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Physical constants

Charge/mass ratio of the electron n = 1.759. 1oll.c.kg_ !
2

Rest energy of the electron (eV) VR = — =510.947kV
n

Normalised variables

ky = T Equation 5.82

81 2 .
a = (E.kz ) Equation 5.87 ay =
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Langmuir's equations

~(R) := In(R) Equation 5.83

a(R) = N(R) = 0.3:~(R)> + 0.075~(R)° - 0.0143182-~(R)" + 0.0021609-~(R)” — 0.00026791-7(R)6 Equation 5.85
i

UL(R,ay) = ay(|aR)]) 3 Equation 5.86

Acton's equations

4
3( 2 3 2 :
UA(R,ay) = ay(|Y(R)]) (1 - gq(R) + E-'Y(R) ) Equation 5.88
4 8
3 2 417 2 2 3 1 5 -
UAR(R,a,) := a5- R 11 ==~R) + . R +as R f—+—"R Equation 5.8~
(R.ap) = ay-(|v®)|) [ SR+ (I )I)} 2 (Iv®l) ( Rl ))
The differential equation for relativistic flow is (5.81)
2
d’u +£. du :ﬁ. +U This can be expressed as a pair of d—U = U1
dR® R dR R oUy+Uu? simultaneous first order equations dR
. v d 2 (_1+U >U,
Where R=— U=— drR 1__2. -
) VR dR R 1’2.U+ U2
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This equation is difficult to integrate numerically because of the singularity in the integrand closeto R =1when U =0
However, for small values of U, R is close to unity, dU/dR is close to zero and the equation can be approximated by

3
. el
d’u — k2 1 which can be integrated to give R1(U) =1 + ! vt
dR’ J2u

[245+2
This approximation can be used to start the solution from a point a little way from the cathode to avoid a divide by zero error when U = 0

When the cathode lies inside the anode Let U0 =10 6

Ripax =35 R2:=1,12. R«
32 32
Ul(a) := k2 “— a3 UlR(a) := k2 — |— a3
81 81
1 4 4
Rl«1+|— 4

—-U0

3
Rl1« 1+ 1 4 4
,2.1(2.\/3 3

—-U0

Ul

Y,
DIR,U) | ky ( 1 ] 20 DIRR,U) « | K2 +4, 2,
2| [z R 2
R 2 UO R Z'UO + (U0)2
uo

U(_( 2k\/2U0] U« i

A 2:ky+[2:U0
Ul « AdamsBDF(U,RI,RmaX, 100,D1)

return Ul

UIR « AdamsBDF(U,RI,RmaX, 100,D1R)

return UIR
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The results are in matrices in which the first column is the independent variable, the second column is U and the third column its differential

Non-relativistic Relativistic
2] 2]
—— Numerical solution —— Numerical solution
+++ Langmuir ++ Acton
1.5 Acton 1.5

D R |
05 05
0L 0
1 2 3 4 5 1 2 3 4 5
R R
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When the anode lies inside the cathode

R3in = R R3:=1,0.95..R3 i
max
32 3
U2(a) = |ky < |—a
27 81
1 —
R3 «— 1+ —.E.U04
J2ko2
U

1

R

D2(R,U) « | ky 1 2.4,

[8[0}
Ve [_ /T.mj

U2 ¢ AdamsBDF(U,R3,R3,;,,100,D2)

min’

return U2

U2R(a) =

32 3
ky « |[—-a
27 81
3
1 4
Ry« 1+ —-;Uo4
[25+2
Yy
DRR,U) | k2 | 1T+ >Y
2 2 R
R .
2:U5+ (Yy)
U0
U«
—[2ky[2:U0
U2R « AdamsBDF(U,R3,R3 ;. 100, D2R)

return U2R
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Non-relativistic

—— Numerical solution
+++ Langmuir
Acton

0.2

0.4 0.6 0.8

0.2

0.4

Relativistic
—— Numerical solution
+++ Acton
0.6 0.8
R
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Anode outside cathode

Cathode outside Anode
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| Figure 5.10(a) and (b) |
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