Chapter 2 Solution Set

Problems
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2.1

2.2

Prove that the real and imaginary parts of the analytic signal are connected
by Hilbert transforms. HINT: Use fact that f(+)(¢) is analytic in Lh.p. and
goes to zero as |t| — oo in that half-plane.

Since f(f)(t) is analytic in the Lh.p. and goes to zero as |t| — oo in that
half-plane we can use Cauchy’s integral theorem to find that
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where o lies on the real axis and the contour C lies along the real axis from
—00 to +00 and is deformed above the pole at t = t;. We can break the
contour C into the principle part integral from —oo to g — € and then from
to + € to 400 and a semi-circle C, of radius € in the u.h.p. centered at ty5. We
then find that
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The integral around C. is easily evaluated at found to be f(to)/2 which then
leads to
(o) at L .
90 = -=p [~ a0

As a final step we set
S ) = u(t) +iv(t)

to arrive at our final result
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where k(w) is the wavenumber of a Causal medium.



Problems

1. Prove that ex(7) is causal; i.e., vanishes for negative 7.
This follows immediately since the complex wavenumber k(w) of a causal
medium is analytic with no singularities throughout the u.h.p. and goes to
(w/e)? as |w| — oo. If 7 < 0 we can then close the contour in the u.h.p.
yielding zero.

2. Compute € (7) as a generalized function for a non-dispersive medium where
k?(w) = w?/c?.
We have

oo 2 oo
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where §(2)(7) is the second derivative of the delta function.

3. Prove that the real and imaginary parts of k?(w) — (w/c)? are connected
via Hilbert transforms.
From the discussion given above it follows that k%(w) — (w/c)? is analytic
with no singularities in the w.h.p. and tends to zero as |w| — oo in that
half-plane. We can then follow the same treatment given in the solution of
Problem 2.1 but where now the contour integral is performed in the upper-
half of the complex w plane rather than the lower-half of the complex ¢t
plane. This changes the signs in the Hilbert transform relationships and

we obtain
RI? o) — (w0 = 1P [~ LI,
SR o) — /) = 2P [ g WD Z LI

2.3 Derive the equation satisfied by the time-dependent field u, (r,t) radiated by
the source q(r,t) if k*(w) < ex(7). Show that this equation reduces to the
usual wave equation in the special case when k(w) = w/c.

The frequency domain radiated field by the source Q(r,w) satisfies the
Helmholtz equation

V2 4+ k(W)U (r,w) = Q(r,w).

Under a Fourier transformation the product of two functions transforms to
the convolution of their transforms so that

E*(w)Uy(r,w) — /dT ex(t — T)up(r,7)
and we find that

V2uy(r,t) + / drer(t — T)ug(r,7) = q(r, ).

In the special case when k(w) = (w/c)? we showed in Problem 2.2 that
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2.4

2.5

e(t) = =63 (1)/c? so that
1 0? 1 02
/dT ex(t — Tuy(r,7) = = dr W(S(t —T)ug(r,7) = —C—Q@UJF(I., t)
(2.1)
where we have made use of the fact that

[ s @1a) = 1500,

On making use of Eq.(2.1) we then obtain

) 1 92
\% U’Jr(ra t) - C_Q@UJr(ra t) = Q(ra t)

Prove that k(—w) = —k*(w) if w is real valued.
We have that

k(w) = U—C)n(w) = k(w) = —%n(—w) = k(W)

since n(—w) = n*(w) for real w.
Compute the incoming and outgoing wave Green function G_(R,w) and
G+ (R, w) from their Fourier integral representations using contour integration
techniques.

These two Green functions admit the Fourier integral representation (cf.
Eq.(2.15))

1 3 e1'K~R
=—= | &’K —
G:I: (Ra w) (27T)3 / K2 _ K2’
where the integration contour for G4 lies above the pole at K = —k and

below the pole at K = +k and for G_ lies below the pole at K = —k and
above the pole at K = +k. Since the transforms depend only on K = |K]| it
is convenient to transform the above integrals to spherical polar coordinates
yielding

G (R; )7—_1/ dKLQ/ dQ s R
£ _(77)3 Cyt K2 —k? Jyn ‘ ’

where s is the unit radial vector in K space and df2 the differential solid angle
in K space. Here, the integration contour C. yields G4 and extends from
K =0 to +o0o below the pole at K = k and C_ extends from K = 0 to +o0
above the pole at K = k. By aligning the polar axis along the direction of
R we have that s - R = Rcosf where 6 is the polar angle in K space. The
angular integral is then easily performed and we find that

eiKR : efiKR

i
Ge(Riw) = Go7R /Ci Kik 35— ~ @rer o, KK 35—

If we now make the transformation K — —K in the second integral we find
that the above reduces to

i eiKR
Gi(Rjw) = m/ci KK 45—
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2.6

2.7

where now C = C — C,(—K) extends from —co to 400 and lies above the
pole at K = —k and below the pole at K = +k and C_ = C_ — C_(-K)
extends from —oo to +0o and lies below the pole at K = —k and above the
pole at K = +k

Since R > 0 the integration contours can be closed in the u.h.p. and can
thus be readily performed with the help of Cauchy’s residue theorem. In the
case of G4 the u.h.p. pole is located at K = +k and for G_ is at K = —k

and we find that
1 e:I:ikR

Ge(Riw) = ————

Using the Fourier integral representations of the frequency domain outgoing
and incoming wave Green functions G4 (R, w) and Cauchy’s integral theorem
show that the free field propagator Gf(R,w) = G4+ (R,w)—G_(R,w) satisfies
the homogeneous Helmholtz equation.

Using the results from the previous problem we have that

GiR,w)=G+(R,w) - G_(R,w)

: eiKR : eiKR
= — KdK — KdK ——
(2m)2R Je, K?—-k?2 (2m)2R J& K2 — k2
i eiKR
=——= | KdK ———
(27)2R /C K2 — k2
where é’+ extends from —oo to +oo and lies above the pole at K = —k and

below the pole at K = +k and C_ extends from —oo to 400 and lies below
the pole at K = —k and above the pole at K = +k and where C' = C+ C_is
the sum of the closed contour surrounding the pole at K = —k in the counter
clockwise direction and the closed contour surrounding the pole at K = +k
in the clockwise direction. We then find that

V2 + kG = / KdK 5 = 0

27T (27)2R
since no poles lie within the contour C.
Use the second Helmholtz identity in the time-domain Eq.(1.36b) to derive
Eq.(2.31b). Can Eq.(1.36b) be derived from Eq.(2.31Db) for dispersive media?
What does this say about the validity of this identity in the time domain for
dispersive media?

The frequency domain version Eq.(2.31b) of Eq.(1.36b) follows immediately
from the well-known relationship between a convolution of two functions and
the inverse Fourier transform of the product of the transforms of the two
functions:

/00 dt’" f(t —t")g(t') = 2i /00 dw F(w)G (w)e ™t

— 00 — 00

By the same argument the time-domain version Eq.(1.36b) of Eq.(2.31b) must
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2.8

2.9

also hold for dispersive media which means that the second Helmholtz iden-
tity in the time-domain Eq.(1.36b) holds for both dispersive as well as non-
dispersive media.

Show that if r € 7 that the back propagated field ®(r,w) defined in Eq.(2.33a)
can be expressed in terms of the free field propagator in the form

G(r—r',w) —Gp(r —r',w)— 8 U, (', w)].

fI)(r,(.u):—/a dS" U4 (v, w)=— 8 B

8 /
This follows immediately from the second Helmholtz identity Eq.(2.31b).
Verify that the contribution from the integral over the surface ¥, in the
derivation of Eqs.(2.43) vanishes.
We wish to show that

1:/2 4s' U (x' )2

B —G(r—1'w) —GJr(r—r’,r.u)i

877// UJF (IJ, (.())] = 0

To establish this result we use the asymptotic form for the outgoing wave
Green function and its normal derivative

. ikr’ / . ikr’

, 1 _pixt 0G4 (r —r',w) ik _ippp€

Gi(r—r' w)~——e , ~——c —
47 r! or! 47T r!

as ' — oo and which then yields

0 0
Gi(r—rw)zs UL (v, w) = Uy (r, W57 G +(r—1,w)
1 —q [f/,reik,r/ 8 .
~ —Ee k T{%UJ’,(IJ,W) —ZkU+(r/,w)}.

The bracketed term in the above equation will go to zero faster than 1/’
according to the SRC. It then follows on setting dS” = 7/2d2 that the integral
over Yo, will vanish and I = 0 as required.

2.10 State and prove the frequency domain version of the source decomposition

theorem 1.3.
The theorem in the frequency domain reads:

Theorem 2.1 (Frequency Domain Source Decomposition Theorem)
Let Q(r,w) be a square integrable source compactly supported within 7o. Then
this source can be uniquely decomposed into an NR component Qn,(r,w) and
a minimum norm component Q(r, w) such that

/ &1 Quy(r,w)Q(r,w) = 0
(V2 +k%Q(r,w) =0,
Qur(r,w) = [V + KAI(r,w),

where II(r,w) is a square integrable function supported in 7o that has contin-
uous first partial derivatives.
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The first statement of the theorem follows immediately from the corre-
sponding statement of Theorem 1.3 on the application of Parseval’s Theorem
while the second two statements follow from Fourier transformation of the
corresponding two statements of Theorem 1.3.

2.11 Show that by using a coordinate system translation along the z axis that the
RS solutions given in Eqs.(2.47) yield the solutions in Eqgs.(2.48) which are
valid for a boundary value plane z = zy with zp being arbitrary.

Although the solutions to the RS Dirichlet and Neumann boundary value
problems given in Eqgs.(2.47) assume that the boundary plane is the plane
z = 0, the general case of a boundary plane located at z = z is easily obtained
via a coordinate system translation along the z axis. In particular, if we note
that the arguments on the Green functions in Eqgs.(2.47) depend only on the
difference vector r — p’ we can translate the origin of the coordinate system
so that the data plane z = 0 gets translated to z = zp so that Eqgs.(2.47)
transform to Eqgs.(2.48).

2.12 Solve the one-dimensional inverse RS problem in the r.h.s. z > 27 in terms of
Dirichlet data on the line z = zy > z*. Compare this solution with the exact
field radiated by the source into this half-space.

We solved the one-dimensional RS problem in the r.h.s. for Dirichlet data
Up(w) specified at z = 0 in Example 2.7 where the solution was found to be

U(z,w) = Up(w)e™*=.

In the more general case where the source lies in the 1.h.s. 2 < 2 and Dirichlet
data on the boundary z = z; the solution in the half-space z > 2z is easily
verified to be given by

U(z,w) = U.., (w>eik(z—z+)'
We then find that
U(zo,w) = Uz, (w)eik(z[)fer) — Uz, (w) = U(Zo,w)eiik(zf)*z*)

and the (exact) solution of the inverse RS problem in the half-space z > 2T
is then

U(z,w) = U(zo,w)eiik(zof‘z*)eik(zf‘z*) = U( 2o, w)eik(z*z“).

2.13 Compute a one-dimensional non-radiating source distributed on the two points
z=z%.
The one-dimensional Green function was found in Example 2.2 to be given
by

) :_L ik|z—2|
Gi(z -7, w) 57 ¢

which yields the solution to the one-dimensional radiation problem
i 7

Uslzw) = =5 | d2/ Qe w)e™=,
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where the interval [27, 27| is the support of the source. The radiation pattern
is immediately found from the above solution to be
i [ i
flow) = —g7 [ 47 Qe = Qo w)e
where s = 41 in the r.h.s. and s = —1 in the 1.h.s. The condition for an NR
source then reduces to

Q(sk,w) =0, s==1.

+

For a one-dimensional source distributed on the two points z = z= we have

that
P
Q(Sk, w) _ / dZ/ [szs(z—z*)+Q+5(z—z+)]eﬂ'ksz/ _ Cgfe—iksz*_i_Cnge*ikszJr

where Q% are two functions of w. We then find that the NR condition becomes
Qieiiks'z* + Q+€7iksz+ = 0 S = :l:l

We can express the above condition in the matrix form

eikz7 eikzJr Q* B 0
e—ikz” e*iszr Q+ “lo|”
which will possess a solution if and only if

sink(z7 —2")=0— 2" — 2" =mg,

where m is an arbitrary integer.

2.14 Use the general procedure employed in Section 2.8 to compute the field ra-
diated by a source located in the Lh.s. in the presence of a Dirichlet plane (a
plane over which the field vanishes) at z = 0. Express your answer in terms
of a Dirichlet Green function.

We begin, as usual, with the equations satisfied by the Green function and
radiated field

[V?«/ + k2]G(I‘, I'/, w) = 5(1‘ - I'/),
[V + KU, w) = Q(r';w).
As boundary conditions we require that the radiated field satisfy the SRC
throughout the left-half-space z < 0 and homogeneous Dirichlet conditions
over the plane z = 0. If we also require that the Green function (as of now

un-specified) also satisfy the SRC in the L.h.s. then standard Green function
techniques yield the equation

U(r,w) :/ d?’r’G(r,r’,(.«))Q(I";(.u)—l—/a ds’ [U(r’,w)%G(r,r’,w)—G(r,r’,w)%U(r’,w)]

where it is assumed that r is contained in the l.h.s. (i.e., that z < 0) and
where J7 is the boundary plane 2z’ = 0.
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We now impose the physical requirement that the field satisfy homogeneous
Dirichlet conditions on the plane 2z’ = 0. This annihilates the first term in the
surface integral on the r.h.s. of the above equation. We can annihilate the
second term in this integral if we require that the Green function also satisfy
homogeneous Dirichlet conditions over this plane; i.e., if we select G to be
the Dirichlet Green function relative to this plane. Under this choice of Green
function we then find that the above equation reduces to

U(r,w) :/ d*r' Gp(r,r',w)Q(r;w), 2z <0, (2.2)

which is the radiated field throughout the half-space z < 0 that vanishes
on the boundary z = 0; i.e., is the solution to the radiation problem in the
presence of a perfectly conducting infinite plane located at z = 0. A completely
parallel development can be employed for the case where the field must satisfy
homogeneous Neumann conditions over an infinite plane.

2.15 Interpret the radiated field found in the previous problem in terms of a mirror
image source relative to the plane z = 0.

By substituting for the Dirichlet Green function we find that Eq.(2.2) can

be written in the form

Ut (rw) U (r0)

Ule.w) = [ @ 6o =1 Q) ~ [ @' Gule = F,0)Q( ),

where r/ is the mirror image of the source point r’ about the conducting plane.
The first term in the above equation is the normal radiated field Uy in an
infinite homogeneous medium having no physical boundaries. The second term
can be interpreted as the reflected (scattered) field produced by the perfecting
conducting infinite plane at z = 0. By noting that

r—r| = (z =22+ (y —y)> + (2 + 2)?

we can make the change of integration variable 2z’ — —2’ in the scattered field
term in the above equation to obtain

U (r,w) :_/ Br' Gy (r—1',w)Q(r;w) = _/~ Br' Gy (r—r',w)Q(r';w)

70

where 7p is the mirror image of the source region 79 about the plane z = 0 and
Q(r',w) = Q(z',y',—2') is the mirror image of the source itself. Under this
interpretation we see that the scattered field component of the total field is
the negative of the field that would be radiated into an infinite homogeneous
medium by the mirror image source about the conducting plane z = 0.

2.16 Determine a cloaking surface source over a closed surface 91 directly in the
frequency domain using NR surface sources constructed from the incident
wavefield and its normal derivative over the cloaking surface.

This is done in complete analogy to the time-domain construction employed
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in Chapter 1. In this case we base the construction on the Helmholtz identities
in the frequency domain in Section 2.5 so that the net field radiated into an
interior region 7y from a source located outside of 7y and the surface source
components satisfying the frequency domain version of Egs.(1.73) will be null.
2.17 Prove that the cloaking surface source found in the previous problem with the
incident wavefield replaced by the total wavefield (incident plus that generated
from the cloaked object) radiates an identical wavefield into the interior 7y as
that of the original surface source.
This proof follows identical lines as that employed in Problem 1.26 of Chap-
ter 1.
2.18 Give an argument why the surface source found in the previous problem also
cloaks the region 7p; i.e., both cancels the incident wavefield within 79 and is
NR outside of 7.
See solution of Problem 1.26 of Chapter 1.



