Chapter 11

> with(plots):

Warning, the name changecoords has been redefined

1

> with (DEtools) :
> with(linalg):

Warning, the name adjoint has been redefined

Warning, the protected names norm and trace have been redefined and
unprotected

> with (plottools):
Warning, the name translate has been redefined

= Question 1

L (@)
| > sol:=dsolve({diff (y(t),h t)=beta*f (u)-beta* (1-xi)*y(t),y(0)=yO0}
lY(t))r
BC-1+8)1)
B fu) e (f(u) =y0+y08)
sol ==y(t)=— +
| -1+§ -1+§
| > solve (0O=beta*f (u) -beta* (1-xi) *ye,ye) ;
f(u)
i -1+¢
| > sol2:=collect(sol,y0);
B-1+8)1)
sol2 = y(1) =PI g fCu) L& f(u)
Y P e 148

> collect(sol2,exp(beta* (-1+xi) *t)) ;

y(t)=(y0+ f(u) je(ﬁ(—uém_ f(u)

| -1+§ -1+¢
L (i)

| Note that this expression is,

(-B(1-¢))
y(t)=ye+e (¥0 = ye)
where
f(u)
e =
| | and is asymptotically stable so longas B (1 =&)< 1.
=/ Question 2

| For the system
Y,_1=9+2(5-p,_,)
o (y,_;=6)

T, = 6
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L we can solve for p,.
| > expand(solve ((p-pl) /pl=alpha* ((9+(1/5)*(5-p1)-6)/6),p));

i 2 i ! 1?
+—apl ——o
L T

. We can solve for p as follows,
[ > solve (p=p+(2/3) *alpha*p-(1/30) *alpha*p”*2,p) ;

L 0,20
| which is independent of c.
" The difference equation in terms of p and o is given by,

2
2 ap,_
pt:f(pt—l)= l+—— P~

3 30

| whose stability we can investigate by considering,

[ > slope:=diff (pl+2/3*alpha*pl-1/30*alpha*pl”*2,pl) ;
1

slope =1+—-—o——aopl
P 35T s P

> egslope:=subs (pl=20,slope) ;

2
egqslope =1 — g o
> plot(l-(2*alpha/3) ,alpha=0..6) ;

1_

alpha
&

> solve(1l-(2*alpha/3)=0,alpha);

N | W

> solve(l-(2*alpha/3)=-1,alpha);
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] 3

[ > solve(l-(2*alpha/3)=1,alpha);
0

" Thus, the system is asymptotically stable if 0 < o0 < 3. The system converges steadily on

pe =20, if 0 <o < 3/2 an oscillates to equilibrium if 3/2 < o < 3. Beyond o = 3 the system
gives rise to an explosive oscillation. To see these alternatives let

L a=1{12,2,3.5}
(> £f:="f£":
[ > f£:=p->p+(2*p*alpha/3) - (alpha*p”*2/30) ;
2 1 5
pr%p+§paﬁ£ap

> £1:=p->subs (alpha=1.2,£(p));
i fl =p—subs(a=1.2,1(p))
[ > pathl:=seq([k, (£1@Qk) (10)],k=0..10):

| > plot([pathl],title="alpha=1.2",labels=["t","p(t)"])
alpha=1.2

201

187

124

- 10_"",L"",L""""‘L
[ > £2:=p->subs (alpha=2,f(p)) ;
| f2:=p—subs(a=2,1(p))

[ > path2:=seq([k, (£2Q@Qk) (10)],k=0..10):

| > plot([path2],title="alpha=2",labels=["t","p(t)"])
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>

>
>
>

alpha=2

201

181

12

10_ T T T T T T T T T

£3:=p->subs (alpha=3.5,£(p));

f3:=p—subs(a=3.51p))
path3:=seq([k, (£3QREk) (10)],k=0..10):

plot([path3],title="alpha=3.5",labels=["t","p(t)"]);

alpha=3.5
24

22

201

141

12]

101
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= Question 3

| Let
[ > A:=matrix([[-1.85, -10], [0.3, 011):

>
-1.85 -10
A=
i
> sol:=eigenvalues (3) ;
sol :=-.9250000000 + 1.464368465 I, -.9250000000 — 1.464368465 1
> Re(sol[1l]):;

-.9250000000
> Im(sol[1l]);

1.464368465
> Re(sol[2]);

-.9250000000
> Im(sol[2]);

| -1.464368465
. [ Clear that the real part of the complex conjugate roots is o = —.925.

=/ Question 4

| > pel:=solve(pe(t+l)=pe(t)+(1l-lambda)* (p(t)-pe(t)) ,pe(t+l));
i pel =p(t)—Ap(t)+Ape(r)
> collect(pel,p(t)):;
L (1=2)p(t)+ A pe(t)
> RHS:=array (0..3);
RHS :=array(0..3,[ ])
> for i from 0 to 3 do RHS[i]:=(l1-lambda) *p(t-i)+lambda*pe (t-1i)
od;

RHS, == (1-2)p(t)+Ape(t)
RHS, =(1-A)p(t=1)+Ape(t—-1)
RHS, :=(1-A)p(t=2)+Ape(t-2)
RHS; :==(1-MA)p(t-=3)+Ape(t—3)
> array([seq([RHS[i]],i=0..3)]);
(1=A)p(?) + A pe(?)
(1-A)p(t—1)+Ape(t—1)
(1=-A)p(t—=2)+Ahpe(t—2)
(1=A)p(t=3)+hpe(t—3)
> RHS[O0];

i (1=2)p(1) +Ape()
> RHS[1];

(1-A)p(t—1)+Ape(t—1)
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> simplify((l-lambda) *p (t) +lambda* ((1-lambda) *p (t-1) +1lambda*pe (
t-1)));
i p(1)=Ap(t)+p(t—1)A=p(t=1) A"+  pe(t-1)
> collect(p(t)-lambda*p(t)+p(t-1) *lambda-p (t-1) *1lambda”*2+lambda
*2*pe (t-1) ,{p(t) ,p(t-1)});
(1= p(t)+(A=2")p(t—1)+ A pe(t—1)
> collect((1-lambda) *p(t) + (lambda-lambda“*2) *p (t-1) +lambda”2* ( (1
-lambda) *p (t-2) +lambda*pe (t-2)) , {p(t) ,p(t-1) ,p(t-2)1});
(1= p(t)+(A=2)p(t= 1)+ X (1 =) p(t=2)+ A’ pe(t—2)
> collect((l1-lambda) *p(t) + (lambda-lambda”*2) *p (t-1) +lambda”*2* (1-
lambda) *p (t-2) +1lambda”3* ( (1-lambda) *p (t-3) +1lambda*pe (t-3) ) , {p
(t) ,p(t-1) ,p(t-2) ,p(t-3)});
(1=)p()+ A=A p(t= 1)+ A (1= p(t=2)+ A" (1=2)p(t=3)+ A" pe(t—3)
| This is the same as the expression
[ > (1-lambda) *sum( ( (lambda’k) *p (t-k) , k=0..3))+lambda*4*pe (t-3) ;
I (1=2)(p()+p(t— D) A+X p(t=2)+ A p(t=3))+ A  pe(t-3)
| Taking the series to the limit, we have

EtPt+1 =(1 _}‘)(2 }‘kpsz

L k=0
[ > solve (b* ((ep/p)-1)=a-M/p,p);

bep+M

| b+a

| > subs (ep=(l-lambda) *sum(lambda“k*p[t-k] ,k = 0 ..
infinity) , (b*ep+M)/ (b+a)) ;

b(l—k)[Zkkpth+M

k=0
L b+a
| Therefore,
b(1 —A)[Z )fpth
‘ k=0
P = +
L a+b a+b
=/ Question 5

=l

Setting ytd = yts =y, and solving for y, and p, under the assumption of fixed expectations. In
| what follows we let ep denote the expression E,_, p,.
> solpy:=solve({y=al0+al* (m-p) ,y=yn+bl* (p-ep)}, {y,p}):
a0 +alm—yn+blep a0 bl +al mbl+al yn—al bl ep
al +bl a al +bl }

solpy = {p =
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| Next we impose the money supply following a systematic component m = 0.
[ > subs (m=mu0,solpy) ;

al+al pn0—yn+bl ep a0b1+a1u0b1+a]yn—a1b1ep}

I 7 al + bl Y al + bl
| Since
a-y, a0 b E_, p,
p,= + +
a,+b, a +b, a,+b,
then
a,=y, a0 b E_,p,
E_,p~=

a,+b, " a,+b, F a,+b,
> solve (ep=(a0+bl*ep-yn+al*mu0) / (al+bl) ,ep) ;
a0+ al p0 —yn

al

or

aO_yn

E_ p= + u0
1
| Substituting this into the solution for y, we obtain

[ > solve({y=(a0*bl+al*muO*bl+al*yn-al*bl*ep)/ (al+bl) ,ep=(al+a
1*mu0-yn) /al}, {y,ep});
a0+ al p0—yn

lep= ,y=yn}
al

=G

[ > subs (m=mul+z,solpy) ;

al+al (WO+z)—yn+blep a0 bl +al (WO+z)bl+alyn—al bl ep
| - al + bl T al + bl ;
[ E,_ | p,is as before since £, | z,=0.
[ > solve({y=(a0*bl+al* (mu0+z) *bl+al*yn-al*bl*ep)/ (al+bl) ,ep=(
a0+al*muO-yn) /al}, {y,ep});

{pr

blyn+al bl z+al yn a0+a1u0—yn}

I & al + bl P al
| Or,
a; b,z
=y +
Y= a, +b,
Income deviates from its natural level only in so far as changes in the money supply are
|| unexpected.
=/ Question 6
(1)
Since
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0
rq:maxq{x(e)—ak—w—sq+(£qﬂ

and
(r+s+h(g,e))b
w=b+
A
then
0 + s+ h(qg, b
rq=x(e)—b—sq+(£qJ—minq[a7x+(r d k(q €)) }

Consequently the value of A which maximises r ¢ is that which minimises the expression

| in square brackets. Let this be denoted z. Then,
[ > z:=a*lambda+ (r+s+h(q,e)) * (b/lambda) ;

(r+s+h(qg,e))b
+
A

zZ.=a
"> diff(z,lambda) ;
(r+s+h(g,e))b
_ "

a

(> diff(z,lambda$2) ;

(r+s+h(g,e))b
2 ¥
| This last expression is positive. So the result of setting the first derivative to zero gives a

| minimum.
[ > solve(diff(z,lambda)=0,lambda) ;

«/a(r+s+h(q,e))b «/a(r+s+h(q,e))b

b

a a

" Ignoring the negative value of A, then

b
A= —q/r+s+h(q,e)
a

- (ii)
[ > solve ({w=b+ (r+s+h(q,e)) * (b/lambda) ,lambda=sqrt (b/a) *sqrt(r
+s+h(q,e))}, {w,lambda}) ;

b(\/gy/r+s+h(q,e) +r+s+h(q,e)J
b a
kz%¢r+s+h(q,e),w:
a
w=b+«/ab«/r+s+h(q,e)

b
\/i«/r+s+h(q,e)
a
" To solve for profit m(g, e) we note that,

n(q,e):MRPL—WZX(e)—aK—b—q/abq/r+s+h(q,e)
[ > simplify(x(e) -a*sqgrt(b/a) *sqrt(r+s+h(q,e))-b-sqrt(a*b) *sqr
t(r+s+h(qgq,e)));

| where w can be expressed,
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{ x(e)—a\/zx/r+s+h(q,e)—b—q/abq/r+s+h(q,e)
a

ie.,
{ n(q,e)zx(e)—b—2q/abq/r+r+h(q,e)

=/ Question 7
=l
[ > sol7:=solve({m=(u*v)~*(1/4), (m*q/v)=c},{m,v});

RootOf(¢ Z° —u q, label = L3)q
sol7 .= {v=

2

c

s (1/4)
u RootOf(c¢ Z" —u q, label= L3)q
m=
i c

[ > ### WARNING: allvalues now returns a list of symbolic

values instead of a sequence of lists of numeric values
allvalues (sol7) ;

(1/3) (1/3)
uq ugq
c c

(1/4)

y=—————————,m= ,

c c
(1/3) (1/3) (1/4)
uq (2/3) ugqg (2/3)

(‘—‘j -1) ¢ u(‘—‘) -1) ¢

c c

B c T c ’
(1/3) (1/3) (1/4)
uqg (1/3) ugq (1/3)
CE R I E7A RS
c c

B c T c

| Taking only the positive real value for v, we have
1
5
(quc) ¢q
V=

or
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| then h(g, e) is eqal to

(1/3)
q
_\Nc)

h = (2/3)

L L (l-e)
=] (iii)
"> diff(h,q);

1

W | —

(2/3)
2/3
(l—e)( )(EJ c
c

(1/3)
q
2 c

3 (1 _e)(5/3)

(> diff(h,e);

| [ which are both positive.

=l

[ > e:='e': s:="s': q:="q":
| Since

0
ae:(l—e)h(q,e)—se

| then
[ > edot:=(1-e)*h-s*e;

: > solve (edot=0,q);
3 3

s e ¢
i -l+e
| or
cs’ e
L 1= l-e
=/ Question 8
[>m:="m': u:="u': v:='v': e:='e': h:='h':
L ()
Given
m
m= uvand—q:c
u

and noting that u = 1 — e, then
( > solve ({ (sqrt(u*v) /u) *gq=c,u=1l-e}, {v,u});

(1/3)
1/3
edot:Z(l—e)( )(iJ -se
c

[ > h:=simplify((l-e)*(-3/4)*(q/c)”(1/3)*(1l-e)*(1/12));
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(um1 ey Lt

| Hence,

2
c

v:(l—e)(—j
q

[ (i)
[ > solve({h=sgrt(v/(l-e)) ,v=(l-e)*(c/q)*2},{h,v});
(-l1+e)c? ¢
v=——""5 " h=n ]}
i q q

c
Thus, h(g, e) =— and is independent of e.
L q

=/ Question 9

> a:='a': s:="s': beta:='beta': lambda:='lambda':
delta:="'delta': n:="'n': x:="x"':

> kdot:=s*a*k”“beta- (n+delta) *k;

kdot =sakP—(n+8)k
> para0:={a=2, s=0.2,beta=0.25,1lambda=0.05, delta=0.03,n=0.02};

paral :={a=2,s=2,=.25A1=.05,6=.03,n=.02}

> kdotO:=subs (para0, kdot) ;

kdot0 == 4 k* — .05 k
> solve (kdot0=0,k) ;

16., 0.

Since

0 _
X=yr 4, y=1f{k)=a ki’ ﬁfzﬁak(B K

> solve (x=a*k”“beta*r”(-1/4) ,r);

4
a* (k)
4
L X
[ > xdot:=(beta*a*k” (beta-1)+lambda-delta-n-a*4* (k*“beta)*4/ (x*4))
*x;
4
B-1) a* (k)
xdot :=|Bak +tA=0-n-—"(1"|x
L X

> xdot0:=subs (para0l,xdot) ;

| 16 -0
xdot0 :=| 50 ——— X
JRE

4
X

> solve (xdot0=0,x) ;

(1/4) (1/4) (714 D (1/4) (774 D

(1/4)  (7/4)
2 (k 212 (k) ,=220 (kY
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(1/4) (7/4) (/4

| 212 (k )
| The only positive real soltuion for x is
x=2.2

)

7]
4
k J
> evalf (2.*2~(1/4)* (k*(7./16)));
2.37841423() k4373000000
> solve ({x=2.378414230*k~.4375000000,k=16}, {k,x}) ;

{k=16., x = 8.000000000 }

| Equilibrium & is shown by the intersection of s f(k) and (n + §) k.
[ > initdiag:=plot({0.05*%k,0.4*k*0.25} ,k=0..30,colour=blue):
(> display(initdiag,labels=["k","y"]);

1.4-

1.2

0.8-

0.6+

0.4

0.2

T T T T T T T T T T T T T 1
- 0 40 45 fala) ne an

| The dynamics are shown by the direction-field diagram. In plotting this we first derive the
isoclines and plot these along with the equilibrium point. These are then superimposed on the
| direction-field diagram.

[ > xcline0O:=plot(2.378414230*k~.4375000000,k=0..40,colour=blue) :

| > display (xclineO) ;
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124

101

[a) A j PN j N AN
> linept:=[1line([16,0],[16,12],colour=blue) ,point([16,8],colour
=red) ] :
> display(xclineO,linept,labels=["k","x"]) ;

127

107

X6;

"> fieldd :=dfieldplot ([diff (k (t),t)=0.4%*k (t)~0.25-0.05%k (t) , diff
(x(t) ,£)=((0.5/(k(£)*0.75))-(16*k(t)/(x(t)*4)))*x(t)], [k(t),x

| (t)],t=0..1,k=0.1..40,x=0.1..12,arrows=SLIM, colour=green) :

| > display(fieldO,xcline0,linept,labels=["k","x"]);
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2y T T T 0 0N e
j;TTTT; T 1A N S
111111 T 1N NS oeeea o
o] TN N
1T L A
;;Tf?“TTT A A A AV A
5% L A A A A A A = A A v A S S (A A S
A A
117177z Ll el
xo [ L2 I
| S Z SR A L
;;flvila&‘ %iiiiiéi
VAN SERESS
2 ; SF - +- k3 +\ R 7 + T T T 7

0
H (i) Rise in s from 0.2 to 0.3
| > paral:={a=2, s=0.3,beta=0.25,1lambda=0.05,
delta=0.03,n=0.02};
paral = {s=3,a=2,=.25A=.05,0=.03,n=.02}
> kdotl:=subs (paral, kdot) ;

kdotl == .6 k> — .05k
> solve (kdotl=0,k) ;

0.,27.47314182
> xdotl:=subs (paral,xdot) ;

1 164"
xdotl :=| .50 — X

75 4
k X

[ > solve (xdotl=0,x);

(1/4) (1/4) (1/4)
(1/4)  (714) (1/4)  (7/4) (1/4)  (7/4)
22 (k ) ,212 (k ) ,—22 (k ) ,

74y (114 D

| 212 (k)
> evalf(2.%2.07(1/4)*(k~(7.0/16))) ;

2.378414230 k.4375000000

X
which is the same isocline as for ? =0.
t

> solve ({x=2.378414230*k~.4375000000,k=27.47314182}, {k,x});

{k=27.47314182, x = 10.13467644 }
> diagl:=plot({0.05*k,0.4*k"~0.25,0.6*k*0.25} ,k=0..40,1labels=
["k","x"],colour=blue) :
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2_

1.5

0.57

| > display(diagl) ;

- 0

124

104

XG*-

"> lineptl:=[line ([’ [16,12] r=blue), line ([27.473
82,0],[27.47314182,12] ,colour=blue) ,point([16,8] ,colour=re
d) ,point ([27.47314182,10.13467644] ,colour=red)]:

> display(linept,lineptl,xcline0,labels=["k",6"x"]);

0

fieldplot ([diff (k (t) 6%k () ~0.25-0.05%k (t

iff(x(t),t)=((0.5/(k(t)"0.75))-(16*k(t)/(x(t)"4)))*x(t)],[

"> fieldl:=d

141

), d
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>

>

k(t) ,x(t)],t=0..1,k=0.1..40,%x=0.1..12,arrows=SLIM, colour=g

reen) :

le="Rise in s");

Rise ins

ey TP T TN N e
SRR
AN s
ol T LN
A A AV A 144444
DR N |
o [ TS O e A
[ A A A~ I A U A A A S Y Y
B2 I i Ll
BN I I
I [ 725N L LL L
rf/ﬂ \SYX;'&?LL ¥ ¥ ¥ ¥ %
Bl R R
FLLH&
2F§]E£|E 111111

| )-space.
|=| (ii) A rise in n from 0.02 to 0.03

para2:={a=2,s=0.2,beta=0.25,1lambda=0.05,
delta=0.03,n=0.03};
para2 = {n=.03,a=2,5s=.2,=.25A=.050=.03}
kdot2:=subs (para2,6kdot) ;
kdot2 == 4 k* — .06 k
solve (kdot2=0,k) ;

12.54714705, 0.
xdot2:=subs (para2,xdot) ;

PR (T
xdot2 :=| .50 kJS-—.Ol - . X

X

solve (xdot2=0,x) ;
(1/4)

4 (7/4) (5/2) (13/4) 3.3

(=100 (k" + 125000 k& + 2500 k +50k ) (—=6250000 + &) )

2.

—-6250000 + &°

9

:> display(fieldl,xclineO,linept,lineptl, labels=["k","x"], tit

k
NMemMaﬂ%hmsMﬂmmWsﬂkﬁn%dwwmmmﬂoﬂy%c;;zOEmhmhﬂhx
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; (1/4)

250k "Y) (26250000 + £) )

_ 4 (7/4) (5/
2.1(-100 (K*+ 125000k  +2500k ~ +50k
—-6250000 + &

4 (7/4) (5/2) (13/4) J 3 (/4
, (100 (K + 125000 K+ 2500 K™ 7+ 50K ™) (-6250000 + ') )

—-6250000 + k°

2

4 (714) (5/2) (13/4) N (1/4)
2. 7(=100 (K + 125000 & +2500 &+ 50 8 ') (6250000 + ) )

—-6250000 + &
> solve ({x=-2.*sqrt(10) * (- (2500%k* (5/2) +50*k* (13/4) +k*4+1250
00*k~ (7/4))* (-6250000+k*3) ~3)~(1/4) / (-6250000+k*3) ,k=12.54
714705}, {k,x});
{k=12.54714705, x = 7.454832733 }
> diag2:=plot({0.05%k,0.06*k,0.4*k*0.25},k=0..40,labels=["k"
,"x"],colour=blue) :

:> display (diag2) ;

0.57

> xcfinez:=plot(—2flsqrt(10)*(i72500*kA(5/2{?50*kA(13/4)¥EA4
+125000%k~ (7/4) ) * (-6250000+k*3) A3) ~ (1/4) / (-6250000+k*3) , k=
0..40):

> display(xcline2) ;
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121

101

> 1{hept2:=[1ine(iis,01,[16,1zfjcolour=b1uef}1ine([12.54ii47
05,0],[12.54714705,12] ,colour=blue) ,point([16,8] ,colour=re
d) ,point ([12.54714705,7.454832733] ,colour=red) ]:
> display(linept,linept2,xcline0,xcline2,labels=["k",6 "x"], ti
tle="Rise in n");
Riseinn

12_,

10i

(> field2:=dfieldplot ([diff (k (t),t)=0.4%k (t)A0.25-0.06%k (t) ,d
iff(x(t),t)=(-0.01+(0.5/(k(t)~0.75))-(16*k(t)/(x(t)"4)))*x

261



(t)],[k(t) ,x(t)],t=0..1,k=0.1..40,x=0.1..12,arrows=SLIM, co
| lour=green) :
| > display(field2,linept,linept2,xcline0,xcline2,labels=["k",
"x"],title="Rise in n");

Rise inn
127 IR Y
l TTTE T8 8~
x rrT I R R
10- B A i
BEEEEEBEARS A N aN
DR R NN e
ol [T 1 [ 7 LA AL LSS LS
T LT I A N AN A
T N O A O A A
%1TTf T B L A A A
1 1 [ 7 O Y A O A A
r;f¥ ! 4$$$iilii
ﬁfﬁL : iii
TR ; [N

Note that a rise in n ShlftS only (n + 8) kin (k, y)-space but shifts both isoclines in (k, x
| L )-space.
ﬂ (iii) A rise in technology (a rise in a from 2 to 5)
| > para3:={a=5,s=0.2,beta=0.25,1lambda=0.05,
delta=0.03,n=0.02};
para3 = {s=.2,p=.25A1=.05,0=.03,n=.02,a=5}
> kdot3:=subs (para3,6 kdot) ;

| kdot3 = 1.0 k* — .05k
[ > solve (kdot3=0,k) ;

| 0., 54.28835233
| > xdot3:=subs (para3,xdot) ;

] &5#“]
X

xdbﬁ:2(125k75— x4

> solve (xdot3=0,x) ;
(1/4) (1/4) (1/4)
(1/4)  (7/4 (1/4)  (7/4) (1/4) (714
so0 "y rso0t Y Ty ss00 Y ATy

(174)  (7/4) (174)

—1500 (k)

> solve ({x=(500~(1/4))* (k*(7/16)) ,k=54.28835233}, {k,x}) ;
{x=27.14417617, k = 54.28835233 }

"> diag3:=plot ({0.05%k,0.4%k"0.25,k~0.25},k=0..60,labels=["k"
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L ,"x"],colour=blue) :
| > display(diag3) ;

3_

2.51

0.57

T T T T T T T T T T T T T 1
40 r e = falal

= 0 I I [alal [aTal AN | =tn}
[ > xcline3:=plot (500~ (1/4)* (k~(7/4))~(1/4) ,k=0..60):
| > display(xcline3) ;

251

201

151

104

> linept3:=[line([16,0],[16,30],colour=blue),bline([54.288352
33,0],[54.28835233,30] ,colour=blue) ,point([16,8] ,colour=re
d) ,point ([54.28835233,27.14417617] ,colour=red)]:
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| > display(linept,linept3,xcline0,xcline3, labels=["k","x"], ti
tle="Rise in technology") ;
Rise in technology

301
257
201

X151

I

> field3:=dfieldplot ([diff (k(t),t)=k (t)*0.25-0.05%k (t) ,diff (
x(t),t)=((1.25/(k(t)"0.75))-(625*k (t) / (x(t)"4))) *x(t)], [k(
t) ,x(t)],t=0..1,k=0.1..60,x=0.1..30,arrows=SLIM, colour=gre

|  en):

| > display(field3,linept,linept3,xcline0,xcline3, labels=["k",

"x"],title="Rise in technology") ;
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" Note that a rise in techtiblogy shi
| k, x)-space.

Rise in technology
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=/ Question 10

4

>

parad = {A=.06,a=2,5s=.2,0=.25,8=.03,n=.02}
kdot4d :=subs (para4,kdot) ;
kdot4 .= 4 k* - .05k
solve (kdot4=0,k) ;
16., 0.
xdot4 :=subs (para4, xdot) ;

16 k%

4
X

1
xdot4 :=(.507+ .01 - X
k.

solve (xdot4=0,x) ;
(1/4)
(1/4) (5/2) (13/4) 4 (7/4) 3.3
100 ((2500 k -50k + k"= 125000 k ) (—6250000 + k) )

b

6250000 + &°

(1/4) (5/2) (13/4) 4 (7/4) E (1/4)
2.1100 ((2500 k£ -50k% + k" — 125000 k ) (—6250000 + &) )

—-6250000 + k°

fis only s f(k) in (, y)-space but shifts both isoclines in (

| This is a continuation of the previous question and we shall identify all plots with the number

:> parad:={a=2,s=0.2,beta=0.25,1lambda=0.06, delta=0.03,n=0.02};
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; (174)

(1/4) (5/2) (13/4) 4 (7/4) 3
, 100 ((2500k  ~ —50k +£*=125000k ) (—6250000 + &) )
' —6250000 + &> ’
(1/4)
(1/4) (5/2) (13/4) 4 (7/4) 3.3
2.7100 ((2500k =50k +k* = 125000k ) (6250000 + £°) )
—-6250000 + k°

:> solve ({x=-2.*sqrt (10) *( (2500*k" (5/2) -50*k~ (13/4)+k~4-125000*k
~(7/4))*(-6250000+k"3)~3)~(1/4)/(-6250000+k*3) ,k=16}, {k,x}) ;

I (x =7.708599627, k = 16.}
" Since a change in A affects neither (# + 8) k nor s f(k), then there is no change in equilibrium

k, and the diagram in (&, y E =0

| iscoline shifts.

[ > xclined:=plot(-2.*sqrt(10)*((2500*k* (5/2)-50*k* (13/4) +k*4-125
| 000*k~(7/4))*(-6250000+k~3)*3)~(1/4)/(-6250000+k*3) ,k=0..30):
| > display(xclined) ;

101

> lineptd:=[line([16,0],[16,12],colour=biue),point ([16,8],colou
r=red) ,point ([16,7.708599627] ,colour=red)]:

> display(linept,linept4,xcline0,xcline4,labels=["k","x"], title
="Rise in lambda") ;
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124

107

Rise in lambda

///////

(> field4:=dfieldplot ([diff (k(t),t)=0.4%k (t)*0.25-0.05%k (t) ,diff

(x(t) ,t)=((0.014+0.5/(k(t)"~0.75))-(16*k(t)/(x(t)"4)))*x(t)], [k
(t) ,x(t)],t=0..1,k=0.1..40,x%x=0.1..12,arrows=SLIM,colour=green

) .

:> display(field4,linept,linepté4,xcline0,xcline4, labels=["k",6 "x"

],title="Rise in lambda") ;

Rise in lambda
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dx
ThmﬁemKQMKﬂm;;=OBmmwdmmLammmmmkmmMMaﬂ6kaammmmms

falls from 8 to 7.7. The economy's trajectory, therefore, is vertically down from one
equilibrium to the other.

=] Question 11
> A:='"A':B:='B':C:='C':DD:='D':EE:="EE' :FF:="FF':G:='G':H:="H':
{ J:='J"':
(i) and (ii)
[ > A:=(-alpha* (a+iO+g)/ (1-b* (1-t)+(k*h/u)))+alpha*yn;

a(a+i0+g)
A=- + o yn
kh

l=b(1-1)+—
u

> B:=-alpha* (h/u)/(1-b* (1-t)+ (k*h/u)) ;
oh
B:=-

afrsio0e
ul 1-b(1-t)+—
| u

> C:=-((alpha*h/ (1-b* (1-t)+(k*h/u)))+1);

ah
C:=- -1

k h
1-b(l—t)+—
u

> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5,u=
5,alpha=0.2,beta=0.05},A) ;
133.3333333
> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5 ,u=
5,alpha=0.2,beta=0.05},B) ;
-.1904761905
> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5,u=
5,alpha=0.2,beta=0.05},C) ;
-1.952380952
> solve (0=133.3333333-.1904761905*ms-1.952380952*pie,pie) ;

68.29268292 — .09756097564 ms

. Since D and E are protected, we call the coefficients DD, EE and FF respectively.
[ > DD:=(alpha*beta* (a+i0+g)/ (1-b* (1-t)+ (k*h/u)))-alpha*beta*yn;

ap(a+i0+
DD = b g;-—aﬁyn

l=b(l-1)+—
u

:> EE:=alpha*beta* (h/u)/ (1-b* (1-t)+(k*h/u)) ;
oph
EE =

o0+
ul 1-b(1-t)+—
L u
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> FF:=alpha*beta*h/ (1-b* (1-t)+ (k*h/u)) ;
oph

FF =
kh

1-b(1-t)+—

u

> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5,u=
5,alpha=0.2,beta=0.05},DD) ;
-6.66666667
> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5 ,u=
5,alpha=0.2,beta=0.05} ,EE) ;
.009523809524
> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5,u=
5,alpha=0.2,beta=0.05},FF) ;
04761904762
> solve (0=-6.66666667+.9523809524e-2*ms+.4761904762e-1*pie,pie)

4

140.0000001 — .2000000000 ms
> solve ({0=133.3333333-.1904761905*ms-1.952380952*pie,0=-6.6666
6667+.9523809524e-2*ms+.4761904762e-1*pie}, {ms,pie}) ;

{ ms = 700.0000009, pie = -.1140000001 10 }
> mA:=matrix ([[-.1904761905,-1.952380952],[.9523809524e-2,.4761
904762e-111) ;

ﬂz[ -.1904761905 -L952380952}
" 7009523809524 04761904762
> trace(md) ;

-.1428571429
> det (ma) ;

.009523809524
> eigenvals (mA) ;

-.07142857144 + .06649638111 1, -.07142857144 — .06649638111 [
> eigenvects (mA) ;

[-.07142857148 + .06649638110 7, 1, {[-6.982120019 — 12.50000000 7, 0.+ 1. 7]} ],
| [-.07142857148 — .06649638110 1, 1, {[-6.982120019 + 12.50000000 7, 0. — 1. 7]} ]
(iii)
> G:=(k/u)*(a+i0+g)/(1—b*(1—t)+(k*h/u));
k(a+i0+g)

ul 1=b(1—1)+—
u

(> H:=((h/u)* (k/u) / (1-b* (1-t) + (k*h/u) ) ) - (1/u) ;

hk 1
H:= -

2( khJ u
Wl l=b(1-t)+—
u

G:=
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> J:=(k*h/u)/ (1-b* (1-t)+(k*h/u));
kh

u| 1=b(1-t)+—
u

> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5,u=
5,alpha=0.2,beta=0.05},G) ;
116.6666667
> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5 ,u=
5,alpha=0.2,beta=0.05},H) ;
-.1523809524
> subs ({a=100,b=0.8,i0=600,yn=3000,g=525,t=0.25,k=0.25,h=2.5,u=
5,alpha=0.2,beta=0.05},J);
2380952381
> solve (0=116.6666667-.1523809524*ms+.2380952381*pie,pie) ;

—490.0000001 + .6400000001 ms
> traj:=phaseportrait(
[D(m) (t)=133.3333333-.1904761905*m(t)-1.952380952*x(t) ,D(x) (t
)=-6.66666667+.9523809524e-2*m(t)+.4761904762e-1*x(t)],
[m(t) ,x(t)],t=0..100,
[[m(0)=625,x(0)=0]1],
m=600..800,x=-5..5,
stepsize=.05,
linecolour=blue,
arrows=SLIM,
thickness=2) :
> lines:=plot({68.29268292-.9756097564e-1*m,140-0.2*m} ,m=600. .8
00, colour=black, thickness=2):
| > display(traj,lines);

J =
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=l Questlon 12

)
| Since
AM AM M MM
——=—"—x—=——then
P M P P
In(S)=In(A)+m—-p
=In(A)-amn sincen’ =7
Hence,
L In(S)=In(A)—aA
(ii)
> solve(diff (1n(lambda)-alpha*lambda,lambda)=0,lambda) ;
1
B o

271



