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7.1

7.2

Chapter 7 Solution Set

Problems

Prove that a square integrable free field (one that satisfies the homogeneous
Helmholtz equation over all of space) has finite multipole moments.
A free field admits the multipole expansion

l

() =>" Y ajikor)Yy™(

=0 m=—1

-

)

from which we find that

/ d*r |U(r) Z Z |ai"? uf (ko Ro)

=0 m=—1

where
Ro
12(ko Ro) = / r2dr i (or)
0

and where 7y is a sphere of radius Ry centered at the origin. The parameters
u?(koRo) are exponentially small (but finite) for [ > koRg so that we find that

koRo 1

/d?’ TR~ S S JaPud (koRo)

=0 m=—1

so long as all the multipole moments from [ = kgRgy to [ = oo are finite. If the
free field is square integrable the r.h.s. of the above equation must be finite
for any choice of Ry which then requires that the multipole moments all be
finite.
Derive Eq.(7.5b).

The total field in the L.h.s. z < 0 in the presence of a Dirichlet plane at
z = 0 must consist of an incoming free field to the plane as well as a reflected
(scattered) free field. Ignoring evanescent plane waves we then conclude that

U(I‘) :/ d2Kp A(Kp)eiKp'Peivz+/ d2Kp As(Kp)eiKp-pe_i»yz
K,<ko K,<ko

where the second term represents the reflected (scattered) wavefield that prop-
agates into the lL.h.s. The sum must be zero on the Dirichlet plane which then
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7.3

yields

and establishes Eq.(7.5b).

Use the angular spectrum expansions developed in Section 7.2.1 to compute
the outgoing wave Green functions in the half-space z < 0 that satisfy homo-
geneous Dirichlet and Neumann conditions on the plane z = 0.

We must consider the two cases where —co < 2 < 2/ <0 and 2/ < 2 <0
corresponding the field points r = (x,y, z < 0) lying to the left of the source
point ' = (2/,y/, 2 < 0) and field points r lying to the right of the source
point v’ but with both points still in the L.h.s. In both cases the field scattered
from the plane at z = 0 can be represented by a plane wave expansion of the
form

U (r,1') = / K, Ay (K,,r')e®ePem
K,<ko

where we have made the usual assumption of ignoring evanescent plane waves.
The field generated by a delta function source at r’ is the free space Green
function G4 (r —r’) so that in the region z’ < z < 0 the field incident to the
plane at z = 0 propagates in the positive z direction and thus admits the
Weyl expansion

—i

U(m)(r) =G, (r—1)= /

< 2K
S8 v

P eiKp~(pfp')ei'y(zfz/)'

The total Green function in the region 2z’ < z < 0 is then given by the plane
wave expansion

—i [*® d’K. . . , . .
G(I‘, I'/) 1 / 4 elKP.(pfp')eyy(zfz )+/ dQKp AS(Kp,r/)ezK‘fpefz’yz'

~ ]2
8 —c0 Kp<ko

Considering for the moment a Dirichlet plane at z = 0 we then require that
G = Gp vanish at z = 0 which yields

) 1 . / . ’
As K N — L_ —iK,-p" —ivz
(K,,r") 725 e e
so that
. e’} 2 . 2
G, ') = —- / TKp ik, (p-p) ira—= L / TKyp ik, (p-p) vzt
’ 872 872 '
- K,<ko 7

On making use of the Weyl expansion we see that the above plane wave
expansion of the Dirichlet Green function can be expressed in the form (see
Problems 2.15 and 4.9)

Gpr,r)=G,(r—1") -G, (r—-71) (7.1)

where T = (z,y, —2).
In the region z < 2’ < 0 the Green function component scattered from the
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7.4

7.5

plane at z = 0 remains that same but the component generated by the source
point at z = 2’ has the Weyl expansion

—q 0 d2K . . ’
Gi(r—1') = 8712/ — £ (K (P=p) gmin(z—2"),

The total Dirichlet Green function in this region is then given by

i [~ 2K, e 2K, .
G, 1) = — / P K, (p—p) i) L / 2 K (PP gmin (42,
K,<ko

T 82 y

which again reduces to the expression given in Eq.(7.1). A Neumann plane is
done in completely parallel fashion.
Generalize the angular spectrum expansions developed in Section 7.2.1 to the
case of an incident wave radiated by a source in the right half-space z > zg
and reflecting off of the plane z = 2y where it satisfies homogeneous Dirichlet
or Neumann conditions.

The total field in the r.h.s. z > 0 in the presence of a Dirichlet plane at
z = 0 must consist of an incoming free field to the plane as well as a reflected
(scattered) free field. Ignoring evanescent plane waves we then conclude that

Ulr) = / d?K, A(K,)erPe=7 4 / A?K, As(K,)e®er Pz
K,<ko K,<ko
where the first term represents the incident wave that propagates in the —z
direction and second term represents the reflected (scattered) wavefield that

propagates into the +z direction. The sum must be zero on a Dirichlet plane
located at z = 0 which then yields

AS(KP) = _A(Kp)
and yields
U(r) :/ d?°K, A(K,)eErPe=1= —/ d?K, A(K,)e™ e Pz,
K,<ko K,<ko

A Neumann plane is done in completely parallel fashion.
Derive the 2D versions of Eqgs.(7.25).

The scattered field from a Dirichlet surface within the P.O. approximation
is given by Eq.(7.21b). The 2D version of this equation is obtained by taking

r=(z,y) = (r,¢) and

/ { + / { 2 —3 7ikgs~r/ eikgr
Goy(r —r') = = Hy (kolr —t'[) ~ —7 P N

The scattered field from a 2D Dirichlet surface is then found to be
Goy(r—r")

(s) —9 d /—£H+I€ L i (in) s
U 6) =2 [ a8~ (ole ') 508 w)

i 2 - s’ O (i ethor
Lt i dS/ —ikos-r U(“l) nN__
2 7TI€0e ’ ~/8‘rg ‘ on’ < (r ) \/F
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7.6

1.7

which, for plane wave incidence, yields

7 2 . ) o L ./e’ik(ﬂ’
Ut (r) ~ —=y/—e'7 dS’ ikgsg - i etFoso T gmikos T
P.O. k
2V mho 0701 \/F

The scattering amplitude is then found to be

Ik x , /
fPO (S, SO) _ —06711 / ds’ so - I"l/eflk()(S*S[))'l‘ ,
2m OTol

where 7¢; is the lit portion of the surface. A completely parallel development
is used for the Neumann surface.
Derive Eq.(7.26a).

This is a straightforward calculation that follows the steps given in the
book.
Derive the generalized scattering amplitudes for Dirichlet and Neumann sur-
faces within the P.O. approximation

1. From the definition of the P.O. scattered fields given in Eqgs.(7.21),
We find from Eqs.(7.21) that the scattered field within the P.O. approxi-
mation for a Dirichlet surface scatterer is given by

y 8 mn
Ulg,)o.(r) = 2/a dS' Goy(r — r/)%Ui ().

If we now let » — oo we obtain

ikoT )
ONA i L ks €707 0 i),
Upo.(r) 2/870 ds'] p " ]8n’U< (r").
from which we find that
1 - O
— ds’ —ikgs'r’ ¥ (in) /s )
fP.O.(S; I/) - e S'e (?n’ U< (I‘ )
A Neumann plane is done in a parallel fashion.
2. From their plane wave scattering amplitudes and the relationship Eq.(6.35b),

We have from Eq.(6.35b)

f(s.v) = jé 09, A(so, v) £ (5. 50)

where A(sg, V) is the plane wave amplitude of the incident wave to the scat-
terer and f(s, sg) is the plane wave scattering amplitude. If we then express
the incoming component of an incident wave to a Dirichlet or Neumann
surface scatterer in the plane wave expansion

lﬁ%ﬂ:/mW£W%wﬁw*
we conclude that

fro.(s,v) = A A%, AU (sov) fr.0.(8, S0).
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Again restricting our attention to a Dirichlet surface scatterer we have that

ik , /
fP,O.(S; SO) _ Z_O dS/ So - f./eflkg(sfso)-r

27 J a0, (s0)
yielding

fp.o.(s,s0)

. k . ’
fro.(s,v) = / dQ,, AU (sv) — 20 / s’ sy - /e~ iko(s=so)x
41 2m 070, (s0)

1 ; . , _ ,
=—= ds' {iko / Ay, AU (sov)sg - ' ethosor ) g mikos e
2m 070, (s0) A7
oL [ asemmer Lptime,

S 2m o710 on' <

A completely parallel development is used for Neumann scatterers.

3. Verify that they are the same and reduce to the plane wave scattering
amplitudes for plane wave incidence.
This is easily verified.

7.8 Compute the scattered field and scattering amplitude for plane wave incidence
with the P.O. approximation for a Dirichlet sphere.
The scattering amplitudes for a surface scatterer within the P.O. approxi-
mation are given in Eqs.(7.25) which for a Dirichlet scatterer yields
kg

fro.(s;s0) = dS' s - #e~tkols=s0)r’,

27 Joro,(s0)
If we now take the surface to be a sphere with radius ay and take the polar
axis of the r’ spherical coordinate system to be the negative of the unit wave
vector sy of the incident plane wave we obtain

ik 4 3 . / /
fP,O.(S; SO) _ ’;_Oag / d¢// cos e/eflkgag[cos(ﬁsfﬁ )+cos 6’]
T " _

s

2 . ’ ’
’Lkoag / cos 9/671k0a0 [cos(0s—0")+cos 6 ],
-3

s
2

where 6, is the angle that sg makes with the polar axis —sy and we have used
the fact that so-1r/ = —cos ¢’ and s-r’ = cos(fs —6"). The final integral cannot
be evaluated in closed form and would have to be implemented numerically
to evaluate.
7.9 Use the scattering amplitude for a Dirichlet cylinder within the P.O. approx-
imation given in Section 7.3 to verify the 2D version of Eq.(7.31).
It is first necessary to derive the 2D version of Eq.(7.31). The 2D scattering
amplitude for a Dirichlet scatterer was found in Problem 7.5 to be

k - . /
fro(s,so) = \ o€ / dS' s - @' holsmso)r
2 9701
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It then follows that

F(koso) = €' fpo(—s0,80) — €' f55 (S0, —S0)

/ ko / dS/ / 21kgso / ko / SO n/€21k050 r
37’01 67’0

/ko/ S’ s - i ¢2ikosor /@/ P2y VTwser“““sO'”/ — 2iky /@/ a2 eQikos().r/,
1o 27 T0 27 To

thus yielding

. ko =
F(koso) = 2iko/ ﬁf(—%oso), (7.2)

where I'(r) is the 2D characteristic function of the scatterer. Eq.(7.2) is the
2D version of the Bojarski indentity given in Eq.(7.31).

Now that we have derived the 2D Bojarski identity we can apply it to a
cylinder and show that the P.O. approximation given in Section 7.3 leads to
Eq.(7.2). We first compute F'(kgso) directly from Eq.(7.2) for a cylinder. We
find that

- ag 2w . ao K
I'(-K) = / Td?"/ dg et eosd — 27r/ rdr Jo(Kr) = 2mag Ji(Kao)
0 0 0 K

where we have used the identity

On making use of the above result we then find that

. Ik J1(2koa C
F(koSO) = 2’LI€0 ﬁ27TCLOI(T20) =1 27TI€06L3J1 (2k0a0). (73)

We must now show that the same result is obtained from the 2D definition
of I

F(koso) = €' fpo(—s0,80) — €' 55 (S0, —S0)

using the P.O. approximation to the cylinder given in Section 7.3. The scat-
tering amplitude was found in that section to be given by

2
fro.(¢) =1/ %6%4 [CoJo(koao) + 22 )" Cdn (koag) cos ng),

n=1

where the incident plane wave is assumed to be propagating in the positive x
direction and ¢ is the scattering angle relative to the positive z axis. For the
following development it is preferable to rewrite the above expansion in the
alternative form

2 oo
koao

fro.(@) =\ 52T F >0 ()" Cudnhkoag)e™,

n=—oo
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which follows using the fact that C_,, = C),. Using this expression we find
that

[koad iz ~— .
fro(=so,s0) = fro(so, —so) = fro.(¢ =) = g—aoeﬂz > " Cudn(koao),
™ n=—oo

where we have made use of the fact that for a cylinder f(so, —so) = f(—so, so)-
We then conclude that

F(koso) = €' fpo(—S0,80) — €' fp0o (S0, —S0)

= \/Fa(%[ Z i"CpnJn(koao) — Z (=i)"Cp Jn(koao)]

n=—oo n=—oo

et Z 1) C) (oo ) (7.4)

To proceed we need to compute C,, — (—1)"C?. We find from the definition
of C), given in Section 7.3 that

lo|m

3

LY
C;: _ /2 d(b/ cos (b/efikgag cosqb/einqb/ — _(_1)71/ d(b” cos ¢N ikoag cosqb ing’’
3

3

2

where we have made the transformation ¢” = ¢’ + 7. Since C,, = C'_,, we can
also express this result in the form

C:; _ _(_1)11/5 d(b” oS ¢N ikoag cos ¢’ mwb”'
3

On using this result we find that

3 5
5 ™ s

. ’ . , . ’ . ’
d(b/ oS ¢/6’Lk0a0 cos ¢ e*lnqb +/ d(b/ oS ¢/6’Lk0a0 cos ¢ e*lnqb

3
2

Cp = (—1)"C =

n

o

27
:/ d¢ oS (b/ ikoag cos ¢’ 7171(;5/'
0
Using this result in Eq.(7.4) then yields
Co—(=1)"C},

k: 2 s 27T ; ’ . ’
F(koso) = 1/ ;ZO o / d¢' cos ¢eoa0 s =P I (koaq)
n=—oo 0

. Y
eikoag cos ¢

k 27
/ OCLO/ d¢ Cos(b/ezkgagcosqb Z 7’”1(;5 J koao)

n=—oo

k 2 27 ) ,
= ”_;ao / d¢’ cos ¢ e*Fot0 03— [arkgaiy (2koao)
T Jo
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which is the same result we found earlier in Eq.(7.3). In deriving the above
result we have made use of the expansion

2m
Ji(z) = 27ri/ de e'?eicos?,
0

7.10 Use the scattering amplitude for a Dirichlet cylinder within the P.O. approx-
imation given in Section 7.3 to verify the 2D version of Eq.(7.35).

This problem is done in a parallel manner as was used in the previous

problem. It is first necessary to derive the 2D version of Eq.(7.35). The 2D

scattering amplitude for a 2D Dirichlet scatterer was found in Problem 7.5 to

be
ko _i=x ’ o1 —iko(s—so)-r’
fPo(s,s0) =/ =€ 1 dS’ sg - e~ tko(s—so
27T Aot

It then follows that

Fy(s0,8) = €'% fpo(s,s0) — e ' fho(—s, —s0)

_ /k_o/ dS/SO 7 71]{50(5 so)r /kO/ SO e —iko(s—sg)-r’
27T OTo1 87'0

_ R / 48" sg - if'e—thots—so)’ _ [ Fo / &2V, - sge~ho(s—s0) T’
27 Jor, 27/, ’

yielding the result

Fy(s0,8) = ei%fpo (s, SO)—eﬂ%f;SO(—s, —sg) = iko\/g(l—sos)f[ko(s—so)].

We will also need later the form for F, given by the surface integral on the
Lh.s. in the third line of the above development:

[k . ,
F,(so,8) = ﬁ /8 dS' s - i/ e~ ho(s=s0) " (7.5)
TO

Note that putting s = —sg we obtain

E QT px ko
Fy(so, —s0) = €' fpo(—s0,80) — € "% fpo (S0, —s0) = 2iko\[ 5 o T(—2koso),

which was the result we found for F'(kosp) in the previous problem.
We showed in the previous problem that

ao 2m ao
- _ I
I(-K) = / rdr / dg e'™Te0% = 27 / rdr Jo(Kr) = 2mag THE00)
0 0 0 K
from which we conclude that

k _
F,(s0,8) = ikoy/2mkoad(1 — s - s) LLE0d0]S = Sof) (7.6)

k0|S—So|

Again putting s = —sg we obtain the solution obtained for F'(kgso) in Eq.(7.3)
in the previous problem.
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We must now show that the same result is obtained from the 2D definition
of Fy(so,s):

Fy(s0,8) = €'% fpo(s,s0) — e fro (=8, —s0)

using the P.O. approximation to the cylinder given in Section 7.3. The scat-
tering amplitude was found in that section to be given by

fro(s,so) = \V 3 koao "% [CoJo(koao) +2Z Y Crdn (koag) cos ng)]

n=1

[k .
OCLO 714 Z koao)eznqb'

n=—oo

where the incident plane wave is assumed to be propagating in the positive
x direction and ¢ is the scattering angle relative to the positive = axis; i.e.,
is the angle made between the wave vectors s and the positive = axis. Using
this expression we find that

/k a? .
fPO 0% 1— Z nC J kOQO) —ing

n=—oo

/koageig i i"C* T (k a )einqb
o0 e nYn\NOUQ

where we have made use of the fact that for a cylinder f(—s, —sg) = f(s, so)
and that the scattering amplitude is an even function of the scattering angle
¢. We then find in analogy to Eq.(7.4) in the solution of the previous problem

that
k
i(s0.8) = |/ 5= — (=1)"C%)Jn(koao)e'™?,

n=—oo

with
2m ,
Cn—(=1)"Cyp :/ d¢' cos ¢'eiFoaocosd’ g=ind’,
0

found in that problem solution. On using the above expression we find that
the expression for Fy given above reduces to

y(s0,s \/%/ d¢’ cos @' ¢tkoaocos ¢’ Z e T koao)

n=—oo

kan o 1 ik —ik —¢
d¢ COS(b i gagcosqb ikoag cos(p—¢")
2w

where we have made use of the Jacobi-Anger expansion

o0

e*ikoao cos 6 _ Z (—i)"efngn(koao)

n=—oo
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with 6 = ¢’ — ¢.

Our goal is to show that the above expression for Fy(sg, s) obtained above
is the same as that obtained in Eqs.(7.5) and (7.6). It is far easier to compare
the above result with the expression given in Eq.(7.5) than that given in
Eq.(7.6) which is what we will do here!. If we specialize Eq.(7.5) to the case
of a cylinder it becomes

k CL2 2 ; N ’
Fg(SO; S) — 4/ ;Tro / d¢/ cos ¢/67’Lk0a0 cos(p—¢ )elkoa[) cos ¢ ,
0

which is seen to be identical to the expression for Fi; obtained above and thus
proves the equivalence of the two expressions.
7.11 Derive the expression for the Kirchoff diffraction pattern given in Eq.(7.46b).
We begin with Eq.(7.41b) where we let 7 tend to infinity to obtain

—ikg z , gtkor

ol / d2p/ T(p/)U(zn) (rO; V>€7ikgs~r0 ,
Z=Zz0

2T r r

UD(r, ) ~

where s = r/r is the unit vector along the position vector r. If we then neglect
the so-called “obliquity factor” z/r and take the aperture to be located at
z' = 0 we obtain the expression given in Eq.(7.46b) for the Kirchoff diffraction
pattern f4(s,v) as a function of s over a hemisphere in the r.h.s. z >> 0.
7.12 Compute the Kirchoff diffraction pattern of a circular disk as a function of
the transverse coordinates in an observation plane located at distance z from
the center of the disk.
Here we use the expression for the diffraction pattern given in Eq.(7.46a)
which, for a circular disk and normally incident plane wave reduces to

iko 0 /g o 1 —ilu|p’ cos ¢’
fa(u,v)=——=[ pldp dg’ e "MP
27T 0 0
where ¢’ is the polar angle of p’ and u = kgp/z. The above integrals are easily
performed and we obtain
ik ao J
Falwv) = =0 [ g ulol) = ~ikoag 202
™ Jo lul

7.13 Compute the diffraction pattern of the disk in problem 7.12 in the far field

as a function of the unit vector s.

Here we use Eq.(7.46b) for the diffraction pattern which for a circular disk
and normally incident plane wave reduces to

iko w0 /7 o 1 —ikosT-P’
fa(s,v) === pldp d¢' e~ ks P
27T 0 0

1 Any reader who can provide a direct comparison with Eq.(7.6) should be commended. I would
also be grateful to receive a copy of that solution since I have not been able to provide such a
direct comparison!
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where sp = (85, sy) = p/r is the component of the unit vector s = r/r lying
in the (z,y) plane. We can simplify the above expression to obtain

fd( . ’Lko/ /dp/ d¢ e —iko|sT|p’ cos ¢’

(k@|57¢a0)

ao k:
= —iko/ p'dp' Jo(kolst|p") = —ikoao N Ji(ke anp/r)'
0 k0|ST|

kop/r

7.14 Give an argument why the field diffracted by a circular aperture which sub-
tends the solid angle 2y from a source located in the lL.h.s. is approximately
given by

= —ikoao

UD(r) ~ / A, AU (s)eikos T (7.7)
Qo

where A(s) is the angular spectrum of the incident wave to the aperture. State
the requirements for the approximation to be accurate.

We can represent the field radiated by a source located in the lLh.s. of a
diffracting aperture in the angular spectrum expansion

U+(r):/ ag : dasin 0 A0 (s)etkos™
. .

where C is the a contour of integration that runs from o = 0 to a = 7/2—i00
and AU")(s) is the angular spectrum of the field with o and § being the polar
and azimuthal angles of s, respectively. The incident wave field to the aperture
then consists of a superposition of homogeneous plane waves propagating
in various real directions s with s, > 0 and evanescent plane waves that
propagate perpendicular to the z axis and that decay exponentially fast with
z.

If the diffracting aperture is large compared with the wavelength and lo-
cated at a distance much larger than a wavelength from the source then we
can ignore the contribution of the evanescent plane waves to the diffracted
field. Moreover, the action of the diffracting aperture to the incident wave
can be regarded to be a filter that allows those plane waves who’s propaga-
tion vector intersects the aperture to pass through but blocks the plane waves
who’s propagation vectors lie outside the aperture. This then leads to the field
representation given by Eq.(7.7).

7.15 Derive Eq.(7.58) from Eq.(7.56).
We begin by writing Eq.(7.56) in the form

Fy(s,s0)

/ daO/ V1= (s-50)2[f(s,80) 4 f*(—s, —sq)] e?Fo(s7s0)x
. .
3% [ dag / do o/ T= (5 50 (5, so)eihalso0®

s
2

:F dao / da/1T—(s-80)2f*(—s, —sq)ekosms0) T (7.8)
- %
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where we have substituted for Fj; from Eq.(7.55).

According to fig. 8.3 in the Chapter 8 «g is the angle formed between the
positive y axis and the unit vector sgp and « is the angle formed between s
and sg. Moreover, the Cartesian (£,7) coordinate system is defined to have
its positive n axis aligned along sy so that

S-Sp=cosa, Sg=1, S= sinaé—l—cosaﬁ, r= §é+nf7
from which we conclude that
s—so=sina &+ (cosa—1) 7, (s—so)-r=CEsina+n(cosa—1)

where £ and 7 are the components of r in the rotated (£, n) coordinate system.
We then find that

™ % .
[ dao [ o T s s et

s
2

:/ do‘o/ da | sin a| f(a, o) etFolésinatnlcosa—1)]

[SE]

[SE]

where f(a, ap) is f(s,so) expressed in terms of o and ag. We also find that

T % .
[ oo [ o ST s st

3
27 5
_ ’ I o Iogx( 1 1\, —iko[€sin a’+n(cosa’—1)]
= doy do/ |sina’| f* (o, ag)e
0 -3

where o = ag + 7 and ' is the angle formed between —s and —sg. Substi-
tuting these two expressions into Eq.(7.8) then yields Eq.(7.58).

7.16 Generalize the formulation developed in Example 7.1 to the case of a sphere.

This problem is easily done using the eigen functions appropriate to a spher-
ical coordinate system as opposed to a cylindrical system.



