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Define the beam parameters - SLAC 50 MW tube data

Anode voltage Beam current Centre frequency Input power Magnetic field

Va 315 kV⋅:= I0 354 A⋅:= f0 2856 MHz⋅:= Pin 5 W⋅:= B0 0.11 T⋅:=

Tunnel radius Beam radius Number of cavities Field profile parameter (Equation 3.90) 

a 15.9 mm⋅:= b 11.0 mm⋅:= NCAV 6:= kgap 4:=

kgap = 0 for a uniform field in the gap

kgap = 4 for approximation to a knife edge field
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Define the cavity parameters 

NB. The first element of each vector is not used. The cavity count starts from 1. A cavity is unloaded if Qe >= 95000.

Cavity frequency Cavity harmonic External Q Unloaded Q R/Q Gap length Gap position
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Ω⋅:= gap
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m⋅:= zg

0

0

0.056

0.111

0.166

0.444

0.555























m⋅:=

The detailed calculations can be hidden to allow the data and results to be viewed on the screen simultaneously

Define the charge/mass ratio of the electron. Note that the primary electric constant and the velocity of light are already defined in Mathcad.

η 1.759 10
11

⋅
C

kg
⋅:= ε0 8.854 10

12−
×

F

m
⋅= c 2.998 10

8
×

m

s
= μPerv μA V

1.5−
⋅:= VR

c
2

η
:=

ω0 2 π⋅ f0⋅:= dB 1:=
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Calculate tube constants and small-signal parameters

Calculate the beam voltage and velocity allowing for space-charge potential depression and relativity

V0 V
0

Va←

u
n

c 1
1

1

V
n

VR

+






2
−













0.5

⋅←

V
n 1+

V
0

I0

2 π⋅ ε0⋅ u
n

⋅

1

2
ln

b

a








−








⋅−←

n 0 3..∈for

V
n 1+

return

:= V0 291.1 kV⋅=

 Equation 1.4 

 Equation 7.8 

u0 c 1
1

1
V0

VR

+
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



2
−


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
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




0.5

⋅:=  Equation 1.4 u0 2.311 10
8

×
m

s
= γrel 1

V0

VR

+:=  Equation 7.12 γrel 1.57=

Electronic propagation constant
βe ω( )

ω

u0

:= λe ω( )
2 π⋅

βe ω( )
:= γe ω( )

βe ω( )

γrel

:=

βe ω0( ) 77.655
1

m
= βe ω0( ) b⋅ 0.854= γe ω0( ) 49.471

1

m
=

βe ω0( ) a⋅ 1.235= γe ω0( ) a⋅ 0.787=
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Calculate the plasma frequency and the reduced plasma frequency

ωp0
η

ε0

I0

π b
2

⋅ u0⋅

⋅:=  Equation 7.47 ωp ωp0
1

γrel
3

⋅:=

Calculate the Brillouin field and the ratio mB = B0 / BB 

BB
2

γrel

ωp0

η
⋅:=  Equation 7.55 BB 0.0574 T= mB

B0

BB

:= mB 1.916=

Calculate the plasma frequency reduction factor p = ωq / ωp

fn1 βb A, ( )
1

βb

I1 βb( ) K0 A βb⋅( )⋅ I0 A βb⋅( ) K1 βb( )⋅+

I0 βb( ) K0 A βb⋅( )⋅ I0 A βb⋅( ) K0 βb( )⋅−
⋅:=

τb βb m, p, ( ) βb

1

p
2

1−

1

p
2

2 m
2

1−( )⋅−

1−















1

2

⋅:=

fn2 βb m, p, ( )

1
1

p
2

−

τb βb m, p, ( )

I1 τb βb m, p, ( )( )

I0 τb βb m, p, ( )( )
⋅:=

fn βb A, m, p, ( )
1

fn1 βb A, ( )

1

fn2 βb m, p, ( )
−:= p 0.9:= P βb A, m, ( ) root fn βb A, m, p, ( ) p, ( ):=

ωq ω( ) P γe ω( ) b⋅( )
a

b
, mB, 








ωp⋅:= βq ω( )

ωq ω( )

u0

:=
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Fast and slow wave propagation constants

βf ω( ) βe ω( ) βq ω( )−:= βs ω( ) βe ω( ) βq ω( )+:= βf ω0( ) 72.021
1

m
= βs ω0( ) 83.289

1

m
=

γf ω( ) βf ω( )
2 ω

2

c
2

−:= γs ω( ) βs ω( )
2 ω

2

c
2

−:=

Electronic admittance Ye ω( )
I0

γrel γrel 1+( )⋅ Va⋅

ω

ωq ω( )
⋅:= Ye ω0( ) 3.84 10

3−
×

1

Ω
=

Axial gap coupling factor

μd β gap, k, ( ) sinc
β gap⋅

2









k 0=if

k β cosh
gap k⋅

2
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






⋅ sin
β gap⋅

2
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



⋅ k sinh
gap k⋅

2
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






⋅ cos
β gap⋅

2









⋅+








⋅

β
2

sinh
gap k⋅

2









⋅ k
2

sinh
gap k⋅

2









⋅+

otherwise

:=
Axial gap coupling factor for field shape parameter k.

See equations 3.90 and 11.36

Coupling factors of the gaps

M ω( )

Mf
n

2 I1 γe ω( ) b⋅( )⋅

γe ω( ) b⋅( ) I0 γe ω( ) a⋅( )⋅
μd γe ω( ) gap

n
, 

kgap

gap
n

, 








⋅←

n 1 NCAV..∈for

Mfreturn

:=

M ω0( )

0
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Calculate the beam loading admittance  assuming a uniform field in the gap 

ReI β γ, a, b, gap, ( )
I0 γ b⋅( )

2
I1 γ b⋅( )

2
−( )

I0 γ a⋅( )
2

sinc 0.5 β⋅ gap⋅( )
2

⋅:=  Equation 11.101 

 Equation 11.98 
Beam loading conductance Gb gap ω, ( )

Ye ω( )

4
ReI βf ω( ) γf ω( ), a, b, gap, ( ) ReI βs ω( ) γs ω( ), a, b, gap, ( )−( )⋅:=

Choose the number of terms in the summations for the gap susceptance nmax 2:=

λ

x n π⋅←

λ
n

root J0 x( ) x, ( )←

n 1 nmax..∈for

λreturn

:= r ω gap, ( )

r
n

λ
n

gap⋅

a
1

a βe ω( )⋅ b⋅

λ
n

gap⋅







2
u0

c









2

⋅−⋅←

n 1 nmax..∈for

rreturn

:=
 Zeroes of J0 

 Equation 11.103 

N1 ω gap, ( )

N
n

λ
n

r ω gap, ( )
n

a

gap
⋅


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






2

←

n 1 nmax..∈for

Nreturn

:=

x gap( )

x
n

gap J0

b λ
n

⋅

a
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



⋅

a J1 λ
n( )⋅
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





2

←

n 1 nmax..∈for

xreturn

:= y gap( )

x
n

gap J1

b λ
n

⋅

a









⋅

a J1 λ
n( )⋅













2

←

n 1 nmax..∈for

xreturn

:=

 Equation 11.106 
 Equation 11.107 
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A1 ω gap, ( )

A
n

2 N1 ω gap, ( )
n

⋅ x gap( )
n

y gap( )
n

+( )⋅

r ω gap, ( )
n

1− exp r ω gap, ( )
n

−( )+( )
r ω gap, ( )

n

⋅←

n 1 nmax..∈for

Areturn

:=

 Equation 11.104 

B1 ω gap, ( )

B
n

N1 ω gap, ( )
n

x gap( )
n

y gap( )
n

+( )⋅

3 2 r ω gap, ( )
n

⋅− 3 r ω gap, ( )
n

+( ) exp r ω gap, ( )
n

−( )⋅−

r ω gap, ( )
n( )

3











⋅←

n 1 nmax..∈for

Breturn

:=

 Equation 11.105 

ImI ω β, γ, gap, ( )
β gap⋅ sin β gap⋅( )−( ) I0 γ b⋅( )

2
I1 γ b⋅( )

2
−( )

β gap⋅( )
2

I0 γ a⋅( )
2

⋅

2 β⋅ gap⋅

1

nmax

n

A1 ω gap, ( )
n

β gap⋅( )
2

r ω gap, ( )
n( )

2
+





2

B1 ω gap, ( )
n

β gap⋅( )
2

r ω gap, ( )
n( )

2
+

−










∑
=













⋅+

...



















−:=
 Equation 11.102 

Beam loading susceptance Bb gap ω, ( )
Ye ω( )

2
ImI ω βf ω( ), γf ω( ), gap, ( ) ImI ω βs ω( ), γs ω( ), gap, ( )−( )⋅:=

Beam loading admittance Yb ω( )

Yb
n

Gb gap
n
ω, ( ) j Bb gap

n
ω, ( )⋅+←

n 1 NCAV..∈for

Ybreturn

:=
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External conductances of the cavities Admittances of the cavities Total admittances of the gaps

Ge

Ge
n

R_Q
n

Qe
n

⋅( )
1−

← Qe
n

95000<if

Ge
n

0← otherwise

n 1 NCAV..∈for

Gereturn

:= Yc ω( ) f
ω

2 π⋅
←

Yc
n

1

R_Q
n

1

Q0
n

j
f

fc
n

fc
n

f
−









⋅+








⋅←

n 1 NCAV..∈for

Ycreturn

:=
Y ω( )

Y
n

Yb ω( )
n

Yc ω( )
n

+ Ge
n

+←

n 1 NCAV..∈for

Yreturn

:=

Z ω( )

Z
n

1

Y ω( )
n

←

n 1 NCAV..∈for

Zreturn

:=
Calculate the gap voltages

Vg ω( ) βe βe ω( )←

βq βq ω( )←

MM
n

M ω( )
1

←

YY
n

Y ω( )
n

←

n 1 NCAV..∈for

Vg
1

8 Ge
1

⋅

YY
1( )

2
Pin⋅←

Vg
n

Vg
n

0←

Vg
n

Vg
n

j
Ye ω( )

YY
n

⋅ MM
m

⋅ MM
n

⋅ Vg
m

⋅ sin βq zg
n

zg
m

−( )⋅ 
⋅ exp j− βe⋅ zg

n
zg

m
−( )( )⋅ 

⋅−←

m 1 n 1−( )..∈for

Vg
n

←

n 2 NCAV..∈for

Vgreturn

:=

Vg ω0( )

0

0.265

0.738 1.317i+

5.984− 2.128i+

2.087− 22.742i−

23.855− 111.015i+

211.771− 324.359i−
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kV⋅=
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Pout ω( )
1

2
Vg ω( )

6( )
2

⋅ Ge
6

⋅:= Gain ω( ) 10 log
Pout ω( )

Pin









⋅:= Gain ω0( ) 69.2 dB⋅=

f 2.83 GHz⋅ 2.835 GHz⋅, 2.91 GHz⋅..:=

2.82 2.84 2.86 2.88 2.9 2.92
0

20

40

60

Small-Signal Gain
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G
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