Jig=0}
>e "exp klim / Up (k) PAR |
o J{q=0}
therefore klim Up (k) Pdit = —o0. Because each w,, ;) has zero expectation, it
o0 J{g=0}

follows that lim / Up (k) pdpe = +o00. This is in contradiction with
k—o00 Supp ¢

1= lim en ) ~Kp (n ) pdy = 7% lim e“n () pdy
k—o0 Supp ¢ k—oo Supp ¢

> e " exp (klim / Un (k) pdp) .
T JSupp ¢
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As lim Kp(u,) = +o00, then the sequence u, = v, + K, (u, ) is convergent to 400

n—oo

where v = lim o, is finite. O
n—0oo

Ttheorem 19.3 Let g, = e,(u,) € E(p), and suppose that v, — w in p-probability.

Then, possibly for a sub-sequence, the following statements are equivalent.

(A'I) U:L (QH) — u* (Q) weakly, where q= e“fkp(“)

(A-2) u, — u a.e. and K,(u,) — Kp(u) < oo.
(A—B’) Gn — q in L (,u), where ¢ = e“*kp(“>p‘

p.

Proof If u,, — u in p-probability, then u, — u a.e., possibly for a sub-sequence, and
w) (p) — u*(p) weakly. Hence, if v (g,) — u*(q) weakly, due to Proposition 19.7,
K, (u,) — K,(u) < oo, so that (A-1) implies (A-2). An application of Scheffé’s
Lemma shows that (A-2) implies (A-3), since, possibly for a sub-sequence, ¢, — ¢
a.e. and both ¢, and ¢ are densities. Finally, (A-3) implies (A-1) since by hypotheses
and due to (19.3), possibly for a sub-sequence, u’(g,) — u*(q) a.e. and hence
weakly. |

Corollary 19.3 Let ¢ € M> = &(p), i.e. sequences (uy)n, up € S, and ¢, =
ep(un), gn — q in L' (), exist and suppose that u, — w in p-probability. Then,
q ="Ky and, possibly for a sub-sequence, K, (u,) — K, (u).

Proof Since possibly for a sub-sequence w,, — u a.e, Proposition 19.3 implies that
for such a sub-sequence lim K, (u,) < oo; furthermore, through the lower semi-
continuity of K, (u) it holds that

K,(u) <liminf K, (u,) = lim K, (u,) < oo,
n

u—K, (u

so that g =e )p and eventually for a sub-sequence lim K, (u, ) = K,(u). [



