Solutions to exercises in chapter 10

1. Static magnetic fields

Far away, only the sum of the currents matters, hence B = pol/(27r)

2. Static magnetic fields 2

For one mole, the total magnetic moment is M = Na-u = 6-9-10724.1023J /T = 5.4 J/T. This dipole
moment can be associated to a field B = ugM/(2mr3) = 47-107"Vs/(Am)-5.4V-As/T /(27107 %m3) =
1.08V2s?/(Tm?) ~ 1(Vs/m?)?/(Vs/m?) = 1 T

3. Static magnetic fields 3

a) Ampere’s law says: fé - dS = polenciosed- For a coil, we have: Iepciosed = NI /L, where [ is
the length of the enclosing path. Choosing the path such that it runs parallel to the coil inside
and then moved perpendicularly outside to return only far away, where the field is zero, we have
| B -ds = BI (the scalar product is zero on the perpendicular parts of the path). This gives for
the field of the coil: |B| = puoNI/L or numerically: |B| = 47 - 10~7Vs/(Am)500 - 0.1A/0.25m =
87 -1075Vs/m? ~ 2.5 - 1074T.

b) Using relative errors we have: r% = 3 +r7 +72. With ry = 0.01 and rz, = 0.004 much smaller
than that of the current, r; = 0.1, they can be neglected and we have rg ~ r; = 0.1.

4. Coulomb-force vs. Lorentz-force

a) The charge per unit length of the beam is @/l = \. According to Gauss’ law we therefore have

for the E-field of a linear chain of charges at a distance r: |E| = QW%EO = 275:60' The distance of
the beams is d, hence the field of one beam at the place of the other is:
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This gives for the Coulomb force: |Fe| = ¢|E| = 2;\550'

b) The Lorentz force is given by F, = qu X B. Using Ampere’s law to obtain the field B we

have: fé -ds = pol. For a straight conductor, this gives for the field at a distance r: |§| = Lol

27r
polqu

o, or setting r = d as

(pointing azimuthally). Therefore we have for the Lorentz force: |Fy| =

the two beams are a distance d apart. |Fp| = “gfr 42, Finally, we have to relate the current with

the flow speed of the charges. The flowing charge is ¢(t) = Qut/l = Avt, which gives the current

I = dzl—(tt) = M. Inserting this into the Lorentz force:
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For the ratio of the two forces we obtain:
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c¢) As only the speed enters here (squared), the relative error of this ratio is given by twice the
relative error of the speed.

5. Lorentz-force

The maximum Lorentz force is if speed and field are perpendicular and given by F' = quB, hence
v=F/(¢B) =310"12N/(30Vs/m?-1.6-10~1%As) = 107 12N /1.6-10718Js/m? = 10°/1.6N/(Ns/m)~
6-10° m/s.

6. Lorentz-force 2

a) The Lorentz force is F = quB - sin(«). For a circular trajectory, this would correspond to
the centripetal force, i.e. F = mwv?/r. This gives the radius of curvature of the trajectory as
r =muv/(¢B -sina). The charge here is the total charge of an erythrocyte, i.e. ¢ = Ngp-4-2-e=
3-10%-8-1.6-1071°C= 3.9 - 107'9C. Numerically this gives: r = 1.5 - 107 3kg-0.2(m/s)/(3.9 -
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1071°C10Tv/3/2) = 1.5 - 10~3kg-m/s0.1/(v/3 - 10CVs/m?) = 1.5 - 10~°kgm/s/(/3Js/m?) = 0.8 -
1073 (kgm/s)/(kg/s) = 8 - 10~ m= 8um.

b) With relative errors we have ry = r2+r2 +ra. Numerically r7 = 1/9+1/9+1/16 = 2/9+1/16 ==

S

59/225 and hence r, = 4/59/225 ~ 7.5/15 = 0.5

Mass spectrometer

For given U, B and r we have a mass of m = ¢r?B?/(2U). If only 7 has a significant uncertainty,
the error in m is given by o,,/m = 20, /r. So if we are given the uncertainty o, the radius of
curvature needs to be: r = 20,m/0,,. If we want to be able to distinguish C!? and C'4, we also
know the relative uncertainty in m that we at least need to have, namely o,,/m = 1/13, because
for an atomic mass of 13 we need to have a resolution of better than plus or minus 1. Therefore
the radius of curvature need to be: r = 260, = 26 mm.

Nuclear magnetic resonance

a) We are using a length of 20 cm rather than 120 as written in the text, as the 1 is a typo. The field
difference is AB = dB/dxAz = 20cm-0.5 - 107#T /cm= 1073T. The frequency difference is directly
given by the field difference, Aw = v, AB = 7,dB/dxAz = 1073T-42 - 105Hz/T= 1000 - 42Hz= 42
kHz. This is the differnce in frequency relative to the main frequency of wy = 5 - 42 - 105Hz = 210
MHz.

b) For a given gradient dB/dz, the uncertainty in B, op, is directly given by the one in z,
0y, through o = dB/dro,. Hence the spatial resolution is given by o, = (dB/dx) lop =

(dB/dz)‘op/B-B = (dB/dz) ‘o, /w-B = (dB/dx) ‘0, /7,. Numerically: o, = 2-10%cm/T-10Hz/(42-

10°Hz/T) = 1/210cm=~ 50y m.

Nuclear magnetic resonance 2

For a circular current I over an area A we obtain a magnetic moment of y1, = I - A. For the model
of the proton this means y, = ew/(27) - 7r2 = ewrf) /2. If we get the angular frequency from the
angular momentum, i.e.: w = h/(myra) we get: p, = eh/(myr2) -r72/2 = eh/(2my,) or numerically:
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pp =1.6-107C-107°*Js/(4 - 107*"kg) = 4 - 10 *"J-kg-m-m-s/(V-kg-s*) = 4-107*"J-m*/(V-s) =

4-107%7 J/T.

Nuclear magnetic resonance 3

The potential energy is AE = p, - B = 1.4 -10726J. If 10% of the protons are supposed to be
aligned, we have to have AF/(kgT) = 0.1 (approximating the Boltzmann distribution for small
ratios of AE/(kgT). Hence, we need to have kgT = 10 - AE. Numerically kpT = 1.4-10725 J. At
300 K, kT = 4-1072! J, hence the temperature we look for is 7' = 300K-0.35 - 10~* = 10 mK.



