10
Techniquesfor exciting surface plasmons

Figures

10.1 Introduction

Fig. 10.1. lllustration of momentum conservation for optical excitation of a SP. The compo-
nent of the wavevector of the incident photon, k,,, which lies in the plane of the surface must

equal the wavevector of the SP, kgp.

10.2 Otto configuration
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Fig. 10.2. lllustration of the Otto configuration for launching SPs. For later convenience, the
coordinate system has been defined so that the origin occurs at the metal-dielectric interface
and the positive z-direction is into the metal.
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Fig. 10.3. Reflectivity as a function of angle of incidence, 6, for three different air gap spac-
ings between a glass prism and a gold surface, for both TE and TM incident light.
(Mathematica simulation.)
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Fig. 10.4. Diagram illustrating wavector matching in the Otto configuration. The solid line is
the SP dispersion curve. The long dashed line is the light line, or frequency/wavevector
relation for light propagating in vacuum. The short dashed line is the light line within the high
index prism. The point of intersection between the prism light line and the SP dispersion
curve determines the SP excitation that satisfies energy and momentum conservation.
(Mathematica simulation.)
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10.3 Kretschmann configuration
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Fig. 10.5. lllustration of the Kretschmann configuration for launching SPs.  For later conve-
nience, the coordinate system has been defined so that the origin occurs at the metal-
dielectric interface and the positive z-direction is into the metal.
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Fig. 10.6. Reflectivity of TM polarization at a wavelength of 800 nm as a function of angle of
incidence, 6, for various thicknesses of gold films in the Kretschmann configuration with a
glass prism and air below the gold. (Mathematica simulation.)
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Fig. 10.7. Kretschmann configuration using an oil immersion objective.

10.4 Diffraction gratings and Wood's anomalies
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Fig. 10.8. An example of Wood's anomalies seen in the reflection spectra of diffraction
gratings measured by R. W. Wood. Reprinted with permission from R. W. Wood, Phys. Rev.

48 928 (1935). © 1935 by the American Physical Society. [6]
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Fig. 10.9. The grating vector (wavy line) can supply the necessary momentum to an incident
photon (dashed line) so that both energy and momentum may be conserved when exciting a
surface plasmon (solid line). Kk, is the component of the wavevector in the plane of the

grating.
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Fig. 10.10. A plane wave is incident onto a diffraction grating at a polar angle 8 and an
azimuthal angle ¢ with respect to the coordinate system as shown. The grooves are parallel

to the x-direction.



6 | Chapter 10.nb

0.9[——
08 ™~ i
E \\ /
0.7" \ 7
i 1 »
o« % "/
L \ y
0'5; \ 1/ —TE
04} \—f M
0.3} \+
027‘\/‘7
7 18 19 20 21 22 23

(%)

Fig. 10.11. Zero order reflectivity as a function of angle of incidence, 0, for a gold grating at a
wavelength of 700 nm as described in the text. The plane of incidence is perpendicular to
the grooves. The surface plasmon resonance in TM polarization occurs at 6~19.8°.
(Mathematica simulation.)
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Fig. 10.12. Wood's anomaly in the reflectivity spectrum of a gold diffraction grating with
incident beam at 19.5° and the plane of incidence perpendicular to the grooves.
(Mathematica simulation.)
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Fig. 10.13. Zero order reflectivity as a function of angle of incidence, 6, for a gold grating
with a 1 um period and 70 nm groove depth at a wavelength of 700 nm. The plane of inci-
dence is parallel to the grooves.

Fig. 10.14. When the plane of incidence is parallel to the grooves, the component of the
incident wavevector in the plane of the grating, k;, is perpendicular to the grating vector, k.

The SP then propagates with wavevector kgp at an angle to the grooves.
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Fig. 10.15. Wood's anomaly in the reflectivity spectrum of a gold diffraction grating with
incident beam at 50.0° and the plane of incidence parallel to the grooves. The wavelength
dependence of the refractive index of gold is taken from the Drude-Lorentz fit. [8]
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Fig. 10.16. Reflectivity as a function of angle of incidence, 6, for a gold grating with a 1 um
period and a groove depth of 90 nm at a wavelength of 700 nm. The plane of incidence is at
an azimuthal angle of 45° to the grooves. The incident beam is TM polarized.



Chapter 10.nb | 9

0.8

TN

T 04
0.2 ~ —TE
SN e ™
0.0 Taeay
15 20 25 30 35

Fig. 10.17. Reflectivity as a function of angle of incidence, 6, for a gold grating with a 1 um

period and a groove depth of 90 nm at

a wavelength of 700 nm. The plane of incidence is at

an azimuthal angle of 45° to the grooves. The incident beam is TE polarized.
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Fig. 10.18. Polar angle, 6, of the SP
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¢

resonance for a gold grating with a 1 um period at a

wavelength of 700 nm as a function of azimuthal angle, ¢. The results from rigorous vector
diffraction theory (circles) are compared to the approximate relation of Eq. (10.7) (solid line).

(Mathematica simulation.)
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Fig. 10.19. Effect of groove depth on the reflectivity minimum, Ry, at resonance for a
sinusoidal gold grating with a 1 um period at a wavelength of 700 nm as a function of groove
depth, d. When the minimum is zero, for a groove depth near 60 nm, all of the incident light
is coupled into excitation of the SP.
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Fig. 10.20. Effect on the reflectivity of varying the shape of the groove profile.
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Fig. 10.21. Reflectivity as a function of polar angle of the SP resonance for gold and silver
gratings with a 1 um period and a sinusoidal groove depth of 50 nm at a wavelength of 700
nm. The reflectivity peak/cusp occurs for both metals at an angle of 17.5°, while the Wood's
anomaly or SP resonance occurs at larger angles which depend on the refractive index of
the specific metal. (Mathematica simulation.)

Fig. 10.22. Dispersion curve analysis which demonstrates how different angles of incidence
can couple to different SPs. k, is the component of the wavevector in the plane of the
grating.
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Fig. 10.23. Reflectivity and transmissivity calculated for a silver film that is 25 nm thick and
corrugated with a sinusoidal grating with a 110 nm depth and 1.1 um period at a wavelength
of 700 nm. Two SP resonances are clearly observed in the reflectivity, at 22° and 29°,
corresponding to symmetric and antisymmetric modes. (Mathematica simulation.)

10.6 End fire coupling
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Fig. 10.24. End fire launching technique in which a laser beam is focused onto a thin metal
film bounded by dielectrics on either side. Reprinted with permission from J. J. Burke, G. I.
Stegeman and T. Tamir, Phys. Rev. B 33 5186 (1986). © 1986 by the American Physical
Society. [20]
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Fig. 10.25. FDTD calculation of optical energy transfer between two SP modes. A plane
wave with free space wavelength of 600 nm is incident normally from the left upon a silver-
air-silver waveguide with a 300 nm gap. The SP inside the waveguide propagates 2 um
through the waveguide and then reaches the air-silver planar surface. The |H,|? intensity is
plotted. Used by permission. [22]
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Fig. 10.26. (a) A PM fiber is used to bring light to the edge of a gold stripe waveguide at a
free space wavelength of 1550 nm. The long-range SP excited by the light propagates
around the stripe and is imaged at the other end by a microscope. (b) The left image is for a
stripe with a 7.5 mm radius of curvature. The right image is for a 1 mm radius of curvature
that has been overexposed to reveal the radiation losses along the curve. Reprinted with
permission from A. Degiron, S-Y. Cho, C. Harrison, N. M. Jokerst, C. Dellagiacoma, O. J. F.
Martin and D. R. Smith, Phys. Rev. A 77 021804 (2008). © 2008 by the American Physical
Society. [23]
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10.7 Near field launching

Fig. 10.27. Apparatus for launching SPs on a metallic film by a near field tapered fiber probe
and observing the propagating SPs. Reprinted with permission from B. Hecht, H. Bielefeldt,
L. Novotny, Y. Inouye, and D. W. Pohl, Phys. Rev. Lett. 77 1889 (1996). © 1996 by the

American Physical Society. [24]

Fig. 10.28. Images obtained from the apparatus in Fig. 10.34 for a gold film at a free space
wavelength of 514 nm. Reprinted with permission from B. Hecht, H. Bielefeldt, L. Novotny,

Y. Inouye, and D. W. Pohl, Phys. Rev. Lett. 77 1889 (1996). © 1996 by the American Physi-
cal Society. [24]
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Fig. 10.29. SP jets excited by a beam of light focused onto a nanowire on a thin silver film.
Reprinted with permission from H. Ditlbacher, J. R. Krenn, G. Schider, A. Leitner and F. R.
Aussenegg, Appl. Phys. Lett. 81 #10, 1762 (2002) . © 2002, American Institute of Physics.
[25]
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Fig. 10.30. SPs excited on a gold surface by light incident from the substrate at near normal
incidence for (a) and (b) and at an inclined angle of incidence in (c) and (d) as shown in (d).
The arrows in (a)-(d) indicate the direction of the incident polarization. (f) FDTD calculation
of the normal component of the Poynting vector. Reprinted with permission from L. Yin, V.
K. Vlasko-Vlasov, A. Rydh, J. Pearson, U. Welp, S.-H. Chang, S. K. Gray, G. C. Schatz, D.
B. Brown and C. W. Kimball. Surface plasmons at single nanoholes in Au films. Appl. Phys.
Lett. 85 (2004) 467. © 2004, American Institute of Physics. [26]
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Appendix: description of grating code

In this section we discuss the Chandezon technique [31] for solving the vector diffrac-
tion of a plane wave incident upon a multilayer conformal thin film stack on a grating.
As originally described, this technique was derived for conformal multilayer gratings,
i.e., multilayer gratings of thin filmsin which the groove profile was conformal in each
layer. A very useful enhancement of the technique was described by Priest et al. [32]
for multilayer films with periodic grooves which are not conformal from layer to layer,
and we include this enhancement in the discussion. Finaly, the transfer matrix tech-
nigue as originally used by Chandezon et al., has been modified into a scattering matrix
technique by Cotter et al. [33] in order to handle films which are exceptionally thick or
grooves which are exceptionaly deep without exceeding the numerical precision of
conventional PC's. This option is also described and implemented.

We should also point out that rigorous vector diffraction theory has undergone an
immense development in the last two decades by many research groups. Both the
Chandezon technique and the other popular approach, the Fourier modal method, have
been greatly improved and optimized for efficient computation of the diffracted fields.
The following discussion is not meant to incorporate all of these improvements and
advances, but to simply provide an introduction to the Chandezon technique so that the
interested reader may more easily understand the literature.

10.5.1 Definition of groove profile

The basic geometry of the problem is shown in Fig. 10.31. As before, the grooves are
parallel to the z axis and perpendicular to the x axis. They axisis normal to the surface
of the grating. The groove profile in each layer has a period d. The profile itsdlf is
alowed to vary from layer to layer, however. For the bottom of layer j the functional
dependence of the groove profileis

yj =dj + aj(x). (10.1)
We choose a(x=0) = 0 for each layer, so
d=e +e&+ - ---+e_ (10.2)
with

do=dy =0. (10.3)
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Subscript 0 denotes the substrate and subscript Q+1 represents the upper dielectric for
Q layers.

For the purposes of this implementation, we assume the groove profile in each layer is
composed of piecewise continuous line segments with the same number of line seg-
ments and the same x coordinate end points as shown in Fig. 10.31. We should point
out that the original Chandezon technique described here is more suited for a continu-
oudly differentiable groove profile. The piecewise linear groove profile generaly
requires a larger number of terms in the Fourier expansions to converge to an accurate
result. This limitation has been removed by Plumey et al., [34] but their work is
beyond the scope of this discussion. Nevertheless, in practice even the groove profile
shown in Fig. 10.31 is handled well by the Chandezon technique for the problems in
which we are interested.
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Fig. 10.31. Basic multilayer film stack for grating diffraction calculations. There is a semi-
infinite substrate below (0,0) with refractive index ngand a semi-infinite dielectric medium
above (Xo, Yo)g,1With refractive index nq,;where there are Q thin films and Q+1 interfaces

between layers. The groove profile in each layer is divided into L piecewise continuous line
segments. In the example pictured, Q = 3 and L = 4. The incident plane wave lies in the xy
plane and makes angle 6 with the y axis.

By defining the groove profile in piecewise continuous line segments, the groove
profile in each layer is specified by the set of L+1 line segment end points, {(0,0),
(X1, Y1), - (X, YL} for the j™ layer. The thickness of the j™ layer at x = 0 is ;.

The n™ line segment for layer j is given by
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XX )
300 = | | (¥ = Yia) + ¥is (104)
X = X1

The slope of thisline segment is

s (W -y

Ix Xij - le—1

The change in vertical distance between line segments is, in general, a function of x
with period d,

A(X) = & j41(X) — &,j(X). (10.6)

If the films are conformal then A; = 0. We aso define the derivative of this function,

!’ a ’ ’
j = &(al,ju - alj) =q 41— g (10.7)
Then
Aj00 = Af x+ [ A7 (X7 = x) + (W7 = va)] = A x + 6y (108)

where we have explicitly exhibited the x dependence of Aj;.

The function exp(zz‘ ré A,-) aso has period d and may be expanded in a Fourier series,

[

explirdAj(0] = > Lh(rg) expi mK x) (10.9)

M=—oc0
where the grating vector is

K=—, (10.10)

and
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fexp[u‘ réAj(x)] exp(—inK x) dx =
0

fz L,‘}l(rq) exp(i mK x) exp(—i nK X) dx
0 m

= > dLh(rg) 6mm = d Li(rg) 1012
m
or
1 forAj=0andn = 0
Lrj}(rq) = 0 forAj=0andn # O (10.13)
%ﬁexp[a' r(jJAj(X)—linKX]afx otherwise

Because A; is segmented along the groove in our scheme, the integration in Eq. (10.13)
is also a summation over each segment,

Lg‘(rq) =g Z

=1

1 L X —X_1 forAj=0andn = 0
= { (10.14)

inlexp[u‘ rh A (%) —inK x| dx otherwise

The integration in Eq. (10.14) is easily carried out with Eqg. (10.8).

For future reference, we define two additional functions for each layer, C;(x) and D;(x),
which are also constant within each line segment of the groove profile,

1
Cij=—— 10.15
n l+( ,j)Z ( )
and
a;
Dyj = J > (10.16)
1+ (ay)

The functions C;(x) and D;(x) are periodic with the groove profile and can be expanded
in Fourier seriesthemselves. Specifically,



20 | Chapter 10.nb

N
Ci(x = | Cpexpii pKx) (10.17)
p=—N
and
N
D)= ). dyexp(i pK ) (10.18)
p=—-N

inthelimit N - oo, where

Crj (%n—%n-1)

L 3 p= 0
=D i, ' ' . (10.19)
n=1 | 5, [P (=i PKX) —exp (=i pKXy1)]  otherwise
and
L Drj (Xa—%n-1) p =
SR =
di= D0 i, (10.20)

[exp(—i PK X,) —exp(—i pKX,-1)]  otherwise

n=1

21 p

(10.21)

(10.22)
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d ¢y :chjf exp(—i qK X) dx (10.23)

or, with the substitution g—p we arrive at Eq. (10.19), and similarly for dy.

To recap, in order to compute the Fourier coefficients ¢y and dy; of the functions C;
and D; we follow the following procedure. First, for each layer j, we compute the
slopes, aj, for each line segment in the groove profile according to Eq. (10.5). From
Egs. (10.15) and (10.16) we compute the coefficients C,; and Dy; for each line

segment n within layer j. Finaly, from Egs. (10.19) and (10.20), the Fourier coeffi-
cients ¢, and dyy of the functions C; and D, respectively, are obtained.

We aso note that for sinusoidal groove profiles, analytical expressions can be
obtained for ¢y, dyj, and L(rq) as described by L. Li. [35]

10.5.2 Coordinate system transformation

The next step is to define the fields everywhere. One of the clever aspects of Chande-
zon's technique is the use of coordinate transforms so that the groove profiles are planar
surfaces in the new coordinate systems. Another clever ideais to represent the reflected
propagating (diffracted) fields in the upper dielectric medium as a Fourier plane wave
expansion everywhere above the top interface, even inside the grooves where such an
expansion is not physically correct, and to then define the total field in the upper
medium as a sum of the propagating modes and evanescent modes, the latter of which
are chosen to provide the total true field even within the grooves.

The incident field is a plane wave with wavevector k; and polar angle of incidence 6 in
the xy plane as shown in Fig. 10.31,

F' = exp(ik xsind — ik; y cos#). (10.24)
The reflected, plane wave propagating modes are given by the expansion

F'= > BhexplianX + i fn ). (10.25)

neU;

We will assume that there are P, of these modes, each with unknown amplitude B,
The transmitted plane wave propagating modes are given by the expansion
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Ft = Z B exp(i an X — i BnY) (10.26)

neU;

and we assume that there are Py of these modes with unknown amplitudes B!,. The an,
are the wavevector components along the x-direction of the various diffracted orders,

an = ksnf+nkK, (10.27)

and the B, are the wavevector components along the y-direction of the various
diffracted orders,

Bl = K-af =+ eki—as for k = |l ie, ne U (10.28)

€j is the relative permittivity (dielectric constant) of layer j, and ko is the vacuum
wavevector previously defined. «ap is the same for each layer of the film stack as well

as the upper dielectric and the substrate by virtue of Snell's law. However, B, is a
function of the index of refraction and in general will be different for each layer, the
upper dielectric, and the substate. For that reason it is given the superscript j. When n ¢
Urt, ki < |, then B, is imaginary and the fields in the expansions, Egs. (10.25) and
(10.26), are evanescent. When the total fields in the upper dielectric and/or the sub-
strate are expressed by this expansion of real and evanescent orders, this is the well
known Raleigh approximation for the diffracted fields. Unfortunately, this expansion
does not correctly reproduce the fields within the groove region and, therefore, fails
when the grooves have any appreciable depth. [36]

In the Chandezon technique the evanescent fields in the upper dielectric and the sub-
strate are computed in the transformed coordinate system to properly represent the total
field in this region. There is a separate coordinate system for each layer in the film
stack, but for now we will not include the layer label j and consider a generic trans-
formed coordinate system. Following the standard notation in the literature, the axes of
the transformed coordinate system are labelled v, u, and w where

V=X, uj =y-ajx and W=z (10.29)

In the transformed coordinate system it is convenient to define two different sets of
basis vectors (which are not all unit vectors) in terms of the standard Cartesian coordi-
nate system basis vectors. One set is represented by subscripts,

& =i+a] =1, and 8=k (10.30)

and the other by superscripts,
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(10.31)

3
o
I
>

The basis vector & is parallel to the surface of the groove profile and is, therefore,
useful for computing the tangential components of the field vectors at the interfaces,

while the 8" basis vector is normal to the surface of the groove profile and is useful for
computing the normal components of the field vectors at the interfaces. There are
several useful relationships between the two sets of basis vectors,

al

&3 =5;, Ex{=eud and FxB=eud" (10.32)

where ¢;; is the Kronecker delta function and g is Levi-Civita symbol or permutation
symbol defined by

0 fori=j,i=k orj=Kk
k=41 +1 for(1,2,3), (2,3,1), or(3, 1,2 (10.33)
-1 for(1,3,2), (3,2,1), or (2,1, 3.

Any vector A can be written
A=A +AB+AG=AR+ A8+ AR (10.34)
The tangential components of the vector A at an interface are

& - Al
A= ——— (10.35)

V1+@) V1+@)>?

>

>
1

and

(10.36)

(5D>
>
1l
>,
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(10.37)

(10.38)

(10.39)
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(10.42)

(10.43)

—
=
N
|i|

(10.45)

(10.46)

(10.47)
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10.5.3 Solution of Maxwell's equations within each layer

Maxwell's equations are

VxE= iy H (10.48)
and
VxH= —iy,E (10.49)
where
w 2y
hZTTMZMAMa (10.50)
@ il (10.51)
Y2 = €& = - €, :
Zye Zy
and
7= |22 (10.52)
€0

ur and € are the relative permeability and permittivity of the material in a given layer,
respectively, and ug and €y are the permeability and permittivity of free space, respec-
tively.

When the incident light is in the xy plane, Maxwell's equations can be reduced to three
coupled equations for the TE and TM modes separately. Specifically, we define new

fieldsF and G where

F=E and G= ylﬁ forthe TE mode, and (10.53)

ol

F = Zo H and =-2Zyy> E forthe TM mode. (10.54)

Therefore, the F field has components along the w (2) axis, so Fy, Fy, F*, and F? are all
zero, while the G field has components in the uv (xy) plane of incidence, so G, and G*
are zero. Then Maxwell's equations for both modes can be expressed by two equations,
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VxF =iG (10.55)
and
VXG=—iy ysF. (10.56)

Due to the symmetry of the problem, there is no w dependence of the fields. From Egs.
(10.45) - (10.47), we have

AF3
— =i(CG'-DGy), (10.57)
ou
OF3
i — =Gy, (10.58)
ov

and

I(CG, + DGY) 4Gt
( ! ) — =—iy1Y2 F3_ (1059)
ov ou

We eliminate G, from Egs. (10.57) and (10.59) using Eq. (10.58), and then simplify the
notation by letting F3—F and G'—>G. Maxwell's equations have now been reduced to
two linear differential equations which define the fields within each layer of the film
stack,

oF oF
—=iCG+D — (10.60)
ou ov
and
G F 0 (_CaF) d(DG) (1061)
— = + —|iC — |+ . )
ou vz ov ov ov

To solve these equations, we recall that the C and D functions have been expanded in a
Fourier series in Egs. (10.17) and (10.18) in the variable v = x. We rewrite those
equations and their partial derivativeswith respect to v.

Ci(v) = ) ¢y expli pK V) (10.62)
p
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G D i pK ey expli pK V) (10.63)
ov m
Dj(v) = ) dg exp(i pK V) (10.64)
p
and
a[;"\fv) - Zi pK dp expi@ pK ). (10.65)
p

The fields F and G and their partial derivatives are al'so expanded in Fourier seriesin v.
The layer variablej is explicitly exhibited.

Flu,v) = ) Fh(u) exp amV) (10.66)
aFI(u, i
% = %:12 @m Fm(u) exp(i am V) (10.67)
Gl(u, v) = > Gi(u) expli amV) (10.68)
dGi(u, .
% = ;;z @ Gh(U) exp(i am V) (10.69)

The Fourier coefficients Fy, and Gy, are the field amplitudes in the transformed coordi-
nate system within each layer. Entering Egs. (10.62) - (10.69) into Eq. (10.60) gives

oFiu,v) , , .
——— =i ) (CpGh +amdy Fh) expi amipV) (10.70)
ou np
since
am + pK = (ksind + mK) + pK = amyp. (10.72)

Substituting m - m - p, we can eliminate the v dependence and obtain an equation for
each Fourier component of the field F,



OFhW | |
oy ”Zp:(cpj Ghp + am-p dpj Fm-p).

Finally, weletp - m-p,

OFh(U) | ]
= L:Z(Cm_p’jGJp +(¥pdm—p,j Fé)
ou =

With Egs. (10.64), (10.65), (10.68) and (10.69) we find

0(DG) oD 0G
=—G+D—
ov ov ov

= i » i pKdy expi pK V) > Gh(u) expli am V) +
p m

i ) dgjexpli pKV)+ > am Gh(u) expli amV)
p m

= rzZ(pK + am) dy Gh exp(i Amyp V)

m,p

= iZamp dyj G expli @me p V)

m,p

m,p

wherein the last step we have again made the substitution m - m- p.

Also, Egs. (10.62), (10.63), (10.66), and (10.67) give
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(10.72)

(10.73)

(10.74)

(10.75)

(10.76)

(10.77)

(10.78)
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0 oF 0C oOF 0°F
—(iC —) =j— - —+iC —

= i ) i pKCyexp(i pK V)« > i am Fih(u) expli amV) -
p m

i Zcpj exp(i pKv)- Zarzn FL(u) exp(i am V)
p m

= —iZam(pK + am) Cpj Fin €Xp(i &y p V)

m,p

. j .
m,p

m,p

Using Egs. (10.78) and (10.84) in Eqg. (10.61) gives

4G/
ou
i [Z ['}’i '}’; Omp FH + Z[—am—p @m Cypj Frjﬁ—p +amdy Grjn_p] exp(@ amV).
m,p m,p
In the second summation, we make the substitution p - m- p,
dGl(u, v)
ou
i[z[yi’yifsmp Fp|+ Z[—%am%p,j Fb+ amm-p,j Gb| | expti am ),
m,p m,p

(10.79)

(10.80)

(10.81)

(10.82)

(10.83)

(10.84)

(10.85)

(10.86)
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and then combine the summations and pick out the terms of the individual Fourier
components of G/,

IGh(u) - | |
- =i > |(71 74 6mp — @p @mCmpj) F + @ Oy, Gh]- (10.87)
p

Egs. (10.73) and (10.87) are an infinite set of linear differential equations in the field
components. To satisfy these equations, the u dependence of the field components F,
and G, must clearly be exponential. These two sets of equations can be put into the
form of alinear partial differential vector equation. Specifically, we let the Fy, and G,
field amplitudes of the various Fourier componentsin layer j, where -N < m < +N, be

represented by the vector ZJ with 4N+2 components,

Fw={Fly, . Fl\, Gy, o Gl (10.88)

where in principle N — oo, but in practice we truncate N at a sufficiently large number
to achieve the desired accuracy in the calculation. Egs. (10.73) and (10.87) can be
written as amatrix equation,

8Zj A B _
i = 7 (10.89)
ou | i g
B

whereA, B, C, and D are rank 2N+1 square matrices with components given by,

Arjnn = n dm—n,j (1090)
Bin = Cin| (10.91)
ernn = yi ’}/é 6mn - afm a'n Cm_n’j (10.92)

and

Din = @mOmn,j- (10.93)
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The indices m and n range between -N and +N.

When we consider the boundary conditions at the interfaces between layers in the next
section, we will find that it is easier work with modified fields within each layer, F and
G. First of al, we define the new variabler;,

% for the TE mode
nj = (10.94)

é for the TM mode.
Then
Fmn= Fm (10.95)
and
Gm =7 Gk, (10.96)

In terms of the new fields, the vector

& W={Fn o Fons Gy oo Gon) (10.97)
isasolution of the linear partial differential equation
2] Aj é—j
5{ 1 ;\j . -;J.
—i——= {=T¢. (10.98)
ou _ _
ni él 5]

(The caret on top of this vector is the standard notation used in the literature, but does

not indicate that this is a unit vector, which it is not). T isarank 4N+2 square matrix,
and there are 4N+2 independent solutions to Eq. (10.98), indexed by g, of the form

2 N

£ W) = exp(irdu). (10.99)
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N
The vector amplitudes ¢, of these independent solutions of the fields which can exist in

each layer are fixed by matching boundary conditions. Once the boundary conditions
have been applied, the total field within each layer is a sum of these q solutions with
appropriate weighting amplitudes. Plugging Eq. (10.99) into Eq. (10.98) gives

i ey =rd =%, (10100

=]

so we see that the constants rq are ssimply the eigenvalues of the matrix T, and the gq
are vectors proportional to the eigenvectors of T. The eigenvalues, rq, determine

-

whether or not the modes corresponding to each vector Zq are evanescent or propagat-
ing. If the former, then the rq value determines if the field decays exponentialy in the
upward or downward direction. If the latter, the rq value determines if the field is

propagating in the upward or downward direction. There will be 2N+1 eigenvalues for
which Re{rg) > 0 (some propagating and some evanescent modes), and 2N+1 eigenval-

ues for which Re(rq) <0. For propagating modes, Im(rq) = 0. If, in addition,
Re(rq) > 0, then the modes are propagating in the upward direction (we assume an
exp(-iwt) time dependence for the fields). Likewise, Re(rq) < 0 with Im(rq) =0
corresponds to a downward propagating mode. If Im(rq) # 0, then the modes either
grow or decay exponentially in the vertical direction. If Im(rg) > 0, then the modes
decay exponentially as u (or y) - co. If Im(rg) < 0, then the modes decay exponen-
tially asu (ory) - -co.

Let V bethe complete set of normalized eigenvectors of T. Then

-~

SRS
Z,= bV, (10.101)

where the bé are the 4N+2 (as yet unknown) constants of proportionality. The com-
plete solution to Eq. (10.100) is

(U) Z§qexpﬂrqu Zé Hqu (10.102)

q
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Each separate diffraction order within a layer is given by one component of the vector
o~

sum £ (u) on the left hand side of this equation. For example, if N = 2 and we are

interested in the amplitude of +1% diffracted order of the TE mode, then from Egs.

(10.55) and (10.95) - (10.97),

N
{ (u) = {E—Z! E—11 EO! E+11 E+21 (10103)
nj ¥1H-2, nj 1 H_1, 7y ¥1 Ho, 1 y1 Hia, 17 72 Hao)

N
so we need to solve for the fourth component of £ which is itself a sum of the fourth

components of the 4N+2 eigenvectors \A/é weighted by bé exp(u’ r(j] u). For convenience
we follow the procedure of Priest et al. [32] and multiply each term in the sum by the
phase factor exp(-i r} dj) and include the reciprocal factor in the values for b in order
to fix the phase to zero at the bottom interface of layer j.

If we now define a new square matrix M’ of rank 4N+2 whose columns are composed

of the eigenvectors \A/CJ], and a new vector b’ of the corresponding eigenvalues bé, then
Eqg. (10.102) can be written as a matrix equation,

?j T N
Fw=méwp (10.104)

or

Zyw = > Mbgexplirl(u—dj)] b} (10.105)
q

where ®' isa diagonal matrix incorporating the phase factors,

Phg(u) =
: , : i _ (10.106)
Smq €XP[i rq (u—d;)| = Smgexp(i rqej ) exp(i rqAj ) = Thgexp(i rq Aj ).
The unknown bé eigenvalue amplitudes are determined by matching boundary condi-

tions at the interfaces between layers. At the bottom interface of layer j, &)j(d j)=1,the

identity matrix. Also, for the fields within the substrate (j = 0), the phase matrix at the
interface with the bottom of the thin film stack is the identity matrix by definition. For
the top interface of layer |,

y=dj1 + 1% (10.107)



Chapter 10.nb | 35

or

uj =y-aj(x) = dj1 + Aj(X), (10.108)

Ol dje1 + Aj(X0) = G exp(i Tq &) €xp(i rq Aj(%). (10.109)

We note that in general A; is aperiodic function of x. When the films are conformal, A
=0and

Ohg( s + Aj) = Smgexplirqey). (10.110)
10.5.4 Fiddsin theincident medium and substrate for conformal thin films

10.5.4.1 Incident field

The field amplitudes in Eq. (10.105) are defined in the transformed coordinate system.
The amplitude of the incident field is given by Eq. (10.24), the field for the reflected
propagating waves within the incident medium by Eq. (10.25), and the field for the
transmitted propagating waves within the substrate by Eqg. (10.26), in terms of the
origina Cartesian coordinate system. We now derive the form of these fields in the
transformed coordinate system. The F component of theincident field is

F' = exp(i ao ) exp(— i B3 ) (10.111)
. . Q+1 . Q+1
= expliagV)exp(—i By ujexp(-i By ags(V) (10.112)

where we substitute for y using Eq. (10.29). The final exponentia on the right hand
side of Eqg. (10.102) is periodic in v and can be expanded in a Fourier series. Substitut-

ing the generict for ,88+1,
exp(- itag,v)= Y LA™ expE mK v) (10.113)
m

where
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Q+1(t)
1 ifaort=0, andm = 0
0 ifaort=0, andm # O
%ﬁexp(— u‘taQ+1(v))-exp(—u'va) dv otherwise

We note that this is the same function as that given in Eq. (10.14) except that ag.1(V) is
substituted for Aj;. The integral in Eq. (10.114) becomes a summation over the line
segmentsin the groove profile. Using Eq. (10.113) in Eqg. (10.112) gives

ZLQ+1 IBQ+1 exp(z amV — IIBQ+1 )_

exp(i ag v) for g3 =0
(10.115)
S Fh(B5 ) expli amv)  otherwise
in the transformed coordinate system, where
Fi(B3) = LR™(BS™) exp(~ i 85 u). (10.116)

The G component of the incident field is obtained from Eg. (10.55), remembering that
the only nonzero component of F is F3,

i i JF3 N OF3
iG =VxF = e — & (10.117)
6u 8v

or, remembering that G = G* and using Egs. (10.38) and (10.43),

: OF" IF®3
iG'=[1+(ab+1)2][ au] aQ+1[ ) (10.118)
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(10.119)

(10.120)

(10.121)

(10.122)
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(10.125)

(10.126)

(10.127)

(10.128)

(10.129)

where

GBS = DB |- A+ m K[ %)] exp(— i A3 u). (10.130)
B

+1
m 0

The total incident field has now been expressed in Egs. (10.115) and (10.130) as a
Fourier expansion in the grating period. In vector form,
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i T/
§ = [ /7 ]
I

wherethe 2N+1 F components are taken from Eq. (10.116),
o= LR (=83 exp(— i B3 u) (10.132)

and the 2N+1 G components are taken from Eq. (10.130),

L= [— oty mK[ﬁZ(jl ]] LR~ B ) exp(— i B3 u) (10.133)
0

where the n; factor comes from Eq. (10.96). When matching boundary conditions at

the top surface of the grating (u = 0), we note that the factor exp(— i 38” u) in Egs.
(10.132) and (10.133) isequal to 1.

10.5.4.2 Reflected propagating field

As previously stated, the reflected field consists of P, upward propagating plane wave
modes in the original Cartesian coordinate system. In the transformed coordinate
system, from Egs. (10.25) and (10.29),

F'= > Bhexplan V) expli 7 u) expli 57 aga(v)). (10.134)

neU,

Again, the final factor on the right hand side is periodic and can be expanded in a
Fourier seriesusing Eqg. (10.113),

os(if o) = TUS s opimcn o

m
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(10.136)

Z B}, ZLQ+1 Q+l exp(zz amV+ EBQ+1 ) (10.137)

neU,

The G fidd components are a so obtained from the analog to Eq. (10.122),

(10.138)

(10.141)
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(10.143)

(10.144)

(10.145)

(10.146)

— B [ - m-n) K[ ]] LRH(+ 7 expliamv+ 577 U) - (20.047)
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for ,8Q+1 It is entirely possible that a diffracted order will have a reflected angle of
0° for which ,8Q+1- 0. Because we expect the field amplitude to change continuously

as the diffracted angle scans through 0°, we can determine the value for G|, at ,8Q+l 0
by taking the limit,

Q+l

GHBR =0)= lim [
Bn

(10.148)
@n + -+ -+
BnZ[ 1 _(m-n) K[ o ]LQ 1( Q 1)exp(uamv+ﬂ/3Q ! )]
m B
Qn
= lim |-8 Y m-mK LRtA(+ B3 ™) expli am V) 10.149
BS+1—>0( ;[ ﬁ(n?Jf J] ( ) ( )
But form=+ 0,
Q+1 1 . .

IlrgL ) = 3 (1-itag.«(v) exp(-i mKv)dv (10.150)

t— 0

it

= _E ag+1(V) - exp(=i mK v) dv (10.151)

0

so Eq. (10.149) becomes
G; ( S+l _ O) _

j 804 1(V 10.152
B;Z[(m—n)Kan] (f Eanl )-exp(—i(m—n)Kv)dv exp(i am V) ( )
m 0

for ﬁQ” = 0. Of course, the integral becomes a summation of integrals for our piece-
wise continuous groove profile. From Eqg. (10.4),

f ag+1(V) - exp(=i(M-n) Kv)dv =
(10.153)
Zf g1V +D Q+1)eXp( i(m-nKv)dv

where
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Q+1l/ Q+1 Q+1
o1 Vi +1(Y| i ‘Y|+1)
broe= Yoy - oot (10.154)
| L=

The total reflected propagating field can now be represented by a matrix equation,

al ~ ) =l

Z=MB (10.155)

where Zr is a 4N+2 component field vector, M’ is a matrix with 4N+2 rows and P,

columns, and B is a vector with P, components of the unknown amplitudes of the
reflected propagating plane waves. M " can be split into upper and lower matrices,

~/

M”
M = ] (10.156)
M

where according to Egs. (10.137) and (10.147),

LQ+1( Q+l) exp( Q+1 U) for IBSH. +0

Min = (10.157)
0 for gt =0

and
177
an =

’71[ Q+l_(m N K( ‘éil)] Q+l( BQ+l)eXp(LBQ+l ) for,BQ+l

(10.158)

iaQ+1(V) 5L =
d

nilm-=n) K ay] (g’ -exp(—i(m—n)Kv)dv) for

In Egs. (10.157) and (10.158), the m index runs between -N and +N while the n index
correspondsto the P, modes that are propagating in the upward direction, i.e., for which

Imgy™Y) =0  and  RepyY) > (10.159)
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Once again, at the top surface the factor exp(i i i u) isequal to 1.
10.5.4.3 Reflected evanescent field

There are only P, reflected propagating modes given by Eq. (10.155), but there are a
total of 2N+1 modes with Re(ﬁ?”) > 0 in the upper dielectric medium. The remain-

ing 2N + 1 - P, modes which are not propagating modes must be evanescent modes.
The evanescent modes can be represented by the eigenvectorsfrom Eq. (10.101),

Ser Q+1Q+1 L
I =) "V, explirgu) (10.160)
gq¢U

such that
Im(rg™) > o. (10.161)

In terms of the M matrix,

uQ+1) BQ+1

—er

27 = e (10.162)

A l
where the MQ+ matrix in this case is a rectangular matrix with 4N+2 rows and only
those 2N + 1 — P, columns for which the eigenvector correspondsto one of the eigenval
ues satisfying inequality (10.161). Thetotal field in the incident medium is thus

Y o (10.163)

in which there are 2N+1 total unknown amplitudes.
Transmitted propagating field

By Egs. (10.26) and (10.29) the transmitted propagating modes are given by the
expansion

Ft= > Bhexp(iany — i U+ ay(v))). (10.164)

neU;

exp(- i Brayv))= > Lk(- B3 expiE mK v) (10.165)
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= " Bhexp(i anV) exp(—i B3 u) exp(—i £ (V) (10.166)
neU;
= > B exp(-i fu ZLl o) eXPG anymV) (10.167)
nelU;

- Y8 ZL — ) expli am Vv —i B3 U). (10.168)

neUt

The G field components are once again obtained from the analog to Eq. (10.122),

(10.169)

(10.170)

(10.171)

(10.172)

(10.173)
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(10.1274)
(10.175)
(10.176)
(10.177)
Then substituting Egs. (10.168) and (10.177) into Eq. (10.172) gives
@n . .
Gy = Y[+ m-nK E] Livn(—B7) expli amVv—i B u) B}, (10.178)
m n
The P, transmitted propagating modes are represented by the matrix equation
7=N'B (10.179)

at —t
where ¢ isa4N+2 component transmitted field vector, B is a vector of the P; unknown

transmitted field amplitudes, and N’ is a rectangular matrix with 4N+2 rows and P
columns which can be divided into an upper and lower matrix, each with 2N+1 rows,

-, N 14
N = [ o ) (10.180)
N
defined according to Egs. (10.168) and (10.178),

Nim = Linn(—7) exp(—i B u) (10.181)
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and

n
Nie = 17 [—ﬂﬂ +(m-n) K ,3_0] Linn(—87) exp(-i Ao u). (10.182)

n

As with the corresponding equation for the reflected field, the m index in these matrices
ranges from -N to +N, while the n index coversall P; valuesfor which

Im(g3) =0  and Re(Bn) < 0. (10.183)

At the bottom surface of the grating, the factor exp(—i gJu) in Egs. (10.181) and
(10.182) isequal to 1.

10.5.4.4 Transmitted evanescent field

Finally, there are 2N + 1 — P; evanescent modes in the substrate and we can use the
previously derived field expression in the transformed coordinate system, Eq. (10.105),
to express these components,

2% =12 be, (10.184)

et . . , ~0 .
where ¢ * is the evanescent field vector in the substrate with 4N+2 components, My, is
20
arectangular matrix with 4N+2 rowsand 2 N + 1 — P; columns, and by, is a vector with
: . . ~0
2N + 1 - P; unknown evanescent field amplitudes. The columnsin M, correspond to

. ~0 . . .
the columnsin M~ which represent these evanescent modes, i.e., for which the eigenval-
ues satisfy the condition

Im(rd) < O. (10.185)

.t

AT at et ~rt ~0a0 =~ [B

§ =¢+¢ =N B +Mgy, by, =Ms| (10.186)
ev

where we have defined the new square matrix I\7|s with rank 2N+1 that is obtained by
combining N’ and M,
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10.5.5 Boundary conditionsfor conformal thin films

The unknown field amplitudesin F and G within each layer are determined by satisfy-
ing the boundary conditions. We know that the tangential components of the E and H'
fields are continuous across each interface. We now start with the simplest case, that
for which al layers have the identical groove profile. For TE polarization, the E field
lies along the w (2) axis and is tangential to each interface. The H field is orthogonal to
the E field and H? is the component of the H field which is tangential to the interface,
becauseit is parallel to the & basisvector,

& H = HL (10.187)
By Eg. (10.53),
E-F-E, (10.188)
and
G = 17, GL, = G—#=71H1:koonl. (10.189)
T

Therefore, F and G as defined in Egs. (10.95) and (10.96) are proportional to E,, and
H?, respectively, and must also be continuous across each interface for TE polarization.

For TM polarization, the H field is along the w (z)-direction and is tangential to each
interface. The E! field component is orthogona to the H field and is tangentia to the
interface. Using Eq. (10.54) and the following definitions for F and G,

F=F=2ZH, (10.190)

and

. E
G=7Gh=—"—=-kE}, (10.191)
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we find that F and G are again both proportional to field components that are continu-
ous across each interface. Therefore, for the conformal multilayer film stack, the

vector Zdefined in Eqg. (10.97) is continuous acr oss each interface for both TE and
TM polarizations.

The boundary condition at the top of layer j is

<+l

{ (u=dj)=

j(u _d,,) (10.192)

ol

By Eq. (10.105), and remembering that the phase factor is defined to be zero at the
bottom interface of a given layer,

o Nt e il aidd o N
MJ+1(I)J+1(dj+1) bJ+ _ MJ+1 bJ+ _ MJ(DJ(dj+l) bJ. (10.193)

10.5.6 Transfer matrix for conformal thin films

Eq. (10.193) provides the basic mechanism for generating the transfer matrix that
connects the fields at the top surface of the films to the fields within the substrate. For
multiple thin film layers,

-1 .Q-1.0-1

= 117 $%(dg..)
= [MCE WS [ Y ) [ Y | °e°D”  (10.19)
= [A%A%T AN B = A (|\7|°B°) (10.196)
where
A = 8 ()] 1) (10.197)
and

e R (10.198)
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H isthe transfer matrix, a square matrix of rank 4N+2. Egs. (10.194)-(10.196) connect
20
the unknown field amplitudes inside the substrate, b , to the unknown field amplitudes
A0Q+1 ~
in the incident medium, bQ+ , viathe transfer matrix H.

~ 20Q+1
MQ+1bQ+ in Eg. (10.194) is the total field in the incident medium at the top surface,

~ 00
which was derived in Eq. (10.163). M b’ is the total transmitted field at the bottom
interface, which was derived in Eq. (10.186). Therefore, we can rewrite Egs. (10.194)-
(10.196) as

AR

F(ugu)= AZ W (10.199)

This matrix equation may be separated into 4N+2 linear equations with 4N+2 unknown
amplitudes, and thus it provides the solution for al the unknown b® and b2+ ampli-
tudes. Once these amplitudes are known, the amplitudes for the field within any other
layer are found simply by truncating Eq. (10.194) at the appropriate layer.

It may not be imediately obvious, however, how to solve Eq. (10.199). The procedure
isasfollows. First we expand Eg. (10.199) into all of its components.

(10.200)

-l
Solving for { and remembering that the definition of the phase factor means that &%
isthe identity matrix,

—M’§r—I\7IQ+15Q+1+(|—~| |\~l’)§t+(|:| ~0)60:§. (10.201)

Now, the matrices on the left hand side of this equation all have 4N+2 rows, and the
total number of columns is also 4N+2, so they can be combined into a single square

matrix, Z, with rank 4N+2,

Z=[-m» -0**" AN Am’l (10.202)

We also define the new vector of the 4N+2 unknown amplitudes,
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B= . (10.203)

Then

(10.204)

N

wl

1]
ok

or

-1 (10.205)

ok

B= (2)

The quantities on the right hand side of this equation are al known or can be computed
from the groove profile and the optical properties of the thin film stack. The vector on
the left hand side includes all the unknown field amplitudes within the incident medium
and the substrate.

A simple example makes this much more obvious. Let us consider the case where N =
1, and P, and P; are both equal 1 as well. Thus, there will be two evanescent modes

(2N+1-P) in both incident and transmitted media. Let N° be so arranged that the
column vectors in I\7IO corresponding to the evanescent modes satisfying inequality

(10.185) are the last two columns of this 6 x 6 matrix, and let M Qo+t be arranged so that
the column vectors satisfying inequality (10.161) are the second and third columns.
Then Eq. (10.199) can be written
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(10.207)
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” Q+1 Q+1 ’ ’ ’ .
-M{; -Mg~ -Mjg ™ Hi; Hi Hig o b} F,
” Q+1 Q+1 ’ ’ ’ 1 i
-Mz -Mz" —Mx™ Hp Hp, Hi || bg" E
” Q+1 Q+1 / ’ ’ Q+1 i
-Mg; —Mgz ™ —Mg H3y Hz Hgs || bg * _ I:|+1
1 Q+1 Q+1 ’ K ’ bt — Gi . (10208)
Myl Mg Mg Hyu Hi His 1 -1
" Q+1 Q+1 ’ ’ ’ 0 GI
-Mgl' —Mg ™ —Mgg Hg Hs, Hgg bé io
" Q+1 Q+1 ’ ’ ’ b G
-Mgi -Mg~ —Mg Hen Hg Hea 3 -
or
” Q+1 Q+1 ’ ’ ’ -1 .
b} -M{; -Mg " -Mg— Hip Hpp Hig |:'_1
1 ” Q+1 Q+1 ’ ’ ’ i
bg’” —Mz =Mx ™ —My™ Hy Hz Ha £
Q+1 ” Q+1 Q+1 ’ ’ ’ i
bs | | -M& —Mg —Mg Hy Hi Hi Fit (10.209)
bt - " Q+1 Q+1 ’ ’ ’ Gi ’ )
1 “Mg —Mg ™ Mg Hi Hi His -1
0 " Q+1 Q+1 ’ / ’ GI
b(z) -Mg -Mgg™ —Mgg ™ Hg Hg, Hgg io
b " Q+1 Q+1 ’ ’ ’ G
3 -Mg' —Mg ™ —Mg = Hg Hg Hey -

10.5.7 Boundary conditionsfor nonconformal thin films

If the groove profiles are not conformal, as shown in Fig. 10.32, then the situation is
more complicated. The E, and H,, field components along the w (2)-direction are

continuous as before, so the boundary condition for F remainsthe same,

Fr (U = djar) = F(u = dja +4,00). (10.210)

Aj(v) isaperiodic function of v.

The G field component in layer j is no longer tangential to the j+1 interface, so 1] Glis
no longer continuous across the interface. G* and G, in the j' th layer must be appropri-
ately combined to obtain the field component that is tangential to the j+1 interface.
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Fig. 10.32. The groove profile for two adjacent layers is shown in red. One segment of the
profile is highlighted in yellow. The included angle between the groove profile of the two

layers in this segment is ®. Field G! is the field component in layer j which is tangent to the
bottom surface of layer j, and field GI*!is the field component in layer j+1 which is tangent to
the bottom surface of layer j+1. G, is the field component in layer j which is normal to the
bottom surface of layer j.

Referring to Fig. 10.32, it is clear that the field component of G in the j'th layer which
istangentia to thej+1 interfaceis

G' =Gl cos® + G sine. (10.211)
where
R AL
t - B (10.212)
1+ (=)’ 1+ (=)’
and
. a2 N ~ J
G =8.G= G=

e G,
' ' (10.213)
[1+ (&) [ 1+ ()

® is the angle between the line segment of the j+1 interface and the j interface, which
can be written in terms of the slopes of these line segments as follows.

0=0,-0, (10.214)
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where

tan®; = aj,; and tan®; = gj’. (10.215)
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N N OF
&t (A5 Dj + 1)GJ +i Ai(v)n; Cj - (10.225)
\Y

A(v) isaso aperiodic function of v.

Egs. (10.210) and (10.225) are the boundary conditions for the nonconformal multi-
layer film stack. For the conformal multilayer film stack, A’ = 0, and Eq. (10.225)
reduces to

gt g (10.226)

as expected.

The aert reader at this point may be uncomfortable with the manner in which we have
matched fields at the interface between nonconformal grooves. We are essentially
making a one-to-one matching of the Fourier components of the field amplitudes across
the interface, albeit making sure that we are matching tangential components. This
approach is known as the Rayleigh approximation. It has been shown that this approxi-
mation fails when the the groove depth becomes an appreciable fraction of a wave-
length. The reason for this failure is that the fields in the region above the grating can
be expanded in a Fourier series, but the fields within the grooves cannot, due to the
evanescent components. Similarly, when the grooves are not conformal, the upper
interface of layer | is a grating within the transformed coordinate system of layer j.
Therefore, to properly handle the field within layer j at the upper interface, we should
really transform each field component within layer j into the coordinate system of layer
j+1 and then apply the matching boundary conditions. Essentially each diffracted
component in the Fourier series expansion of the field within layer j must be expanded
in another Fourier series at the upper interface of this layer to properly account for all
the field amplitudes within the groove region at this interface. L. Li was the first to
point out thisissue. [37]

10.5.8 Transfer matrix for nonconformal thin films

Now that the boundary conditions have been obtained, we can apply them explicitly to

the fields on both sides of each interface. We consider first the F field and then the G
field. Itisconvenient to expand Eq. (10.104) as

& [
(u, b‘=( ®Nél(u,)p’ (10.227)

M)
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(10.234)

(10.235)

(10.236)

(10.237)

(10.238)
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(10.239)

asdefined in Eq. (10.106). Then Eq. (10.238) can be written
Mo s X Pp. (10.241)

This is the result for nonconformal films that corresponds to the top half of the matrix
equation for conformal films, Eq. (10.193). We see that the top half of matrix M’ on

the right hand side of Eg. (10.193) has been replaced by_)~(J (+) in EQ. (10.241). This
makes sense since as seen in Eq. (10.21), the function L—m is zero when the films are
conformal except for n- m=0, when L_m = 1.

A similar relation must be obtained for the G field amplitudes. Substituting Egs.
(10.17), (10.18), (10.67), and (10.68) into the boundary condition Eq. (10.225),

(10.242)
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(10.244)

(10.245)

(10.246)

(10.247)

(10.248)
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(10.249)

(10.250)
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(10.252)

(10.253)

Eqg. (10.252) simplifiesto
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1 s+l N

Mo = X)) (10.254)

This is the result for nonconformal films that corresponds to the bottom half of the
matrix equation for conformal films, Eq. (10.253). The bottom half of matrix M’ on
the right hand side of Eq. (10.253) has been replaced by X (=) in Eq. (10.254).

Because the function L}, is zero when the films are conformal except for n =0, when L
=1, Eqg. (10.253) is quickly seen to reduce to the conformal case.

Egs. (10.241) and (10.254) can be combined into a single equation,

It i (10.255)
where X is asquare matrix of rank 4N+2,
~ ]
5 X (+)
X' = . (10.256)
X (=)

and 0 < j < Q. Eg. (10.255) for nonconformal films is the counterpart to Eq. (10.193)
for conformal films.

We can use Eq. (10.255) to generate the transfer matrix.

~ =N ~ ~ - ~ ~ ~ -1 L0-1 ~0O-1 ~0—
Q+1 bQ+1 _ XQFQ bQ _ XQFQ(MQ) XQ 11_Q 1bQ 1 (10.257)
~0~0 ~0 -1 ~0-1~0- v2 =1 1.1 ~1 -1 .0~00
= XOFm Y X T XD (10.258)

- EmWT (10.259)
so Eq. (10.258) becomes

H{X b|=H

~f ~0a0 ~ ~0O- ~1 ~0x0 ~ 20Q+1
( ° ) Ot gtk e MY (10.260)

where

(10.261)

T
1]
I
T
I
I
-
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Eqg. (10.260) is the transfer matrix equation that expresses the field amplitudes inside

A0 20Q+1
the substrate, b , in terms of the field amplitudes in the incident medium, bQ+ . At the
bottom interface, Ag = 0, and

L0 (r)—{1 form=n 10.262
m-n"Y 710 form#n’ (10.262)
Then
0 _ 0 0 _ 0
X&) = D ME(+) LG (1) = M&(+) (10.263)
m
and
XE(=) = > Mg(=) Ly o(rg) +
m
K (10.264)
5 Z(n— M- p) (dpj Mig(=) =17 @m Cpj Mg(+)) Lo p(Fq)
= MY(-). (10.265)
Therefore, within the substrate,
°p =m°D (10.266)

which is the total field in the substrate. The transfer matrix Eq. (10.260) is solved in
exactly the same manner as was discussed for conformal thin films with the matrix
definition in Eq. (10.259) rather than Eq. (10.197).

A simpler expression for Eq. (10.253) has been given by Li. [37]
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10.5.9 Scattering matrix

Although we have now derived the complete technique for solving the vector diffrac-
tion problem of a multilayer thin film stack with nonformal gratings at each layer, one
finds that these equations exhibit numerical instability when the films become too thick
or the grooves too deep due to the exponential dependence of the evanescent field
amplitudes and the finite precision of the machine computation. Itisrelatively straight-
forward to convert the transfer matrix formalism, in which the fields on one side of an
interface are related to the fields on the other side of the interface, into a scattering
matrix formalism in which the fields incident upon the interface from above and below
are related to the fields reflected from the interface into the upper and lower media. It
turns out that this approach eliminates the problems in loss of precision caused by the
exponentialsin the calculation. We follow the procedure described by Cotter et al. [38]

With reference to Fig. 10.33 we can denote the 2N+1 field amplitudes for which
Re(rq) > 0, corresponding to the "upward" propagating and evanescent fields, with a
"+" subscript. Likewise, the 2N+1 field amplitudes for which Re{rg) < 0, correspond-

ing to the "downward" propagating and evanscent fields, are denoted with a "-"
subscript.

o+l O+l
Y 4 b b+

xv

Fig. 10.33. Diagram showing upward (+) and downward (-) propagating modes at each
interface.

Let us now define a scattering matrix éj which connects the 2N+1 field amplitudes
which are incident upon the bottom interface, Bﬁ, and the 2N+1 field amplitudes which
are incident upon j'th interface, BJ_, to the 2N+1 field amplitudes which are reflected
from the bottom interface, 5?, and the 2N+1 field amplitudes which are reflected from
thej'th interface, Bi,
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N 2zl \ (20
b+ Sll S12 b+

[_\o]= [~j ~i ||l (10.267)
b Su Sp /bl

The eigenvalues r associated with each column in the transfer matrix, Eq. (10.263), for
the 2N+1 "upward" modes satisfy either

Imry) =0 and Re(r)) > 0 (10.268)
for the propagating modes, or

Imrg*) > 0 (10.269)

for the evanescent modes. We rearrange columns in X' so that the upward propagating
modes are the left-most columns of the matrix. The remaining columns in the left half
of the transfer matrix are associated with the evanescent modes. Similarly, there are
2N+1 "downward" modes. The eigenvalues associated with the column vectors in the
transfer matrix for the downward modes satisfy

Imry) =0 and  Re(r)) <0 (10.270)
for the propagating modes, or
Imrg*) < 0 (10.271)

for the evanescent modes. The column vectors associated with the downward propagat-
ing modes are placed on the |eft side of the right half of the transfer matrix. Finally, the
remaining column vectorsin the right side of the transfer matrix are associated with the
downward evanescent modes. We can then write Eq. (10.263) as

~ j+1 Biﬂ ~j~]j Bi
M Fol= X (10.272)
BJ+1 bJ

where the matrix <f>j has also been appropriately computed according to Eq. (10.248).
Solving for the amplitude vector on the right hand side of this equation,

N o T B I
{;] = ( I Ajfﬂ (10.273)
b_ W2z Wy J\b
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where we have defined the new transfer matrix,

W= (% E) TR @)

j -1 ~j+1

G (10.274)

We aso note that at the bottom interface with the substrate, by virtue of Egs. (10.186)
and (10.266), we can reduce Eq. (10.272) to

N -0 =0
1B oD . (b
N (4; . MO[A;): MS[A;] (10.275)
b b b.
SO
-0 ~0 ~0 -1
b Wo, Wo, (B
b_ Wy Wy JAbe
where
Wo=mo tmt, (10.277)

(10.278)

(10.279)

(10.280)

(10.281)
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(10.282)

(10.283)

(10.284)
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(10.289)

(10.290)
Comparison of Eqg. (10.287) with Eq. (10.289) immediately gives
8y = (Wrgy -8, W) 8, (10.291)
and
St = (Wi - S Widy) (8L W~ W) (10.292)

Comparison of Eg. (10.290) with Eq. (10.288), and making use of Egs. (10.291) and
(10.292) to simplify the notation, we find

2l ozl (al miV(al ol ol Vel sl ;i sl oz
Sun =Su- (322 W21) (512 W2, _Wll) Si1=Su+SpWx Sy (10.293)

(10.294)
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Egs. (10.291) - (10.294) determine the (j + 1) scattering matrix in terms of the j

scattering and transfer matrices. Starting with éo, the identity matrix, once the transfer
matrices have been determined for each layer, we can successively determine the
scattering matrix for each layer until we reach j= Q+1, the upper dielectric medium.

This final matrix connects the incident field amplitude B?ﬂ to the reflected field ampli-
2Q+1 -0
tudes, b?+ , and transmitted field amplitudes, b_.

2Q+1 ~Q+1 ~Q+1 20
b+ _ S11 S12 b+
o 17 | cor o . (10.295)
N ~ ~ 2Q+1
b Sa  Sp J\bC

20
We note that the amplitudes denoted by the vector b, are all identically zero - there are
no incident fields from below the substrate onto the thin film stack. Therefore, the
reflected field amplitudes are

B(E+l _ é(lQZJrl B?Jrl (10.296)

and the transmitted field amplitudes are

B(j _ §§2+1 5?”. (10.297)

In the paper by Priest et al., [32] there is an additional somewhat complex procedure
described for converting these results into reflectivity and transmissivity amplitudes.
However, because we have already employed the procedure of Chandezon to rewrite
the reflected and transmitted field amplitudes as sums of propagating plane waves and
evanescent modes, Egs. (10.296) and (10.297) are in fact the final result. In particular,

20Q+1
the first component of b?+ is unity for the amplitude of the incident plane wave, and
. 2Q+1,
all other components are zero. Therefore, the first column of S?; is composed of the

amplitude components for all the reflected orders, and the first column of é?; s
composed of the amplitude componentsfor all the transmitted orders.

When computing reflected and transmitted intensities for each diffracted order, it is
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useful to consider the component of the Poynting vector along the y-direction. This
component will be proportional to n- | E|2 cos(6p) or |H |2 cos(0y) / N where 6, is the
polar angle of the diffracted order and n is the refractive index of the medium. For TE
mode we are solving for the electric field amplitude, so we use the first of these func-
tions to obtain the field intensity for both the diffracted order and the incident plane
wave, while for TM mode we are solving for the magnetic field amplitude so we use the
second of these functions to do the same thing. We then normalize the diffracted
intensity by the incident intensity to obtain the reflectivity and/or transmissivity of the
grating film stack for each order.

The scattering matrices can also be used to find the field amplitudes within each layer.
Eqgs. (10.289) and (10.290) with b. = O become

b, = &b (10.298)
and

=0 aj ~j -1.0

b =8,b0 o B =&y b. (10.299)

Therefore, the total amplitude vector for layer j is a function of the scattering matrix for
that layer and the transmitted amplitude vector,

b =

~j o~ -1
. S12(Sy) BO
. [ ] (10.300)

~j -1
(S)

10.5.10 Field profile

Once the components of the b scatteri ng amplitude vector have been computed for each
layer, the field amplitude can be computed through the thickness of the film stack. We

consider the F component of the vector Z which corresponds to the E field for TE
polarization and to y; H for TM polarization. For some arbitrary position on the x axis
we can make use of the expansion in Eq. (10.66) to determine the field profile along the

y-direction. However, for simplicity we will consider the field profileat x = 0. In that
case,
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Flw = ) Faw (10.301)

where the different components F, are given by the top half of the Z vector. TheZ
vector isitself asummation of eigenvectors according to Eq. (10.101),

"j _ J Aj ; i —d;
I'= ) byVgerlud) (10.302)
q
so, in agiven layer,
Fom
I:—m+l
I:m—l
Fm
(10.303)

bl M1 gnu 4 b2 Mo gy 4+ b4N+2 M1,4N+2e“4N+2“

bl Moy gnu 4 b2 Moo gy 4+ b4N+2 M2,4N+2e“4N+2“

by Mon1 €Y + by Mo €72 + L+ banio Moy ansp € TNt

ir{u irou i r u
b1 Monyi11 €Y + Donyy, Mo €729 + o+ Dani2 Monggans2 € 7402

Combining Eg. (10.301) with Eq. (10.303) givesthetotal field in layer j at x =0,

_ 4N+2 N 2N+1 ]
Fi= > bhe™td) 3" M, (10.304)
n=1 m=1
Exercises

1. Recognizing that €, generally becomes more negative as the wavelength increases,

what do you expect to happen to the SP wavevector with increasing wavelength? (see
Eq. 10.2) What isthe limiting value of kg, ase;,, » —o0?

2. For what thickness of aluminum film is the Kretschmann configuration optimized at
aincident wavelength of 900 nm?
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107 7 7

Thickness ]
- 0006 um |
== 0.008 um ]

0.010 um
0.012 ym

3. At awavelength of 320 nm, the refractive index for silver is 0.765 + i 0.611. Isthe
reflectivity dip at this wavelength in Fig. 10.8 due to a SP resonance? At what silver
thicknessisthis dip minimized?

0-4: Tl]ickness ‘ /
L = 0.02 um /
r = 0.03 um /
03 I - 8:82 Z2 / ]
< 0z i
- o"7
0.17 -------- - /
001 o
30 35 55 60
1.57 h\\
g | [\
S 10 \\\\ | Ey|
— . [ I A
B A\ —i
P QN o
00: \\:\\
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4. 1sthe component of the wavevector of an incident plane wave which lies in the plane
of the surface larger or smaller for alarger angle of incidence? In light of the answer to
question 1, if the angle of incidence is changed from 43° to 45° what should happen to

the SP resonance wavelength in the Kretschmann configuration? Replot Fig. 10.8 for
this new angle of incidenceto verify your answer.

D
sAvAVARS
“adf | \ /

45°
0.0+

. . . . . . . . . ‘ . . . 1]
0.4 0.6 0.8 1.0 12

A (pm)

5. It was stated in the text that alow index dielectric like MgF, can be used in place of
the air spacer in the Otto configuration. For MgF, with arefractive index of 1.38, what

thickness of the dielectric film would give the largest dip in reflectivity for gold and at
what angle of incidence is the SP excited?

R,
[ ‘\' / \ I/ / "—’
06 L/ “ - 'il i
I . P
o : |‘ /’ .'0—'%l~ ’, / ’»
0.4+ = 7 i (R wa
I I/E / R \ K\.fc’ — Au
[ '/ \ Ag
0.2 ;.r/‘- "' 1 "’ = CUu
I Vs \ = Al
Ry i ‘ |
0.4 0.6 0.8 1.0 1.2
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Fig. 10.4: Reflectivity of TE and TM polarization vs. angle of incidence for a 0.55 um MgF,
spacer in the Otto configuration. (Mathematica simulation.)

6. Explore the wavelength dependence of the coupling efficiency for gold, silver,

aluminum and copper over the wavelength range of 300 nm to 1200 nm. What thick-
ness of aluminum film gives optimal coupling?

p—
08 % PSRN o=

\\ 7/ -
o6 M VA S <

o / A\ /1 g

24 [ ‘l II e & ] ’

r o ‘ N ' .
041 | =, P U A

[ //| / e \ \/»' — Au

I g \ Ag
02/ &1 + i — cu

I \ o4 \/ = Al

\ 7/ ‘
0.4 0.6 08 1.0 1.2
A (pm)

Exercise 6: Reflectivity of TM polarization vs. wavelength for various metal films in the

Kretschmann configuration. The Ag, Au, and Cu films are 50 nm thick. The Al film is 18 nm
thick. The dielectric below the metal film is air.
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