Solutions to the Tutorial Problems in
the book “Magnetohydrodynamics of the Sun”
by ER Priest (2014)
CHAPTER 7

PROBLEM 7.1. Effect of Steady Flow on the Energy Method.

Consider a steady flow and magnetic field having y- and z-components of
the form vo(z) and Bg(x) and show that the linearised equation of motion
for perturbations of the form &(x,y, z,t) = &(z) exp i(k,y+ k.2 —wt) becomes

~w?py £(x) = F[&(x))],

in place of
—w2p0 f(ro) = F[&(I‘o)],
where
—0 =w —k.vy(z).
SOLUTION.

With a steady flow vy, the usual linearised equation of motion,

62
Poa—tg = F[ﬁ(r07 t)]7

is modified to

2
o (% Tive- v) £=F(€)+ V- (Epovo- Vvo).

where F is the usual linearised total force given by

F&)=—-Vp1 + mg+ji xBo+joxBy

— Vi + V- (pe) g+ (V x [V x (€ x By)]) x Bo/u

+ (V x Bg) x [V x (& x By)]/p.
For normal modes of the form & = &(r)e~™*, this reduces to
—po(w +ivo - V)26 = F(€) + V - (€povo - Vv).
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Now, for a flow of the form vy = vo(z) having y- and z-components that
depend on z alone, vy - Vvg = 0 and so normal modes of the form

§ = &() expli(kyy + k.2 — wi)]

reduce the above equation to

~w?py €(x) = F[&(x))],

as required, in which the usual frequency w in the case with no flow is replaced
by a Doppler-shifted frequency @ = w — Qg(z), with Qq(x) = k.vo(x) and
k =kyy + k.z.

Whereas in the static case, when w = w, transition to instability is
through the marginal point (w = 0), the presence of flow allows such a
transition to be through a value w # 0. In this case, overstable modes can
appear in the form of propagating waves with exponentially growing ampli-
tude. For more details, see Goedbloed et al’s 2010 book on Advanced MHD,
from which this example was taken.

PROBLEM 7.2. Rayleigh-Taylor Instability.
Consider two incompressible, inviscid plasmas of uniform densities (p(_),

p(()+)), separated by a horizontal boundary, with gravity acting vertically

downwards. Show that if the plasma of larger density ,0(()+) rests on top

of the other (,0((]+) > p(_)), the system is unstable with perturbations like ¢!
growing at a rate |w| given by

w2 = —qgk p(()+) - p(_)
9P\ H o
po P

SOLUTION.
The incompressible equations are
ov
P TPV V)V =—Vp+pg,
dp
ot +V . (pv) =0,

V. -v=0,



and the equilibrium satisfies

o _
dz Pog-
The linearised equations are
0V1
N V4
Po BN D1+ m8,
Ip1
Ea
V. Vi = 0.

Next assume perturbations of the form f(z)e?***+%t 5o that

iwpoV1, = —tkp1, (1)

. dp
WpPeU1, = _d—zl — P18 (2)
wpy = —nglz, (3)
ikvy, +vy, = 0. (4)

Eliminate p; by taking d(??)/dz — ik(?7?) to give

iw[(poviz) — ikpoviz] = ikprg.

Then use Eq.(??) to substitute for p; and Eq.(??) to eliminate vy,, so that

d dvy,
Wz@ (Po d; ) — K (pow® + gpp)vrz = 0. (5)

Now, for z > 0, dpy/dz = 0, and so Eq.(??) reduces to

d2’UlZ

dz - ]{32’012 == O,

with solution
v, = Ae? + Be ¥,

in which the condition v, — 0 as z — oo implies that A = 0.
Similarly, in the region z < 0 with the condition vy, — 0 as 2 — —o0, we
find
vy, = CeM.
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The next step is to link these two solutions across the interface z = 0 with
two conditions, the first of which is that v, be continuous, so that C' = B

and
Be % 2 >0,
Vi =
: BeF*,  z <.

For the second condition, integrate Eq.(??) across the interface to give

dv z dv z
w2p0d—1 - k2gpovlz:| - {szo—l - k29P0U1z P
< z=07% dz z=0"
or
(—w?pik = Kgpy) = (WPp_k — kgp-),
o © )
2 Po — Po
w'=—gk ~5— 5>
Po "+ Po

as required.

PROBLEM 7.3. Continuously Stratified Medium.

Consider an equilibrium horizontal magnetic field By = [By(z), 0, 0] in a grav-
itationally stratified atmosphere, with pg = po(z) and py = po(z). Linearise
the inviscid, ideal, adiabatic MHD equations and assume perturbations of the
form f(z,y,2,t) = f(2)e!™=“Y. When the wavenumber [ is large (I — o0),
prove that the local dispersion relation is given by

d By
(Z+v3)w” =N + gvii [log <E)} ,

where v} = Bf/upo, ¢; = ypo/po and N* = (g/v)d/dz[log(po/pj)]. Deduce
that the plasma can be unstable (w? < 0) even when it is convectively stable
(N2 >0).

SOLUTION.



The inviscid, ideal, adiabatic MHD equations are

Y p(v-V)v=—Vp+(V xB)xB/u+pg,

-
%ﬂLV-(pV):O,
%—]?:VX(VXB),
%:—v-vp—wv-v.

If By = [Bo(2),0,0], po = po(z) and py = po(z), then the equilibrium satisfies

d( L BY__
dz Po 2 = —poY,

and the linearised MHD equations are

ov

Poa—tl =-Vp1 +(V xB1) xBo/p+ (V x By) x Bi/p+ pig,
0
% =—pV - (Vl) - Ulsz)a

8B1 8’(]1m dBO

—_— = V B — —B V * B - 4 Y
815 X (Vl X 0) 0( Vl) + 0 a.jl} U1 iz
0
% = _Ulsz) — PV - vi.

Next assume all perturbations are of the form f(z,v, z,t) = f(z)ew=t,
Then the components of the equation of motion become

. By
—iwpoviy, = —2Bi., (6)
i
: , By B,
—iwpouy, = —il (pl 4+ 0L ) , (7)
. ByBy, '
—WpPeV1; = — <p1 + O,u - ) — P19, (8)
while the continuity equation becomes
—iwpy = —poV - Vi — pyuL, (9)
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and the induction equation reduces to

—'éWle = —BQV *V] — B{)vlz, (10)
—’iWBly = O,
—’iWBlz == O,

Since By, = 0, Eq.(??) implies v, = 0 and the adiabatic equation becomes
—iwp1 = —poV V1 — pyuiz, (11)
while V- B; =0 is
0 = ilBy, + B...

Now, assume that the wavenumber [ is large (I — 00), so that V - vy =
ilvy, + v}, will remain finite only if vy, ~ 1/l — 0. Then Eq.(??) becomes

BOle

D1 + = 07 (12)

and so Eq.(??) reduces to
—iWpPeU1, = —pP14. (13)

The next step is to take By x (?7?7)/u+ (?77?) to give
ByBy, B2 BB
—iw<p1+ : 1)=—<7po+—°)V-V1—<p6+ - O)vlz.
7 u u

However, Eq.(??) implies that the left-hand side vanishes and so

B2 ByB!
(7p0+70)V'V1=— (p/o+ (,)u 0) V1. (14)

Then forming —iw X (?7?) and substituting for p; from Eq.(?7?) gives

w’povrs = —iwprg = —(phgui. + pogV - V1)

After rearranging this and substituting for V - vy from Eq.(??), we find

g ByBj
(pow® + pog)viz = —pogV - vi = 7]90—7—073% <P6 + %) (P
0



This may be rearranged to give

(9o + B Ju)w” = 222 (29_ _ E) , Bog (26 . p_’o)
0 v Po Po % By po ’

or, in other words,

d By
(cf + vfl) w? = AN? + gviﬁ {log (E) } ,

2
. =

d Po
N2 =92 Jiog (P2 L
e ()

Note that the plasma can be unstable (w? < 0) even when it is convectively
stable with N2 > 0.

as required, where v = B2/upo, ¢ vpo/po and the Brunt-Vaisila fre-

quency

PROBLEM 7.4. Magnetic Rayleigh-Taylor Instability.

Show that incompressible perturbations of the form v, = [v,(z), 0, v.(2)]e
p1 = p1(2)e® et B = [B1,(2),0, B.(2)]e!®**) to an interface at z = 0
between two uniform media (with density p, and magnetic field B;x above
the interface and p_ and B_x below it) have dispersion relation

k?* ( B2 + B* _ -
w2:_<$) +kg<u)_
B\ Pyt p- p—+ P+
SOLUTION.

The incompressible, inviscid, ideal MHD equations are

kz+wt)
)

0
pa—:+p(V-V)V=—Vp+(V><B)><B/u+,0g,
dp
a__v'vp>
%—]?:VX(VXB):(B-V)V—(V-V)B,
V- -B=0, V.-v=0.

The equilibrium variables are By = (By(z),0,0), po = po(2) and py = po(z),

and they satisfy
d( By __
dz Po 2 = —Pog-
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The linearised MHD equations are

Po% =—=Vp1 +(V xBy) xBo/pu+ (V xBg) x Bi/1u + ;g,
apl - /
E - _povlzv
8B1 . 8V1 dB()
W = 0% - Ulz%v
V-B1:O, VV1:0.

Consider now incompressible perturbations of the form v; = [v1,(2), 0, vy.(2)]e?Fe+)

p1 = p1(2)eF=eD By = [B1,(2),0, By.(2)]e!®@+“)  for which the linearised
equations become

B
iWwpov1, = —ikpy + 703127 (15)
ByBy,\' . B
wpevy, = — (p1 + 01 ) +Zl€?0312 - M9, (16)
wpr = —pyUis,
’iWle = 'ik’B()le — UlZBé = —(B()Ulz),,
—inlz = ’HCB()U%Z
il{i’Ulm = _Uim and Z]{ZBlw = _Biz

By taking d/dz(??) —ik(?7), we can eliminate p; to give
iw(poviz) +whpovr. = (ByBiz/n)' + (BoikBio/n) + k*BoBu./pu + ikp g,

and then vy, By,, By, and p; can be eliminated to give the following equation
for vy, alone:

w(—povt, /k) +wkpovi. = (kB)Bov1./w) —(Bok/(wp)(Bovi.)') +k* By / (wp) —kphgvr./w

which implies
d dUlZ k’4B2’U12 k‘2 d
w2% <,00 0z )—w2k2pov12+ ,UO —/{?2pégvlz+;% (BOB(I)Ulz — B()B(,]’Ulz — Bgviz) =0

or

d 32 d’UlZ 32
% { <w2p0 — ]{7270> g} - k2(w2p0 + pgg - ]{?270)1]12 = 0. (17)



Next consider the interface at z = 0 across which py(z) + B3(z)/2u is
continuous and either side of which

_ P+; Z>07 _ B+7 Z>07
po_{p_, 2 <0, BO_{B_, 2 < 0.

In the regions z > 0 and z < 0 either side of the interface, the conditions are
uniform and so pj = 0. As with PROBLEM 7.1, the continuous solution for
v1, subject to the conditions v, — 0 as z — oo and z — —o0 is

Ae % 2 >0,
Vi, =
- Aek* 2 <.

Integrating Eq.(?77?) across the interface gives

kB2 duy, =07
[(uﬂpo — —0) ! - kzgpovlz:| - 07
i dz 0-

or
—(W?py —K*BY/wk — K gpy = (Wp_ — kB [u)k — k*gp_,

k? [ B? + B* _ -
B\ Pyt p- p—+ P+

as required. Hence, there is only an instability if p, > p_ (and small values
of k), but the magnetic field is stabilizing, due to the magnetic tension effect
introduced by an Alfvén wave.

or

PROBLEM 7.5. Sausage Instability.

Use the Energy Method to show that a cylindrical tube in equilibrium with
pressure po(R), uniform current and azimuthal magnetic field Byg(R) is un-
stable to compressible perturbations of the form & = exp i(kz+wt)[¢r(R)R+
i&,(R)z] with w? < 0.

SOLUTION.
Consider an equilibrium tube with pressure po(R), azimuthal magnetic field
Bos(R) and electric current given by

1 d By /

pjo(R) = EE(RB()) = — + B,



and

/ . B ’
ppo = —pjoBo = By (% + Bo) :

Suppose there is a perturbation of the form
¢ = expi(kz + wt)[Er(R)R + i, (R)2],

in which the tube takes on a periodic sausage-like shape of wavelength 27 /k
along its length.
Now, Eq.(7.28), namely,

w2/%p0 €2 4V = §W,

implies that we have instability if W < 0, so that w is imaginary and the
perturbation grows exponentially in time.
In turn, Eq.(7.30) determines the change in energy as

2
W = % % —Jo- (B1 x &)+ (£ Vpo)(V - &) +vpo(V - €)* dV,

where R
B, =V x (§ x By) = —(BoD + {rA) 9,
in terms of D =V - & and A = By, — By/R. In other words,
1

1 . /
W= / (BoD + &’ — jubr(BoD + &) + Eapy D + 1o D* dV;

After rearranging and substituting for A, pz) and jo, we find
1
SW = 2—/a2D2+26D+ch,
1

where a® = yupy + B2, b = —2B2¢g/R and ¢ = —2¢2By(By/R)". Thus, we
may complete the square in the integral to give

1 b\> b2
6W:—/<aD+—) +c— = dV.
20 a a

Then we choose a perturbation whose z-component satisfies D = —b/a?,
so that the integral reduces to
1 b?
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or

! 4/ D2
&(%Q-wﬁ%ﬁi—dw

1
5W:——/2
" $h Yppo + B2

The second term in the square brackets is destabilising since it produces a
negative 0W, whereas the first term tends to be stabilising since for typical
profiles (By/R)" < 0.

Now, for a uniform-current flux tube By(R) = B.R/R, inside a tube of
radius Ry, say, where B, is the field at R = R, whereas outside the tube the
field is By(R) = B.R2/R. In this case, the destabilising term is present for
all R, whereas the stabilising term vanishes inside the tube. Thus, if we pick
a g that is nonzero inside the tube, but vanishes outside the tube, then d\W
will definitely be negative and we have instability, as required.

PROBLEM 7.6. Kelvin-Helmholtz Instability.

Consider two homogeneous plasma layers with field and flow v{ and B{ in
xz > 0 and v, and B; in x < 0, having y- and z-components parallel to
the interface. Show that, under an incompressible displacement of the form
& ~ expli(ky + k,z — wt)], the interface is unstable when

(k-Bj)? + (k-By)?p* +

k-(vi—v))]?>
k- (vg —vq)] e p=

where k = kyy + k.z.

SOLUTION.

The details of this solution can be found in chapter 13 of the excellent book on
Advanced MHD by Goedbloed et al (2010). The wave equation for an ideal
incompressible MHD displacement of the form € = £(x) expli(k,+k.z—wt)]X,
in which the disturbance is Fourier analysed in the ignorable y- and z-
directions, is

d d¢

dx [pow - ”3)@} — k*[po(@* — w)]E =0,

where @ = w — k - vq is the Doppler-shifted frequency, ws = k - By/ \/(,upo)
is the Alfvén frequency and k* = kJ + k2.

Suppose we have an eigenvalue problem with boundary conditions £ van-
ishing at x = a and x = —b, say. Then above the interface we have a uniform
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medium, for which the above equation reduces to

d*¢ 9
a2 Fe=0

with solution subject to {(a) =0
et sinh[k(a — x)]
sinh(ka)

Similarly, below the interface we have the same differential equation and
so the solution subject to £(—b) = 0 is

_ _sinh[k(b + z)]
B sinh (kb)
Thus, the eigenfunctions have the usual cusp-shaped form characteristic
of surface modes. The first boundary condition at the interface is continuity
of normal velocity or displacement £7(0) = £(0), which implies ¢ = ¢.

The second condition is essentially pressure balance and may be obtained by
integrating the above full differential equation across the interface to give

+
-] o
or, after substituting for £t and £, we find the dispersion relation

—p*l(w— ) — (@) coth(ka) = p~[(w — 95)? — (w})?] coth(kd).

In the limit of small wavelength disturbances, the boundaries are essen-
tially at infinity and so both coth functions become unity. The solutions then
reduce to

- _ _ 2 2
Lo P | et (0 =) prel +pwn

pr+p- (pt+p7)? pr+p

The Kelvin-Helmholotz instability occurs when the expression under the
square root is negative, namely, when

(k-Bg)” + (k-Bg)?p" +p”

k-(vi—v))]?>
k- (vg —vq)] e p=

Y
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as required, so that the frequency is complex and the positive square root
represents a solution that is growing exponentially in time.

Note that when this does not hold, the expression under the square root
is positive and we have two waves of real frequency.

Also, if there is no shear so that Bf and By have the same direction,
then we may choose k such that k - By = 0, for which the above instability
condition is always satisfied for arbitrarily small velocity differences vi — vy .
However, when the field is sheared it is stabilising, since the right-hand side
of the above instability criterion is always then positive and so instability
only occurs when the velocity difference vj — v, is large enough.

For treatment of a continuous rather than a discrete transition between
to media, the analysis is very much more complex (see Goedbloed’s book,
section 13.2).
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