Appendix C

Concepts from multivariate calculus

In this appendix we provide a summary of several useful facts and results (without
proof) from differential calculus of several variables. We assume familiarity with
vectors and matrices (Appendices A and B), since they provide useful tools for
expressing properties of these functions in a concise manner.

C.1 Gradient and first-order directional derivatives

Let ¢ : R” — R for some integer n > 1, that is, ¢ is a scalar-valued function of
a vector. As usual, an element x € R” is denoted by x = (xy, x2, - - - , X, )T where
T denotes the transpose. Let ||x|| denote a norm of x. The function ¢ is said to
be continuous at the point x if and only if for every € > 0, there exists a § > 0,
such that |¢(y) — ¢(x)| < € for all y such that ||y — x|| < . Thatis, ¢(y) is “close”
to ¢(x) whenever y is “close” to x in every direction. It is possible for a function
of several variables to be continuous in each of its component variables separately
without being continuous as a function of several variables. As an example, consider
(assuming n = 2)

P(x) = { ey i +_x% =0 (C.1.1)
0 otherwise.

When x; = 0, considered as a function of x;, ¢(x) is identically zero for all x; and
hence is continuous for all x1, including x; = 0. A similar conclusion follows when
¢(x) is considered as a function of x, for a fixed x; = 0. Thus, ¢(x) is continuous at
the origin when considered as functions of x; and x, separately. But as a function
of two variables, ¢(X) is not continuous at the origin. For, along the line x; = x,, it
can be verified that

%whenxlzngéo
0 for X1=X2=0

Px) = {

Thus, there is a discontinuity in ¢(x) in the direction x; = x, and hence ¢(x) is not
continuous in R2.
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In the case of single variables, existence of derivatives implies continuity. A
function of several variables may possess partial derivatives with respect to each of
the variables and yet may not be continuous in R". For the function ¢ in (C.1.1),
it can be verified that the partial derivatives with respect to x; and x, exist and are
equal to zero at the origin and yet it is not continuous at the origin, as seen above.

Obviously partial derivatives relate to properties only along the coordinate direc-
tions and hence do not constitute an analog of the derivative. In search of the analog
of derivative, we turn to the notion of differentiability. Recall that when n = 1, we
say that a function is differentiable at x if and only if there exists a unique number
¢'(x), called the derivative of ¢ at x, such that for all ¢ small

d(x +1) — p(x) = ¢'(x)t + HOT(t) (C.1.2)

where HOT(¢) denoting higher order terms in ¢t is such that

. HOT(®)
lim
t—0 t

—

Analogously, we say ¢ : R" — R is differentiable at x € R”, if and only if, there
exists a vector u such that for every z € R”

d(x +7) — $(x) = (u, z) + HOT(z) (C.1.3)

where (u, z) = u'z s the inner product of u and z and HOT\(z) denoting the higher
order terms in the components of z is such that
HOT(z)
m —— = (C.14)
lzl—0 ||zl

Comparing (C.1.2) with (C.1.3), we must expect the vector u to play the role of
derivative of ¢. We now list several properties of interest to us.

If the vector u in (C.1.3) exists, then it is unique. For, let v be another vector
such that

¢(x+z) — p(x) = (v, z) + HOT(2). (C.1.5)
Subtracting (C.1.5) from (C.1.3), we obtain
(u — v, z) = HOT(z). (C.1.6)

Combining (C.1.4) and (C.1.6), it follows that u = v, and hence the uniqueness.
Gradient The unique vector u in (C.1.3), if it exists, is called the gradient of ¢
at x and is denoted by Vo (x).
Condition for differentiability If ¢ : R” — R has continuous partial deriva-
tives in the neighborhood of x, then ¢ is differentiable at x, and the gradient is given
by:

9 90 (C-1-7)
dx1 0x> 0x,

ap 0 3¢ \ T
V¢<x>=<—¢—¢ ¢>.
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Also, if ¢ is differentiable at x, then it is continuous at x. Let ¢;(x) and ¢,(x) be
functions from R” to R, satisfying the conditions for differentiability. Then,

V(1(X) + $2(x)) = V¢1(X) + V(X)
V(ch1(x)) = cVi(x).
That is, V is a linear operator (Appendix B). Also

V(1(x)$2 (X)) = ¢1(X)V(X) + 2 (x) Ve (x).

Directional derivative Let z denote an arbitrary unit vector in R”. The direc-
tional derivative of ¢ at the point X in the direction z denoted by ¢'(x; z) is defined
by
(x4 zAt) — P(x)

'x;z) = li C.1.8
¢ xz) = fm, At (C18)
assuming that the limit exists and is finite.
Let g(t) = ¢(x + zt). Then, from
P(x +2A1) — () g(AD) — g(0)
At At
it follows that
¢'(x;2) = g'(0).
More generally, let y = x + z¢. Then
/ . P(y+zAN—9y) . p+A)—g()
P2 Ao At fue At &

That is, the directional derivative of ¢ is the ordinary derivative of an auxiliary
function g.

Lete;, 1 <i < n, denote the ith unit vector in R”. Then, ¢'(x; ¢;) is the partial
derivative of ¢ with respect to the variable x; denoted by d¢/0dx;.

Existence of partial derivatives of ¢ does not, however, guarantee the existence
of directional derivatives. For, consider the function ¢ in (C.1.1). It can be verified
that at the origin x = (0, 0)T, both the partial derivatives exist and are equal to
zero. But the directional derivative of ¢ at the origin does not exist in the direction
7= %(1, DT, since ¢ is discontinuous in this direction as seen above.

Conditions for the existence of directional derivative If ¢ : R” — Ris such
that it has continuous partial derivatives at x, then ¢ has directional derivative
¢’'(x; z) for every unit vector z.

Combining this with the condition for differentiability, it is seen that in this
case ¢ is also differentiable and the directional derivatives ¢’'(x; z) and the gradient
V¢(x) are related through

9
¢'(x;2) = (2, V(X)) =2'Vop(x) = )z 3f : (C.1.9)
i=1 4



674 Concepts from multivariate calculus

Recall from Appendix A that the inner product of a vector with a unit vector
denotes the projection of that vector onto the unit vector. Accordingly, the direc-
tional derivative of ¢ (x) along the direction z is the projection of the gradient V¢ (x)
onto z.

Again considering the function ¢ in (C.1.1), we leave it to the reader to verify
that ¢ /0x; is not continuous at x = (0, 0), and hence ¢ is not differentiable at
the origin,

Direction of maximum rate of change A differentiable function changes most
rapidly in the direction of the gradient. For, from (C.1.9) we have, since ||z|| = 1,

l¢'(x;2)| = [[Vo(x)|| cos 6

where 6 is the angle between z and V¢(x) (Appendix A). Clearly, this is maximum
when 6 = 0. This property is the basis for the optimization procedures described
in Chapters 10 through 12.

If the directional derivative ¢’(x; z) exists and is continuous, then it is linear in
z. That is,

¢'(x:21 +22) = ¢'(X;2)) + ¢'(X; 22)
@' (x;cz) = cd'(x;2)

for any real constant c.
Property C.1.1 The following statements are equivalent:

(a) The function ¢ belongs to the class C;.
(b) All the directional derivatives of ¢ exist and are continuous.
(c) All the partial derivatives of ¢ exist and are continuous.

Chainrule Letx; : R — Rfor 1 <i < n and ¢ : R**' — R. Consider the
composite function

d(xi (1), x2(2), ..., xu(1), 1) (C.1.10)
Then,
W _spdn  spdn 90 du 39
dt 9x; dt  9x, dt dx, dt ot
For example, x(¢) = (x1(¢), ..., x,(¢))T could denote the state of a dynamic system

evolving according to a differential equation.

C.2 Hessian and second-order directional derivative

Let z and w be two unit vectors in R”. Then the directional derivative of ¢(x)
of second order with respect to the directions z and w, denoted by ¢”(x;z, w) is
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defined as the directional derivative in the direction w of the directional derivative
in the direction z of ¢ at the point x. Thus,

962, W) = WY@ Vo) = LI wig (X2 2152 )
— ¢
=i X Wiz (m)

= w![VZ¢(x)]z (C2.1)

where

3%¢

8xi3xj

v2¢(x)=[ } for 1<i,j<n (C.2.2)

is an n X n symmetric matrix of second partial derivatives of ¢(x), called the
Hessian of ¢(x). Notice that ¢”(x;z, w) is linear in z and w and the right-hand
side expression in (C.2.1) is often called the bilinear form to emphasize the
linearity in z and w. When z = w, then

¢'(x;2, W) =2 [Vo(X)]z (C.2.3)

is a quadratic form in z.
Property C.2.1 The following conditions are equivalent:

(a) The function ¢ is of class C,.
(b) The second-order directional derivatives exist and are continuous in z and w.
. . . 2 . .
(c) All the partial derivatives af—aq; of second order exist and are continuous.
i0Xj
Continuing in this fashion, one may define the class C, consisting of functions
with continuous partial derivatives of order r > 2.

C.3 Vector-valued function of a vector

Let ¢ : R" — R™, where ¢(x) = (¢1(X), $2(X), . .., ¢u(x))T be a vector-valued
function, where X = (x1, X2, . .., x,)T. Consider a unit vector z € R”. Assume that
each component function ¢;(x), | < i < m, satisfy the conditions for the existence
of directional derivatives. Then, the directional derivative ¢'(x;z) of ¢(x) in the
direction z is a column vector defined by

P'(x;2) = (¢'1(%:2), $5(%:2), ..., ¢, (x;2)"
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Since each ¢; : R" —> R, from the definition (C.1.9), we obtain

P’ (x;2) z'V¢i(x)

/ ¢'>(x:2) 2"V (%)
¢'(x;z) = : = :
¢ (x;2) 2"V, (x)
W ¢
0x] 0x) 0x, VA (C3.1)
W 3 Ik z
_ 0x1 0x7 0x, 2
0x1 0x7 0x,
=Dy (x)z
where
0% . .
Dy(x) = ,I1<i<my1<j<n (C3.2)
8.Xj

is an m x n matrix, called the Jacobian of ¢(x).
Notice that when m = 1, Dyg(x) = [Vo(x)]", the transpose of the gradient of
¢(x). Thus, (C.3.1) can be succinctly written as

@' (x;2) = Dy(X)z. (C.3.3)

Let z and w be two unit vectors in R”. Then, the second-order directional deriva-
tion of ¢ in the directions z and w denoted by ¢” (x; z, w), is defined as the directional
derivative in the direction w of the vector-valued function ¢’'(x; z) defined in (C.3.1).
Thus,

WiV (x;2)
wiVe',(x;z)
¢"(x;z, w) = : (C.3.4)
WiV, (x;2)
Recall that, for 1 < k < m,
n a¢k
4 . — P,
d)k(xvz) - ZZ] B)C' )
Jj=1 /
and so V¢’ (x;z) is the gradient vector of ¢, (x;z). We have
Vexi) = V[ 25 ]
T
9 n 0 9 n ) 9 n 0
= (3_X1 Zj:] Zj%y E Zj:l Zj%, © 0 B, Zj:l Z]a;ﬁj)
= V¢ (x)z (C.3.5)

where V2@ (x) is the Hessian of ¢ (x).
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Table C.3.1 Gradients of some useful linear and quadratic functions

Function ¢

Gradient

px)=a"x, acR", xeR"
¢(x)=a"h(x), acR", xeR"

h(x) = (hi(x), ha(x), ..., h,(x)T

o(x) = %XTAX —b™x,x e R", b € R”,
A e Rnxn

¢(x) = ;x"Ax —b'x,x e R", b € R",
A € R symmetric

¢(x) = sh"(X)Ah(x), x € R", A € R™",
symmetric,

h(x) = (hi(x), ha(X), ..., h,(x)T

$(x) = 1hT(x)Ag(x), x € R", A € R™",
h(x) = (hy(x), hy(x), ..., h,(xX))T,

g(x) = (g1(%), £2(%), ..., gu(x)"

p(x) = 1a’b(x),x e R", a € R",

b(x) = (b1(x), br(X), . .., b, (X)),

b;(x) = (x)TB;x, B; € R™", symmetric,
1<i<n

n(x) = po(x) = $(Y(x)), where
¢:R" — R, ¢ : R" — R”", and
n, m, and p are positive integers. Then,
n : R™ — R? is called the composite
function.

Vo(x) =a

Vé(x) = Di(x)a, where Dy(x) € R™" is
the Jacobian of h(x)

Vo(x) = A;x — b, where A, = A+_2AT’ is
the symmetric part of A.

Vo(x) =Ax—b

V$(x) = DFAh(x), where Dy(x) € R"*"
is the Jacobian of h(x)

Vé(x) = 5Dy (x)Ag(x) + Dy (x)ATh(x)],
where Dy, (x) € R"*" is the Jacobian of
h(x), and Dg(x) € R"*" is the Jacobian of
g(x)

Véx) =Y, aBix

D, (x) = Dy (y)Dy(x), where y = ¢(x)
and Dy € R”", Dy, € R™™, and

D, € R”*™ are the Jacobians of ¢, ¥,
and 7, respectively

Combining (C.3.4) and (C.3.5), we obtain

wiV2p,(x)z

677

wIV2p,(x)z
@' (x;2, W) = . (C.3.6)
wTV2<}>,n (x)z

Symbolically, we denote the vector of second variation of ¢ : R* — R as

¢"(x;z, W) = D} (x; 2, W) (C3.7)
and when w = z, then as
¢"(x;z,2) = Dj(x; 2). (C.3.8)

Table C.3.1 contains a listing of gradients of many functions of interest in the main
body of this book.
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C.4 Taylor series

Scalar-valued function of a vector Let ¢ : R* — R be in class C,. Then,

1
P +Y) & $(X) + (¥, VEX)) + 5 (y, V2p(x)y) (C.4.1)

for any y € R”, such that ||y]|| is small.

Vector-valued function of a vector Let ¢ : R” —> R™ be such that
each component of ¢ is a class C, function. Then, for any vector
yeR"

1
p(x+y) ~ ¢(x) + Dy(X)y + 5Dj,(x; y). (C4.2)

The first term ¢(x) on the right-hand side of (C.4.1) and (C.4.2) is independent of
y. The second term — (y, V¢(x)) in (C.4.1) and Dy (x)y in (C.4.2) is linear in y.
The third term — 3 (y, V2¢(x)y) in (C.4.1) and 3D} (x;y) in (C.4.2) is quadratic
in y where Dé(x; y) is defined in (C.3.8). If we exclude the quadratic terms in y
from the right-hand side of (C.4.1) and (C.4.2), the resulting two-term expansion
of ¢p(x +y) is called the first-order Taylor series. The three-term expansion as
given in (C.4.1) and (C.4.2) has come to be known as the second-order Taylor
series.

C.5 First and second variations

In this section we develop basic properties relating to the notion of first and sec-
ond variations of functions. It will be shown that there is an intimate relation
between the notion of first/second variation and the first-order/second-order direc-
tional derivatives.

Scalar-valued function Let ¢ : R” — R and let §x = (8x1, 8x2,..., 8x,)"
denote a small increment! or variation in x € R”. Let A¢(X) = ¢(X + 8X) — P(X)
denote the actual change or variation that ¢(x) suffers resulting from the variation
8x in X, where it is assumed that ||5x|| is small. We can approximate A¢(X) using
the first-order Taylor series as

Ap(x) % d¢(x) = (8x, V(X)) (C5.1)

where §¢(x) is called the first variation in ¢ induced by éx. That is, the first
variation in ¢(x) is defined as the first-order approximation to the actual change,
A¢ that ¢ suffers resulting from the variation 6x in x. Comparing this with the

T A note on the notation is in order. It is customary to use A to denote the actual change and § as the
first variation operator. For independent variables (Axy, Axa, ..., Ax)T = Ax=8x =
(6x1,68x2, ..., 5x,)T, but for dependent variables 8¢ is an approximation for the actual change A¢.



C.5 First and second variations 679

definition of the directional derivative in (C.1.9), it follows that

, ox
5(x) = %] (x —) (C52)
BT

Consequently, the first variation operator § is linear. That is, if ¢, ¢ : R* — R,
then

8(a¢i(x) + ba(x)) = adei(x) + bd¢a(x) (C5.3)
for any real constants a and b. It can be verified that

8(a) =0 where a is a constant
(C5.4)

and  8(¢1(X)p2(X)) = P1(X)8¢2(X) + [5¢1(X)]¢2(X)

The first variation of the first variation is called the second variation and is denoted
by 82¢(x). Clearly,
82 p(x) = 8[6p(x)]
= 8[(dx, Vop(x))]
= (3x, §[Vo(x)])
= S0 oni6 (2)
n n 2
=2 i1 0x; [Zj:l 8x; (%)]
n n 92
=D im1 2 j—1 8Xidx; [3;;;,]
= (8x, V2P(x)3X) (C.5.5)

where, recall that, V2¢(x) is the Hessian of ¢(x). Comparing the expression for the
second variation with that of the second-order directional derivative in (C.2.3), it
follows that

260x) = [18x]%0" (x; 2%, %
52(x) = [|6x/1%¢ <x, T ||5x||)' (C5.6)

It can be verified that §2 is also a linear operator, that is,
82 (a1 (x) + bpa(x)) = ad’ ¢ (x) + b8*$(x) (C5.7)

where a and b are real constants.
Also

821 ()2 (x)) = [82¢1 (X)]2(X) + 2[¢1 (X)][82(X)] + ¢1(X)[8°p2(x)] (C.5.8)

Vector-valued functions Let ¢ : R — R™, where ¢(X) = (¢1(x), ¢2(x),
oo, $mX)T and x € R". Then, the first variation 8¢(x) is a vector given
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Table C.5.1 Variations of some useful functions

Function ¢ First Variation
¢(x) = (a, x) where a, x € R” 8¢ = (a, §x)
P(x) = 1 (x, Ax) = 1x"Ax, where 3¢ = (8%, AX)

A e R™" is a symmetric and

positive definite matrix.

¢(x) = 3 (z — Hx)"(z — Hx) where S¢p(x) = (H'(Hx — z), 8x).
ze R" x e R" and H € R"*",

by

51 (8%, Vg1 (x))
¢ (8%, Ve (x))

8¢:

= Dy (x)éx (C5.9)
Spm (6%, Vo (X))

where Dy € R™*” is the Jacobian of ¢. Using (C.5.5), the second variation of ¢ is
given by

8[6¢1(x)]

. 815¢>(x)]
2p(x) = 8l5p00l = |

8[8¢pm(x)]
(8%, [V21(0)18(x))
(8%, [V22(0)18(x))

(C.5.10)

(8%, [V2¢,,(0)]18(x))

Comparing this for the second variation with the expressions for the second-order
directional derivatives in (C.3.6) — (C.3.8), it readily follows that

(z, V21 (x)z)
(z, V2r(x)z)

82(x) = [|x||* : = [|6x* D} (x; 2) (C.5.11)
(2, V2 (x)2)

where the unit vector z = §x/||6x||. Variations of several functions of interest are
given in Table C.5.1.
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(a) Convex set (b) Non-convex set

Fig. C.6.1 Examples of convex and non-convex sets.

$(2)
‘ b(2)

chord
ap(x) + (1 —a)e(y)

¢lax + (1 —a)y)

x ax+ {1 —a)y vy

Fig. C.6.2 An Example of a convex function.

C.6 Convex functions

Let S be a subset of R”. Then S is said to be a convex set if for every pair of points
xandyin S

ax+ (1 —a)yeS foralla €0, 1]. (C6.1)

That is, the line segment connecting x and y lies entirely in S. Refer to
Figure C.6.1 for examples of convex and non-convex sets in R2.
A function ¢ : S — R is said to be a convex function if

¢lax + (1 —a)y) < ap(x) + (1 — a)p(y) (C.6.2)

for all a € [0, 1] and for every pair of points X, y € S. The function ¢ is said to
be strictly convex, if (C.6.2) holds with strict inequality for all a € [0, 1] and for
every pair of points X and y € S. An example of a convex function is given in
Figure C.6.2.

It is clear from the definition that the function lies below the chord joining the
points (x, ¢(x)) and (y, ¢(y)). A function ¢ is said to be concave if —¢ is convex.
Thus, ¢(x) = x2 is convex, and ¢(x) = —x? is concave. But ¢(x) = x?3 is neither
convex nor concave.

We now state several properties without proof.
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(a) Let x1,X,,...,X, be a set of m points lying in a convex set S € R". Let
a, ay, ..., a, be aset of non-negative real numbers such that Z;"zl a, = 1.1f
¢ : S — Ris a convex function, then

o) (i CliXi) < iaﬂﬁ(xi)- (C.6.3)
i=1 i=1

(b) A linear function is convex.

(c) A weighted sum of convex functions with positive weights is convex.

(d) Let ¢ : R" — R™ given by ¢(x) = (¢1(X), p2(X), ..., d,(x)T. Let a =
(ai,as, ...,am)T, be any real vector, and define

S={xeR"¢i(x)<qforl <i<m}. (C.6.4)

Then, S is a convex set if each ¢;(x) is a convex function for 1 < i < m.
(e) Intersection of convex sets is a convex set.
(f) Let ¢ and a be as defined in Property (4) above. Then,

S = {xeR”|¢)i(x)=ai forl <i §m}. (C.6.5)

is a convex set if each ¢;(x) is a linear function.
(g) Condition for global minimum Let ¢ be a convex function over a convex set
S. Then, ¢ has a unique minimum.
To verify this, assume the contrary. Let z be a global minimum and y be a
local minimum, that is ¢(z) < ¢(y). Since both S and ¢ are convex, we have,
for any a € [0, 1]

$(az+ (1 —a)y) < ad(z) + (1 — a)p(y)
<ag(z) + (1 —a)p(z) = ().

Now, given any € > 0, we can choose a such that (az + (1 — a)y) is at distance
€ from y. Thus, there is a point close to y where the function value is less than
¢(y). This contradicts the assumption that ¢ attains a local minimum at y.
Hence, the uniqueness of the minimum.

(h) If ¢ : R" — R is convex, then it is continuous.

(i) Let I be an interval of the real line, and let ¢ : I — R be a convex function.
Ifx <y <z, then

$G) — o) _ 9) = o) _ 6(2) — o)

y—x z—x = z-Yy

(j) Let S be aconvex setin R", and ¢ : S —> R, be a continuously differentiable
function. Then, ¢ is convex, if and only if

B(y) > d(x) + (y — x)' Vo (x) (C.6.6)

forallx,y € S.
(k) If strict inequality holds in (C.6.6), then ¢ is strictly convex.
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(1) Let ¢ : R* — R be a convex function. Then V¢ (x) = 0, if and only if, x is

a global minimum.

(m) Let ¢ : R" — R be twice continuously differentiable. Then
(a) ¢(x) is convex if the Hessian V2¢(x) is non-negative definite for all x.
(b) ¢(x) is strictly convex if V2¢(x) is positive definite.

(n) Let A be a real symmetric matrix of order n, and let ¢(x) = x" Ax. Then ¢ (x) is
strictly convex if and only if A is positive definite. Since I, the identity matrix is
positive definite, clearly ¢(x) = x'Ix = x'x = ||X||§ is strictly convex. It can
be verified that any vector norm is convex.

C.7 Function of a matrix

Matrix-valued function of a scalar

Let x € R. For each pair of indices ij where 1 <i, j < n define F;; : R - R
and define a matrix F(x) = [F;;(x)] € R™" of these functions. The derivation of
F(x) with respect to x is an n X n matrix and is given by

dF(x) |:dF,~<,~(x)i|

C.7.1
dx dx ( )

As an example, let n = 2 and

1+x23-—x3
F= .
[ x3 x4—x3]

Then

E | 2x —3x2
dx ~ [3x%24x3 —3x2

Scalar-valued function of a matrix

Let X = [x;;] € R™". Define F : R"*" — R be the scalar-valued function of
the elements of the matrix X. Examples of such functions include the trace and
determinant of matrices. The derivative of F with respect to the matrix X denoted
by 0 F/0X is a matrix given by

oF oF
- = . C172
0X |:8.X,'j:| ( )

For example, let n = 2 and
X — [xu xlz] .
X21 X22
Consider

2 2
F(X) = xi| + x5 + X11x22 — X12X21.
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Then

IF(X) _ |:2x11 0 :| n [ X2 —le].

X 0 2x2 —X12 X1

Matrix-valued function of a matrix

Let X € R and F : R — R™" where F(X) = [Fj;(X)] and for each ij,
Fi; : R™”" — Ris a scalar valued function of a matrix X. In our development we
are specifically interested in special function of the matrix F(X). Recall that the
trace of F(X), denoted by tr[F(X)] is given by

wlFX)] = ) Fi(X) (C.7.3)
i=l

Then, the derivative of this scalar valued function of a matrix is given by

aX  aX : 39X

i=

P || -5 s
i=1

which is clearly the sum of n matrices.
We now illustrate the computation of these derivatives for special cases of interest
to us.

(a) Let A € R"™", X € R"" and F(X) = AX. Then from

Al*
AZ*
An*
we obtain that the
n—1
a[FX)] =) Ape Xk (C.7.5)
k=0

Thus, the gradient of the scalar Ay, X, w.r.t. the column vector X,; is given
by

VIAw Xl = A],

Now combining each of these columns in a matrix we readily obtain

3 tr(X)
X = [AT, AT, --- AT ]. (C.7.6)




C.7 Function of a matrix 685

Remark C.7.1 Since tr(A) = tr(AT) and tr(A B) = tr(B A), we can obtain a
variety of interesting corollaries.

Ju@AX) _ .y _ du(XA)

0X 0X
3 tr(ATXT 3 tr(XTAT
_duAX) duXA) (C1.7)
0X 0X
and
3 tr(ATX 3 tr(XAT 3 tr(AXT 3 tr(XTA
JrA X) _, XA _Iw@AX) ouXA) (C.7.8)
0X 0X 0X 0X
Similarly, it can be verified that
J trABX J tr[XAB J tr[ BXA
JUIABX] _ pryr_ JUIXAB] _ Ju[BXA] (C.7.9)
0X 0X 0X
(b) Let A € RV X € R™" and F(X) = XTAX. Then
X;
X*Z
FX) = 1A [X*l X, - X*n]
XT
and
n—1
tr[F(X)] = Zka AX . (C.7.10)
k=0

The gradient of the scalar XIkAX*k w.r.t. the column vector X, is given by

VX3 AXi] = 24X, (C.7.11)
Again combining these columns in a matrix we obtain

3 tr(XTAX)

39X =2A [X*l X - X*n]

— 2AX. (C.7.12)

The following formulae readily follow from this:

T T
3 tr[XXTA] CJAX — 3 trfAXXT]
). ¢ X
_ou[XTATX]  au[XX'A] 9 uf{AXX"]

0X X X

(C.7.13)
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(c) Let A € R"™" X € R"*" and F(X) = XAXT. Then
Xl*

XZ*

Xn*
and
n—1
tr[F(X)] = Z X AXT, (C.7.14)
k=0

from which we obtain the gradient of the kth term on the right-hand side w.r.t.
XTI as

V[Xi AX[, ] = 2AX],. (C.7.15)
In the matrix of the derivative of tr[XAXT] w.r.t. X, recall that the derivative
with respect to a row vector Xy, will appear as a row. Thus, the kth row of

the derivative we are seeking is given by the transpose of the r.h.s. of (C.7.15),
namely 2X;, AT. Combining all these rows, we get

Xl*
3 tr[XXTA X«
XX AL _ 5] ™ | AT 2 2xAT. (C.7.16)
9X :
Xn*

Notes and references

There are numerous books on multivariate calculus and we mention only two —
Apostol (1957) and Sikorski (1969). Rockafellar (1970) is an excellent reference
for convexity.



