Homework #1 Odd Numbered Answers

1. From Wikipedia, there are many very readable accounts of the life and technical achievements of J.C.
Maxwell, and H.R. Hertz, G. Marconi, and N. Tesla. Their backgrounds, personalities, professional recog-
nitions, and financial successes from their works, varied great. ”History of Radio,” is another interesting
article on Wikipedia on wireless communications. This article also referenced a PBS documentary pro-
gram by Ken Burns entitle, ” Empire of the Air: The Men Who Made Radio,” 1992. Besides the book,
”History of Wireless,” by T.K. Sarkar, et al, J. Wiley, 2006, many other books on early workers in this
area appeared in the references at the end of the article,” History of Radio.”

3. a. For R =1 G bits/sec. , the new power requirement becomes Pr = 5.68 x 1075 watts.

b. For R = 100 K bits/sec., the new power requirement becomes Pr = 5.54 x 1075 watts. If this power is
too demanding, we can get closer to the base-station with a range of 7 = 1 km. Then Py = 2.22x10~°
watts. If this power is still considered to be too high, perhaps we can attach an external higher gain
antenna with Gy = 2. Then Pr = 1.11 x 1075 watts.

c. Under the new conditions, the power requirement becomes Pr = 1,680 watts. This power requirement
is definitely not reasonable for a small UAV. If Gpr = 100, then Pp = 168 watts, perhaps may still
be too demanding.

d. For a low-altitude satellite, the power becomes Pr = 3.65 x 1075 watts. By using a lower gain
G7 = 1,000, the power becomes Py = 3.65 x 10~ watts, which is still very modest.

5. Using the Matlab fminsearch.m function to minimize the residual of ||y — as||;;, with an initial starting
point of 0.4, we obtained a'” = 0.5545312500000005 with an AE error of e 4z (a3'F) = 4.724562499999993.
Using an an initial starting point of 0.6, we obtained aj'¥ = 0.5545605468749999 with an AE error of
eap(ap'F) = 4.724484374999999. We can conclude that regardless of the initial starting points, both
solutions are extremely close. Furthermore, e4g(a1) = 11.208 and e g(a2) = 5.188. Clearly, both e4g(a1)
and esp(az) are greater than esp (&64E), since eAE(&g‘E) is the minimum AE error.

7. Using (6-15) for & and y2, the explicit solution of the optimum LSE solution a5 = 1.601464615384616.
Using the Matlab fminsearch.m function to minimize the residual of ||y2 — as||;1, with an initial starting
point of 0.53, we obtained a{'F = 0.5558271484375. The following left figure, plots x vs y2 and a straight
line of slope a{. The following right figure, plots x vs y2 and a straight line of slope a{'¥. In both figures,
we notice two outliers at £ = 3 and x = 5. However, in the right figure, most of the values of y2 are quite
close to the straight line with the aj'” slope, whilte in the left figure most of the values of y2 are quite far
from the straight line with the aZ“ slope. This example shows the robust property of linear estimation
based on the LAE Criterion over that based on the LSE Criterion.
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9. From (6-35) - (6-37), we obtained for n = 1, a, = [0.4] and eps(a,) = 0.68. For n = 2, &, =
[0.011905, 0.39524]7 and €)75(a,) = 0.67976. For n = 3, a,, = [0.0048193, 0.01, 0.39518]7 and €;r5(4,,) =
0.67972. For n = 4, a,, = [0.0016389, 0.0040404, 0.0099773, 0.39517]7 and €eps5(a,) = 0.67972. Thus, we
note that all the terms in a3 X (1) + a2 X(2) + ...+ an—1 X(n — 1) do contribute (although not much) in
reducing the MMSE values of €)s5(&,,) for increasing values of n.



Chapter 2
Review of Probability and Random Processes
Odd Numbered Homework Solutions

1. Bernoulli: p,g > 0,p+q¢=1.
fx(x) = ¢b(x) +pd(z = 1), Fx(z)=qu(z)+pulzr—1), px=p, o%=Dpq.

Binomial: p,g > 0,g+¢=1,n> 1.

Pak) = (T)PPa" 0 <k <n fx(@) =Y Pa(k)dl@—k). Fx(@) =Y Pa(k)ule - k),
k=0 k=0

n

pLx =np, ox =npq.

Poisson: b > 0.

bEo ol 00
Pp= e k=0,1,2,.., fx(@) =Y _Pib(x —k), Fx(x)=)_ Puulx-k),
k=0 k=0
/’LX*b, UX:b
Cauchy: a > 0.
f(m)_#|—00<x<oo F(x)_ltan_l(f)+l—oo<x<oo
AT T (@ + a?) A a 2 .

The mean and variance of the Cauchy random variable are undefined.

Exponential: A > 0.

Ae M x>0 l—e ™ >0
) X(z):

1
Fx(@) = { 0, otherwise 0, otherwise ' HX T 2\ Tz = a2

Gaussian:

Raleigh: b > 0.

fX(x){QbIeXp(ZEQ), x>0 FX(I){I—eXp(I:f), x>0

0, otherwise, 0, otherwise,

MX:\/%ba 0-.%(:<4_7T)§

1
0

1 1 1
1 = c/ /(x+y)dxdy:c/ (%x2+xy)|(1)dy:c/ (3 +y)dy
o Jo 0

1
c(%y+%y2)|0:c<:>c:1.
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0, z <0, —o0 <y < o0,
0, y <0, —oo <z < ooq,
wety) < p<1,0<
) ) y < ]"
F — 7
XY(xay) z(m;l)’ 0<1<1, 1<y,
ytl) 1<z 0<y<l,
1, 1<z, 1<y.
c.
Fx(z) = Fxy(z,1) =22 0<a <1
_d ) x+ %, 0<x<l,
= fx(z) = G Fx(z) = { 0, elsewhere.
Similarly,
fy+i 0<y<i,
Frly) = { 0, elsewhere.
5.a.[x1 m x3 Az xe 23 )T = 223 — 220 + 23 — 22123 + 423, Denote A7 = [0ij]. Then
011 = 27022 = 1,0’33 = 4,0’23 = 032 = 0,0’12 = 0921 = —1/2, and 013 = 031 = —1. Then
2 —172 -1 2/3 1/3  1/6
A= 12 1 0|, A= 13 7/6 1/12
—1 0 4 1/6 1/12 7/24
b. Since |A| = 1/6 by direct computation, C' = ((27)3/2|A|*/?)~ = v/6/(27)3/? ~ 0.1555.

(¢}

. [ Y1 }/2 Yg ]T = B[ X1 X2 X3 ]T yields,
Yi:Xl—Xg/4—X3/2; Y2=X2—2X3/7, Y3=X3.

d. [ X1 X X3 ]:Bil[ Y1 Yo Y3 ]yields,

X1:Y1+Y2/4+4Y3/7; X2:}/§+2K3/7; X3:Y3.

e. The Jacobian of transformation J yields |J| = |B| = 1.
Then —1 (223 — 129 + 23 — 22125 +423) = —3(2yF + Ty3 /8 + 2493 /7) and fy (y) = fx(2)J(X|Y) =
fx (). Thus, fy(y) = (6/(2m)*)"/? exp(—5(2y7 + Ty5/8 + 24y3/7)) = [(2/2m)"/ exp(—y7)]x [(1/2n -
8/7)!/% exp(=Ty3/16)] x [(1/27 - 7/24)"/% exp(~12y3/7)].
f. Since the 3-dimensional pdf factors as the product of three 1-dimensional pdfs, the three r.v.’s are
mutually independent. By inspection: py, = py, = py, = 0 and o}, = 1/2, 0%,2 = 8/7, and
a%,s =7/24.
7. a. pgz :E{Z} =ux +py =Ax + Ay.
b. 0 =Var{Z} =0% + 02 =Ax + \v.
c.
bz (t) = E{et(XJrY)} _ E{etX}E{etY)} — e M x e A oAy €Ay o= (AxHAy) e (Ax+AY)
¥
Z is a Poisson rv with uz = Ax + Ay anda% =Ax + Ay.
d.

PX+Y =k =P{X=0Y=klor{X=1Y=k—1}or.. {X =4k Y =0}
=P(X=0,Y=k+P(X=1,Y=k-1)+ ..+ P(X =k, Y =0)
=P(X=0P(Y =k)+ P(X=1)P(Y =k—1)+ ...+ P(X = k) P(Y =0)

— — — - k—1 — —
e X 2g e vk e Ax2\L e YD e x Ak e Mva)

= o k! 1 G- Tt [ ol
k—1
:e*(AXnL/\Y) && + &/\Yi + &&
ol &! I (k—D)1 """ ko |

But the sum in the bracket = (Ax + Ay )*/k!. Thus,
P(X+Y =k)= e OxtMW)(Ax + Ay)F/E!, k=0,1,....

)

Z is a Poisson rv with uz = Ax + Ay and a% =Ax + \y.
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e. Use the moment generating function method to attack this problem.
¢Z(t) — E{et(2X+3Y)} _ E{etQX}E{etBY)} _ €_>\X ee2t,\xe_)\ye€3t>\y _ e_()‘X‘f‘/\Y)eEzt)\XJregt/\Y '

No.Z is not a Poissonrv , since its ¢z (t) is not of the form e e,

S(w) = R(0)+ R(1)[e™ 4+ e ™] + R(2)[e"* 4 e~"*]
1
= 1+ cos(w)+ 3 cos(2w), —m<w<T.
R(n) = L S(w)e*™" dw = L [1+ cos(w) + 1cos(2 )]e*™ d
= w w= oo » w)+ 3 w w
1 4 1
- wn = w(n+1) w(n—1)
5 [e“™ + 2(6 +e )

+ i(ez““"* D 4 e (n=2)] g
= % /i{cos(wn) + %[cos(w(n +1)) + cos(w(n — 1))]

+i[cos(w(n +2)) 4 cos(w(n — 2))]} dw
1 {sin(wn) N % <sin(w(n +1)) N sin(w(n — 1)))

27 n n+1 n—1
1 (sin(w(n+2)) = sin(w(n —2)) "
+Z ( n + 2 + n—2 ) } —T
1 (2sin(mn)  sin(r(n+1))  sin(r(n—1))
1sin(r(n+2))  1sin(r(n—2)) }
27 (n+2) 2 (n-2) J°

But

sin(7m) m, m=0
0, m#0.

Thus, R(n) in indeed yields

1 ,n =0,
1/2 ,n=1,
)12 =1,
R(n) = 1/4 ,n=2,
1/4 n=-2
0 ,all other integral n.
a.
27 do
E{X(t,0)} = / Acos(wt+0)— =0.
0 2m
b. )
Rx(tt+7) = E{X(t,0)X(t +7,0)} / Acos(wt + 0)A cos(w(t +7) + 9)379
0 ™
A2 2T do A2
== 2wt +2 =
> /. [cos(wT) + cos(2wt + 9)]27T 5 cos(wt),
where we used the identity cos(u)cos(v) = (1/2)cos(u + v) 4+ (1/2)cos(u — v).
c.

T
< X(t,0) >= lz'mTHooi / Acos(wt + 0)dt = 0.
or |,

This integral is zero since there is as much area above the abscissa as below due to the symmetry of
the problem. Of course, if we do the integration, we will find the same result.
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1 /7
< X(t,0O)X({t+T,0)>= limTﬁwﬁ / Acos(wt + 0)Acos(w(t + 1)+ 6)dt
-7

A? 1 T T A2
= —limTﬁoo—{/ cos(wt)dt + / cos(2wt + wt + 20)dt} = —cos(wT).
2 o7t ., r 2

e. Yes, both the ensemble and time averaged means and autocorrelations are the same for this random
process. Of course, we can not claim this process is ergodic having shown only these two averages
are equivalent.
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Chapter 3
Hypothesis Testing
Odd Numbered Homework Solutions

T 42 x 5 I
1. a. erf(x):%foetdt: \/271'1 b erzdt=1-2 Q(m/%)
Q) =~ b erf(5) = b erfe().

b&c. X Qx) Q1(x) Q2(x) logQ(x) logQ1(x) logQ2(x)
0.5000 0.3085 0.7041 0.3085 -0.5107 -0.1523 -0.5107
1.0000 0.1587 0.2420 0.1587 -0.7995 -0.6162 -0.7995
1.5000 0.0668 0.0863 0.0668 -1.1752 -1.0638 -1.1752
2.0000 0.0228 0.0270 0.0228 -1.6430 -1.5687 -1.6430
2.5000 0.0062 0.0070 0.0062 -2.2069 -2.1542 -2.2069
3.0000 0.0013 0.0015 0.0013 -2.8697 -2.8305 -2.8697
3.5000 0.0002 0.0002 0.0002 -3.6333 -3.6032 -3.6333
4.0000 0.0000 0.0000 0.0000 -4.4993 -4 .4755 -4.4991
4.5000 0.0000 0.0000 0.0000 -5.4688 -5.4495 -5.4684
5.0000 0.0000 0.0000 0.0000 -6.5426 -6.5267 -6.5420

Approximations of Long(x) by Longl(x) and Longz(x)
o-
&9\\: S ol — - |Og10Q(X)
ATy “o Log, QW)
S = Log, ,Q,(¥)
B
8*2* \\\\\)@
% S
£ -4 N
£ AN
8 LN
Ll .
\@\
N\
-6 \

3. Under Hy, po(x) = (1/2)e~*/2, 2 > 0; under Hy, p(x) = (22/16)e~*/2,2 > 0. Then A(x) = 22%,x > 0.
Thus, By = {z : A(x) > Ag =1} ={z: 22 >8 ={z:2>2V/2}and Ry = {z : 0 < x < 2V2}.

Then Ppy = P(x € Ri|Hp) = f20\0/5(1/2)6$p(—$/2)d$ = exp(—v/2) = 0.243 and Pp(x € R:|H1) =
Jos(@?/16)exp(—x/2)dx = (1/16)exp(—+/2)(32 4+ 16v/2) = 0.830 .

5. We are given

(n) = e ", 0<n< o,
PNV =9 0, n < 0.
Then
(@) = e *, 0<z <00,
Pott) =9 o, z <0,
(@) = e~ (z=1), 1 <2 < oo,
P o 0, z <1
Thus,

_pi(m) e 1<z < oo,
Mz _po(x)_{ 0, 0<z<LlL

We note, A(x) is not defined (and need not be defined) for « < 0, since po(z) and p; (z) are zero for z < 0.



If P({z: A(xz) = Ao}) =0, then we can arbitrarily associate the equality of A(x) = Ag with Ry and have

Ry = {z: Alx) > Ao}
Ry = {z: Alx) < Ao}

If P({z: A(z) = Ag}) > 0 (which is the case for this problem), we need to associate the equality with Ry
and Ry in a “fairer” manmner consistent with other constraints.

If we set 0 < Ag < e, then

R = {1<z<oco}={z:e=A(x)> Ao}
Ry = {0<z<l}={x:0=A(z) < Ao}

For this case,

PFA:/ po(x)dx:/ e*$dx:e*120.377$0.1,
R 1

as required. Thus 0 < Ay < e is not possible.
If we set e < Ag < oo, then

{I1<z<o0:e=Ax) <A} C Ro
{0<z<1:0=A(z) <A} C Ryp.

Thus,

Ry = {0§$<OO},
Ry = 0.

For this case,
Ppy = / po(x)dz =0 # 0.1,
Ry

as required. Thus, e < Ag < oo is not possible.

Thus, we must have Ag = e. In this case Ry cannot contain any x € {0 < z < 1}, since these z’s satisfy
0= A(x) < Ag = e. Then R; includes only those x € [1,00) such that

Ppa = /R po(x)dr = 0.1. (1)

a. Clearly, there are many possible Ry that can satisfy (1). Two examples are given in (b) and (c¢). Thus,
R, and Ry are not unique.

b. Suppose we pick Ry = {z: 1 < z; < x}. The we need

Py = / e Pdr=e" =0.1.

1

Thus, z1 = —In0.1 =In10 ~ 2.3 and

Pp, :/ pl(x)dx:/ e~ (@=1) dx:e/ e Tdxr =0.1le.
Ry 1 T1

This shows,

Ry = {z:2;=In10<z},
Ry = {z:0<z<z =In10}.

c. Suppose we pick Ry = {z: 1 <z < xs}. Then

Z2
Ppa = / po(z) dz = / e tdr=et—e "2 =0.1.
Rl 1



Thus, 22 = —In(e™! — 0.1) ~ 1.32 and

T2 T2
Pp, = / pi(z) de = / e~ dy = e/ e T dx =0.1le.
Ry 1 1

This shows,

Ry
Ry

= {z:1<2<29=—In(e”' —0.1)},
= {z:rzo<z}U{z:0<z<1}

d. Consider any Ry C [1,00) such that

Pra :/ po(l‘) dx = 0.1.
Ry

For x € Ry, A(z) = p1(x)/po(x) = Ao = e or pi(x) = po(x)e. Thus,

PD:/ p1($)d$:e/ po(z) dx = 0.1e.
Rl Rl

Indeed, it is consistent that Pp, = Pp, = Pp = 0.1e.

7. Often we denote as Pr, the probability of error of type I, for the probability of declaring H; given Hj is

true, and Prj, for the probability of error of type II, for the probability of declaring Hy given H; is true.
= P(X < 5|p =0.05) = ZZ:Q C#99(0.05)%(.95)290=* We can use
the Poisson approximation to the binomial probability using A\ = np = 200 x 0.05 = 10. Thus, Pra ~
Zi:o exp(—lO)llg—f = 0.067 or P(Declare Hy|Hp) =1 — Ppa =1 — 0.067 = 0.933. Similarly,Py; = Pr; =
P(Declare Ho|Hy) = P(X > 5|p = 0.02) = > 7 C290(0.02)%(.98)209~% Now, A = np = 200 x 0.02 = 4
and Py ~ 1 — 0 exp(—4)47 = 0.215.
In plain English, if one uses the existing manufacturing process (i.e., Hp), then one has a probability of
0.933 of having declaring more than 5 defective items in a sample of 200 items, while if one uses the new
manufacturing process (i.e., Hy), then one has a much lower probability of 0.215 of declaring more than 5
defective items in a sample of 200 items. The manufacturing manager will be much happier with the new

Thus,Pra = Py = P(Declare Hq|Hp)

manufacturing process.

9. a. From the LR Test, we know R; = {x :

% +In ﬁ Then

x > xo} and Ry = {z :

T

< xo} where xg = %—klnAO =

oo o
C(m,m) = C(m)= ﬂ'/ \/%671:2/2 dz+ (1 —m) / em @12 g,
To —o00
= mQ(zo) + (1 —m)(1 — Q(zo — 1)).

b. ™ C(m) C(m,0.1) C(m,0.5) C(m,0.9)
1E-3 1E-3 4.4477TE-3  0.30854 0.95422
0.01 0.01 0.013013 0.30854 0.94566
0.1 0.098664 0.098664 0.30854 0.86001
0.2 0.18616  0.19383 0.30854 0.76484
0.3 0.253 0.289 0.30854 0.66967
0.4 0.2945 0.38417 0.30854 0.5745
0.5 0.30854 0.47933 0.30854 0.47933
0.6 0.2945 0.5745 0.30854 0.38417
0.7 0.253 0.66967 0.30854 0.289
0.8 0.18616  0.76484 0.30854 0.19383
0.9 0.098664 0.866001 0.30854 0.098664
0.99 0.01 0.94566 0.30854 0.013013
0.999 1E-3 0.95422 0.30854 4.4477E-3

Table 1. C(x) and C(m,m) vs. .
c. C(m,m) =7Q(x1) + (1 — m)(1 — Q(z1 — 1)), where 1 = § + In({7%-).

d. See Table 1.
e. Plots of C(m) and C(m,mo) vs. m.
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From the solution of Problem 6, we know

2 2
A(x) = B8 = (1 /mo) B2 | —00 < & < 00, my > mg,
2 2
Az) > Ay & ggj; > (mo/m1)Ao = 7.

If v <0, then Ry = R and Ry = (. If v > 0, then Ry = {z : |z| > \/7} and Ry = {z :
shows that R; and Ry are functions of the parameter m;. Furthermore,

el Nai
Ppa= [ po(z)dx + fpo Jdz =1— [ po(x)dx
oo v VA
Nal
:1727 J mgd-iﬂ =1- 2tan*1 (r\r/TZ)

0
& mg tan ((1/2)(1 — Pra)) = /7 -
This shows that Pp4 is indeed a function of the parameter mi, and thus this LR test is not UMP.

a.

9T (1 —6y)" ™
D
(907”(1 — 90)
b.
log(B) < xy, log(01/60) + (m — ) log((1—01)/(1—00)) <log(A),b+cm < xy <a+cm,
b= log(B) log(A) c— — log((1=61)/(1—60))
Tog(01(1—00)/(Ba(1-01))) * ¢ = Tog(81(1—00)/(8o(1-01))) ’ log(01(1—60)/(60(1—01))) *
c.

B 095 1-8 005
A~2 22 49 B = 2~ 0.0526.
a 005 I—a 095
gy ~ B g5y loa(B)HoR(1=)
(xi|H 01)t =i
(o) = B, {ios (2423} = B, Lo G200
— olog (&) + (1~ 00) log (125 ) = b0 [log (5 ) —log (4= )| +1og (1=22)
—0o log (2338_333) +log (141 ) = 0.210g (39505 ) + log (3:4) = ~0.3348,
ﬁHo ~ = ‘79;7'(7)‘8322614722 —_ 792’
(xq|H _ _
E{z|H:1} = En, {log [7§§EI:H3” =0.3820; np, ~ —LATBL2TT2 — 694

2] < /7}. This



d. Under the Hy simulation, the 10 L,, values are: {4.6875¢ — 002, 4.2235¢ — 002, 3.1250e — 002, 3.1250e —
002, 3.5156e — 002, 3.1250e — 002, 3.1250e — 002, 4.6875¢ — 002,4.6875¢ — 002,4.6875¢ — 002} . The
associated n values are: {7,33.5,5,10,5,5,7,7,7}. Thus, the average number of terms of these real-
izations is 7 = 9.10. The theoretical value is given by g, = 7.92. We note, simulation result of 7 is
fairly close to the theoretical value of ngy;,.

Under the H; simulation, the 10 L,, values are: {4.5562e+001,2.7000e 4001, 3.0375¢+001, 2.0250e +
001, 2.0250e 4 001, 2.7000e + 001, /, 2.7000e + 001, 2.5629¢ + 001, 2.5629¢ + 001}. The associated n
values are: {10,3,8,6,6,3,/,3,3,16,15} Thus, the average number of terms of these realizations is
fig, = 7.79. The theoretical value is given by gy, = 6.94. We note, in realization 7, even after
considering up to n = 35, the L, value still did not exceed the threshold value of A = 19. Thus,
by omitting that outlier, only 9 terms were used in the evaluation of ng,. We also note, simulation
result of 7 is fairly close to the theoretical value of ng, .

15. There are three typos on p. 90. In Table 3.3, 1., for n = 20, a4 should = 0.13159 and 2., for n = 10, a4
should = 0.005909. 3. Five lines below Table 3.3, a should = —®(vyo/+/n).

The answer to this problem is tabulated below in Table 1.

n aa Ba and Bst
n =10

an = 0.17188

Ba = 0.95680 > fSgr = 0.87913
ax = 0.010742

Ba = 0.64135 > Sgr = 0.37581

n = 20
ap = 0.13159
B = 0.99591 > Bg1 = 0.96786
aa = 0.005909
Bg = 0.89368 > st = 0.62965

Table 1: Comparisons of probability of detection Pp(Gaussian) = g to Pp(SignTest) = fsr for n = 10,
apa = 0.17188 and 0.010742, and for n = 20, ap = 0.13159 and 0.005909, with p = 0.8.



Chapter 4
Detection of Known Binary Deterministic Signals in Gaussian Noises
Odd Numbered Homework Solutions

sl =1 +22+3°=1+4+9=14= 5|

A - 770(010—000)_0.25X(2—0)_@_2. 0_2_1
O 7 m(Cou—-Cn) 075x(1—-0) 075 3° o

1 1
v = o’lnAo+ §II§1||2 - §H§0H2 = —0.406.
1
27 (sy —s0) > v = Hi. —2[wy,z0,23] | 2 | > = Hi.
3
0.406
m = $1+2$2+3$3§?:0203:>H1
o, = E{m|Ho} = ||so|” = 14
M |H = —14
o2 = 1242243%=14.

m

R = g:m:gjé <0.203}, Ro={z:m > 0.203}.
0

Ppa = P{m <0.203[Ho} = e~ (m=14)%/28 g,

1 0.203
V21 x 14 /,Oo

2/ 1 —13.8/3.74 22
e~ dt = — e~ dt
vV 2T /—oo

—*/2 gt = Q(3.69) = 0.000112.

1 (0.203—14)//14
V 2T /—oo

1 (o)
—— e
V2T /3.69

1 0.203 5
Pp = P{nl < 0203|H1} = ﬁ/ e—(7]1+14) /28 dm
)

1 14.203/3.74 1 380
= —/ et /thz—/ e /2 qt
V21 ) o V2T J oo

= 1-—Q(3.80) = 0.999928.

Since s, = [2, —v/6,2]7 = —s; has the same norm as s, = [1,2,3]T = —s,, all the previous results on Ry,
Ry, Pra, and Pp apply.

. a. From theory, we know for a binary detection of deterministic waveform in WGN, the sufficient statistic
is given by n = fOT x(t)[s1(t) — so(t)]dt = 10 fOT x(t) sin(27 fot)dt. Futhermore, the threshold constant
for 7 is given by v = (No/2)In(Ao) + 0.5 [ [s3(t) — s2(t)|dt = 50 [ sin(2x fot)dt = 25. Then
Ry ={x(t):n >~} and R, = {z(t) : n < ~}.

b. Since n is a Gaussian r.v., we need to find its means and variances under Hy and Hy. pg = E{n|Hy} = 0.
= E{g|H1} = 100 [ sin®(2n fo)tdt = 50. 02 = E{(n — po)?|Ho} = 100 [, sin®(2r fot)dt = 50.
Then Ppa = Q(v/0,) = Q(3.5355) = 2.035F — 4. Pp = Q((y — p1)/oy) = 0.9998.

c. Now, n/ = fOTx(t)s’(t)dt. Then po = E{n'|Ho} = 0.

g1 = E{y/|Hy} =100 x 2 x 10° 00'5“0_5 sin(27 fot)dt = 200/7 = 63.6620.

02, =100 [ (s'(t))%dt = 100 x 1 = 100.



Phy = Qv/o) = Q(25/10) = Q(2.5) = 6.25 — 3.
Pl = Q((25 — 63.662)/10) = Q(—3.8662) = 0.9999.

We note, P, > Pp (which is good), but Py, > Ppa (which is bad.) Thus, it is hard to compare the
performance of the receiver using s'(t) instead of s(¢) explicitly if we allow both probability of false
alarm and probability of detection to vary as compared to the original optimum case.

d. In order to find a new 7/, we set Prg = P 4(7') = 2.035E — 4. Then, we must have 3.5355 = +'/10, or
~" = 35.355. Then P, (v') = Q((7'—63.662)/10) = Q(—2.8307) = 0.9977. We note, this P},(y') < Pp.
In other words, having used the sub-optimum s'(¢) instead of the optimum s(¢) at the receiver, for the
same fixed probability of false alarm, the probability of detection went down from 0.9998 to 0.9977.
The degradation of the probability of detection is very small. However, the reduction of complexity
of the receiver is fairly significant.

5. Under Hy, the output signal is given by

0? tO < 07
to
So(to) = / s(r)h(ty —T)dr, 0<t,<T,

fOT s(T)h(ty — T)dr, T <t,.
Under Hy, s,(t,) = 0. The output noise under both hypothesis is given by

N(t,) = / N (At — 7)dr.

Since the mean of N(.) is zero, its variance is given by

0, t, <0,
to
o2(t) =4 (N,/2) / R2(t, — T)dr, 0<t,<T,

(No/2) [T h2(t, — T)dr, T <t,.

The output SNR can be defined by SNR(t,) = s2(t,)/c2(t,). For t, < 0, SNR(t,) is not defined.
Under Hy, for 0 < t,, then SNR(t,) = 0. From Schwarz Inequality, we have (f: fOh(t)dt)? <

f: f2(t)dt ff h2(t)dt, with equality if and only if f(t) = ch(t) for some constant c. Then under Hj,
we have

to
Maz )3 {SNR(t,)} = (2/No)/ s*(t)dr, 0<t,<T,
0

T
Maﬂf{hc)}{SNR(to)}=(2/No)/ s?(r)dr, T <t,.
0
Thus,
T
Mazoct,noHSNR(E)) = (2/No) [ s*(r)ar.
0

7. Let K(t) = h(t) and f(t) = exp(iwot). Then denote t — s = u and ds = —du. Thus,

o

/ K(t—s)f(s)ds =— / h(u) exp(two(t — u))du = / h(u) exp(—iwou)du p exp(iwpt) = H(wo) exp(iwot) .

This show that the eigenvalue A = H(wp) and the eigenfunction f(t) = exp(iwyt).



9. a.
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11.

The integral equation of interest has the form

[[Rt-that)dt=2q1).  0<t<T. (1)
The power spectral density function of R(t) is given by

S(w)=F{R(t)}.
Since the integral in the left hand side of (1) is a convolution, thus by using Fourier transform,

this integral equation can be converted to
S(@)Q(jw) = AQ(j®). )
Since S(w) is an even function and if it is assumed to be a rational function, we can write it as
S(®)=N(-0")/D(-0"),

and (2) becomes

N(-0*)Q(jow) = AD(-0*)Q(jw), (3)
where
N(-0*) = ibk (-0*)* and D(-w*)= iak (—o*) . 4)
We also have
0’ < dX ™)/ dt’ =(-w*) e, (5)

thus from operational calculus (3) and (4) become

ibk qt —cd® = ﬂ’zak > Q(t) (6)

k=0
We know that q(t) cannot contain any impulse function, and therefore the solutions to the above
differential equation are also solutions to the integral equation.

Let us consider the specific kernel of



R(t-t") = aexp(-At—t)). (7)

Then (1) becomes

[[aexp(-At-thathdr=Aq), 0 <t<T. @)
The Fourier transform of the kernel of (7) is given by

S(a))=w22%'22,—oo<a)<oo. 9)

Then the integral equation of (8) can be converted to the following homogeneous differential
equation of

2aq(t) = —A0" () + AB7a(t), (10)
which can be rewritten as

Q"+ pQRa/A-p)alt) =0. (11)
The solution to this differential equation is given by

q(t) = Aexp(yt) + Bexp(-n), (12)
where

y=(f-2ap/1)". (13)
Substituting (12) into (1), and after some manipulation, we obtain

AB-7)+B(B+7y)=0, (14a)

A(B+7)exp(yT)+B(f -y)exp(=yT) = 0. (14b)
For a solution to exist, the determinant of the matrix of the coefficients of these two equations

must be 0. Therefore
exp(T)=(B-I(B+7), (15)

where v is a complex number.



To proceed, let

y=jo=>w0=QRaB/A-5%)", (16)
then (15) becomes

cos(awT) + jsin(wT) = (B - jo)* (L> + o). (17)
From the real and imaginary components, we obtain

cos(wT)=A(B* —a’)/ 2ap3, (18a)

sin(wl ) =-Aw/ a, (18b)
when combined with (16) result in

tan(wl ) =2fw /(0" - f7). (19)
Let S =sin(X),® = cos(X), then with X = @T /2, (19) becomes

tan(wT /2) = (LT /2)(@T /2). (20)
If we let @ =sin(X), f =cos(X), and X =—wT /2, then (19) becomes

—cot(wT /2) = (T /2) (T /2). (21)

Let &, = o, T /2, then from (20), we obtain

pT/2 (22)

tan(g,) = :

and from (21), we obtain

—cot(fk)=%. 23)

k
The solutions to (22) are the intersections of the tangent function to a hyperbola and the solutions
of (23) are the intersections of the -cotangent function to a hyperbola. Both of these equations

have countably infinite number of solutions and thus countably infinite number of eigenvalues.



The hyperbola is monotonically decreasing in (0, «) and the tangent function and negative
cotangent function have period of m and are monotonically increasing in each period. In
addition, they have discontinuities at multiples of @ /2. Thus, the hyperbola intersects these two
functions alternatively, and the locations of the intersections increase with increasingwT /2. In
order to have a clearer picture of the solutions, these three functions are plotted in Fig. 1 with a =
10 and B =5.5. (Without loss of generality, we picked T = 1). From Fig. 1, we can find the first
three intersections corresponding to the three largest eigenvalues. From Fig. 1, intersections

occur at & values of about 1.1, for k=1, of about 2.4, for k =2, and about 3.7, for k = 3.
Upon solving (22) and (23) more precisely (e.g., using Newton’s Method), & = o T/2 =

1.16888, &, = anT/2=2.41995, and &, = axT/2 =3.77161. We note the plot on page 368 of

McDonough and Whalen (2™ edition) are incorrect.

(B T/2)Ix, tan(x), & —cot(x)
15 T T T ‘

(B T/2)Ix
tan(x)
— — — —cot(x)

I
|
|
|
|
|
10 |
|
|

[
|
| |
| |

x=(wT/2)

Figure 1. Intersections of (£T/2)/x with tan (x) and —cot (x) for =10 and f=5.5.

We note from (16), we can obtain the eigenvalues

A =2af (0’ +B7), k=12,.... 24)



For o =10and = 5.5, (24) yields the three largest eigenvalues by the differential equation
approach to be

AP =3.07992, PP = 2.04939,and A" = 1.26219. (25)
The subscript of (DF) indicates these eigenvalues were obtained based on the differential

equation method. Shortly, we will evaluate these three largest eigenvalues by the matrix

eigenvalue method.
Substitute the above value of 4°7 in (25) into (16) and then into (15), we obtain
q(t) = acos(wt) + bsin(awt),
where a and b are arbitrary constants. To find the values of a and b, we substitute this q(t) into

the original integral equation and obtain

pa—wh=0, (26a)
[-Bcos(aT ) + wsin(wT )]a+[-Bsin(T) - wcos(wT )b =0, (26b)
which yields
[tan(aT ) —2fw/ (o - B*)]a=0. 27)

From (19), this equation is already satisfied for any @, , which is the solution to (22) and 23).

The parameter a can be arbitrary, and the eigenfunctions we are looking for are

q,(t)=a, [cos(a)kt) + (,B/a)k)sin(a)kt)], k=1,2,..., (28)
with a satisfying (29)
1 2
.
— =I {cos(a)kt)+[ﬁjsin(a)kt)} dt , k=1,2,..., (29)
a, 0 @y

so that these eigenfunctions will form an orthonormal set. The three associated eigenfunctions

corresponding to the eigenvalues in (25) are given by



q,(t) =0.483657[cos(2.33777t) +(2.35267)sin(2.33777t)], (30)
g,(t) = 0.850800[ cos(4.83990t) + (1.13639)sin(4.83990t)], (31)
0(t) =1.07616[ cos(7.54321t) +(0.729132)sin(7.54321t)]. (32)

Plots of these three eigenfunctions (given by (30) — (32)) obtained by the differential equation

method are shown in Fig. 2.

Eigen functions of the three largest eigenvalues using dif. equ. method

15

- 1P®)=3.07992
’ | ——2{PP=2.04939|
- x(sDE)=1.26219

05F

-15 ! ! ! !
0 0.2 0.4 0.6 0.8 1
1

Figure 2. Eigenfunctions associated with the three largest eigenvalues obtained by the differential equation method.
From the plots in Figure 2, we can see the eigenfunction associated with the largest eigenvalue
3.08 has no zero-crossing, one for eigenfunction associated with eigenvalue 2.05, and two for
eigenfunction associated with eigenvalue 1.26. The number of zero-crossings increases with
decreasing eigenvalues.

Now, consider the solution of this problem using the discretized matrix eigenvalue method as
considered in Problem 10. The three associated eigenvalues are now given by

AME) =3.08064 , AM = 205085, and AM® = 1.26363. (33)

10



The three largest eigenvalues obtained from the matrix eigenvalue method shown in (33) are
extremely close to those three largest eigenvalues obtained from the differential equation method
shown in (25). Clearly, there are some numerical errors in the computations of these eigenvalues
in both methods. Figure 3 shows the plots of the three eigenvectors corresponding to the
eigenvalues of (33) evaluated based on the matrix eigenvalue method.

Eigen functions of the three largest eigenvalues using matrix eigenvalue method
1.5 T T T

- x(lME)zs.08064

——— w"®=2.05085 ||

- x(ZME)=1.26363

0.5

q2
o

-0.5

-15 I I I I
t2

Figure 3: Eigenfunctions associated with the three largest eigenvalues obtained with discretized matrix eigenvalue method.

Figure 4 plots the two eigenfunctions corresponding to 4,° and 4. Similarly, Figure 5 plots
the two eigenfunctions corresponding to A.°"’ and 2\® and Figure 6 plots the two

eigenfunctions corresponding to 1\°” and {"®.  We note, in Figures 4, 5, and 6, values of the

eigenfunctions obtained from the differential equation method are essentially identical to those

obtained from the matrix eigenvalue method.
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Comparison of eigenfunctions of largest eigenvalues with two different methods
1.3 T T ‘ ‘

Diff eqn
1.2 Matrix eigenvalue ]
11 b
1 m
0.9 |
o
0.8 |
0.7 |
0.6 1
0.5
0.4 L L L L
0 0.2 0.4 0.6 0.8 1
t
Figure 4: Eigenfunctions of two largest eigenvalues with two different methods.
Comparison of eigenfunctions of second largest eigenvalue with two different methods
1.5 T T T T
Diff egn
Matrix eigenvalue
1
0.5
o 0

0 0.2 0.4 0.6 0.8 1

Figure 5: Eigenfunctions for second largest eigenvalues with two different methods.
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Comparison of eigenfunctions of third largest eigenvalue with two different methods
1.5 T T T T

Diff egn

Matrix eigenvalue

-15 I I I I
0 0.2 0.4 0.6 0.8 1

Figure 6. Eigenfunctions for third largest eigenvalues with two different methods.

KY wants to acknowledge the contributions of [16; pp. 361-370] and various students (and
particularly S. Lee) in a class project dealing with this problem.
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13. a. The optimum correlation function {g(¢), 0 < ¢ < T} for the CGN problem is obtained from the solution

of
T
/ R(t —tg(tdt' = s(t), 0 <t <T. (1)
The CGN matched filter impulse response function h(t) is given by
_J9T=1), 0<t<T,
h(t) = { 0, elsewhere. (2)

An approximation for the solution of g(t) in (1) for large T can be obtained from
/ R(t—t)g(tdt' = s(t), 0 <t <T. (3)

Denote N(w) = FLR(H)} = [, R(t)esp(—jut)dt, Sw) = F{s(t)}, Glw) = Flg(t)}, and H(w) =
F{h(t)}. Apply the Fourier transform to the convolutional equation in (3). Then
N(@)G(w) = S(w), 00 <w < . (1)
Apply the Fourier transform to (2). Then
H(w) = G*(w)e T, — 00 < w < o0. (5)

Combine (4) with (5) to obtain

S*(w) _.or S*(w) _ior
H(w) = joT — joT ,
(w) @) e ®) e , —00 < w < 00 (6)
b. If the input is a CGN process of power spectral density
K K1/2 K1/2

N = = X
() w+wd Jjwtwy —jwtwy

then the causal whitening filter Hyy (w) satisfies
N(w)|Hw (w)|* = C, forany C > 0.

Thus,

) = 5 =

and
Hyw (w) = Co(jw +wp), Co = (C/K)"2.

c. The Fourier transform of the input signal is S(w). Then the signal component of the output of the
matched filter in the frequency domain is given by (|S(w)|?/N(w))exp(—jwT). Thus the signal com-
ponent of the output of the matched filter in the time domain sy(t) is given by

_ 1 [T ISWI? we-m
so(t) = 27r/ Nw) e dw.

— 00

d. From (4.211), we have

where from (4.206)

from (4.208)



and from (4.209)

Then

From Parseval Theoren

2
i

Power ofsignals(t)inf; coordinate

= i = z%)Av.powerofnoiseN(t)inai coordinate
i= =
00
_ 1 IS@)* 7 _
=3/ N(o) dw = oo.
— 00

Thus, Pp = Q(—o0) = 1.
e. f Nw) =0,w €{(-b, —a) U (a, b)}, but S(w) # 0, w € {(=b, —a) U (a, b)},, then

1T S
27 N(w)

—0o0

dw = 00

Thus, Pp = Q(—o0) = 1.
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15.
In order to obtain the upper bound of (sTAs)(sTA’ls) in (4.242), where ||s||® is taken to have unit norm, we can

perform the following eigenvalue decomposition. Denote A = UDU' and A™ = UD™U". where diag(D) = [A4, ..., Anl,
with A, >4, > ... A, > 0. Since U is an orthogonal matrix, define a new nx1 vectorz= U'sors=Uzand s' =u' U",
with ||z]|* = 1.

Thus,

(sTA’ls) (sTAs) = (zTUTUD’lUTUz )(zTUTUDUTUz)

(v (o) = (S04 S|

(Al)

Define n new variables y; = Zi2 > 0,i=1,...,n, and substitute them into (A1). Then

v (o)

Thus, the upper bound of (sTAs) (sT A‘ls) is given by the solution of the following Theorem.

Theorem. The maximum of (A3) given by

(.an: Y, M'](.Zn; yii.], (A3)

subject to
dyi=1,y20,i=1..,n, (A4)
i=1
and
A>A >4 >0, (AS)
as attained by using
9,=9.=1/2,9,=0,i=2,..,n-1. (A6)

Proof: Consider the nonlinear minimization problem of

Miny f(y), (A7)
subject to

iy)<0,i=1,..., M, (A8)

h(y)=0. (A9)

The celebrated Karush-Kuhn-Tucker (KKT) [4] necessary conditions for y =y =[y ..., 1" to be a local minimum
solution of (A7) subject to (A8) and (A9), are such that there exist constants z4, i = 1,..., M, and v satisfying

16



L VE(§)+ D 4V, (§) +ovh(§) =0,

i=1
2.9.(§)<0, i=1..,M,
3.h(F) =0, i=1..,M,
41420, i=1..,M,

5. 140:(§) =0, i =1,... M.

In order to use the KKT method for our maximization of (A7) with the constraints of (A8) and (A9), denote

f(y) =-A()B(i),
gi(y)z_yi ’ i:].,...,M'
h(i’): Zyi -1,
7»1>7»2>.._.7»M>0,

where we define
- M - M
A(I):zyilﬂfl’ B(I):Zyiﬂ’l'
i=1 i=1

Now, we show the conditions of (1)- (5) of (A10) — (A14) are satisfied for the expressions
of (A15) - (A18). From Condition 1, by taking its partial derivative wrttoy;, i = 1, ..., M, we have

%B(j)—&A(j)—ﬂi+v=0-

Multiply (A20) by y; yields

L B() - Ay, A) - 4, + 0y, =0.

From Condition 4 and y; > 0, then —z4y, = 0. Thus, (A21) becomes

L B(J) - AV AG) +vY, =0.

Summing (A22) overall i =1, ..., M, yields

0¥, = AMB() + BHA().

and from (A8), we have

v =A(1)B(J)+B(1)A(J) = 2A(J)B(}).

17
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(A13)
(A14)

(A15)

(A16)
(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)



Substitute (A23) into (A22) yields

~2-B(I) ~AYAG) + 2%, B()A(]) =0,

o

y %B(j)m.A(j)—zB(j)A(j)}:o, (a9
Thus, (A24) shows either y; = 0 or

%B(j)+/llA(j)—ZB(j)A(j) ~0. (a2
Multiply (A25) by 4 , to obtain

A2A()) - 24B(i)A(j) + B(j) =0. (a2e)

The quadratic equation of (A26) in 4;, has two non-zero solutions given by

(A27)

4 = 2B()A() +\J4B(j)* AU’ - 4B()A) .
| 2A(J)

The rest of the (M -2) number of y; = 0. Denote the indices of the two non-zero y; by a and b. Then the maximization of
A(1)B(i) in (A7)) reduces to the maximization of

ya yb
242 A, +
(/la /’Loj(ya a yb/,lb)
A
=y§+zfyayb+y§+%yayb

a

A
o[ By,

= (ya+yb)2+(%+i—2]yayb-

(A28)

A

a

By denoting y, = 1 -y, in (A28), we obtain

(L2 )z, 9

a

a

N PP
_1+(ﬂb+l 2](1 Y.)Ya (A29)

=H (Yo Aar dy).
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Thus, the maximization in (A7)) reduces to the maximization of H(Yy,,4,,4,) in (A29). We note H(Y,,4,,4,) isa
quadratic function of y,. Taking the partial derivative of H(Y,,4,,4,) wrttoy, yields

M=_££+i—2]y
Y, a

or
2(/16‘+Ab 2]ya_[/1a+/1b—2}
O O
or
Yo=Y, =112, (A30)
since

(£+£—2}t0,
A A

a

with A, # A, . The second partial derivative of H(y,, 4,,4,) shows

O°H (Yo Aar ) :_2(£+i_2}
oy’ Ay Ay

= —2[—(/1'”‘ +/1b)2]< 0,
Ay

since 4, >0and A, >0. Thus, the local maximum solution of y, =Yy, =1/2in (A30) is a global maximum
solution of H(y,,A,,4) . By using y, =Yy, =1/2 and denoting A =4, /4, >1, with the assumption of
A, > A, >0, then H(Y,,A,,4,) of (A29) can be expressed as

H(2) =1+ 1/ 4)(A-2+1/2)

=1+(1/4)((ﬂ+1/7),(2/1_1)j>0' (A31)

This shows H(A) is a positive monotonically increasing function of A. Since A=A4,/4, and 4, >4, >0, the
maximum of H (A) is attained by using A, = 4, / 4,, . This means
Vv, =9, =1/2,y,=0,i=2,.,M -1. (A32)

19



Thus, the solution given by (A32) is the only solution that satisfies the KKT Condition 1 of (A15) that provides the local
minimum of

M M M M
f(y)= —(z Y, /i,j(z yii,j or the local maximum of (Z Y, /Zﬁj(z yiﬂ,lj. ButH(Y,,4,,4,) of (A29) is
i=1 i=1 i=1

i=1
a quadratic function, thus the solution given by (A32) yields the global maximum of (A3) or the upper bound of (A2) and
(A1). [

(KY wants to thank discussions with Prof. L. Vandenberghe and various students in a class project of EE230A for various
inputs in the solution of this problem.)
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Chapter 5
M-ary Detection
Odd Numbered Homework Solutions

1. The M-ary MAP decision rule state that we decide for hypothesis Hj, if
p(Hj|z) > p(Hilz),00 <z <00, allj #4, 1 <i,j < M.

From Bayes rule, p(H;/x) = p(z|H;)m;/p(x), 1 <i < M, and p(z) = Z,éilp(x\Hk)wk > 0. Thus,we decide
for hypothesis Hj, if

3. List of some M-ary orthogonal transmission system using a carrier frequency includes:

a. M-ary PSK (including conventional QPSK; offset QPSKI1 7 — /4 QPSK; etc.);
b. M-FSK.

List of some M-ary orthogonal baseband signals modulating a carrier frequency includes:

. Time-multiplexed PPM signals;

a

b. Time-multiplexed PWM signals;
c. Time-multiplexed PAM signals;
d

. Time-multiplexed PCM signals.
List of some M-ary non-orthogonal transmission system using a carrier frequency includes:

a. M-QAM;
b. M-CPM (including MSK, etc.).

List of some M-ary non-orthogonal baseband signals modulating a carrier frequency includes:

a. Non-time-multiplexed PPM signals;
b. Non-time-multiplexed PWM signals;
c. Non-time-multiplexed PAM signals;
d. Non-time-multiplexed PCM signals.
5. In a M-ary PAM system where the signal set is given by {+A, £34, ..., (M/2)A}. We assume M is an
even integer, and denote s,, = 2m — 1A, m=1,..., M/2 and s_,, = —(2m —1)A, m =1, ..., M/2.

The transmited signal is disturbed by an AWGN noise of zero-mean and variance 0> = N;y/2. Then under
the minimum-distance decision rule, the decision regions R,,, for the received value z is given by

{z:2m-1A <z < 2mA} ,for m=1,2,...,(M/2) — 1, (1la)

no {z: (m—-2)A <z < oo}, for m = DM/2, (1b) 51
moe {z:2mA <z < 2(m+ 1A}, for m = -1, =2, ..., —=(M/2) + 1, (1l¢) (5-1)
{z: -0 <2< (Mm+2)A}, for m = —M/2. (1d)

For the two extreme symbols in (1b) and (1d), their two error probabilities are given by 2Q(A/0), while
the other (M —2) error probabilities due to (1a) and (1c) are given by (M —2)2Q(A/o). Thus, the average
symbol error proability is given by

Pe = (1/M)2Q(A/0) + (M = 2)2Q(A/0)] = (2(M —1)/M)Q(A/0). (5:2)

The average energy F,, = (1/M) ZZLQ_M/Q s2, = (M?—-1)A%/3 or AJo = \/3E4,/(c2(M? —1). The
energy per bit is given by E, = E,,/logoM. Thus, the average symbol error proability can be expressed

Py = (2(M = 1)/M)Q(V/(6(Ey/No)log M)/ (M? — 1)). (5:3)




7. Let Py(v) be the probability of bit error given a phase error of 1, where v is the realization of a random
variable ¥ with pdf equal to

_ 1 —?
pq;(?/)) = mexp (20‘211) ,

defined over ¢ € (—m/2,7/2] (Note that we assume that Q(mw/(20y)) ~ 0). Then,
2F
Py(y) =Q (\ / No cos(z/;)) )

/2
P - / Py () pa (1) .

—m/2

The average BER is equal to

If we expand Py(¢)) into a power series up to the second-order term, we have

Py(4) = Py(0) + dljii}w) ’w_o v+ ;diiz(gw) ‘w_o v,
where
Py (0) = Q( ?é)
) 'M = o (- con(w)? ) s oo
dzf;g%o _ \/Eexp (—]];;wos(w))?) [}fcosw)(sm(w))z+cos<¢>] w;\/wTNOeXp (‘5)

With this approximation, we obtain for P,

2F 1 E E
Py~ Y —— ) o2,
b Q( N0>+2 ﬂ'N()exp< N())Uq,

9. Consider an uncorrelated random sequence {B,,, —0o < n < oo}, with E{B,} = u, E{Bn.Bnim} = 12,
and its variance denoted by 0123”.

a. In s(t) = ij:_N Bhg(t —nT), —oc0 < t < o0, first assume B,,’s are deterministic and then take its
Fourier transform to yield

C(f)=G(f) f) Bpe mTIT —00 < f < o0 (9.1)
n=—N

After taking the time and statistical averages of |C(f)|?, we obtain
2
1

N
SS(f) = ‘G(f))|2j\}floomE n;NBne—tTLQTrfT
I T A= S N
= Gy 2. 2 Rmpe (9-2)

n=—N m=—N

_ ‘G(f))|2 - —m2n fT
i Z R(m)e T,

m=—oo
b. Since
2

_ _ e, m # 0,
R(m) = E{BnymBn} = { 0% 4P, m =0, (9.3)

upon substituting (9.3) into (9.2), we obtain

2 S .

SS(f): |G(£))| (U2Bn + ’u2 Z e—sz‘n’fT) ) (94)



By using the Poisson formula

ST LSS G(f )T, 9.5)

m=—0oo m=—0o0

in (9.4), we obtain

2 2 e m
ss(r) = 1GUNE (ﬁ;n NS 5(f—T)>
(9.6)
m

11. % input data
X=[[-.225 0.93]17,[-1 2]1°,[-2.5 .5]’,[-3 -11°1;
Y=[[-0.75 0.75]’,[1 .8]’,[2 -1]’,[2.5 1.5]’,[3 1]1°];
N=4; M =5b;
% Solution via CVX
cvx_begin
variables a(2,1) b u(4,1) v(5,1)

X’xa - b > 1 -u ;

Y’*xa - b <= -(1-v);

%a’*X(:,i) - b>=1 - u(i), i = 1,2,3,4;
%a’*Y(:,3) - b<=-(1-v(); j=1,2,3,4,5;

u >= 0;

v >= 0;

minimize ([ 1 1 1 1]*xu + [1 1 1 1 1]*v)
cvx_end
b
a

% Displaying results

linewidth = 0.5; 7% for the squares and circles
t_min = min([X(1,:),Y(1,:)]1);

t_max = max([X(1,:),Y(1,:)]1);

tt = linspace(t_min-1,t_max+1,100);

p = —a()*tt/a(2) + b/a(2);

pl = —a(l)*tt/a(2) + (b+1)/a(2);

p2 = —a(1)*tt/a(2) + (b-1)/a(2);

graph = plot(X(1,:),X(2,:), ’0o’, Y(1,:), Y(2,:), ’0’,-4:.01:4,zeros(1,801),’k’,zeros(1,601),(-3:.01
graph = plot(X(1,:),X(2,:), ’0o’, Y(1,:), Y(2,:), ’0’,-4:.01:4,zeros(1,801),’k’,zeros(1,601),(-3:.01
set(graph(1),’LineWidth’,linewidth);

set(graph(2),’LineWidth’,linewidth);

set (graph (1), ’MarkerFaceColor’,[0 0.5 0]);

hold on;

plot(tt,p, ’-r’, tt,pl, ’--r’, tt,p2, ’--r’);

axis([-4 4 -3 3])

xlabel (’x(1)’)

ylabel(’x(2)?)



Homework #6 Answers

1. Since X and Y are two independent Gaussian r.v.’s, then

0=22/(207)\ [ o=v?/(20%) o—(@+y?)/(202)
pX,Y(-T7y) - W W — 27‘[‘0‘2 .
Let 2 = rcos(f) and y = sin(#). Upon converting from the rectangular coordinate to the polar coordinate,
r? = 22 4+ y? and rdrdf = dxdy. Then

e~ (@ +y*)/(20%) re-r/(207%)
pro(r,8)|drdd| = pxy(z,y)|dzdy| = Tﬂdrdﬂ | c=rcos(0) =  opg? |dr df| .
y = rsin(0)
2m 2 5, 2m 2 2
dre" /(207) —r°/(20%)
pr(r)dr = /pR’@(nQ)dH = WW/dH = der, 0<r<oo.
0 0

Thus, R = v/ X2 + Y2 is a Rayleigh r.v. with a pdf given by pr(r) = (r/0?) e /(2% 0 < r < 0.

ﬂ._f; T T T T T

—p=los1

==y ] o=

=2 =
coep=1,0=2
* p=2os2

Rician pdf values

Fig. 1. Plots of Rician pdf’s for five values of y and o.

5. a. Using the Matlab function mean, we obtained the estimated mean jir = mean(r) = 1.2619.
b. Using the Matlab function var, we obtained the estimated variance 6% = var(r) = 0.43366.
c. Using 61 = fip X \/2/7, then we obtained o; = 1.0069.
d. Using 62 = \/6%/(2 — ), we obtained 55 = 1.0052.

e. Thus, both 6; and &5 are very close to the original o = 1 of the Gaussian r.v.



Rayleigh cdf with o =1
1 T T

Fo0)

Fig. 2. Plot of Rayleigh cdf Fg(r) vs. r.

3.5




f. Fig. 3 shows the the empirical cdf and the Rayleigh cdf match each other well.

Rayleigh cdf and Empirical cdf
1 T T T e 0
Rayleigh cdf
+  Empirical cdf

Fo(0)

35 4

Fig. 3. Plots of empirical cdf and Rayleigh cdf Fr(r) vs. r.

7. In Fig. 8, the Rician pdf is represented by the solid curve. The Gaussian pdf with mean of 4 = 2 and
o = 0.5 is represented by the dashed curve. We see this Gaussian approximation pdf appears to have an
offset to the left of the Rician pdf. However, the Gaussian approximation pdf with a modified mean of
V2 +02 and 0 = 0.5 is represented by the dotted curve and provide a much better approximation to
the desired Rician pdf.

0.9 T

Rician
= = = Gaussian
0.8 ~\ |l Gaussian-mod. meani

0.7

0.6

Pdf values

0.1

Fig. 8 Plots of Rician pdf, Gaussian pdf, and Gaussian pdf with a modified mean.



9. Fig. 9 compares the Rician pdf with different parameters of the Nakagame pdf’s.

Rician K=10,s=2 Rician K=2,s=1
““““ Nakagami m=5.76 Nakagami m=1.8
1.4 T T 1.4
1.2 1.2
ir 1F
2 0.8} $ 0.8
= =
< <
> >
k<] S
Q06 a 06
04f 041
021 0.2r
0 0% .
0 3 0 1 2 3
X X

Fig. 9. Plots of Rician pdf and Nakagami-m pdf. (a). Rician (K=10, s=2), Nakagami (m = 5.76). (b). Rician
(K=2, s=1), Nakagami (m = 1.80).



Homework #7 Answers

1. a.
e = E{(s(t+7)—as(t))*} = R(0) + a®R(0) — 2aR(r)
862 N . _ . R(T)
B0 = 26R(0) —2R(1)=0=a = 0
rin = E{(s(t+7)—as(t))s(t+71)} = R(0) - aR(r) = R(0) — };((OT))

R*(0) — R*(7)
R(0)

b. For R(t) = d(t), —oo <t < oo, denote

Ro(r) = { 1/c, (—¢/2) < 7 < (¢/2),

0, elsewhere

then define §(7) = lim.—,oRc (7). Thus,

4= { llmc%OR(T)/(l/c) = 07 T # 0 62 o { O’ =0
limeo(1/e)/(1fe) =1, w0 0 b

c. Consider
E{(s(t+71)—as(t))s(u)} = R{t+7—u)—aR({t—u)
efoc|t+‘rfu| o efa\7|efoc|t7u|
efoz(tJrTfu) _ efa'refa(tfu)
e—a(t+7——u) _ e—oe(t+r—u)
= 0, 7>0,t>u.
This means

N

¢ = B{(s(t+7) —ast) = > bis(u)?}

i=1

_ E{(S(t-irT—&S(t))2}+E{(§:bis(ui)>2}
=1

> B{(s(t +7) — as(t))’} = €hyin-

Thus, the minimum m.s. error is attained with all b; = 0. That is, the optimal linear estimate is
as(t), where @ = R(7)/R(0), for 7 > 0, and t > u; , for all s.

3. a. From Orthogonal Principle, we obtain E{[S(n) — ( > h(k)X(n—k))]|X(n—j)} =0, —c0 < j <

k=—o00
00, or Rsx(j) = >, h(k)X(j —k), —oo < j < oo. Without additional information, it is not
k=—o0
possible to solve for the h(k) directly.

b. By taking the Fourier transform of the last expression of part (a), we obtain Sgx (f) = H(f) Sx(f),—1/2 <
J < 1/2. Thus, H(f) = Ssx(f)/Sx(f),~1/2 < f < 1/2.
Rsx(n) = E{S(m)X(n+m)} = E{S(m)(S(n+m) + V(n+m))}
= Rs(n) = al"lo%, —00 < n < o0,
Rx(n) = E{X(m)X(n+m)} = E{(S(m) + V(m))(S(n+m) + V(n+m))}
=Rs(n) +46(n), —00 < n < o0,

o) . o2(1—|al?
Ssx(f) = Ss(f) = o3 kzgma‘klexp(ﬂ?”kf) = s s S F < &,
_ _ R0-laP) _ Ltlel® ~2acos(2rf) +02(—lal®) 1 .
SX(f) _SRS((;;’) +1= 172acz)s((127r|f)|2q;|a|2 +1= 172acé)os(27rf)+|i\2 » T2 S f < 32
o _ oZ(1—|a 1 1
H(f) - Sif(f)  1+|al? 72accfs(27rf)+0§(1f\a\2) » T2 < f < 3



d. From Orthogonal Principle, we have
rim = E{(S(n) — S(n))?} = E{(S(n) — S(n))(S(n) — S(n))} = E{(S(n) — 9(n))S(n) }
= B (s<n> - ( > h(k)X(n—k>>> S(m)} = Rs(0) = 5 h(k)Rs(~F).

k=—oc0 k=—00

But we also have
1/2 1/2

Rs(0) = [ Ss(f)df Re(-k) = [ explizmf(-k) Ss(H)df , H(P) = 3 (k) exp(-infh).

~1/2 ~1/2 k=—co

Combining the above two sets of equations, we obtain

1/2 1/2 9 1/2
B = [ s - HOSs = [ s - o G s = [ Sy
—1/2 —-1/2 —-1/2

5. From Orthogonal Principle, we obtain

o0

S(t+a) — / W)X (t—7)dr

0

8

X(L‘—s)}:0,—oo<t<oo,0<s<oo7

or N
Rs(SJra) = /h(T)RX(s—T) dr,0 < 5 < o0,
0
where
Rx (1) = Rs(1) + Ry (1), —00 < T < 00.
. By comparing the given autocorrelation function Rg(k) =4 X 27kl 00 < k < oo, to the autocorre-

lation function Rg(k) of (2.3.2-6), we obtain

2 — |k
o2 a |k}
1—a2

m{l"%VaQ} — k| In{a} = In{4} — |K| m{;} :

which shows that a = 1/2 and 403, /3 = 4, or 03, = 3. Thus, this random sequence S(k) is a first-order
autoregressive sequence modeled by (2.3.2 - 1). Then the recursive Kalman filtering algorithm of Sec.
(2.3.2) is valid and the steady state version of the Kalman gain p of (2.3.2 -15) reduces to ap? +bp+c =0
wherea=1b=3+SNR,c=4SNR, and SNR = 3/0% . A plot of p versus SNR is given here.

=4 (1/2)7 | —0 < k < 0,

or

. The density of X is given by px(u; A) = pw(u — A). Since -4 Inpx(u; A) = (Fpx(u;A))/px(u; A) =

,(%pw(u — A))/pn(u— A), we have that
> 7 d 2 du
[/_oo (dame-) o=

E { (dipx(u; A)>2}
[/Z (e “”)2 ij?u)] 7

dpw (u) (—1/02)6*\/5“/”, u> 0,
du (1/02)6\/5“/”, u<O0.

—1

For the Laplacian pdf we have

(A pw (u)?/pw (u) = %e’ﬁm‘/" = Zpw(u). The CRLB is therefore equal to 02/2. For the Gaussian
pdf, the CRLB is equal to o2.



3
25F B
2L i
§ 151 q
1L i
051 4
% 2 7 6 5 10 12 14
SNR
11. !
Plx;0) = — e RO IO ),
(2m) NV det(C)
where 1 = [1,...,1]T. Let C~! = (C);; and, by symmetry, C;; = Cj;.
d La X L XD
2 Inp(x;a) = 57 ZZC”(JH —a)(zj —a) = 3 ZZ [Cij(z; —a) + Cyj(x; — a)]
i=1 j=1 i=1 j=1
N N N N SN SN Ga N N
A A i=1 2j=1 “ijTi ~
- S aum-ayy o (ERER U )y e,
i=1 j=1 i=1 j=1 Zz:l Zj:l ) =1 j=1
2 - 1
CRLB = [—E{zp(x;a)}] ===~ =
a Zi:l Zj:l Cij
. . N «N A N «N A . . 2 .
The estimator a = 3, > 20— Cijai/ D2y Y=, Cij is unbiased (E{X;} = a, E{A} = a). Therefore, it
is efficient, with variance equal to (vazl Z;vzl C’ij>
13.
mo- 1 2 2 motM—1 1 2 2 i 1 2 2
. - —z%(n)/(207) —(z(n)—s(n—no))"/(207) —z%(n)/(207)
p(x;n = e " e e
(i ma) nl;[() V2ro? nl:lo V2mo? n:gM V2mo?
_ 1 e YN etm) oo 1000 [ 2e)s(nno)+s* (n-mo))
(2ra?)N

Therefore, the maximum likelihood estimator is found by minimizing

no+M—1

Z [s%(n — ng) — 2z(n)s(n — ng)].

n=ngo

Since 321t M TN 2 (n — ng) = S0 s2(n) does not depend on ng, the maximum likelihood estimator for
ng is found by maximizing ZZ“:J;]OVFI z(n)s(n —ngp).



Chapter 8
Odd Numbered Homework Solutions

1.

%%
rand("state”,49);
u=rand(1,501);
un=u(1:500);
unl=u(2:501);
plot(un,unl, "k**")
xlabel ("u_n%)
ylabel("u_{n+1}")
%%

Yields
1 de—ke e
—r g ——
: ')k*"*‘ * : *-*-‘*' *I;i #*.*.* *k ﬁ
0off # 4 * 4 ¥ PR
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Fig. 1. Plot of Un+1vs. Uy, n=1, ..., 500, for the rand generator.
The 500 points in this plot seems to be fairly randomly distributed with no obvious similar
patters among adjacent values.

%%

3.

s0=49;

xx= [ 13

m = 2731 -1;

for n=1:502,

s = mod((7"5)*s0, m);

X= s/m;

xx=[xx,x];

sO=s;
end
subplot(1,2,1)
plot(xx(1:500),xx(2:501), "k*")
xlabel ("x_n")



ylabel ("x_{n+1}")

axis(J0 1 0 1D

%%

subplot(1,2,2)

plot(xx(1:500) ,xx(3:502), "k*")
xlabel ("x_n%)

ylabel ("x_{n+2}")

axis(J0O 1 0 1D

yields
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Fig. 3a. Plot of xn+1VS. X, , n =1, ..., 500. Fig. 3b. Plot of X,+2Vs. X,, n =1, ..., 500.

From these two plots, there does not appear to have any regular patterns. Thus, from these
simple visual inspections, there does not appear to be much correlations among elements of this
sequence.

5. For these two x; and X, sequences, the Matlab function kstest(xi, X2) yields 0. This means we
can not reject the null hypothesis that these two sequences have the same distribution with a 5 %
significance statistical level test. Loosely speaking, while the KS (and some other) statistical
tests can not confirm these two sequences have the same distribution, it can only state with fairly
high confidence that one can not conclude the two sequences came from two different
distributions.

7. See Table 8.1 of Ex. 8.2 of Chapter 8 on p. 275.

9. See Table 8.4 of Ex. 8.4 of Chapter 8 on p. 278.



11.

randn('state’,19);

r = raylrnd(1,[1,5000]);
randn('state',47);

X =1V,

mean(x) = 1.0122;
xx=0:.01:6;

hist(x,xx), axis[[0 6 0 60])

Histogram of x
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The histogram of X appears to have an exponential pdf with a mean of 1.0122.
Compare the empirical cdf of X with an exponential cdf with a men of 1.0122.
F = cdfplot(x), axis([0 6 0 1]);
ecdf=expcdf(xx,1.0122);
hold on
G = plot(xx,expcdf(xx,1.0122),'r--);
title("Empirical Exponential cdf and Exponential cdf')
legend([F,G], 'Empirical cdf', 'Exponential cdf','Location’,NW")



Empirical Exponential cdf and Exponential cdf
1 T T T
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The empirical exponential cdf and the true exponential cdf seem to fit each other very well.





