WS 15.3 Magnetron model
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This Mathcad 14 worksheet is designed to accompany the author's book "Microwave and RF Vacuum Electronic Power Sources", Cambridge University
Press (2018). The section, equation, and figure numbers refer to the corresponding sections, equations, and figures in the book. Data input fields are
highlighted in yellow and output fields are highlighted in green.

This resource is provided free of charge by Cambridge University Press with permission of the author, but is subject to copyright. You are permitted to view,
print and download this resource for your own personal use only, provided any copyright lines are not removed or altered in any way. Any other use, including
but not limited to, distribution of the resource in modified form, or via electronic or other media, is strictly prohibited unless you have permission from the
author and provided you give appropriate acknowledgement of the source.

The contents of this sheet are provided for educational purposes only and no warranty is expressed or implied that they are suitable for use as professional
design tools.

This sheet implements the models of a magnetron oscillator discussed in Section 15.6.

Part | of this sheet uses the rigid spoke or guiding centre models of the spoke with either zero order or first order models of the hub to compute the DC
current, the output power and efficiency for given values of the DC voltage, RF voltage and magnetic field. The output power is computed in two different ways
which must give the same result for consistency. Taking the anode current and the magnetic field as given, self-consistent values are found for the DC and
RF voltages leading to performance characteristics as given in Table 15.3.

Part Il of the sheet computes and displays the performance chart, Rieke diagram and frequency pushing for the magnetron using the model selcted in Part |
Part lll of the sheet uses the trajectory model to find the properties of the spokes using the DC and RF voltages determined in Part I. These can be

compared with the properties of the rigid and guiding centre spoke models. Note that these results are for the specific DC and RF voltages and they do not
represent self-consistent solutions for all three models. Thus the comparison is illustrative and not definitive.
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Data input for 4J50 and 4J52 magnetrons as given in Collins, 'Microwave Magnetrons' pp. 780-784 and McDowell (1998)

Frequency fy:=9.375GHz  Cathode radius 1, == 0.5:0.209-in Anode radius r, = 0.5:0.319-in
Number of vanes B, = g Gap between vanes w = 0.033-in Anode length L, = 025in
Anode admittance Y = 0.341-S Unloaded Q Qy = 900 Circuit efficiency ne = 0.7

Specify the anode current and the magnetic field.
The values of the voltages are used as starting values for the solution and may be adjusted if necessary to improve the convergence.

Anode current Iy = 27-A Magnetic field B, := 4900-G
Anode voltage V, = 152:kV RF voltage V= 8kV
Voltage reflection coefficient  p:= 0 Reflection phase . ¢ :=0

Select hub and spoke models

0 = rigid spoke SPOKE := 0 0 = zero order hub HUB =0 Trajectory model nv = 24

1 = guiding centre 1 = first order hub Number of electrons/vane

Note: Models other than a rigid spoke with a zero order hub may have convergence problems so that results can only be found for a few parameter values

The section below can be collapsed to allow data and resulis to be viewed on the same screen

&
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Part | - Calculation of magnetron characteristics using the DC voltage, RF voltage and magnetic field

Define the charge to mass ratio of the electron n = 1.759- 10ll~C~kg_ !

Calculate the mode number of the pi mode, the cavity pitch, the vane thickness and the normalised anode radius.

2-TC-T,

T,
n:=0.5N, p= a t=p-w R, = 2 n=2_8 p = 1.59-mm t =0.75-mm
NV rC
Calculate the synchronous frequency and the loaded and external Q factors R, =1526
2w 1o Y!
w = 2-7-6 Wy = —— Q= (1 —nC)QU Qpi=|—-— Qp =270 Qp =386
Ny Q.
Find the characteristic voltage and field and the threshold voltage
1 2 2 .
Vo= — o W | Equation 15.22 | Vi = 2.53-kV
0 2m a s 0
) -1
2-wg I, :
By = 11-—= | Equation 15.23 | By =0.147T
0 0
n 2
ra
2:B, -
Vr(B,) = Vyr b 1 | Equation 15.40 | Vp(B,) = 1437kV
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Find the hub radius as a function of the anode voltage and the magnetic field.

2
Vab(r.B,) = %~BZ2~rb2~ 1 - % 'h{i—aj + §~B22-rb2~ - riz
b b Ny
tp(VasBy) = |b 1 Ry(VyB,) = p(Va:By) rp(VasB,) = 3.06-mm
Iy < root(Vab(b,BZ) - Va,b) e
Ry(V,.B,) =1.155
return I‘b b( a Z)

Hub voltage and angular velocity. Ratio of the angular velocity to the synchronous angular velocity

2

2
T
-1 — .10
Vp(VasB,) = " ‘B, b(v B ) 1- (rb(V 5 )j Equation 15.1 Vp(VyB,) =3.10-kV
2
,2-n~V iV ,B j V.,B
wb(va’Bz) = D a2 Equation 15.4 M =1.463
rb(Va,BZ) ws
Define the DC potential and the radial DC electric field
VO(r,Vy.B,) = |1y < 1(V,.B,)
Ve — B —C if r<n, Equation 15.1
1”
T 4 T 2 ’
Ve dp 22— 2 b L]+ DB 21| S| | otherwise Equation 15.2
4 I I 8 I
return 'V
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EO(r,V,.B,) = |1, < 1p(VaB,)

4
I
E « —£~BZ2~r~ 1- [ch if r< I

1] 2 Y !

b

E « —ﬂ-BZZ-—- -] = otherwise
4 r Ih

return E

Define the radial and azimuthal RF electric fields in terms of the normalised radius R = r/rc

nvy (R“ +R “)

R-r n -n
 (r)"-»,")

0 otherwise

E(R.6,V,.V|.B,) = cos(n-0) + EO(R-1., V,,B,)| if R21 AR<R,

nvy (R“ -R “)

Rr n -n
 (r)"-%,")

0 otherwise

Eg(R.6,V}) = sin(n-0) | if R=1AR<R,

Equation 15.3

Equation 15.18

Equation 15.19
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RIGID SPOKE MODEL (SPOKE = 0)

Find Welch's conduction angle, and the spoke phase in terms of the threshold voltage, the anode voltage and the r.f. wave voltage

Conduction angle Spoke phase = conduction angle / 2
: 1 Vi(B,) ~Va [Equation 15.105] -
0c0(Va:V1:B,) = |0« —-acos R quation 15. 050(Va: V1:B,) = 0.5-0.0(V,. V1.B,) n-0.0(Vqs V1.B,) = 96-deg
T .
8 — if Im(®) # 0 n-6g0(Vys V. B,) = 48-deg

Note: This angle is the physical position of the spoke in the rotating co-ordinate system in which it is stationary with respect to the
angle at which the wave voltage is maximum. It is assumed that electrons can only reach the anode if the local anode potential
exceeds the threshold potential. The angle defined by Vaughan is the phase angle with respect to the zero of the r.f. voltage. Thus his

bhase is 6 = (n-es = gj

Find the tangential and radial velocities at radius r and angle 6 using the guiding centre approximation

E(R.6,V,.V|.B,) Eg(R.6,Vy)
Ve(R’e’Va’Vl’BZ) = — 5 [ Equation 15.111 | VI'(R’e’Vl’BZ) - [ Equation 15.112|
VA Z
Energy of electrons striking the anode
1 2 2\|[Equation 15.126 | Viao(Va-V1-B,)
ViaO(Va’VI’Bz) = [Tn'(vr(Ra’GSO(Va’Vl ’Bz)’Vl ’Bz) + VG(Ra’esO(Va’Vl’Bz)’Va’VI’BZ) )} v 46.08:%
a
Vaughan's estimate of the kinetic energy dissipated on the cathode divided by the anode current
0.04-V V. nV.,.V{,B

Vieo(Va-V1-B,) = = a [Equation 15.127 | —ICO( 2 V1-By) —5.384.-%

sm(nﬂso(va, Vi ,BZ)) Va
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Conduction angle

Equation 15.18

[ Equation 15.123 |
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Spoke phase

Energy of electrons striking the anode

[ Equation 15.126 |

1 2 2
Vial(Va’Vl’Bz) = [Tn’(vr(Ra’esl(Va’Vl’Bz)’Vl’Bz) + VG(Ra’esl(Va’Vl’Bz)’Va’Vl’Bz) ):|

Vaughan's estimate of the kinetic energy dissipated on the cathode divided by the anode current
0.04-V,
sin(n-esl(Va,Vl ,BZ))

| Equation 15.127 |

Vicl(Va’VI ’Bz) =

Anode dissipation . .
Via(Va: V1:B,) = | Via < Vi(Va. Vy.B,) if SPOKE=0

Via « V.

lal(Va’Vl,BZ) if SPOKE =1

Via < 0 otherwise
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Cathode dissipation _ ) )
Vie(Vas Vi.B,) = | Vie & Vi((V,. Vy.B,) if SPOKE =0

Vic ¢« Vi((V,.Vy.B,) if SPOKE =1

Vic < 0 otherwise

Ne(Va:V1:B,) = 48.5-%

\Y%

Via(va’ V1 ’ Bz) + Vic(va’ V1 ’BZ)J
a

Electronic efficiency ne(va,vl,BZ) =1- (

Conduction angle
0c(Vas V1-B,) = |6 < 6.0(V,.Vy.B,) if SPOKE =0 n-6.(V,. Vi.B,) = 96.0-deg
Oc < 6.1(V,,Vq,B,) if SPOKE =1

Oc < 0 otherwise

Spoke phase

Oy(Vas V1.B,) = |05 < 640(V,.V1.B,) if SPOKE =0 n-63(V,.V1.B,) = 48.0-deg
0s < 0g1(V,.V1.B,) if SPOKE =1
Os < 0 otherwise

Returned current fraction

-0.(V,,V{,B
n—C( a V1) Equation 15.106 | o(V,.Vy.B,) =0.733

oV, Vy.B,) =1~ .
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Charge density Equation 15.96 DC anode current Equation 15.98

Child-Langmuir current

Equation 5.69

Equation 5.71

Equation 5.70

DC anode current

(c) 2018 Richard G Carter
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DC anode current for HUB and SPOKE selected

Ipc(Va: Vi:By) = |lde < Lao(Vas V1B, 6c(Va: Vi:B,)) if HUB =0
Idc < Ial(va’vl ’Bz’a(va’vl ’BZ)) if HUB =1 IDC(Va’Vl ’BZ) =258A
Iqc < 0 otherwise
Calculate the RF power delivered to the anode

Using the efficiency calculated from the power dissipated

PRE(Vas V1-B,) = Volpe(Vas V1B, Me(Va: V1-B,) PRE(Vas V1:B,) = 190.6kW

Calculate the r.f. voltage between the vanes (Vg) in terms of the amplitude of the synchronous voltage wave on the anode.

WL Vyo(V1)
Vg(vl) = ﬂ-VI-(sinc(%::)) gV— =1.858

a

Y, . - Y,
Power delivered to the load PE(Vy.p.0) = Ly (V1)2~—0~Re(1+pe—wj Gg = i
2 8 Qg \1-pexp(-¢) Qg
- . 1 2 ¥ Yo
Power dissipated in the anode PU(VI) ==V (Vl) — Gy = —
& Qu Qu

Total power delivered to the anode Pa(Vl,p,(b) = PE(Vl,p,(b) + PU(Vl) Pa(Vl,0,0) =503.9-kW

Note: P, is not equal to Pgg. For each combination of hub and spoke models it is
necessary to find values of V, and V, that give a self-consistent solution.

(c) 2018 Richard G Carter
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Calculate the frequency pulling

1+ P'CXP(j‘¢))

f

0
Af(p,d) = -Im(
P = g 1= prexp0)

fo
0.417-— = 10.1-MHz

= |2-Af(0.2,2:0.588)| =10.1-MHz Compare equation 15.93

Find self-consistent values of the parameters for a given anode current and the hub and spoke models selected. The results can be confirmed by
inserting the values of the anode voltage and the RF voltage computed into the data fields at the top of the sheet.

Given Ip =Ipc(Va: V1:B,) Vi >Vp(B,) -V, Py(V1.p.9) = PRE(V,:V1.B,)
X(lpsBy:p. d) = Find(V,, V1) Va(lp.B,.p.0) = X(Ip.B,.p.d)o Va(ly.B,. p.¢) = 16.51-kV
Vi(l.B,.p.d) = X(1g.B,.p. &)1 Vi(l.B,.p.d) = 5.99-kV

CHECK the calculations for the given anode current IDC(Va(IO’BZ’O’O)’Vl(IO’BZ’O’O)’BZ) =214

' P,(V1(Ip.B,.p.0).p. )
CHECK self-consistency of the result = 1.000
PRF(Va(IO’BZ’ p,d)),Vl(IO,BZ, p’d))’BZ)

Redefine DC and RF anode voltages Yai= Va(ly.B,.p.0) Y= V1(1g.B,.p.0)

(c) 2018 Richard G Carter
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Results (see Table 15.3)

Characteristic voltage Vo =2.53-kV Characteristic field
Cathode radius r, =2.65-mm Hub radius
Conduction angle n-ec(Va,Vl,BZ) =111-deg Spoke phase

HUB =0 SPOKE =0

Anode voltage V,=1651kV

V. /V Va

=1.15
a T
V(B,)

Anode current Ip=27A

RF power PE(Vl,p,cb) = 198-kW

RF efficiency nc'ne(va’vl ’Bz) =44-9%

DC input power VI = 46 kW

By =0.147T

rp(VasB,) = 3.11-mm

Anode dissipation

Cathode dissipation

Circuit loss

Returned current fraction

RF voltage/Anode voltage

Anode radius

Threshold voltage VT(BZ) =14.37-kV

r, = 4.05-mm

n'es(Va’Vl’Bz) = 55-deg Electronic efficiency ne(Va’Vl ’Bz) =63.5-%
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Part Il - Performance graphs

Plot the Gauss lines

Solve block to find the lines of constant power Note: IV is the guessed value of the
VG := | for me 4..7 current. The solve block won't
V= 20-A-02 accept mixed units so voltage VI
BG_ <« m-1000-G ,
m Given has been used as proxy for |,
for ne 2,4..32
Va(n-A,BG _,0,0 v v -
VG ( m0-0) P = PE(VI(E,BZ,p,d)),p,d)) v, = Va(a,BZ,p,d)) XX(Pp,B,.p. ) := Find(IV,V,)
m,n kV
VG X1:= | for i€ 0..6 101:= | for i€ 0..6 V01 := | for i€ 0..6
B. < 04T+ 0.051-T -1 -1
nG:=2,4.32 i ! L (x1i) Q V. (x1i) kV
X.(—XX(SO-kW,B.,0,0) 0 !
! ! return I return V
return X
X2:= | for ie 0..6 102:= | for i€ 0..6 V02 := | for i€ 0..6
x.<—xx(150-kw,B.,0,0) 0 !
! ! return I return V
return X
X3:= | for ie 0..6 103:= | for i€ 0..6 V03 := | for i€ 0..6
X, XX(ZSO-kW,Bi,0,0) 0 !
return I return V
return X
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Find the power and frequency contours on the Rieke diagram

pp(PL, 1) = |p« -1
f(p) « PE(Vl(Iplot,Bplot,p,q)l),p,q)l)-PL_ I 1

pp < root(f(p).p)

return pp

Calculate frequency pushing

Afpl(1y.B,) = |V, < Va(ly.B,.0,0)

Vi ¢ Vi(1y.B,.0,0)

fo-tand

Af « ———
2-Q ‘MHz

return Af

Ap(AF,p1) = |p« 0

pp — root(Af(p,d)1)~AF_ t_ l,p)

return pp

Calculate the efficiency

NG := | for me 4..7
BG < m-1000-G
m

for ne 2,4..32
NGy, € NeMe(Va(n-A.BG, 0.0}, V1(n-A,BG, .0,0).BG, )

nG
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Anode voltage (kV)

24

20,

16|

i‘/
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Anode current (A)
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k_—
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0 4 8
oo Bz=07T
o009 Bz=06T
a44 Bz=05T
mmm Bz=04T

¢ PL =50 kW
eeo PL = 150 kW
224 PL =250 kW

Figure 15.37

12

Iplot = 8.674-A Bplot = 0.63-T é1 = -0.7-7,-0.65-1.. 0.71
90
»

V
\

wg/

r

180

Y. =

_~

270

aas 50 kW
oo 70 kW
ooo 90 kW
g=2 110 kW
a4& + 10 MHz
eee + 5 MHz

os+ -5 MHz
mmm - |0 MHz
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RF efficiency

0.6
o
*— ——_
‘\\‘\\o\\’\\ﬁ\*
0 5254\\‘\ e ——
\-\ " \o\\.\
A
\l\ .
0.45 ~a_ A —
eee Bz=07T \.\\I\
0_3757“. BZ = 06 T \.\ \.\
a44 Bz=05T
mms Bz=04T
03 \ \
) 4 8 12 16 20 24 28 32

Anode current (A)

Note: These curves show that the efficiency increases with
magnetic field and decreases with increasing current.

However, the maximum of efficiency shown in the experimental
performance chart is not reproduced correctly.

Frequency change (MHz)

My = 1-A,2:A..32:A

-20
/I/? ™
~30 /%

— 40 oo Bz=0.7T |
o0® Bz=06T
aaa Bz=05T
mum Bz=04T

50 \ \

0 4 8 12 16 20 24 28 32

Anode current (A)

Figure 15.40

(c) 2018 Richard G Carter




WS 15.3 Magnetron model.xmcd, p.18

Part lll - Comparison of spoke models

&

Guiding centre trajectories

1 .
Iy, = rb(Va,BZ) f(r, 90) = W VO(rb(Va,BZ),Va,BZ) - VO(r,Va,BZ) [Equation 15.123 |

-n-B
+VV1(V1 ,rrb)ocos(noeo) + ws;]n 2 (rz - rrbz)

Calculate 6'as a function of r for a range of initial angles including the conduction angle

1
00(r) := ?%oacos(f(r,O)) 01(r) == igoacos(f(r,%)) 02(r) = d%cgoacos(f(r,

04(r) = Loacos f 1r,2—7r 05(r) :== Loacos f 1r,5—7r 06(r) = Loacos f|r,
deg 3n deg 6n deg

)) 03(r) = Loacos(f( 1))
deg 2n

D 07(r.0,) = %.acos(f(r, o))

€g

2 [

= |3
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——R where R=r/r,

H—J

and T=wt

——rE +rao, dr
m, ‘dt
® \ dr dr d¢
+ 2——= +2
o, ]d(a)t) d(wr) d(a)st)}

=— 1 2+ 29—— ar
dr R

w )dt

s

Define constants - _ - Number of electrons - we_ws=11.7

Wb _ 597
Wg
RRy = 1.173
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Definitions of the variables

Initial conditions .

Ry =
0 e
d
R; =—R
1 dr 0
R2 =9
d
R, =—86
3 dr

Set up the differential equations of motion for the electrons

Number of data points nmax := 200 Solve the differential equations Y := rkfixed(R1,0, Tmax, nmax, D)

The first column of the solution matrix Y is the normalised time. The following columns in groups of 4 are the radius, radial velocity, angle and
angular velocity of the electrons being tracked.
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The matrix YY is derived from the matrix Y. When a trajectory is intercepted by
either the cathode or the anode all subsequent values of Y are set to the values
at the point of interception

Unpack the solution matrix to give matrices of the variables at each time step

[Note: Occasionally an error "Not enough memory" occurs here. If that happens set the cursor on the variable identified and press F9.|
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Find the fraction of trajectories intercepted on the anode and the cathode. Check that F, + F, = 1 (see below)

- B e _

Alternative definition which assumes that only electrons whose initial radial velocity is negative must return to the cathode

Fl,:==1-Fl,  Fl,=0438 Fl,=0.563
. Tt
Conduction angle 61 o= ;-Fla _

Calculate the total impact energies of the electrons striking the anode and the cathode divided by the number of electrons striking the
anode. This procedure means that the power dissipated on the anode and the cathode is obtained by multiplying the energies in electron volts by
the dc anode current. Note: This model may over-estimate the number of trajectories reaching the anode because they include some which start in
the accelerating phase and would be returned to the cathode if a first order hub were assumed.

CH B
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. N . vy Vi(B,)
Define quantities for plotting VAI(B) =1+ V—-cos(n'e) 2 VT = v -2 0:=—-m,-0.99- 7.
a a
677(r) == 67(r,0.1(V,. V1B,))

Rigid spoke coordinates 0 1

-1 T — .

s = n'eso(Va’VI’Bz)'deg Rs = a Os:=n GS(Va,VI,BZ)
-1 b RR(r) = —
n-6.0(Vy Vq,B,)-deg | T om,
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Fractions of trajectories landing on the anode and the cathode

F, = 0.479 F, =0.521 F

Tmax =5

Plot the trajectories of the electrons, the Brillouin hub, the spoke phase, the
threshold voltage and the sum of the dc and rf anode voltages. Note that the

voltages are normalised to a dc anode voltage of 2 for clarity.

180

— - Electrons

— Cathode

---- Hub

— Anode

— - Anode voltage

— - - Threshold voltage
¢ ¢ Rigid spoke phase

Figure 15.35

(c) 2018 Richard G Carter




WS 15.3 Magnetron model.xmcd, p.25

r/rb

Plot the trajectories and the spoke boundaries based on the guiding centre Plot the auiding centre traiectories
and the rigid spoke approximations. Note that this plot is in Cartesian 9 9 !
coordinates for convenience so that the direction of motion of the spokes is

reversed compared with the polar plot. r:=r1;,1.0002r;..1y

r= r1rb,1.01'r1rb..1ra

1.3 ‘ 1.3
—— Trajectories
---- Rigid spoke
+++ Guiding centres
12 +-++ Guiding centres 2
=
~
-
1.1 1.1
1 ' 1 = /
-90 0 90 180 270 0 30 60 90 120 150 180
Phase (degrees) angle (degrees)
Figure 15.36 Figure 15.34
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