
A useful distinction can be made between resonances
that exist in various systems !see Sec. II.B.2". For narrow
resonances with a width ! typically well below 1 G !see
the Appendix" the universal range persists only for a
very small fraction of the width. In contrast, broad reso-
nances with a width typically much larger than 1 G tend
to have a large universal range extending over a consid-
erable fraction of the width. The first class of resonances
is referred to as closed-channel dominated resonances,
whereas the second class is called entrance-channel
dominated resonances. For the distinction between both
classes, the width ! is not the only relevant parameter.
Also the background scattering length abg and the differ-
ential magnetic moment "# need to be taken into ac-
count. Section II.B.2 discusses this important distinction
in terms of a dimensionless resonance strength.

Figure 3 shows the observation of a Feshbach reso-
nance as reported by Inouye et al. !1998" for an optically
trapped BEC of Na atoms. This early example highlights
the two most striking features of a Feshbach resonance,
the tunability of the scattering length according to Eq.
!1" and the fast loss of atoms in the resonance region.
The latter can be attributed to strongly enhanced three-

body recombination and molecule formation near a Fes-
hbach resonance !see Sec. III.A.2".

A Feshbach resonance in an ultracold atomic gas can
serve as a gateway into the molecular world and is thus
strongly connected to the field of ultracold molecules
!see Sec. V". Various techniques have been developed to
associate molecules near Feshbach resonances. Ultra-
cold molecules produced in this way are commonly re-
ferred to as Feshbach molecules. The meaning of this
term is not precisely defined, as Feshbach molecules can
be transferred to many other states near threshold or to
much more deeply bound states, thus being converted to
more conventional molecules. We use the term Fesh-
bach molecule for any molecule that exists near the
threshold in an energy range set by the quantum of en-
ergy for near-threshold vibrations. The universal halo
state is a special very weakly bound case of a Feshbach
molecule.

C. Historical remarks

Early investigations on phenomena arising from the
coupling of a bound state to the continuum go back to
the 1930s. Rice !1933" considered how a bound state
predissociates into a continuum, Fano !1935" and Fano
et al. !2005" described asymmetric line shapes occurring
in such a situation as a result of quantum interference,
and Beutler !1935" reported on the observation of highly
asymmetric line shapes in rare gas photoionization spec-
tra. Nuclear physicists considered basically the same
situation, having nuclear scattering experiments in mind
instead of atomic physics. Breit and Wigner !1936" con-
sidered the situation in the limit when the bound state
plays a dominant role and the asymmetry disappears.
Later interference and line-shape asymmetry were taken
into account by several authors !Blatt and Weisskopf,
1952".

Feshbach !1917–2000" and Fano !1912–2001" devel-
oped their thorough treatments of the resonance phe-
nomena that arise from the coupling of a discrete state
to the continuum. Their work was carried out indepen-
dently using different theoretical approaches. While Fes-
hbach’s work originated in the context of nuclear physics
!Feshbach, 1958, 1962", Fano approached the problem
on the background of atomic physics !Fano, 1961". refor-
mulating and extending his earlier work !Fano, 1935;
Fano et al., 2005". Nowadays, the term “Feshbach reso-
nance” is most widely used in the literature for the reso-
nance phenomenon itself, but sometimes also the term
“Fano-Feshbach resonance” appears. As a curiosity Fes-
hbach himself considered his name being attached to a
well-known resonance phenomenon as a mere atomic
physics jargon !Kleppner, 2004; Rau, 2005". Fano’s name
is usually associated with the asymmetric line shape of
such a resonance, well known in atomic physics as a
“Fano profile.”

A prominent example for the observation of a Fesh-
bach resonance in atomic physics is the experiment of
Bryant et al. !1977" on photodetachment by the negative
ion of hydrogen. Near a photon energy of 11 eV two
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FIG. 3. Observation of a magnetically tuned Feshbach reso-
nance in an optically trapped BEC of Na atoms. The upper
panel shows a strong loss of atoms near the resonance, which is
due to enhanced three-body recombination. The lower panel
shows the dispersive shape of the scattering length a near the
resonance, as determined from measurements of the mean-
field interaction by expansion of the condensate after release
from the trap; here a is normalized to the background value
abg. From Inouye et al., 1998.
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channel and the closed channel are designated by |bg!
and "c!, respectively. Using a two-state coupled-channel
expansion as in Eq. #38$, "!#R , E $!= "c!"c#R , E $ / R
+ "bg!"bg#R , E $ / R , the potential matrix in Eq. #40$ is

V =%&
− V c W

W − V bg
' for R # ā

&$ 0
0 0

' for R % ā .( #47$

The off-diagonal matrix element W describes the weak
coupling between the two channels.

In order to simulate a magnetically tuned Feshbach
resonance, the model parameters need to be chosen so
as to give the correct parameters for that resonance. The
well depth V bg is chosen so that the background channel
scattering length is abg. The well depth V c is chosen so
that the well has a bare bound state at E c. The tuning of
the bound state as E c=&'#B − B c$ can be simulated by
varying V c linearly with the external magnetic field B .
Finally, weak coupling requires "W"( "V bg− V c". The cou-
pling parameter W can then be chosen to give the right
resonance width )#E $=2kabg&'* at low energies )see
Eq. #17$* using the known resonance width *. Analyti-
cally calculating the matrix element defining )#E $ in Eq.
#14$ relates W to * as follows:

2V cW2/#V bg − V c$2 = )rbg/#1 − rbg$2*&'* . #48$

With the chosen parameters, the square well model
yields analytic forms for the scattering phase shift as in
Eq. #16$ and the scattering length as in Eq. #1$.

The square well model also permits an analytic
evaluation of the weakly bound state below the con-
tinuum. Assuming an eigenstate "!b! exists at energy
−E b=−+2kb

2 / #2'$# 0 and "abg", ā, we get

kb =
1

abg − ā
+

)sq/2
ā#E b + E c$

, #49$

where )sq/2=&'*rbg#1−rbg$−2. Marcelis et al. #2004$ de-
rived a similar result for a contact potential. Note that
when the coupling term W→0 so that )sq→0, the solu-
tions E b=−E c and E b=+2 / )2'#abg− ā$2* correspond to
the bare states of the square well in the closed and open
channel #for abg% ā$ as expected. Since the resonant sin-
gularity in the scattering length occurs when E b→0, tak-
ing this limit of Eq. #49$ allows us to calculate the reso-
nance energy shift &E =&'#B 0− B c$ as

&E = )sq#1 − rbg$/2. #50$

Both Eqs. #50$ and #49$ can also be derived from the
van der Waals model with )sq replaced by )̄=)sq)1
+ #rbg−1$−2*. Note that )sq and )̄ are nearly the same for
"rbg", 1. The modified version of Eq. #50$ is equivalent to
Eqs. #37$ and #42$, derived from the van der Waals
model.

Lange et al. #2009$ extended the above model to pre-
cisely determine the scattering length and the resonance
parameters in the magnetic field regime where multiple
Feshbach resonances overlap.

5. Properties of Feshbach molecules

A variety of properties of Feshbach molecules can be
calculated by solving Eq. #49$ for the binding energy E b.
For example, the closed channel fraction Zof the eigen-
state can be found by differentiating E b with respect to
E c )see Eq. #28$*. In the limit B → B 0 where E b vanishes
and a→+$, we have

Z=
1
-
+ B − B 0

*
+ , #51$

where the dimensionless proportionality constant

- =
1
2

sres"rbg"=
rbg

2

2
"&'*"

Ē
#52$

determines the rate at which the Feshbach molecular
state deviates from the entrance channel dominated re-
gime or, equivalently, the halo molecule regime, when B
is tuned away from B 0. Equation #51$ shows that having
a small closed channel fraction Z( 1 requires the mag-
netic field to be close to resonance, "B − B 0"( -"*". Figure
12 of Sec. II.B.5 compares 1−Z from Eq. #51$ for the
respective open and closed channel dominated 6Li
834 G and 7Li 737 G resonances.

For open channel dominated resonances, where sres
, 1, it is usually true that "rbg". 1 and -, 1, and Z re-
mains small over a large fraction of the resonance width
*. The bound state wave function takes on primarily
entrance channel character over this range #see the ex-
amples of the 6Li 834 G or 40K 202 G resonances in Fig.
16$. Closed channel dominated resonances have sres( 1
and small -( 1. Consequently, Z remains small only
over a small range of the resonance #see the example of
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FIG. 15. #Color online$ Two-channel square well model of a
magnetic Feshbach resonance. The potential for the bare en-
trance background channel has a well depth −V bg. The spatial
width is chosen to be ā so as to simulate the length scale of a
van der Waals potential. The potential for the bare closed
channel has a well depth −V c relative to the separated atoms
and is infinite for R % ā. The value of V bg is chosen so that the
background scattering length is abg. The value of V c is chosen
so that there is a bound state with energy E c near E =0. We
assume that this energy varies with magnetic field as E c
=&'#B − B c$, where &' is a relative magnetic moment and E c
=0 at B = B c.
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ing referred to as the entrance channel. The other po-
tential V c!R ", representing the closed channel, is impor-
tant as it can support bound molecular states near the
threshold of the open channel.

A Feshbach resonance occurs when the bound mo-
lecular state in the closed channel energetically ap-
proaches the scattering state in the open channel. Then
even weak coupling can lead to strong mixing between
the two channels. The energy difference can be con-
trolled via a magnetic field when the corresponding
magnetic moments are different. This leads to a mag-
netically tuned Feshbach resonance. The magnetic tun-
ing method is the common way to achieve resonant cou-
pling and it has found numerous applications, as
discussed in this review. Alternatively, resonant coupling
can be achieved by optical methods, leading to optical
Feshbach resonances with many conceptual similarities
to the magnetically tuned case !see Sec. VI.A". Such
resonances are promising for cases where magnetically
tunable resonances are absent.

A magnetically tuned Feshbach resonance can be de-
scribed by a simple expression,2 introduced by Moerdijk
et al. !1995", for the s-wave scattering length a as a func-
tion of the magnetic field B ,

a!B " = abg#1 −
!

B − B 0
$. !1"

Figure 2!a" shows this resonance expression. The back-
ground scattering length abg, which is the scattering
length associated with V bg!R ", represents the off-
resonant value. It is directly related to the energy of the
last-bound vibrational level of V bg!R ". The parameter B 0
denotes the resonance position, where the scattering

length diverges !a→ ±"", and the parameter ! is the
resonance width. Note that both abg and ! can be posi-
tive or negative. An important point is the zero crossing
of the scattering length associated with a Feshbach reso-
nance; it occurs at a magnetic field B = B 0+!. Note also
that we use G as the magnetic field unit in this paper
because of its near-universal usage among groups work-
ing in this field, 1 G=10−4 T.

The energy of the weakly bound molecular state near
the resonance position B 0 is shown in Fig. 2!b" relative
to the threshold of two free atoms with zero kinetic en-
ergy. The energy approaches threshold at E =0 on the
side of the resonance where a is large and positive.
Away from resonance, the energy varies linearly with B
with a slope given by #$, the difference in magnetic mo-
ments of the open and closed channels. Near resonance
the coupling between the two channels mixes in
entrance-channel contributions and strongly bends the
molecular state.

In the vicinity of the resonance position at B 0, where
the two channels are strongly coupled, the scattering
length is very large. For large positive values of a, a
“dressed” molecular state exists with a binding energy
given by

E b = %2/2$a2, !2"

where $ is the reduced mass of the atom pair. In this
limit E b depends quadratically on the magnetic detuning
B − B 0 and results in the bend shown in the inset of Fig.
2. This region is of particular interest because of its uni-
versal properties; here the state can be described in
terms of a single effective molecular potential having
scattering length a. In this case, the wave function for
the relative atomic motion is a quantum halo state which
extends to a large size on the order of a; the molecule is
then called a halo dimer !see Sec. V.B.2".

2This simple expression applies to resonances without inelas-
tic two-body channels. Some Feshbach resonances, especially
the optical ones, feature two-body decay. For a more general
discussion including inelastic decay see Sec. II.A.3.
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FIG. 1. !Color online" Basic two-channel model for a Fesh-
bach resonance. The phenomenon occurs when two atoms col-
liding at energy E in the entrance channel resonantly couple to
a molecular bound state with energy E c supported by the
closed channel potential. In the ultracold domain, collisions
take place near zero energy, E →0. Resonant coupling is then
conveniently realized by magnetically tuning E c near 0 if the
magnetic moments of the closed and open channels differ.
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FIG. 2. !Color online" Feshbach resonance properties. !a"
Scattering length a and !b" molecular state energy E near a
magnetically tuned Feshbach resonance. The binding energy is
defined to be positive, E b=−E . The inset shows the universal
regime near the point of resonance where a is very large and
positive.
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