Hints and Solutions to “Semigroups of Linear Operators with
Applications to Analysis, Probability and Physics”, by David
Applebaum

Chapter 1

1. (a) Forallte€[0,T],M,N e NNM <N

<3 S

n=M

From this we see that the series of interest is uniformly Cauchy,
hence uniformly convergent on [0,7]. Absolute convergence fol-
lows from the fact that > oo o &||A||" = e'll4Il,

(b) (S2) is obvious and (S1) is proved in the same way as e
for a,b € R. For norm continuity

at+b __ eaeb

T, — 1]| < Z—||A||" =l -1 5 0ast—0.

(c) Spectral theory defines 't = [, edE(X), where (E(A),\A € R)
is a resolution of the identity. Then for all ¢, € E, by Fubini’s
theorem,

(4, 4) = / eN(E(N)@, )
_ / ZW A6, )
- Z;—”/w ()6, )

= 3
Rran

n=0

and the result follows. With suitable domain restrictions, a similar
argument holds in the case where A is unbounded and self-adjoint.



2. (RI1) In the definition of the integral, just observe that if a =ty < t; <
o <ty < tnpy1 = bis a partition of [a,b], then a+c=tg+c < t;+c <
oo <ty + ¢ <tpy1 +c=b+ cis a partition of [a + ¢, b+ c].

(RI2) Choose a partition in which ¢ is one of the points.

(RI3) For any € > 0 there exists a partition a =ty < t; < --- < t, <
tni1 = b so that

b n+1
JRCIED SRR

< €/2,

where t;_; < u; < tj, forall j = 1,...,n 4+ 1. Since the mapping
t — ||®(t)|| is continuous, there exists a partition a = sg < §1 < -+ <
Sm < Sm+1 = b so that

b m+1
/ [@(s)llds = > [19(v)][(s5 = 55-1)| < /2,
a le
where s, < v; < s;, for all j =1,...,m + 1. Taking the common

partition, we can then assert that there exists a partition a = ry < r; <
coo <1y < ryy1; = bso that

‘ /abcb(s)ds

N+1

Z P (uy)(ry —rj-1)

N+1

< Z @ (uy)[|(rj —rj-1) +€/2

< +¢/2

b
< [ ees)ds+e

and the result follows.

(RI4) By continuity, given any ¢ > 0 there exists 6 > 0 so that if
t <s<t+d,then ||®(s) — D(t)|| < €. Define F(t) := f(f ®(s)ds, then
if0<h<d, F(t+h)—F(t) = ["T"®(s)ds,

—Jt

HF(H’ZZ—F“) - <I>(t)H < %/tHhH@(s) —®(1)]|ds < e,

and the result follows.



(1.3.6) follows by using partitions, and the fact that

n+1 n+1

XZ¢(U1)(tj —tj1) = ZX‘I)(Uj)(tj —tj-1).

. Suppose that D is a dense subspace of E, and lim;_q ||Ty) — ¢|| = 0
for all v € D. Now given any ¢ € E, and ¢ > 0 there exists ¢ € D so
that ||¢ — ¢|| < e. Then for t <1 (using (1.2.4)

ITvo = ¢oll < [[Ti¢ — T[] + || T — &[] + || — 9|
< (I + Dl = ol + [[Teh — 4]
< Clly =9l + |ITe — ¢l

where C':= M (e* V 1) + 1, and the result follows.

. In Cy(R) this follows immediately by the fact that all functions therein
are uniformly continuous. In LP, we choose D = C.(R) and f € C,.(R)
with supp(f) = K. Then K is bounded so there exists A > 0 such that
|r] < Aforallz € K. Henceif 0 <t < 1,|z+t| < A+1forallz € K.
Since all functions in C.(R) are uniformly continuous we have

ITf - fl = /R o+ 1) — fla)Pde
< 2supl|f(z+t)— f(z)[(A+1) > 0ast—0.

zeR

. For the case of S+ T, let (¢,,n € N) be a sequence in Dy which
converges to ¢ € F, and such that the sequence ((S + T)¢,,n € N)
converges to ¢ € E. Now S is bounded and so SvY,, — SvY as n — oo.
Hence T, — ¢ — Sy, But T is closed, and so ¢ € Dg,.7 = Dr and
¢ = (S + T)1. The result follows.

For the case of ST, let (1,,n € N) converge to 1, as before and as-
sume that (STY,,n € N) converges to x € E. If S = 0 the result is
obvious, so assume this is not the case. The sequence (ST,,n € N)
is Cauchy, hence given any ¢ > 0, there exists N € N such that if
mon > N,|IST(m — )|l < e But then [T — w)l| < €/|IS]I
So (T¢n,n € N) is Cauchy, hence convergent to £ € E (say). Now
T is closed, hence v € Dy and & = T%. But S is bounded and so
(ST, n € N) converges to ST, and we are done.

If T is closable, then so are S 4+ T and S7T. T'S only has meaning if
Ran(S) € Dom(T'). In that case, if T' is closed, then T'S is closed, by a
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6.

similar argument to that given above. But Dom(7'S) =Dom(T") = E,
and so T'S is bounded by the closed graph theorem. A variation on
the same argument establishes that T'S is bounded, even if 7' is only

closable.

(a) (S1) and (S2) are easy. (S3)’ follows from writing, for ¢ € E,

1 2 2
NTTPy — || < |1TONNTE 0 — )| + 1T — ],

and using ||T\”|| < Mye!® within the first term.
(b) For w € DA1+A27 use

_|_

T(l)T(Q) _
%M — Ay — Agt)
T(2) -
7" (— bV —Az@b)‘
T(l) _
= A |+ 1T A - A,

and again apply ||T{"|| < Mie' within the first term.

7. As (e7 t > 0) is a Cy—semigroup in R, then (e=“I,t > 0) is a Cp—
semigroup in E and the fact that (T;,¢ > 0) is a Cy—semigroup is a
direct consequence of Problem 6. The generator is A — ¢l with domain

8.

Dy.

(a) Let (f,) is any sequence in D converging to f € E. For m,n € N,

from which we deduce that the sequence (Af,,) is Cauchy, hence
convergent. Let h = lim,,_,,, Af,. We define the required exten-
sion by Af = h. It is clearly well-defined, for if (g,,) is any other
sequence in D converging to f then

I|Af, — Agnll < K||fn — gn|| = 0 as n — co.

It is bounded as

AI| = tim [|Af]| < & lim [1£.]] = K1/

Finally it is straightforward to check that A is linear.
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(b) If A is densely defined, then D4 = E, but if D4 is closed then
Dy =Dy.

(c) If the semigroup is norm continuous, then its generator A is bounded
and hence Dy = E which is closed. Conversely if D, is closed,
then Dy = E by (b). But A is closed, so its graph G4 =
{(¢p, Ap);1p € E} is closed. Hence by the closed graph theorem,
A is bounded, and so generates a norm continuous semigroup.

9. Suppose that (¢, X1,) is a Cauchy sequence under the graph norm
where 1, € Dx for all n € N. Then it is easy to see that (¢,) and
(X1),) are both Cauchy sequences in E. But then v, — ¢ € E and
XY, - ¢ € E as n — co. However X is closed and so ¥ € Dx and
¢ = X1. But then (¢, X,) converges to (¢, X)) € Gx as n — o
(with respect to the graph norm), and the result follows.

10. The result holds for n = 1 by Theorem 1.5.1 (2). Suppose it is true for
some n € N, then for f € E, by (1.3.6) and Fubini’s theorem

00 0 n—1
RIHLf = / e T, / t—'e_ZtTt fdtds
0 o (n—1)!
[ o=
= e
o Jo (n—=1)!
oo tnfl [e'e)
= —_— e *“T, fdudt
/0 (n—1)! /t
= / t—e_Ztthdt,
0

AT, fdtds

n!

where we used integration by parts to obtain the final line.
Chapter 2

1. (a) By Lemmas 2.1.1 and 2.1.2, we have
| ARz — z|| = ||[AR)x|| — 0 as A — 0.

(b) This is true for n = 1. Now assume it holds for some n € N. Now
if v € Dpgn—1, Ryxx € D gn for

A"Ryz = AR\A™ 'x = A" o + AR VA" .

Now given any y € E and € > 0, by hypothesis there exists x €
D gn-1 such that ||z —y|| < €/2, and by (a), for sufficiently large A,
[|ARxz—z|| < €/2. Hence by the triangle inequality, |[ARyz—y|| <
€, and the result follows.



2.

D.

Recall the definition of the dissipativity set £x. We will show that if
(f,¢) € Ex then ¢ = f. Let ¢ € H =V @ V+, where V :=linspan{f},
s0 ¢ = \f +1, where ¢» € V. We must have (f, ¢) = 1, which holds if
and only if A = 1. We must also have ||¢||*> = || f||* + ||¢||* = 1, which
holds if and only if ©» = 0. The result follows.

(a) = (b). First observe that
RN = X)f, f) = =R, ) + ROIFI? = ROV
Then by the Cauchy—Schwarz inequality,

AL = X)fIIfIT = RAM = X) [, )
> RSP

(b) = (c) is obvious.
(c) = (a).

NP < I = X)fI)?
— 2P = 20R(XS, F) + | X f])?

and so for all A > 0, || X f||? > 2AR(X [, f). If R(X [, f) > 0, we can
just take A > || X f||?/2AR(X f, f) to obtain a contradiction.

NX DS < (X = 1) f]] if and only if [[(X + 1) f[[* < [|(X = 1) f|[* if

and only if (after expanding) 2R(X f, f) < —2R(X f, f), and the result
follows.

(a) This follows from V;V_, =V_,V, = I.

(b) The fact that (777, > 0) and (7, ,t > 0) are Cy—semigroups
is easy. We only compute the generator of (7, ,¢ > 0), as the
argument for (7,5, ¢ > 0) is similar. For all ¢ € Dp,

=y Vo=
hm _— = hm _—
t—0 t t—0 t
= —lim V-w-¢ = —DB.
t—0 —t

For all s,t > 0,

TIT, =V,Vo, = V.V, =T, T



6.

(c) Applying the Feller-Miyadera—Phillips theorem to (7", ¢ > 0), we

have {A € C;R(A > a} C p(B) and for all A > a,

IRB < o
We have A € —p(B) if and only if —\ € p(B) since

R_\(B) = (-\[ = B)' = —(\[+ B)™ = —Ry(B),
so {A € C:R(\) < —a} C p(—B) = —p(B) and for A\ < —a,

" . MM
IRA(B)[I" = [[R-A(=B)[|" < ESm i YT

(a) As stated in the question, this is just the proof of Theorem 2.2.1.
(b) This follows by a (careful) limiting argument from the easily checked

fact that for all s, > 0,

eSBAet(—B))\ _ et(_B))‘QSB)‘.

(c) We obtain a Cj semigroup by Problem 1.6, and the action of the

generator on Dg is B+ —B = 0. It then follows that for all ¢ > 0,
T =TT =1

as required.

(d) This is now straightforward, for example to establish the group

property in the case where t > 0,5 < 0,t 4+ s > 0, observe that

‘/t‘/t‘? = ,I?T:s = ,I;‘/isTjsT:s = 77tJfks = ‘/tJrS'

7. Using the Cauchy—Schwarz inequality for both sums and integrals, we



get
| Blu, v]]

/Zm ) 18:(z) |050(x) | d +

z]l

+ [ Z|b;<x>||aiu<x>||v<x>|dx+ [ @iz

d 2 d %
/U< i ( > (ZWM(SL‘)F) (ZI@W)) dx +

i=1 j=1

+ /(ZW ) <Z|8u > v(z)|da
" / (@) u(@) ()| dz
= (ZH%H@) (/UZI@U(JI)Ide> (/Uzmjv(x)ﬁdgc) +

t,j=1

+ (ibﬂgo)é (/Ué @u(:t)de)% (L'U(m)‘zdx)
lc]]o (/U \u(a:)]gdx)% (/U ’U($)|2dx)%’

and the result follows from here, essentially by replacing each term
involving u and v with its Sobolev norm.

IN

D=

IN

[

N |—=

8. I am not going to write out the solution to this. There are plenty of
hints in the question, and of course, the proof can be found in full
details in Evans’ book, which is widely available. I might change my
mind if there are howls of anguish from readers!

Chapter 3

1. For y = (y1,...,ya) € RY, we have

1 X |2
() — w2 g
) (4rt)} /R coe e

= Cbt(yl) T Cbt(yd)a
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2

where gbt(yj) = ﬁ fRd €i%iYi e 1t d. Writing © = z; and y = y; for
7t) 2

convenience we have, on differentiating with respect to y and using
dominated convergence,

21t oy T a2
Hy) = e —e~w du,

and after integration by parts, we get the differential equation,
¢, (y) = —2ty, with initial condition ¢;(0) = 1.
The unique solution is ¢(y) = e ", and the result follows.

. If y < 0, we integrate over the contour (—R, R) U Ag, where Ap is a
circle of radius R in the lower half plane. We need to reverse orientation
to proceed in a clockwise direction, and this introduces a factor of —1
to keep track of. Bearing that in mind, we must take account of the
residue at z = —1it, and so the required result is obtained by calculating

1Yz
(& _
= €ty =€ t\y|'

T 7
—2mi zl—lglzt 722+ 2

By continuity, we find that
®,(0) = lim ®4(y) = 1,

y—0

and so [, ¢i(x)dx = ®4(0) = 1. Of course, this last fact is also easy to
verify directly using elementary calculus.

. For associativity, for all f € B,(R?) it is an easy calculation to see that
f@ ) ctde) = [ ][ pesy ()
R Re JRd JRd
= [ @) x ) o),
For commutativity, by Fubini’s theorem
f@ i) = [ [ fetp(doaldy)
R4 R4 JRA
= [ [ fo+ aldymas)
Rd JRd

= [ @)% ) ),



4. For all g € By(R?), by Fubini’s theorem,

/Rdg(x)(m * f12)(dx) = /Rd /Rdg(ery)/“(dI)uz(dy)
- /R /R 9(x + y) f1(@) foy)dady

- /]Rd 9(@) (/Rd i y)fz(y)dy) dx

= [ o) )@

and the result follows.

If uo is not absolutely continuous, but u; remains so, a variant on the
above argument yields

[ o@n s w)ie) = [ atw) [ file = patanyas,

and so pu * g is absolutely continuouus with respect to Lebesgue mea-
sure, with density

(Foa)(e)i= [ Ao = ymatin)

5. Write n = n + 12 + 13, where for all y € R?,

m(y)=tb-y—ay-y

maly) = / (€Y — 1 — iz - y)u(da),

maly) = / (e — 1)u(dx).
We have
Im ()| <10yl + |ay - yl,

and |b-y| < [b]|y] < %(1+|y\2). By repeated use of Cauchy’s inequality
for sums, we get

1
d d 2
lay -yl < lagllilly;| < (Z |aij|2> lyl>.

i,j=1 i,j=1
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Using the hint we obtain

|z y|?,

N —

. 0
e =1 —iw-y| = gl yl® <

] < (5 [ lePvtan)) i

Finally, an easy estimate yields

In3(y)| < 2v(BY),

and the required result follows from combining the estimates for 7y, 7o
and 7;3.

and so

Afw) =~ [ WP - o fay

( R
= —(Va—A—al).

When a = 0, we return to the Cauchy process/Poisson kernel world.

. Since z — (1 + |z|)|f(x)| is bounded, there exists K > 0 such that for
all z € R?,
K
< .
@) < o
Hence limsupy,_,,, [f(z)] = 0, and so f € Cy(R?).

For the LP case, observe that for all m € Z,sup,cpa(1+ |2z|™)|f(z)| <
oo, and

151t < (sup 1+ 1)) [ e

The integral is finite. Indeed, when d = 1, choose m = 2 and the result
is straightforward. When d > 1, standard results on integrals of radial
functions yield

1 00 T’d_l
/ ——dx = Wd—1 / —d?”,
ra (1 + |z[™)P o (Lrm)

where wg_1 = gzrd—d//;) is the surface area of the (d — 1) sphere. As the
mapping r — % is continuous on [0, 1], its sufficient to consider

o] T’d_l 00
/ ——dr < / rd_l_mpdr,
1 (Lrm)p 1

which is finite provided we choose m > d/p.

11



8. (a)
Un(RY) = / e Mdt =

(b) By Fubini’s theorem,

Ryf(x) = /000 e MT, f (z)dt

= /OOO e M /Rd f(x + y)p(dy)dt
= /R fle+y) ( /0 N e”ut(dy)dt)

= f(@ 4+ y)Ux(dy).

R4

(¢) By Fubini’s theorem again,

Ur(A) = / Y / pi(z)dxdt
- / / 2)dtdz
- / (2)d.

=/ (2 7¢ 5 dt Substitute s = |x|?/2t to obtain, after
t)

some Cancellatlon

1

dj2—2 _—s
U\ ) = ————F—— S (& dS,
0( ) 2(7 )g|.’17‘d 2 /0

and the result follows from the definition of the gamma function.
Chapter 4

1. (a) Let z be the corresponding eigenvector, and normalise it so that
||z|| = 1. Then

A= Mal|? = (T, 2) == (2,T"x) = N|2]* =

and so \ € R.

12



(b) We show that there exists no non-zero ¢ € Dy such that T¢ =
+i¢. For convenience, we just work with the case T'¢ = i¢, as
the argument in the other case is the same. Assume that such a
¢ exists. Arguing as in (a) we have

Hence 2i||¢||* = 0, which implies ¢ = 0, and we have the desired
contradiction.

(c) Let 2 = (T'"— M)u and y = (T — A)v, then a straightforward
calculation shows that

(Uz,Uy) = (T—X)u, (T-X)v) = (T—N)u, (T—\)v) = {z,y).

2. (a) = (b) is proved in Problem 4 1(b) above (noting that every self-
adjoint operator is closed, as the adjoint of a densely defined operator
in a Hilbert space is always closed).

For (b) = (c), we begin by assuming that Ran(7—i/) is not dense in H.
Then there exists a non—zero ¢ € Ran(T — iI)*. Hence for all ¢ € Dr
we have (¢, T¢ —i¢) = 0. But then ¢ € D+, and (T*¢ + i), ¢) = 0.
But since Dy is dense in H, it follows that ¢ € Ker(T* + i/) and
we have our desired contradiction. Next we show that Ran(T —i[) is
closed. First observe that for all ¢ € Dr, by an easy calculation

(T = iD)gl[* = [|T]* + [¢]|*.

Now let (¢,,) be a sequence in Dy such that the sequence ((T'— il)¢,,)
converges to f € H. From the identity in the last display, it follows
that (¢,,) converges to some g € H and (T'¢,,) converges to some h € H.
But T is closed, and so g € Dy and h = Tg. It follows f = (T —il)g,
and so Ran(T" — il) is closed. Since it is also dense, we must have
Ran(T" —il) = H. The result for Ran(7T" + iI) is proved in the same
way.
For (¢) = (a). Let ¢ € Dp«. Since Ran(T —il) = H, there exists
¥ € D such that

T —itp = T G — i,
Now T is symmetric and so Dy C Dp«. Then it follows from the last
display that (7" —il)(¢ — v) = 0. But Ran(T" + /) = H implies that
Ker(T* —il) = {0} and so ¢ =1 € Dy. Hence Dy« C Dy and so T is
self-adjoint.

13



3. By the essential criterion for self-adjointness Ran(7T 4 i/) = H and
so by the result of Problem 1(c), U is an isometry mapping H onto
H. Hence it is bijective, and so unitary. The same holds for all pure
imaginary A, as a straightforward generalisation of the last problem
shows that T is self-adjoint if and only if Ran(7"+ A\I) = H for all such
A. The converse is valid, i.e. if the Cauchy transform of 7' is unitary
for A = i, then T is self-adjoint. For this, see Akheizer and Glazman,
pp-266-9. It is possible to go further, and show that T is self-adjoint if
and only if Ran(T £ A\I) = H for all A € C\ R, but we will not pursue
that here (see e.g. Akheizer and Glazman, Volume II, pp. 351-4).

4. We must show that the graph Gr is closed. Let ((¢,,T¢,)),n € N) be
a sequence in G converging to (¢,v) € H x H. Fix f € H.
W.f) = lm(To,f)
= lim {(¢,,Tf)
= (o, Tf)
= (To, f).

Since f is arbitrary, we deduce that ¢» = T'¢. Hence Gr is closed, and
the result follows.

5. It is clearly symmetric and its domain is the whole of H. Hence by
the Hellinger—Toeplitz theorem, it is bounded and self-adjoint. By
Theorems 4.1.2 and 4.1.3, My will generate a self-adjoint contraction
semigroup if and only if M; = —B where M > O This holds if and
only if for all v € H,(By,¢) > 0, i.e — [pa f( x)[2dx > 0, ie. if
and only if f = —g where g > 0.

6. This follows directly from Theorem 4.2.1 (iv).
7. We have for allm e N, Xq,..., X,,,Y1,....Y, € L(H),

ZY*UtXX U*Y—(ZY U X )(ZX Uy, )

7,7=1 =1

The term on the right hand of the display is of the form A*A and so is
positive, as required.

Chapter 5
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1. Let X € K(H),T € L(H). Let (f,,) be a bounded sequence in H. Then
(X fn,n € N) has a convergent subsequence, and so (T'X f,,,n € N) also
has a convergent subsequence, hence TX € K(H). Furthermore (7'f,,)

is a bounded sequence in H. So (XT'f,) has a convergent subsequence.
Thus XT € K(H).

2. (a) Let t = tp + h where h > 0. Then since T}, is bounded, we have
T, = T;,1}, is compact by Problem 5.1.

(b) Let C be any closed interval in [0, 00) and let B be the unit ball in
E. then since Ty, is compact, the set T;,(B) is compact. Applying
the hint, for all ¢t € C' we get

ftn |3 — Tufl| = lim (Tt f = Tor) i 1| = 0.
uniformly for f € B. Hence

lim ||T; — Ts|| = limsup ||T;f — T f|| = 0.

s—t &*tfeB

3. (a) Let (f,) be another such basis. Since T" is a positive self-adjoint
operator, it has a positive self-adjoint square-root S. Then by
Parseval’s identity, and Fubini’s theorem

S (Thafa) = DS

neN neN

= S (S

neN meN

= D ) [ Sem)?

meN neN

= > lISenll®

meN

= Z(T@m,em.)

meN

15



4.

(b) If (f,) is another basis, as above, then by Fourier expansion,

Z<T€n>6n> = ZZ<T6n>fm><fmaen>

neN neN meN

= S Umeeaen T o)

meN neN

= > fu T fm)

meN

= > (Tfoms ).

meN

The interchange of the two infinite series is a consequence of Fu-
bini’s theorem, using the facts that any trace—class operator may
be written as the product of two Hilbert—Schmidt operators, and
that the adjoint of a Hilbert—Schmidt operator is itself Hilbert—
Schmidt.

(a) If A € L(H), write A = Ay + 1A, where A; = 1(A + A*) and
Ay =5 (A—A").

(b) f U =A=+ivI— A% then U* = A+ivI — A? and it is easy to
check that UU* = U*U = I.

(c) Write
A A ( Af ) A [ A (
+ag/ (L — + —a T =
2 \IlAdl 143 2 \ A4

Aol [ A2 ( A3 ) Aol [ A2
+ i 5 ) | ti—— —1
2\l 42|l [143]] 2\ 4|

(d) First assume that A is trace—class and B is unitary, We have

tr(AB) = ) (ABey,ey).

neN

We obtain another complete orthonormal basis by defining f, =
Be,, for all n € N, and then we have

16




tr(AB) = > (ABB*f,, B*f.)

neN

= > (Afa, B fo)

neN

= > (BAfu, fa)

neN

= tr(BA).
The result extends to arbitrary bounded B by using (c).

5. (a) Let u# X € p(X). The the resolvent identity yields
R, = Ry+ (A — p)R\R,,

and this is compact by the ideal property (see Problem 5.1).

(b) If X is bounded, then so is Al — X. But then I = (A — X)(\ —
X)~t = (M — X) R, is compact, by the ideal property, and this is
only possible if dim(FE) < oc.

6. The resolvent (A —A)~! is compact and self-adjoint, so it has a discrete
spectrum by the Hilbert—Schmidt theorem (Theorem 5.1.1). But then
Al — A has a discrete spectrum (indeed its eigenvalues are the inverses
of those of the resolvent), and it follows that A has a discrete spectrum
too.

7. For all f,g € L*(S'),t >0,

@ifo) = [ T(e)alilidl)
- / T(f 0 )(x). (g0 D(@)dz
- / (f 0 0)(x). Ti(g o ) (@)da

= | f([2D)Tig([z])d[x]

Sl~
= ([.Trg).

Chapter 6
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. Since [|Ry || <t for all t > 0, it is clear that F'(¢) is a contraction. For
all v € Dy we have, using the fact that R,y = fooo e 5*Tapds, and
dominated convergence,

1

Ry = L [=
imAt T i = —s/t _
R A

1
= lim 7 e (T — ¥)du
0

t—0

t—0 tu

— </<>° ue“du) Ay = Ar,
0

and the result follows when Chernoft’s product formula is applied.

= /OO ue” lim i(Ttuzb —)du
0

. We have T,g = lim,,_,o, F'(t/n)"g for all ¢ € D, where D is dense in
E. Let f € E, then given any € > 0, there exists ¢ € D so that
l|f — gl| <€/3. Then for sufficiently large n,

NTef = F(t/n)" ]

< T f = Tgll + |Teg — F(t/n)"gl| + [|F(t/n)"g — F(t/n)" f]
< 2[f =gl +[|Teg — F(t/n)"g]|
< 2/3+¢/3=c¢,

where we have used the fact that T, and F'(¢/n)™ are contractions.

. Since B is relatively bounded with respect to A, we have for all f € Dy,

1Afll = [[(A+B)f = Bl
I(A+ B)fl[ + [|Bf]
(A + B)fI| + al|Af]] + bl f]]

It follows that

=bl[fII+A=a)[|AfI] < [[(A+B) fI| < [[AfIHIBSI| < (a+D)[[AfI[+0[f1],

and so

Ol fII+=a)|[[Af[| < [[(A+B) fl[+2b[| f[| < [[AfI[+BFI] < (a+1)[[Af[|430][ F]]-

The result follows since the graph norm of A+ B is itself equivalent to
that given by f — [|[(A+ B)f|| + 2b|| f|].
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4.

(a)

(c)

(d)
(e)

First note that since A is self-adjoint, —i\ € p(A) and so A+ i\
is invertible. We compute

(A +aADe* = [|Ag]]* + N*[|o][.
Now take ¢ = (A +i\) "1, to get
19117 = [JA(A + AP+ N2|(A + M)l

and the required estimates follow easily from here.

Since B is relatively bounded with respect to A, we have
1Bol| < al[Ag|] + bl ¢l
and taking ¢ = (A + i\) 1 as before we get

X0l < allA(A + M) 7] + B[ (A + M) ]
< (a+b/Nl]

using the estimates of (a).

Take A > 2b/(1 — 2a) and then we get || X¢|| < 3|[¢|| for all
¢ € H and so |[|X|| < 1. Then the spectral radius r(X) =
lim,, o0 || X7V < || X]|| < 1, 50 =1 ¢ 0(X).

As —1 € p(X), then I + X is invertible and so Ran(I + X) = H.

This follows from the identity, as both I + X and A + i\l are
invertible. Hence Ran((I + X)(A+1i\)) = H.
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