
Introduction
I have gathered a posie of other men’s flowers, and nothing but the thread
that binds them is my own.

Montaigne

Observational cosmology is in a tremendously exciting time of rapid discovery.
Cosmology can be enriching and enjoyable at this level no matter what your
aims are, but my guiding principle for the topics in this book has been: what
would I ideally like a person finishing an undergraduate degree and starting a
PhD in observational cosmology to know? What would represent a balanced
undergraduate introduction that I would like them to have had?

Throughout this book, I’ve tried to give readers enough grounding to appreciate
the current topics in this enormously active and exciting field, and to give some
sense of the gaps — and in some cases chasms — in our understanding. I haven’t
forgotten that the step up to third-level undergraduate study can be difficult and
daunting, so I’ve included further reading sections. Some of the items in these
lists will take you to more leisured introductions and backgrounds to some of the
material that we shall cover. Nevertheless, this book is intended to be fully
self-contained.

I’ve also given some jumping-off points if readers want to go into more
depth. You’ll find these mostly in the further reading sections, but also
in some footnotes and figure captions. There are some references to journal
articles, such as ‘Hughes et al., 1998, Nature, 394, 241’. The first number is
a volume number, and the second is a page number. Many of these can
currently be read online, either in preprint form or as published papers, at
http://adsabs.harvard.edu/abstract service.html. Some of the further reading is
most easily found on the internet, but internet addresses are transitory so I’ve tried
to keep these to a minimum. References to arXiv or astro-ph reference numbers
are to the preprint server, currently at http://arxiv.org or various worldwide
mirrors. Entering the article identification in the search there usually results in
the paper. Sometimes the further reading section will point to more advanced
material, beyond the normal scope of an undergraduate degree. I’ve chosen to do
this partly in order to ease the transition from undergraduate to postgraduate level
for those of you who are on that track. The online abstract service also has the
facility to list later papers that have cited any given paper, so it’s very useful for
literature reviews. At every stage, each level is a big step up from the previous one
and the transition can be difficult. I don’t intend this book to be a postgraduate
textbook, but if I can ease the transition to that level, then all to the good.

Inevitably the selection of topics betrays my own biases and interests, and there
are undoubtedly many exciting areas not covered. But the biggest problem is that
this is a fast-paced field with lots of exciting and rapid developments. Some future
advances are foreseeable, such as gravitational wave astronomy or the Square
Kilometre Array, and I can give tasters for what these fabulous new facilities
promise, so this book should keep its relevance for a few years at least. As I write
this, the Herschel and Planck satellites are waiting to be launched in French
Guyana. However, the ‘unknown unknowns’ I can do nothing about. This is the
mixed blessing of writing a book during the golden age of cosmology.
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Chapter 1 Space and time
God does not care about our mathematical difficulties. He integrates
empirically.

Albert Einstein

Introduction
How did the Universe begin? How big is the observable Universe? Why is the
night sky dark? What will the Universe be like in the year one trillion? What is
the ultimate fate of the Universe? This chapter will answer these questions and
more, and give you the tools that you need for understanding modern precision
cosmology.

Although it’s not necessary for you to have met special relativity and the
Robertson–Walker metric before, you may find that we take these subjects at a
fast pace in this chapter if these are new topics to you. If so, you may find
Appendix B on special relativity helpful, or you might try a more comprehensive
introduction to expanding spacetime metrics such as that in Robert Lambourne’s
Relativity, Gravitation and Cosmology (see the further reading section).

1.1 Olbers’ paradox
In 1823, the Dutch astronomer Heinrich Wilhelm Olbers asked a profound
question: if the Universe is infinite, then every line of sight should end on a star,
so why isn’t the night sky as bright as the Sun? The fact that these stars are further
away doesn’t help, as we’ll show.

At a distance r from the Sun, its light is spread evenly over a sphere with an area
4πr2, as shown in Figure 1.1. If the Sun has luminosity L, then the energy flux S
from the Sun must be

S =
L

4πr2
, (1.1)

i.e. S ∝ L/r2. Meanwhile, if the diameter of the Sun is D, then the angular
diameter θ of the Sun (see Figure 1.2) will be given by

θ 1 tan θ =
D

r
,

where the approximation θ 1 tan θ is valid for small angles measured in radians.
Therefore we have

θ ∝ D

r
.

r

Sun

Figure 1.1 A sphere of
radius r surrounding the Sun.

So the Sun’s angular area on the sky (in, for example, square degrees or
steradians) must be proportional to (D/r)2. Therefore the surface brightness
(flux per unit area on the sky, e.g. per square degree) is proportional to
(L/r2)/(D/r)2 = L/D2, which is a constant independent of r. So if all stars are
like the Sun (i.e. similar luminosities and diameters), then all stars should have
surface brightnesses similar to that of the Sun. If every line of sight ends on a star,
then the whole sky should be about as bright as the Sun.

r
θ

D

Figure 1.2 The angle θ varies
approximately as D/r.
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Chapter 1 Space and time

1.2 Olbers’ paradox in a different way
Here is a different approach to the same problem. Suppose that there are ρ stars
per unit volume, in a Universe that’s homogeneous (the same seen from every
point) and isotropic (no preferred direction). How many stars have fluxes in the
range S to S + dS? (Here, dS can be thought of as a limitingly-small1 increment
of S, which we use in preference to δS.) First, let’s assume for now that all stars
are identical, and have luminosity L. Consider a radial shell around the Earth,
with radius r and thickness dr (Figure 1.3). The volume of this shell is the area
times the thickness, or 4πr2 dr. (Another way of finding the volume of the shell is
to subtract 4

3πr3 from 4
3π(r + dr)3, and neglect terms of the order (dr)2.) The

number of stars in this shell is ρ times the volume of the shell:

dN = ρ × 4πr2 dr ∝ ρr2 dr. (1.2)

(We’re assuming a flat space for now, known as Euclidean space — curved
spaces will come later.) The flux S of a star varies with distance according to
Equation 1.1, which implies that

dS

dr
∝ Lr−3.

So the number of stars with fluxes between S and S + dS is

dN =
dN

dS
dS =

dN

dr

dr

dS
dS

∝ ρr2 r3

L
dS ∝ r5 dS. (1.3)

This dN is the same as in Equation 1.2; all stars have the same luminosity L, so
Equation 1.1 gives an exact one-to-one correspondence between S and r, so the
interval (r, r + dr) corresponds exactly to an interval (S, S + dS).

r

Sun

r + dr

Figure 1.3 A shell of radius r
and thickness dr around the Sun. We can also write the last result as dN/dS ∝ r5. Now, by rearranging

Equation 1.1 we have that

r =

(
L

4πS

)1/2

∝ S−1/2

and therefore

dN

dS
dS ∝ S−5/2 dS.

So we find that

dN

dS
∝ S−5/2. (1.4)

Relations of this kind are known in cosmology as number counts or source
counts, and play an important role, as we’ll see. dN/dS is the number of
stars dN in a flux interval dS, which is a slightly different way of regarding the
rate of increase of N with respect to S. The general form y ∝ xa is sometimes

1The infinitesimal quantity dS, which we refer to vaguely as a ‘limitingly-small’ version of δS,
can be defined more rigorously using a mathematical discipline called non-standard analysis. This
takes us beyond the scope of this book, but if you are concerned by manipulating infinitesimals no
differently to other algebraic symbols, try, for example, H. Jerome Keisler’s book Elementary
Calculus: An Approach Using Infinitesimals, which is available online.
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1.3 Metrics: the Universe in a nutshell

called a power law, with a in this case being the power law index. Here, dN/dS
is a power law function of S, with a power law index of −5/2.

Now, we’ve assumed that all the stars are identical, but suppose instead that
there are several types of star, each with a different luminosity Li and number
density ρi, with i = 1, 2, 3, . . .. Each type of star will have its own number counts
dNi/dS = kiS

−5/2, where ki is some constant specific to type i. The total
number counts will still obey a −5/2 power law:

dN

dS
=
∑ dNi

dS
=
∑(

kiS
−5/2

)
= S−5/2

∑
ki ∝ S−5/2.

So any homogeneous, isotropic population of stars produces a −5/2 power law
for number counts. But this leads to a profound problem: the total flux of stars
brighter than S0 is

Stotal =

∫ ∞

S0

S
dN

dS
dS ∝

∫ ∞

S0

S−3/2 dS ∝ S
−1/2
0 ,

which diverges as S0 tends to zero. So the sky should be infinitely bright!

Exercise 1.1 First, we’ve argued that a homogeneous, isotropic Universe gives
you a sky as bright as the Sun. Next, we’ve argued that the sky is infinitely bright
in a homogeneous, isotropic Universe. They can’t both be true, and it’s not a
mistake in the algebra, so what’s different in our assumptions? ■

The night sky is a long way from being as bright as the Sun, and is certainly not
infinitely bright. So what is the answer to Olbers’ profound question? It’s not that
the Universe is opaque — in fact, as we shall see later in this book, the Universe is
surprisingly transparent at optical wavelengths. It’s also not that stars have finite
lifetimes, because that doesn’t stop lines of sight ending on a star eventually and
inevitably.

Part of the answer is that the Universe is only finitely old. Edgar Allan Poe was
the first to point out this solution, in his 1848 book Eureka: a Prose Poem. But
another part of the answer is that we don’t live in a static, flat space. Rather, we
live in a curved, expanding spacetime, which we shall meet in the next section.

1.3 Metrics: the Universe in a nutshell
We’re about to commit possibly the greatest ever act of hubris: to describe the
geometry of the Universe in a single equation. To do this, we’ll need to remind
you of a few preliminaries and notations. Pythagoras’s theorem is

H2 = x2 + y2

for a right-angled triangle with length x, height y and hypotenuse H . In three
dimensions this is just

H2 = x2 + y2 + z2.

So, if two points in space are separated by (δx, δy, δz), their separation δL is
given by

(δL)2 = (δx)2 + (δy)2 + (δz)2.
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Chapter 1 Space and time

In pre-relativistic physics, if one observer measures the separation to be δL,
then all observers measure the same δL regardless of how they are moving.
This also has all observers agreeing over the passage of time: a separation in
time of δt of two events is the same for all observers. (Event is used to mean
a point in both space and time.) The whole aim of fundamental physics is
to describe the workings of the Universe in an observer-independent way, so
these observer-independent quantities, called invariants, often play a central
role. This is why it’s meaningless to say that the laws of physics are different
somewhere else in the Universe: if they’re different somewhere else, they weren’t
fundamental laws in the first place. Many quantities in physics owe almost all
their interest to the fact that they are conserved in all (or nearly all) situations:
energy, momentum, angular momentum, baryon number, lepton number,
strangeness, isospin.

Having said that, there is currently no consistent theory of everything. The best
description of the very small, quantum physics, contradicts the best theory of the
very large, general relativity. We proceed in the hope that the apparently-invariant
quantities discovered so far will lead us closer to the underlying workings of the
Universe . . .

In Einstein’s special relativity, neither spatial separations nor time intervals are
invariant, but there is a combined spacetime interval that is invariant:

(δs)2 = (c δt)2 − (δx)2 − (δy)2 − (δz)2, (1.5)

where c is the speed of light in a vacuum. The coefficients on the right-hand side
(in this case +1,−1,−1,−1) are known as the metric coefficients. (Note
that some books choose to use a (−1, 1, 1, 1) metric instead.) Together, these
coefficients make up the metric tensor (see Appendix B); we shall discuss
tensors later in this book.

The metric of special relativity has many consequences with which you should be
familiar, such as time dilation, Lorentz contraction, Lorentz transformations and
the non-universality of simultaneity. If you need reminders, Appendix B gives a
very brief summary of special relativity. Freely falling particles move on paths for
which the total interval s is a maximum along that path, similarly to Fermat’s
principle in optics. These optimal paths are known as geodesics.

Worked Example 1.1

Two ticks of a watch are separated by (δt, 0, 0, 0) in the frame of
the watch, with δt = 1 second. The watch is moving at a constant
velocity v relative to an observer, for whom the ticks are separated by
(δt′, δx′, δy′, δz′). Using Equation 1.5 or otherwise, show that δt′ = γ(v) δt
with γ = (1 − v2/c2)−1/2, and calculate the spacetime interval δs between
the ticks.

If I put the watch on a piece of string and whirl it around my head, and it
takes half a second (according to the watch) to go round once, what is the
total spacetime interval of the watch’s world-line of one orbit? (A world-line
is the set of events that trace the path of an object through spacetime.)

14



1.3 Metrics: the Universe in a nutshell

Solution

Without loss of generality, we can choose coordinates in which the observer
is moving along the x-axis, so δy′ = δz′ = 0. Now v = dx′/dt′, and from
δs′ = δs we have (c δt)2 = (c δt′)2 − (δx′)2. If we divide by (c δt′)2, we
find

c2(δt)2

c2(δt′)2
= 1 − (δx′)2

c2(δt′)2
= 1 − (dx′)2

c2(dt′)2
,

so (
δt

δt′

)2

= 1 −
(

dx′

cdt′

)2

= 1 − v2

c2

hence

δt′ = γ(v) δt.

For the second part, δs = c δτ , where τ is the proper time, i.e. the time
measured by the watch. Here, we have δτ = δt, so the total interval is
0.5c metres, or 0.5 light-seconds. When the watch is being whirled around,
τ is in an accelerating frame, but it’s always true that δs = c δτ , so the total
interval is 0.5 light-seconds.

Worked Example 1.2

What is the total spacetime interval between any two points on a light ray,
and how does the interval relate to causality in the Universe? (Hint: If events
can be connected only by a signal travelling faster than light, they cannot be
in causal contact with each other.)

Solution

The spacetime interval between any two points on a light ray is zero. The
connection to causality is best illustrated in the lightcone diagram shown in
Figure 1.4. An event at the origin can send a message at light speed or
slower to any event in the future lightcone. Similarly, any event in its past
lightcone could have affected it. The spacetime intervals between the origin
and these events are time-like intervals, (δs)2 > 0. Events outside the
lightcone cannot affect, or be affected by, the event at the origin. The
spacetime intervals between the origin and these events are space-like, i.e.
(δs)2 < 0. Points on the lightcone have exactly zero spacetime interval
between one another. The δs = 0 intervals are sometimes referred to as null.

Exercise 1.2 The highest-energy cosmic rays have energies of 1020 eV and
above. Most cosmic rays are protons, with rest masses of 938.28 MeV/c2. The
diameter of our Galaxy is roughly 100 000 light-years. Calculate how long it
would take to cross the Galaxy, according to the highest-energy cosmic rays.
(Hint: You don’t need to know the conversion between eV and joules, nor do you
need the conversion between light-years and metres.) ■
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Chapter 1 Space and time

We can also describe the invariant spacetime interval in spherical coordinates, in
infinitesimals:

ds2 = (cdt)2 − dr2 − (r dθ)2 − (r sin θ dφ)2,

where ds2 means (ds)2. These coordinates are shown in Figure 1.5.
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Figure 1.4 The lightcone in special relativity.
The point at position (δx, c δt) has c δt > δx, so
(c δt)2 − (δx)2 > 0, implying that (δs)2 > 0,
meaning that the invariant interval between that
point and the origin is time-like.

r

x

y

z

φ
θ

Figure 1.5 The position of a point can be
specified in terms of Cartesian coordinates
(x, y, z) or in terms of spherical coordinates
(r, θ, φ).

To describe an expanding Universe, we could modify the metric by multiplying
the spatial parts with a time-dependent expansion factor:

ds2 = c2 dt2 − R(t)
(
dr2 + r2 dθ2 + r2 sin2 θ dφ2

)
,

where R(t) is called the scale factor of the Universe. A schematic representation
of this is shown in Figure 1.6.

l(t1)

l(t2)

time t1

time t2

Figure 1.6 A cubical volume
of the Universe. The length of
the side l expands with the scale
factor of the Universe, so
l(t2) = (R(t2)/R(t1)) l(t1).

In fact, the most general homogeneous, isotropic metric is

ds2 = c2 dt2 − R2(t)

(
dr2

1 − kr2
+ r2 dθ2 + r2 sin2 θ dφ2

)
, (1.6)

where the constant k determines whether the Universe is spatially flat (k = 0),
spherical (k = +1) or hyperbolic (k = −1). (We use only these three values of k
because other values can be found by rescaling R and r; for example, if k = −3,
then the substitutions r′ = r

√
3 and R′ = R/

√
3 give an equation of the same

form as Equation 1.6 for k = −1.) Figure 1.7 illustrates some two-dimensional
surfaces in which k = +1, 0 or −1, to give you some intuition (if not actually a
visualization) of the three-dimensional counterparts. You might reasonably
object that these two-dimensional representations oversimplify the situation. In
physics (and general relativity especially) it’s often easier to describe something
mathematically than it is to visualize it; physics makes tremendous demands on
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1.3 Metrics: the Universe in a nutshell

the imagination. Perhaps the human brain doesn’t have the cognitive machinery to
be able to visualize curved expanding spacetimes.

b

C = 2πb

C > 2πb

C < 2πb

α

β

γ

bα
β

γ

b

α
β

γ

initially
parallel
lines

initially
parallel
lines

initially
parallel
lines

α + β + γ = 180◦α + β + γ > 180◦

α + β + γ < 180◦

Figure 1.7 Curved surfaces may have geodesics that start parallel, but don’t remain parallel. Also, the angles of
a triangle need not add up to 180◦, nor is the circumference of a circle necessarily 2π times the radius. The
spherical model has k = +1, the flat model has k = 0 and the saddle-shaped model has k = −1.

Equation 1.6 is known as the Robertson–Walker metric or sometimes as
the Friedmann–Robertson–Walker metric. Because this metric is spatially
homogeneous and isotropic, any point can be chosen for the origin r = 0. We
sometimes refer to t as coordinate time or cosmic time. This metric has preferred
inertial reference frames in which the expansion of the Universe is isotropic. It’s
in such a frame that the coordinates t, r, θ, φ are measured. We’ll refer to this
reference frame as the cosmic rest frame, and it’s assumed to be equivalent to the
frame of the cosmic microwave background, of which more later. If we took
an observer in the cosmic rest frame and applied a velocity boost (a Lorentz
transformation) to see what the expanding Universe would look like from a
moving observer’s point of view, we’d find that it no longer looked isotropic.

Equation 1.6 is our hubristic attempt to describe the Universe in one line, and we
shall meet this equation many times in this book.
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Chapter 1 Space and time

It may now be worth discussing some frequent misconceptions about the
Robertson–Walker metric.

● If the Universe is expanding, why am I not getting taller?

❍ Your head is not free-floating from your feet; your body is bound by chemical
bonds.

● Why does the Earth not drift away from the Sun as the Universe expands?

❍ Equation 1.6 describes a Universe that is exactly homogeneous and isotropic.
Locally, though, that’s obviously not right. Within the Solar System the local
metric is not the Robertson–Walker metric, because the gravitational field of
the Sun dominates. Equation 1.6 is an approximation that becomes
increasingly good at larger and larger scales, but on small scales spacetime
clearly has much more structure. When we consider the collapse of density
perturbations in Chapter 4, we’ll see that it’s wrong to think of the Earth
feeling a gentle tug from the expansion of the Universe, which is
overwhelmed by the attraction from the Sun.

● What is the Universe expanding into?

❍ In general relativity, the intrinsic curvature of spacetime (including the
expansion of space) can be specified using measurements within the
spacetime, using geodesics. This means that if we want to describe the
curvature of spacetime, we don’t need to embed spacetime in a
higher-dimensional space. But if we don’t need to refer to higher-dimensional
space, and it doesn’t affect anything that we can measure, do we need to
hypothesize its existence at all? In any case, we would have no reason to
believe that this higher-dimensional space is flat anyway. So, we don’t have
evidence that the Universe is expanding ‘into’ anything at all — it is simply
expanding.

● Where is the middle of the Universe, which everything exploded out of?

❍ This is a widely-held misconception that perhaps dates back to Lemaı̂tre’s
phrase ‘the primeval atom’. We frequently illustrate the expansion of space
with an analogy of an expanding balloon (such as in Figure 1.8), but what is
rarely pointed out is that the radial coordinate is time-like, not space-like. The
explosion started at the centre, but this was at the beginning of time in the
Robertson–Walker universe, not in a particular location. In fact, one might
reasonably say that it occurred everywhere, at every point in space. Also, if
the Universe is hyperbolic (k = −1), then the Universe may be infinite. If so,
then even in the earliest moments of the history of the Universe, there would
still be infinitely more matter outside any given volume than inside that
volume.Figure 1.8 The balloon

metaphor for the expanding
Universe. Note that the objects
on the balloon don’t themselves
expand.

● What caused the Universe to fling itself apart in the Big Bang?

❍ This question suggests an input of energy, flinging matter from an initial state
of rest, but this is not how the field equations of general relativity are
formulated. Classically at least, the answer is that these are just the initial
conditions to Einstein’s field equations. But just saying ‘that’s how it started’
is clearly a very unsatisfactory answer, and arguably avoiding the question.
One attraction of the theory of inflation is that it gives a mechanism for this
initial expansion; we shall meet inflation in later chapters.
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1.4 Redshift and time dilation

Note that Equation 1.6 defines a preferred reference frame, in which the expansion
is isotropic. As we shall see, this is well-supported by observations both of the
large-scale structure of the galaxy distribution, and of the cosmic microwave
background. Nevertheless, is it possible to conceive of a universe consistent with
Einstein’s field equations in which there are no preferred reference frames? One
possibility is a fractal structure, and we shall meet this in later chapters when
discussing inflation.

The field equations of Einstein’s general relativity determine both k and R(t).
These equations can be shown to yield

Proving these equations would
take us a long way outside
the scope of this book into
what is usually graduate-level
physics, but if you wish to
pursue this rewarding path
you might try, for example,
Relativity, Gravitation and
Cosmology by R. Lambourne for
an advanced undergraduate-level
introduction, or General
Relativity: An Introduction for
Physicists by M.P. Hobson, G.P.
Efstathiou and A.N. Lasenby.

(
dR

dt

)2

= Ṙ2 =
8πG(ρm + ρr)R

2

3
− kc2 +

Λc2R2

3
, (1.7)

d2R

dt2
=

d

dt

(
dR

dt

)
= R̈ = −4πG

(
ρm + ρr +

3p

c2

)
R

3
+

Λc2R

3
, (1.8)

where ρm is the average matter density of the matter in the Universe, ρr is an
equivalent matter density for radiation (derived using E = mc2), G is Newton’s
gravitational constant, p is the pressure of the matter and radiation, and R is a
function of time, R = R(t), though we drop the function notation for clarity and
brevity. These equations are known as the Friedmann equations. Both the
densities and p also vary with time. Λ is known as the cosmological constant,
and features in Einstein’s field equations for general relativity. Physically, it
represents an in-built tendency of space to expand (or, for Λ < 0, contract). Some
special cases are fairly simple: for example, if k = Λ = 0, then R(t) ∝ t2/3 in a
matter-dominated universe, or R(t) ∝ t1/2 in a radiation-dominated universe.

We can derive Equation 1.8 from Equation 1.7 by differentiation. This will give us
a term involving d(ρm + ρr)/dt, but we could treat a part of the Universe as a box
of gas, and use the conservation of energy to show that the change in energy
density equals the p dV work, i.e. d((ρm + ρr)c

2R3) = −p d(R3). Therefore
d((ρm + ρr)c

2R3)/dt = −p d(R3)/dt.

Exercise 1.3 Derive Equation 1.8 from Equation 1.7, using the conservation
of energy. ■

(The issue of p dV work is slightly more subtle in general relativity, since it’s
not immediately clear what the work is done against, but the full relativistic
calculation gives the same result.)

In the next few sections, we shall explore some of the surprising aspects of this
expanding spacetime model, before returning to Olbers’ profound paradox in the
next chapter.

1.4 Redshift and time dilation
Imagine two photons being emitted at an epoch t1 when the scale factor of the
Universe was R1. Suppose also that the photons were emitted a short time δt
apart. They arrive at the Earth now at time t0 when the scale factor is R0. When
the photons were emitted at t1, the distance between them was c δt. Now, the
distance between them is (R0/R1)c δt, i.e. stretched by a factor R0/R1 due to the
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Chapter 1 Space and time

expansion of the Universe. The second photon will arrive (R0/R1) δt later than
the first. This implies that distant clocks in the Robertson–Walker universe appear
time-dilated by a factor R0/R1, sometimes called cosmological time dilation.
We’ll find it useful to define the dimensionless scale factor a as

a =
R1

R0
, (1.9)

so a = 1 today and a < 1 in the past.

A similar argument applies to the photons themselves. Treating them this time as
waves, the distance between two peaks of a light wave will be expanded by the
same factor R0/R1, i.e. the wavelength is longer, and the light is shifted to the
red. We define redshift (symbol z) using

1 + z =
R0

R1
=

1

a
=

λobserved

λemitted
, (1.10)

where λobserved is the observed wavelength of the photon, and λemitted is the
original photon wavelength when the light was emitted. Sometimes this is written
as

z =
λobserved − λemitted

λemitted
. (1.11)

A high redshift means that there has been a big increase in the expansion factor
since the light was emitted. Redshift is sometimes misleadingly referred to as
‘recession’, since a receding object would have a Doppler shift to the red. Indeed,
galaxies are not stationary relative to each other, but have relative velocities up to
even 1000 km s−1. In astronomy these are usually known as peculiar velocities,
and these will indeed contribute both blue and red Doppler shifts. However,
cosmological redshift swamps these effects at distances beyond about 100 Mpc,
and you should not confuse Doppler shifts with the redshift from cosmological
expansion. The distance between us and a distant galaxy is getting bigger because
of the expansion of the Universe, but this is a physically distinct situation to a
galaxy moving away in a flat, non-expanding spacetime.

One alternative to the Robertson–Walker model is the ‘tired light’ universe,
proposed by Fritz Zwicky in 1929. In this model, redshift is due to photons
gradually losing energy during their passage through the universe, due to some
interaction with intervening matter. There are many observations that are difficult
to reproduce in this model, but in particular, the experimental detection of
cosmological time dilation has made this interpretation untenable. Figure 1.9
shows the decay times of supernovae as a function of redshift, which show exactly
the (1 + z) time dilation predicted by theory.

But to measure redshifts, we need to know λemitted. This can be done using atomic
or molecular transitions that occur at particular quantized energies, and so involve
the emission or absorption of photons with particular quantized wavelengths. If
we can identify the transition in the distant object, we know λemitted, provided that
atoms behaved in the same way in the early Universe.

But did they? And if not, how could we tell? It turns out that many characteristic
atomic and molecular transitions can easily be recognized at high redshifts (see,
for example, Figure 1.10), so any differences must be fairly subtle. If the strength
of the electromagnetic interaction were different at early cosmic epochs, this
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1.5 Cosmological parameters

would change the atomic fine structure constant α = e2/(4πε0!c) 1 1/137. The
fractional difference in wavelength (δλ/λ) between a pair of relativistic fine
structure lines is proportional to α2, so changes in α should lead to wavelength
shifts between some emission lines in distant cosmological objects.
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Figure 1.9 Supernova decay rates in the nearby Universe (top), and in the high-redshift Universe (bottom). The
dashed line shows the tired light prediction of no time dilation, and the red line shows the (1 + z)−1 time dilation
expected in the Robertson–Walker metric. The high-redshift data strongly support the expanding universe model;
the measured variation is (1 + z)−0.97±0.10.

So far, comparisons of the atomic and molecular transitions in the early Universe
with laboratory experiments have not yielded any uncontested evidence for α
being any different in the early Universe; some claimed detections of changes in
α have not been corroborated by other experiments, and it is clear that the
experiments are both very difficult and prone to systematic errors. In terrestrial
laboratories, α̇/α = (−2.6 ± 3.9) × 10−16 per year, i.e. consistent with no
change. However, it remains possible that ongoing cosmological experiments will
make a ground-breaking detection of a change in α. Some speculative theories
allow for possible changes in α, such as supersymmetry or M-theory. However,
these theories do not (or don’t yet) predict the specific variations in α with
redshift that some groups have claimed, in any unique and unforced way.

1.5 Cosmological parameters
How fast is the Universe expanding?

Suppose that the distance between us and a distant galaxy is Y = D × R, where R
is the current scale factor of the Universe, and D is some constant. By
differentiating this, we find that Y is increasing at a rate

dY

dt
= D

dR

dt
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Figure 1.10 Spectra of objects in the local Universe and in the high-redshift Universe, showing many of the
same characteristic spectral features. The y-axes in all the spectra are relative flux. The top left panel is a planetary
nebula in our Galaxy, M57. The top right panel is an H II region in the Virgo cluster of galaxies. The bottom left
panel shows the spectrum of a star-forming galaxy at a redshift of z = 0.612 (the ⊕ symbol marks absorption from
the Earth’s atmosphere), and the bottom right panel shows another star-forming galaxy at a redshift of z = 2.225.
In all cases there is the characteristic [O III] emission line doublet at a rest-frame wavelength of 495.9, 500.7 nm, as
well as other emission lines such as Hα 656.3 nm, Hβ 486.1 nm, [N II] 654.8, 658.4 nm. The bottom right panel
has the emission lines redshifted into the near-infrared range, in which only certain regions of the spectrum are
available, for reasons of atmospheric transparency.

because of the expansion of the Universe. But D = Y/R, so

dY

dt
=

Y

R

dR

dt
= Y ×

(
1

R

dR

dt

)
= Y × H,

where

H = Ṙ/R (1.12)

is known as the Hubble parameter, whose current value is known as H0. If we
regard dY/dt as an apparent recession velocity v, then we have

v = Y × H, (1.13)
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1.5 Cosmological parameters

i.e. the apparent recession velocity v is proportional to distance Y, but recall the
warnings in Section 1.4. Sometimes this apparent flow is called the Hubble flow.

Beware: H is frequently (but misleadingly) known as the Hubble constant
(Hubble constant is a fair description of H0, however). Although it’s virtually
constant over our lifetimes, it certainly isn’t constant over the history of the
Universe. In some sense, H0 is a measure of the current expansion rate of the
Universe, and it has the value 72 ± 3 km s−1 Mpc−1, or about 2 × 10−18 s−1. This
is also sometimes written as H0 = 100h km s−1 Mpc−1, with h = 0.72 ± 0.03.
This may seem deliberately obtuse, but the Hubble parameter is so fundamental
that it affects many other cosmological measurements, so some observational
cosmologists opt to quote their results in terms of h.

If we divide Equation 1.7 by R2, we obtain

H2 =

(
Ṙ

R

)2

=
8πG(ρm + ρr)

3
+

Λc2

3
− kc2

R2
. (1.14)

The terms on the right-hand side drive the expansion of the Universe. It’s common
in cosmology to define their fractional contributions:

Ωm =
8πGρm

3H2
, (1.15)

Ωr =
8πGρr

3H2
, (1.16)

Ω
Λ

=
Λc2

3H2
, (1.17)

Ωk =
−kc2

R2H2
, (1.18)

where the subscript ‘m’ stands for ‘matter’ and the subscript ‘r’ stands for
‘radiation’. Equation 1.14 then implies that

Ωm + Ωr + Ω
Λ

+ Ωk = 1. (1.19)

We can also define Ωtotal = Ωm + Ωr + Ω
Λ

= 1 − Ωk. All these Ω parameters,
known as density parameters, are functions of time, except in a few special
cases. Figure 1.11 shows how the density parameters varied with the scale factor
of the Universe. As with the Hubble parameter, we shall use a subscript 0 for the
present-day value, e.g. ΩΛ,0 = Λc2/(3H2

0 ). However, be warned that many
textbooks omit 0 subscripts for the present-day Ω values. Historically, another notation

has been used, which is now out
of favour: q0 = −(RR̈/Ṙ2)0 =
1
2Ωm,0 − ΩΛ,0 and σ0 = Ωm,0/2.
Besides mentioning them here,
we won’t use this notation in
this book.

It’s also useful to define a critical density ρcrit such that

Ωm =
ρm

ρcrit
, (1.20)

so that

ρcrit =
3H2

8πG
, (1.21)

(we’ll explain below why this is ‘critical’).
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Figure 1.11 Past and future
variations in the density
parameters given the present-day
WMAP cosmological
parameters, with dimensionless
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Matter densities are often expressed relative to this critical density. For example,
the baryon density of the Universe, ρb, is sometimes written as

Ωb =
ρb

ρcrit
. (1.22)

The matter density of the Universe can be expressed as

ρm = Ωm ρcrit = 1.8789 × 10−26 Ωmh2 kg m−3

= 2.7752 × 1011 Ωmh2 M) Mpc−3, (1.23)

where 1M) is the mass of the Sun.

We shall see in later chapters that most of the matter content of the Universe
is dark matter that neither absorbs nor emits light. Dark matter appears to
interact only (or very nearly only) through gravitation, and its only observational
consequences so far have been via its gravitational effects.

The current experimental values from the WMAP satellite (which we shall meet
later) are

Ωm,0 h2 = 0.1326 ± 0.0063, (1.24)

ΩΛ,0 = 0.742 ± 0.030, (1.25)

Ωb,0 h2 = (2.273 ± 0.062) × 10−2. (1.26)

We’ll show in Chapter 2 that the contribution from radiation and neutrinos gives

Ωr,0 h2 1 4.2 × 10−5. (1.27)
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1.6 The age of the Universe

The value of Ωr,0 is therefore negligible, and we’ll usually assume that it’s zero
in this book. Note that WMAP doesn’t constrain Ωm,0 on its own, but rather
constrains the product of Ωm,0 with the Hubble parameter squared.

1.6 The age of the Universe
How old is the Universe? And how long does it take light from distant galaxies to
reach us?

It is a quite astonishing feat of modern precision cosmology that we know the
time since the Big Bang to better than a few per cent accuracy. To see how this is
calculated, we need to relate the redshift z to the age of the Universe at that epoch,
using only present-day observable quantities. The Hubble parameter H is closely
related to dz/dt:

H =
1

R

dR

dt
=

R0

R

d(R/R0)

dt
= (1 + z)

d(1/(1 + z))

dt

= (1 + z)
d(1/(1 + z))

dz

dz

dt

=
−1

1 + z

dz

dt
. (1.28)

Next, we re-cast Equation 1.14 in terms of −kc2 (assuming Ωr = 0):

−kc2 = H2R2 − 8πGρmR2

3
− Λc2R2

3
. (1.29)

In particular, at the present time we have

−kc2 = H2
0R2

0 −
8πGρm,0R

2
0

3
− Λc2R2

0

3
, (1.30)

where ρm,0 is the present-day matter density. Clearly, the right-hand sides of
Equations 1.29 and 1.30 must be equal. But ρm = ρm,0 × R3

0/R
3, so

H2R2 − 8πGρm,0R
3
0

3R
− Λc2R2

3
= H2

0R2
0 −

8πGρm,0R
2
0

3
− Λc2R2

0

3
.

We can express this in terms of the present-day density parameters Ωm,0 and ΩΛ,0

using Equations 1.15 and 1.17. After rearranging, this gives(
H

H0

)2

=
R2

0

R2
+ Ωm,0

(
R3

0

R3
− R2

0

R2

)
+ ΩΛ,0

(
1 − R2

0

R2

)
. (1.31)

We can simplify this using 1 + z = R0/R, which gives(
H

H0

)2

= (1 + z)2 + Ωm,0

{
(1 + z)3 − (1 + z)2

}
+ ΩΛ,0

{
1 − (1 + z)2

}
, (1.32)

which can be rearranged to give(
H

H0

)2

= (1 + z)2(1 + z Ωm,0) − z(2 + z) ΩΛ,0. (1.33)
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Finally, using Equation 1.28, we reach(
dz

dt

)2

= H2
0 (1 + z)2

{
(1 + z)2(1 + z Ωm,0) − z(2 + z) ΩΛ,0

}
, (1.34)

from which we can easily find dt/dz. Although admittedly pretty ghastly, this
equation does have the advantage of using only present-day observable quantities,
and we’ll be referring to it several times in this book.

In general, dt/dz can’t be integrated analytically, so t(z) can be calculated only
by numerically integrating dt/dz. The time to z = ∞ is the age of the Universe,
and this is shown in Figure 1.12. Equation 1.34 can also be integrated to give the
time taken for light to reach us from redshift z. This is known as the lookback
time.
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Figure 1.12 The age of the Universe times the Hubble parameter, for several
cosmological models. Also shown is the spatial geometry (open, flat and closed)
and whether the present-day expansion of the Universe would be accelerating or
decelerating.

How does this estimate of the age of the Universe compare to the ages of the
oldest objects in the Universe? There is now a well-developed theory for main
sequence stellar evolution that can be used to find the ages of stars. Particularly
useful are globular clusters (e.g. Figure 1.13), which are some of the oldest
gravitationally-bound objects in the Universe. The stars that comprise any given
globular cluster are believed to have formed at about the same time (though the
ages of globular clusters vary). More luminous stars spend less time on the main
sequence in the colour–magnitude diagram, so if one can find the luminosity of
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1.7 The flatness problem

the stars in a globular cluster that are just leaving the main sequence, one can infer
an age for the globular cluster.

Figure 1.13 The globular star
cluster M80. Most of its stars are
older and redder than our Sun.

The oldest known globular cluster appears to be 12.7 ± 0.7 Gyr old. In the 1990s
it was recognized that globular cluster ages are an important constraint on the age
of the Universe, and therefore on the cosmological parameters that control the
geometry and fate of the Universe (Figure 1.12). But as we shall see in the next
section, there seemed to be very good reasons to expect that we live in a Universe
with Ωm,0 = 1 and Λ = 0, which as you will see turns out to be significantly
younger, so these stars appeared to be older than the Universe.

Exercise 1.4 Starting from Equation 1.33, or otherwise, show that in an
Ωm = 1, Λ = 0 universe,

R

R0
=

(
t

t0

)2/3

. (1.35)

Exercise 1.5 Using Equation 1.35, show that the age of the Universe in an
Ωm = 1, Λ = 0 model is t0 = 2/(3H0), and evaluate the age in Gyr for the value
of H0 in Section 1.5. A spacetime that expands in this way is sometimes called
the Einstein–de Sitter model. ■

1.7 The flatness problem
In this section we shall introduce you to a profound, and as yet unsolved, problem
in cosmology. We have already noted that the density parameters in general
depend on time. For example, what was Ωm at a redshift of z = 1000 (about the
redshift of the cosmic microwave background)? Let’s assume for now that Λ = 0,
so ΩΛ is always zero, and Ωm = 1 − Ωk. Equation 1.18 can be modified to give
the current value of Ωk,

Ωk,0 =
−kc2

R2
0H

2
0

,

and dividing this into Equation 1.18 gives

Ωk(z)

Ωk,0
=

R2
0H

2
0

R2H2
= (1 + z)2

(
H0

H

)2

.

Now we know how to relate H to z (Equation 1.33), so we can find how Ωk and
Ωm evolve.

First, if Λ = 0 and Ωm,0 = 1, then Ωk,0 = 0. But this can happen only if k = 0, so
Ωk must always be zero, and Ωm = 1 at all times.

But if Λ = 0 and Ωm,0 = 0.7, then at z = 1000, Ωm = 0.9996. As redshift
increases, Ωk tends to zero and Ωm tends to 1. About one second after the Big
Bang, Ωm = 1 − 10−15. So if the present-day value of Ωm is not 1, it must have
had only a very tiny offset from 1 in the early Universe. What could cause it to be
so close to 1, but not quite equal to 1?

This fine-tuning problem is worse if we include a non-zero Λ. If ΩΛ,0 = 0.7
and Ωm,0 = 0.3, then at z = 1000 their values were Ω

Λ
= 3.3 × 10−9 and

Ωm = 0.999 999 996.

27



Chapter 1 Space and time

Figure 1.14 shows how the Ω parameters depend on redshift, for various
cosmological models. If Ωm = 1 and Ω

Λ
= 0, then they keep these values

throughout the history of the Universe. This would remove the need to explain the
cosmological fine-tuning in the Ω parameters, and led to the expectation among
at least some astronomers that the likely values are Ωm,0 = 1 and ΩΛ,0 = 0.
However, there is now good experimental evidence to reject this particular
cosmological model, so we are left with the problem: what caused the fine-tuning
in the early Universe?

1

0

Ω
m

or
Ω

Λ

time

Figure 1.14 Schematic
illustration of the variation of
the density parameters Ωm

(upper, red lines) and Ω
Λ

(lower, black lines) with time,
for various cosmological
models. Note that the
time-dependence of a density
parameter for any given
starting point also depends on
the starting values of the
other density parameters.

One possible solution for the smallness of Ωk, or rather a class of possible
solutions, is inflation, which we shall meet in later chapters. But it is by no means
certain that this is the correct solution. Inflation also does not offer any clear
explanation for the fine-tuning of ΩΛ . There may be Nobel prizes to be had for
successful insights into the origin of Ω

Λ
.

1.8 Distance in a warped spacetime
In 1963, Maarten Schmidt and Bev Oke made an astonishing discovery: the
extraterrestrial radio source 3C273 is at what was then an unprecedentedly
vast distance, a redshift of z = 0.158. Suddenly astronomers realized that
telescopes could explore a much bigger volume of the Universe than had been
supposed, and see objects as they were much earlier in the history of the Universe.
This produced great excitement and optimism in cosmology. This also meant
that 3C273 must be extremely luminous. We shall explore the causes of this
prodigious luminosity in later chapters.

Using dz/dt from Section 1.6, then integrating numerically with the cosmological
parameters from Section 1.5, it turns out that the light from 3C273 has taken
1.9 billion years to reach us, which is about 14% of the age of the Universe. Does
this mean that 3C273 is 1.9 billion light-years away?

It turns out that ‘distance’ is a surprisingly tricky concept to define in an
expanding spacetime. Figure 1.15 shows some of the problems. Do we mean the
distance that the light has travelled (B to C)? Or do we mean the distance that
3C273 was at when the light was emitted (B to A)? Or do we mean the distance
that 3C273 is at now (D to C)?

A

B

C

D

Figure 1.15 Different options
for measuring cosmological
distances in an expanding
universe.
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1.8 Distance in a warped spacetime

Cosmologists have settled on a convention to use D to C (neglecting any peculiar
velocities), in the preferred reference frame of the Robertson–Walker metric. This
distance is known as the comoving distance. The comoving distance to 3C273 is
about 637 Mpc, or about 2.1 billion light-years. This is longer than the light-travel
distance, because the space has been expanding since the light was emitted, and
3C273 is now further away than when it emitted the light. Figure 1.16 illustrates
how the Universe looks in proper coordinates (proper distances are those that
would be measured by a tape measure at a fixed time in the cosmic rest frame),
and in comoving coordinates.

Figure 1.16 A simulation of the expanding Universe as seen in proper coordinates and
in comoving coordinates. The panels show a simulation of a segment of the Universe at
redshifts of z = 5.7 (left), z = 1.4 (centre) and z = 0 (right). The upper panels are shown
in proper coordinates, while the lower panels are shown in comoving coordinates. A white
bar shows a comoving length of 125/h Mpc. Note also the gradual increase in large-scale
structure in this simulation with time, which we shall return to in later chapters.

To calculate the comoving distance to a cosmological object, we can use the
Robertson–Walker metric, Equation 1.6. We want to know the radial distance
between us and a distant object, at a fixed coordinate time t = t0 (i.e. the present),
perhaps imagining a tape measure stretched between us and it, which we read at
the time t = t0. Therefore dt = 0 and dθ = dφ = 0. The remaining non-zero
terms of Equation 1.6 are

ds2 =
−R2(t0) dr2

1 − kr2
.

This is −1 times the square of a spatial separation. We define the comoving
distance dcomoving via

ddcomoving =
R(t0) dr√
1 − kr2

=
R0 dr√
1 − kr2

(1.36)

(with apologies for the profusion of the letter d) so that

dcomoving = R0

∫ r

0

dr′√
1 − kr′2

. (1.37)
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This integral has a standard solution, depending on the value of k:

dcomoving =

R0 sin−1 r if k = +1,
R0r if k = 0,
R0 sinh−1 r if k = −1.

(1.38)

Now, it’s all very well imagining imaginary tape measures, but how can we relate
this to real observable quantities? To find out, consider the light ray arriving at the
Earth from the distant object. Light rays have ds = 0, and the motion of this light
ray is purely radial, so dθ = dφ = 0. The motion of the light ray is therefore just

R(t) dr√
1 − kr2

= cdt. (1.39)

Our aim is to calculate dcomoving following Equation 1.38.

In general, R(t) can’t be expressed analytically, though there are a few analytic
special cases (e.g. R(t) ∝ t2/3 for a matter-dominated universe with Ωm = 1 and
Λ = 0). But it’s more helpful to express the right-hand side of Equation 1.39 in
terms of redshift, which (unlike lookback time) is directly observable. To do this,
we start with the chain rule for differentiation:

cdt = cdR
dt

dR
=

cdR

dR/dt
=

cdR

RH
, (1.40)

where we have used H = Ṙ/R. Next, R = R0/(1 + z), which we can
differentiate to find

dR =
−R0

(1 + z)2
dz.

Putting this into Equation 1.40 gives

cdt =
−c

HR

R0

(1 + z)2
dz =

−c

(1 + z)H
dz

and therefore

R dr√
1 − kr2

=
−cdz

(1 + z)H
. (1.41)

The comoving distance is
∫ r
0 R0 (1 − kr′2)−1/2 dr′ (Equation 1.37), and this is

almost in the right form. R0 = (1 + z)R, so R0 dr = (1 + z)R dr, and therefore

R0 dr√
1 − kr2

= ddcomoving =
−cdz

H
, (1.42)

where H is a function of redshift. Therefore the comoving distance is just

dcomoving = c

∫ z

0

dz′

H(z′)
. (1.43)

But we know H in terms of z and the observed cosmological parameters — we
found this back in Equation 1.33. Putting this in here, and using R0/R = 1 + z,
we get

ddcomoving =
−c

H0

dz√
(1 + z)2(1 + z Ωm,0) − z(2 + z) ΩΛ,0

,
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thus

dcomoving =
c

H0

∫ z

0

dz′√
(1 + z′)2(1 + z′ Ωm,0) − z′(2 + z′) ΩΛ,0

. (1.44)

(We have integrated the previous differential from z to 0, but used its minus sign
to swap the limits and obtain a positive integral.) There are a few special cases
where this integral comes out as a relatively simple expression, such as when
Λ = 0 and Ωm = 1:

dcomoving =
2c

H0

(
1 − (1 + z)−1/2

)
only for Ωm = 1, Λ = 0. (1.45)

1.9 The edge of the observable Universe
How big is the observable Universe today? If we lived in a flat, unexpanding
space, the observable Universe would be the region of the Universe that could
have sent us a light signal. The radius would be ct0, where t0 is the age of the
Universe. This radius would be increasing at a speed c.

In the Robertson–Walker expanding universe, this is different in a rather
astonishing way. First, we’ll calculate the size of the observable Universe. This
size is the same in comoving coordinates and in proper coordinates, provided that
we’re referring to the size at time t = t0 (i.e. now) when the scale factor is
R = R0.

The size of the observable Universe is therefore the comoving radius in
Equation 1.44 as redshift z tends to infinity. In general, this comes out as a
number times c/H0. For an Ωm = 1 and Λ = 0 universe, you can see from
Equation 1.45 that the radius of the observable Universe is 2c/H0, or about
8300 Mpc for the currently-accepted value of H0 in Section 1.5. For the
currently-accepted values of the density parameters in Section 1.5, the radius of
the observable Universe comes out at about 3.53c/H0. The volume enclosed is
sometimes referred to as the Hubble volume.

Next, we’ll calculate how fast this observable Universe is growing, in proper
distances rather than comoving distances. Again, we take the time now to be t0
and the current scale factor to be R0. Suppose that we see a distant object
at a redshift z and a proper distance R0r. After a time δt, the time will be
t1 = t0 + δt, and the new scale factor of the Universe will be R1. Therefore the
new proper distance to this distant object will be

R1r = R0r +

(
dR

dt
δt

)
r 1 R0r + (R0H0 δt)r.

Therefore the rate of change of proper distance is

d(Rr)

dt
1 R1r − R0r

δt
= R0H0r, (1.46)

i.e. just H0 times the current proper distance. This is one sense in which the
Hubble parameter is measuring the rate of the expansion of the Universe.

So, for the currently-accepted values of the density parameters in Section 1.5,
the observable Universe is getting bigger at an astonishing rate of
(3.53c/H0) × H0 = 3.53c. In Section 1.5 we met Equation 1.46 in a different
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guise (Equation 1.13), but warned that the left-hand side is not a recession
velocity, but rather an apparent recession. Here, you see our reason for this
warning! An object moving through a flat, unexpanding space has a maximum
speed of c, but an expanding spacetime is a very different physical situation,
and the maximum cosmological apparent ‘recession’ speed in our Universe is
currently about 3.53c.

1.10 Measuring distances and volumes
Redshift is one way of measuring distances, but to convert redshift into a distance,
we need to know the cosmological parameters, especially H0. If we want to
measure these fundamental cosmological parameters, we need independent ways
of measuring distances.

One useful distance measure is the angular diameter distance. If an object has a
known size D, and subtends an angle θ in radians, then the angular diameter
distance is

dA =
D

θ
. (1.47)

(Compare Figure 1.2, in which r takes the place of dA.)

Another useful measure is the proper motion distance. If an object has a known
transverse velocity u (i.e. motion in the plane of the sky), and has an observed
angular motion of dθ/dt, then the proper motion distance is defined as

dM =
u

dθ/dt
. (1.48)

Finally, we can also define the luminosity distance. If an object has a known
luminosity L, and the observed flux is S, then the luminosity distance is

dL =

(
L

4πS

)1/2

. (1.49)

These three approaches to measuring distance give the same answer in a flat,
unexpanding space, but they are surprisingly different in the Robertson–Walker
metric. Figure 1.17 illustrates how these distances are constructed in
Robertson–Walker universes. As usual, we use t0 and R0 for the current time and
current scale factor, respectively. Suppose that photons are emitted from a distant
object of size D at a time t1, when the scale factor was R1. From the figure, we
see that D = R1rθ, so dA = R1r.

Next, suppose that another object at the same redshift is moving with a proper
transverse velocity u, and is seen to move at an angular speed dθ/dt, as in
Equation 1.48. Here, the cosmological time dilation first noted in Section 1.4
comes into play. If t′ is the time measured when the photons are emitted, then
dt′/dt = R1/R0. The proper velocity is

u =
dD

dt′
=

d(R1rθ)

dt′
,

and substituting this into Equation 1.48, we find dM = R0r. Note that when
k = 0, this equals the comoving distance (compare Equation 1.38).
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Figure 1.17 Light rays in
the Robertson–Walker metric,
for illustrating distance
measures.

Finally, suppose that an object at this redshift has a bolometric luminosity L
(where ‘bolometric’ means the total over all wavelengths). The photons are
distributed over a sphere with a proper area of 4π(R0r)

2 (see Figure 1.17). The
energy emitted in a time dt′ will be L dt′, but the redshifting will reduce the
energy received by a factor of R1/R0. Therefore the flux received will be

S =
L dt′ R1/R0

dt
× 1

4π(R0r)2
= L

dt′

dt

R1

R0

1

4π

1

R2
0 r2

.

But because of cosmological time dilation, dt′/dt = R1/R0, so

S = L
R1

R0

R1

R0

1

4π

1

R2
0 r2

=
LR2

1

4πr2R4
0

=
L

4π(R2
0r/R1)2

.

Comparing this to Equation 1.49, we see that dL = R2
0r/R1. It would be

wonderful if comparing these three distance measures for a single object gave us
constraints on the cosmological parameters. It’s perhaps a little disappointing,
then, that they are all closely related. Using 1 + z = R0/R1, we find that

dL = (1 + z)dM = (1 + z)2dA, (1.50)

independent of the cosmological parameters. The constraints on the cosmological
parameters can instead be gleaned from how these distance measures vary with
redshift. Figure 1.18 shows how the angular diameter distance varies with
redshift, for various cosmological models.
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Figure 1.18 The variation
of angular diameter distance
with redshift, for the
following cosmological
models. A: Ωm = 1, Λ = 0.
B: Ωm,0 = 0.1, Λ = 0.
C: Ωm,0 = 0.1, ΩΛ,0 = 0.9.
D: Ωm,0 = 0.01, Λ = 0.
E: Ωm,0 = 0.01, ΩΛ,0 = 0.99.
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Again, the Robertson–Walker metric holds another surprise: the angular diameter
distance dA has a maximum value, as you can see in Figure 1.18. What does this
mean? In flat unexpanding space, objects always appear smaller when they are
placed further away, but in the Robertson–Walker spacetime, an object that is
placed further away can appear larger. This is partly because the Universe was
smaller when the light was emitted, so the object was then nearer to us. It’s partly
also to do with the geometry of the space. For example, light rays emitted on a
two-dimensional spherical surface at the South pole will initially diverge, but
will eventually converge again as they approach the North pole. A spherical
unexpanding space would therefore still have a maximum angular diameter
distance.

We shall see how these distances affect Olbers’ paradox later in this book. In the
meantime, the following exercise will give you a clue to how Olbers’ paradox is
resolved in a Robertson–Walker universe.

Exercise 1.6 How does surface brightness (flux per square degree) vary with
redshift? ■

In observational astronomy we rarely measure the total luminosities of distant
objects; instead, we tend to measure the redshift and the flux in a particular
wavelength interval Δλobs. Two effects change the observed flux: first, the
observed wavelength interval Δλobs corresponds to a smaller wavelength interval
in the emitted frame, because Δλobs = (1 + z)Δλem; second, the distant object
may emit different amounts of light at rest wavelengths of λem and λobs. This
latter effect is known as the K-correction for historical reasons, and we shall
meet it later in this book. If the underlying spectrum is a ‘power law’, i.e. if the
flux per unit frequency is Sν ∝ ν−α, then a useful expression for the luminosity is

Lν

1026 W Hz−1 sr−1
=

Sν

10−26 W Hz−1 m−2

(
dM

3241 Mpc

)2

(1+z)1+α. (1.51)

Finally, cosmologists often use the term comoving volume to describe volumes
with the expansion factor divided out (Figure 1.16). We shall use this many
times throughout this book. Imagine a patch of sky with an angular area δΩ
(in units, for example, of square degrees). We can convert this to a proper
area at any redshift using the angular diameter distance: δA = d2

A δΩ. Now
imagine that we are observing a slab at redshift z with a proper area δA and
proper thickness R(1 − kr2)−1/2 dr. The proper volume will therefore be
dVproper = δA × (1 − kr2)−1/2R dr, or

dVproper = d2
A(z) δΩ × R dr√

1 − kr2
. (1.52)

Now the comoving volume is just dVcomoving = (1 + z)3 × dVproper, so

dVcomoving = d2
A(z) δΩ

R dr√
1 − kr2

× (1 + z)3. (1.53)

There are many ways of integrating this, but one approach is to express it in terms
of the proper motion distance dM = R0r. (Recall that in a flat universe this is
equivalent to the comoving distance.) Then

dVcomoving =
d2

M(z)√
1 + Ωk,0H

2
0d2

M/c2
d(dM) δΩ. (1.54)
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We’ll express this in another useful way in Chapter 6, Equation 6.26.

The function dVcomoving/dz is plotted in Figure 1.19. This can be integrated to
give Vcomoving(z), the total volume enclosed by a sphere with radius z centred on
us. The form of the comoving volume equation depends on whether k = 0, k = 1
or k = −1. For reference, there are analytic solutions for the comoving volume
over the whole sky, in terms of the proper motion distance dM:

V (dM) =


4πD3

H(2Ωk,0)
−1[(dM/DH)

√
1 + Ωk,0d

2
M/D2

H − |Ωk,0|−1/2 sin−1((dM/DH)|Ωk,0|1/2)] if k = +1,
4
3πd3

M if k = 0,

4πD3
H(2Ωk,0)

−1[(dM/DH)
√

1 + Ωk,0d
2
M/D2

H − |Ωk,0|−1/2 sinh−1((dM/DH)|Ωk,0|1/2)] if k = −1,

(1.55)

where DH = c/H0 is sometimes known as the Hubble distance. Also, for
reference, the proper motion distance can be expressed as

dM =



DH
1

|Ωk,0|1/2
sin

[
|Ωk,0|1/2

∫ z

0

{
(1 + z)2(1 + Ωm,0z) − z(2 + z)ΩΛ,0

}−1/2
dz

]
if k = +1,

dcomoving if k = 0,

DH
1

|Ωk,0|1/2
sinh

[
|Ωk,0|1/2

∫ z

0

{
(1 + z)2(1 + Ωm,0z) − z(2 + z)Ω

Λ,0

}−1/2
dz

]
if k = −1.

(1.56)

Equation 1.44 gives the expression for dcomoving. Remember that proper motion
distance dM is equal to comoving distance dcomoving only when k = 0.
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Figure 1.19 The variation
of the comoving volume
derivative dV/dz with
redshift, for the various
cosmological models in
Figure 1.18, and for an
angular area on the sky of δΩ.

1.11 The fate of the Universe
The cosmological parameters in Section 1.5 can also tell us the fate of the
Universe. An extraordinary consequence of the success of the Robertson–Walker
model is that we know the ultimate fate of the atoms in our bodies, at least up to
about the year AD 1035.

We can again re-cast Equation 1.14, this time by changing the variables to
a = 1/(1 + z) = R/R0 and τ = H0t. This comes out as(

da

dτ

)2

= 1 + Ωm,0

(
1

a
− 1

)
+ ΩΛ,0(a

2 − 1).
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This differential equation can be solved numerically, and the predicted fate
of the Universe is shown in Figure 1.20 as a function of Ωm,0 and ΩΛ,0. The
cosmological parameters in Section 1.5 are very clearly in the regime of
expanding forever.
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Figure 1.20 The predicted
fate of the Universe as a
function of the present-day
cosmological density
parameters.

What will this be like? The Universe will become increasingly sparse, as the
matter density decreases and Ωm tends to zero. The cosmological constant will
then dominate, and the Universe will tend to the Ω

Λ
= 1 model. Equation 1.14

will reduce to

H2 =
Λc2

3

so the Hubble constant will, finally, be truly a constant. The expansion will be
exponential, as you can see from substituting H = Ṙ/R into the equation above:

1

R

dR

dt
=

√
Λc2

3
,

which has the solution R ∝ ect
√

Λ/3. This is sometimes known as de Sitter
spacetime.

This exponential expansion has a curious consequence. Regions of the Universe
that were once in causal contact eventually lose contact with each other, as the
rapidly expanding space makes it impossible for even light signals to pass between
them. To show this, imagine a light signal being sent out in this universe. How far
can it get? The light signal will be in an exponentially expanding universe, so in a
sense it will go infinitely far, but if we normalize our distances by the scale factor,
then we’ll see that the light signal reaches only a finite comoving region.
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Light signals still satisfy Equation 1.39, i.e. R(t) dr = cdt (note that k = 0
because Ωk = 1 − Ωm − Ω

Λ
= 1 − 0 − 1 = 0), but this time R(t) is very

different. If we set R(t) = R1 at a time t = t1, then

R(t)

R(t1)
=

R(t)

R1
=

ect
√

Λ/3

ect1
√

Λ/3
= ec(t−t1)

√
Λ/3.

If we treat R1r as our choice of comoving distance, then we have

R1 dr = c e−c(t−t1)
√

Λ/3 dt

so

R1r =

∫ ∞

t=t1

c e−c(t−t1)
√

Λ/3 dt =
c

c
√

Λ/3
=

√
3

Λ
=

c

H
.

So as time tends to infinity, the light signal penetrates a comoving distance of only
R1r =

√
3/Λ. Objects beyond a comoving distance of

√
3/Λ cannot be seen,

because the intervening space is expanding so quickly that even a light signal
cannot cross it. But H is constant and the expansion rate is unchanging, so this is
true at any time. What this would look like is a fixed horizon around you at a
distance of

√
3/Λ, and neighbouring galaxies being accelerated away from you

towards this horizon and out of your observable Universe, which is gradually
being emptied out. However, you would never see a galaxy cross this horizon: its
redshift would get larger as it approached the horizon, and if you could watch a
clock in that galaxy, the time dilation of that clock would get longer. If t2 is the
coordinate time when the galaxy reaches the horizon, then you would see the
clock slow at it approached t2, but it would never quite reach t2 from your
point of view. However, from the galaxy’s point of view, the passage of time is
unaffected. There, they would see your clocks running slowly, as you passed out
of their observable Universe.

You may recognize this redshifting and time dilation from descriptions of objects
falling into the event horizon of a black hole (which you will also meet in
Chapter 6). Indeed, the horizon at

√
3/Λ is a cosmological event horizon. The

Universe in the far future will look like a black hole, but inside-out.

Exercise 1.7 How big, in megaparsecs and in metres, will the cosmological
event horizon be? You will need the cosmological parameters in Section 1.5. How
does this compare to the current size of the observable Universe? ■

How far ahead can we look? When Ralph Alpher and George Gamow realized
that the early Universe was hot and dense enough for nuclear reactions, and
calculated the amount of heavy elements production, they were condemned by
some physicists for their rashness. What grounds do we have, the critics argued,
for believing that the same physical theories applied three minutes after the
Big Bang? The Universe provided the rebuttal: the predictions of primordial
nucleosynthesis have been very extensively confirmed, as we shall see in later
chapters. Nevertheless, the words of warning from these critics should still ring in
our ears as we extrapolate to the distant future.

At the moment all the baryons in the Universe are either involved in the cycle of
star birth and death, or could potentially take part. However, by about the year
one trillion (1012 years), the Universe will be too sparse to support more star
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formation. At that point, baryons will either be in degenerate matter (in white
dwarfs or neutron stars), or be locked up in brown dwarfs, or have fallen into black
holes, or just be atoms or molecules too sparsely distributed to form new stars.
Looking further ahead, we eventually reach the epoch of possible proton decay.

In the standard model of particle physics, the proton is stable and does not decay.
However, some ‘grand unified theories’ in particle physics predict eventual
proton decay. The best current limit on proton half-life t1/2 comes from the
Super-Kamiokande experiment in Japan, which found t1/2 > 1035 years. Perhaps
1035 years is the furthest ahead that one might venture to predict the contents of
the Universe. But who would be around to contradict you if you got it wrong?

Summary of Chapter 1
1. In a flat Euclidean space, the number counts of a homogeneous and isotropic

distribution of objects vary as dN/dS ∝ S−5/2, but the total flux diverges.

2. In special relativity, lengths and times are not observer-independent, but the
relativistic interval s is invariant.

3. δs = 0 always for light rays, and δs = c δτ always for massive particles,
where τ is proper time.

4. Any homogeneous, isotropic expanding Universe consistent with special
relativity can be described by the Robertson–Walker metric

ds2 = c2 dt2−R2(t)

(
dr2

1 − kr2
+ r2 dθ2 + r2 sin2 θ dφ2

)
. (Eqn 1.6)

5. Cosmological redshift z, given by

1 + z =
R0

R1
=

1

a
=

λobserved

λemitted
, (Eqn 1.10)

is caused by the expansion of the Universe, not by the Doppler effect.
Random galaxy motions (known as proper motions) can contribute
additional red or blue shifts from the relativistic Doppler effect.

6. Nevertheless, if one regards cosmological redshift as an apparent recession
velocity, then the apparent velocity is proportional to distance from the
observer, with the constant of proportionality known as the Hubble
parameter.

7. The contributions to the energy density of the Universe from matter and the
cosmological constant are denoted as Ωm and Ω

Λ
, respectively, and are

defined by

Ωm =
8πGρm

3H2
, (Eqn 1.15)

ΩΛ =
Λc2

3H2
. (Eqn 1.17)

These determine the age and fate of the Universe.

8. Neglecting radiation, if Ωm + Ω
Λ

= 1 at any time, then this is true at all
times. Also, if either Ωm or ΩΛ is zero, then this is also true at all times. In
all other situations, there is a fine-tuning problem in the early Universe for
the values of Ωm and ΩΛ .
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9. ‘Distance’ can have several meanings in a Robertson–Walker metric. We
have defined the angular diameter distance, proper motion distance and
luminosity distance:

dA =
D

θ
, (Eqn 1.47)

dM =
u

dθ/dt
, (Eqn 1.48)

dL =

(
L

4πS

)1/2

. (Eqn 1.49)

These give different but related values for the distance. Angular diameter
distance has a maximum value, so objects placed further away could
sometimes appear larger.

10. The comoving distance to any distant object is the current proper distance,
neglecting peculiar velocities. (This turns out to be equal to the proper
motion distance when k = 0.)

11. The proper size of the observable Universe is increasing at a rate much larger
than the speed of light, c. An object moving in a flat spacetime is a very
different physical situation to free-floating objects in an expanding space.

12. The currently-accepted cosmological parameters imply that the foreseeable
fate of the Universe is exponential expansion.

Further reading
• For a more leisurely introduction to the Robertson–Walker metric, see

Lambourne, R., 2010, Relativity, Gravitation and Cosmology, Cambridge
University Press.

• For a useful review of distance measures in cosmology (though pre-dating dark
energy, which we shall meet in later chapters, and the observation that
Ω

Λ
1 0.7), see Carroll, S.M., Press, W.H. and Turner, E.L., 1992, ‘The

cosmological constant’, Annual Review of Astronomy and Astrophysics,
30, 499.
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