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0 Complex numbers: A review of definitions

A complex number

z=a+jb where j=v-1 b z=a+jb
|z
can be taken as an ordered pair z= (a, b). It hasaread part a = Re(2) a=|z| cos@
and an imaginary part b = Im(2). In mathematics, a more common 9 b = |z| sin®
notation for V-1 isi. The complex conjugate of zis |
a
zZ =a-jh.
Another acceptable notation for the conjugate isz*. We routinely z=a-jb

use atwo-dimensiona plane (the complex plane) to represent the
two components. We also use polar coordinates to represent z

|z| =/a*+b*> and 9=arg(z)=tan‘l(g)

Here, |Z] is the magnitude (or modulus) and 6 is the argument of z, also written as 0z We can
write the complex number as

z=(ab)=|z| (cosg+jsin g =|z|€?

The complex conjugateis

z=z|e"? e, |z|=|Z]| and agz) = —arg(2)

Some simple arithmetic:

z+z =2a; z—z=j(2b)
27 = (a+jb)a—jb) = a*+b® = |z|?

z _(a+jb) _ a’—b’+j(2ab)
z (a-jb) aZ+b?

212, = (8 +jb))(@ +jby) = (a,—b4b,) +j(asb, +aby)
o 12 = |2]€%|2]€% = |z[|z| 4%

2 _ @é(gl_gz) (a1+1:b1) (aZ—J:bz) _ (a3, + byb,) +j (ab; —ayh.)
7 |z (a;+jby) (a—jby) a5 +b3

and finally a handy result:
(a; +jby) (a,—jby) + (2, —jb,) (&, +jb,) = 2(a;a,+ b, b))

(ag +jby) (ax +jby) + (8, —jby) (a3 —jb,) = 2(a;8,—b; b))
We need to know Euler's identity:

L (@-ely

1 d9+e79 and sin9:21
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which commonly is presented (by adding the two together) as
&% = cosf+jsin@
Note that
|&?| = cos?0+sin?0 = 1
We may note that de Moivre's theorem is more general:
@%" = (cosf+jsing" = cosnf+jsinnd
The following identity is very important in frequency response anaysis.
a,cosf+ a,sing = Asin(6+ ¢

where

— 2 2 _ -1 i
A=,/aj+a; and ¢@=tan (az

We end with a few trigonometry relations, in the second quadrant, T2 < < 1t
sin(rr— 6) =sin@ ; cos(rm—6) =—cosf and tan(rr— 6) = —tand
In the fourth quadrant, 32 < 6< 2 or —-T2<0<0
sin(-8) =—sin@ ; cos(—6) =cosf and tan(—6) = —tanb

ei9= cosf—j snd

* Question: Plot tan6vs 8 for —312 < 6 < 3172. Y ou need to know this in Chapter 8.



