
De Jong and Heller GLMs for Insurance Data Chapter 5 Solutions

Chapter 5: Generalized Linear Models

5.1 Show that E{ ˙̀(β)} = 0.

˙̀(β) =
∂ ln f(y)

∂β
=

1
f(y)

∂f(y)
∂β

using the chain rule. (1)

Its expected value is

E{ ˙̀(β)} =
∫

˙̀(β)f(y) dy

=
∫

1
f(y)

∂f(y)
∂β

f(y) dy

=
∫

∂f(y)
∂β

dy

=
∂

∂β

∫
f(y)dy

= 0 since
∫

f(y)dy = 1 .

5.2 Show that I = E{ ˙̀(β) ˙̀′(β)}.

We assume firstly that β is a scalar. In Exercise 5.1, we showed that E{ ˙̀(β)} = 0.
Therefore ∂

∂β E{ ˙̀(β)} = 0 , and

0 =
∂

∂β

∫
˙̀(β)f(y) dy

=
∫

∂

∂β

{
˙̀(β)f(y)

}
dy (exchanging the order of integration and differentiation)

=
∫ {

῭(β)f(y) + ˙̀(β)
∂f(y)
∂β

}
dy

=
∫

῭(β)f(y)dy +
∫ {

˙̀(β)
}2

f(y)dy (substituting
∂f(y)
∂β

= ˙̀(β)f(y) from (1))

= E{῭(β)}+ E[{ ˙̀(β)}2] . (2)

When β has dimension p, then ˙̀(β) is of length p, and equation (2) becomes

0 = E{῭(β)}+ E{ ˙̀(β) ˙̀(β)′}
and

I = −E{῭(β)} = E{ ˙̀(β) ˙̀(β)′} .

5.3 Show that the deviances of the binomial, gamma, inverse Gaussian and negative binomial
distributions are as given in Table 5.2.

We will need the following (from Section 3.4):

θ a(θ) ȧ(θ) θ̌i θ̂i φ

Binomial ln π
1−π n ln(1 + eθ) = −n ln(1− θ) neθ

1+eθ ln yi

ni−yi
ln π̂i

1−π̂i
1

Gamma −1/µ − ln(−θ) = ln µ −1/θ −1/yi −1/µ̂i 1/ν

Inverse Gaussian − 1
2µ2 −√−2θ = − 1

µ
1√−2θ

− 1
2y2

i
− 1

2µ̂2
i

σ2

Negative binomial ln κµ
1+κµ − 1

κ ln(1− eθ) = 1
κ ln(1 + κµ) 1

κ
eθ

1−eθ ln κyi

1+κyi
ln κµ̂i

1+κµ̂i
1
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Equation (5.11) states

∆ = 2
n∑

i=1

{
yi(θ̌i − θ̂i)− a(θ̌i) + a(θ̂i)

φ

}
.

Binomial

∆ = 2
n∑

i=1

yi(ln yi

ni−yi
− ln π̂i

1−π̂i
)− ni ln(1 + yi

ni−yi
) + ni ln(1 + π̂i

1−π̂i
)

1
ni

= 2
n∑

i=1

ni

{
yi ln

yi

ni − yi
− yi ln

π̂i

1− π̂i
+ ni ln(ni − yi)− ni ln(1− π̂i)

}

= 2
n∑

i=1

ni

{
yi ln

yi

π̂i
+ (ni − yi) ln

ni − yi

1− πi

}
.

Gamma

∆ = 2
n∑

i=1

yi(− 1
yi

+ 1
µ̂i

)− ln yi + ln µ̂i

1
ν

= 2ν
n∑

i=1

{
yi − µ̂i

µ̂i
− ln

yi

µ̂i

}
.

Inverse Gaussian

∆ = 2
n∑

i=1

yi(− 1
2y2

i
+ 1

2µ̂2
i
) + 1

yi
− 1

µ̂i

σ2

=
1
σ2

n∑

i=1

y2
i − 2yiµ̂i + µ̂2

i

µ̂2
i yi

=
1
σ2

n∑

i=1

(yi − µ̂i)2

µ̂2
i yi

.

Negative binomial

∆ = 2
n∑

i=1

{
yi

(
ln

κyi

1 + κyi
− ln

κµ̂i

1 + κµ̂i

)
− 1

κ
ln(1 + κyi) +

1
κ

ln(1 + κµ̂i)
}

= 2
n∑

i=1

{
yi ln

κyi

κµ̂i
− yi ln

1 + κyi

1 + κµ̂i
− 1

κ
ln

1 + κyi

1 + κµ̂i

}

= 2
n∑

i=1

{
yi ln

yi

µ̂i
− (yi + 1/κ) ln

yi + 1/κ

µ̂i + 1/κ

}
.

5.4 Show that the Anscombe residual for the Poisson distribution is

3
(
y

2/3
i − ŷ

2/3
i

)

2 ŷ
1/6
i

.

For the Poisson, V (µ) = µ. Therefore h(y) is chosen such that

h(y) =
∫

µ−1/3 dµ =
3
2

y2/3 .

September 12, 2007 2



De Jong and Heller GLMs for Insurance Data Chapter 5 Solutions

Also, ḣ(ŷi) = ŷ
−1/3
i and

√
V (ŷi) = ŷ

1/2
i . This gives the Anscombe residual as

3
2 y

2/3
i − 3

2 ŷ
2/3
i

ŷ
−1/3
i ŷ

1/2
i

=
3

(
y

2/3
i − ŷ

2/3
i

)

2ŷ
1/6
i

.
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