
1. (a) The maximum value of M is K − 1 because the rank of SB is at most K − 1.
(5 marks, K)

(b) Consider the term zn = xn − µ = (µk − µ) + (xn − µk). Then, we have

znz
T
n = [(µk − µ) + (xn − µk)] [(µk − µ) + (xn − µk)]T

= (µk − µ)(µk − µ)T + (xn − µk)(xn − µk)T+

(µk − µ)(xn − µk)T + (xn − µk)(µk − µ)T

Therefore, we have

ST =
K∑
k=1

∑
n∈Ck

znz
T
n

=
K∑
k=1

∑
n∈Ck

(µk − µ)(µk − µ)T +
K∑
k=1

∑
n∈Ck

(xn − µk)(xn − µk)T

+
K∑
k=1

∑
n∈Ck

(µk − µ)(xn − µk)T +
K∑
k=1

∑
n∈Ck

(xn − µk)(µk − µ)T

=
K∑
k=1

Nk(µk − µ)(µk − µ)T + SW +
K∑
k=1

(µk − µ)
∑
n∈Ck

(xn − µk)T

+
∑
n∈C1

(xn − µ1)(µ1 − µ)T + · · ·+
∑
n∈CK

(xn − µK)(µK − µ)T

=
K∑
k=1

Nk(µk − µ)(µk − µ)T + SW +
K∑
k=1

(µk − µ)(Nkµk −Nkµk)T

+ (N1µ1 −N1µ1)(µ1 − µ)T + · · ·+ (NKµK −NKµK)(µK − µ)T

=
K∑
k=1

Nk(µk − µ)(µk − µ)T + SW .

Because ST = SB + SW , the first term in the equation above must be SB.
(10 marks, E)

(c) (Option 1) The Lagrangian function can be written as

L(W, {λj}) = Tr{WTSBW} −
M∑
j=1

λj(w
T
j SWwj − 1)

= Tr{WTSBW} − Tr{WTSWWΛM −ΛM}



where ΛM = diag{λ1, . . . , λM} comprisesM Lagrange multipliers. Setting ∂L
∂W

=
0 and using the property of matrix trace derivative, we obtain

SBW − SWWΛM = 0

=⇒ SBW = SWWΛM

=⇒ (S−1W SB)W = WΛM

Therefore, W comprises the first M eigenvectors of S−1W SB and ΛM comprises
M eigenvalues in its diagonal elements.

(Option 2) To find wj, we write the Lagrangian function as:

L(wj, λj) = wT
j SBwj − λj(wT

j SWwj − 1)

Setting ∂L
∂w

= 0, we obtain

SBw − λSWw = 0

=⇒ SBw = λSWw

=⇒ (S−1W SB)w = λw

(1)

Therefore, the optimal solution of wj satisfies

(S−1W SB)wj = λjwj

Therefore, W comprises the first M eigenvectors of S−1W SB.

(10 marks, A)



2. (a) (i) Consider input vectors x = [x1 x2]
T and y = [y1 y2]

T. Then, we have

K(x,y) = (1 + xTy)2

=

(
1 + [x1 x2]

[
y1
y2

])2

= (1 + x1y1 + x2y2)(1 + x1y1 + x2y2)

= 1 + 2x1y1 + 2x2y2 + 2x1y1x2y2 + x21y
2
1 + x22y

2
2

=
[
1
√

2x1
√

2x2
√

2x1x2 x21 x22
]


1√
2y1√
2y2√

2y1y2
y21
y22


= φ(x)Tφ(y).

Therefore, vector x is mapped to φ(x) =
[
1
√

2x1
√

2x2
√

2x1x2 x21 x22
]T

,
which is a 6-dimensional vector. The decision boundary becomes linear be-
cause the output of the SVM can now be written as:

f(x) =
∑
i∈S

aiφ(x)Tφ(xi) + b,

which is linearly related to φ(x). (10 marks)

(ii) Because of the nonlinear cross-product terms xiyi, x1y1x2y2, and x2i y
2
i in

K(x,y), f(x) is nonlinear function of x.
(3 marks)

(b) Define a
(L)
1 =

∑
j w

(L)
j o

(L−1)
j as the activation of the output neuron.1 Then, the

instantaneous error gradident can be written as

∂E

∂w
(L)
j

=
∂E

∂a
(L)
1

∂a
(L)
1

∂w
(L)
j

= δ
(L)
1 o

(L−1)
j

1w
(L)
j also includes the bias term



where

δ
(L)
1 =

∂E

∂a
(L)
1

=
∂E

∂o
(L)
1

∂o
(L)
1

∂a
(L)
1

=
∂E

∂y

∂y

∂a
(L)
1

=

[
− t
y

+
1− t
1− y

]
h′(a

(L)
1 ) h(z) =

1

1 + e−z

=
−t(1− y) + (1− t)y

y(1− y)
h(a

(L)
1 )

[
1− h(a

(L)
1 )
]

= y − t ∵ y = h(a
(L)
1 )

⇒ ∂E

∂w
(L)
j

= (y − t)o(L−1)j

(6 marks, E)

(c) Consider the posterior density:

p(zi|xi,ω)

∝ p(xi|zi,ω)p(zi)

= N (xi|m + Vzi,Σ)N (z|0, I)

∝ exp

{
−1

2
(xi −m−Vzi)

TΣ−1(xi −m−Vzi)−
1

2
zT
i zi

}
= exp

{
zT
i VTΣ−1(xi −m)− 1

2
zT
i

(
I + VTΣ−1V

)
zi

}
.

Comparing the terms of this equation with

N (z|µz,Cz) ∝ exp

{
−1

2
(z− µz)

TC−1z (z− µz)

}
∝ exp

{
zTC−1z µz −

1

2
zTC−1z z

}
,

We have

C−1z = I + VTΣ−1V = L

C−1z µz = VTΣ−1(xi −m)

=⇒ µz = CzV
TΣ−1(xi −m)

= L−1VTΣ−1(xi −m)

= 〈zi|xi〉



Using the definition of covariance matrix: cov(z, z) = 〈xxT〉−〈x〉〈xT〉 and noting
that L is the posterior precision matrix, we have

〈ziz
T
i |xi〉 = L−1 + 〈zi|X 〉〈zT

i |xi〉.

(6 marks, A)


