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6.1

6.2

6.3

Derive that following alternative form of the Lippmann Schwinger equation
Eq.(6.7a)

Ulr,v) =U)(r,v) + / ' Gy (v, e )\V (U™ (¢, v)

where G4 is the full Green function of background with embedded scatterer.
We start with two defining equations for the (total) field and full Green
function
V2 4+ 1~ VU, v) =0, [V2+k = V)G (r,r) = 3 — 1),

Applying standard Green function techniques we then obtain

ds'[U )(r/»’/)%cﬁ(r»r/) —G+(r,r/)%U( (r,v)] =Ulr,v), rer

We now apply standard Green function techniques to the equation satisfied
by UG (¢, v) and G4 (r, ') to obtain

or

aTdS’[U( )(r’,y)%GJr(r,r’)—G+(r,r’)%U( )(r,v)]

= U (r,v)+ / &Cr' G, ) V(UM (', v), rer.
T
Substituting our earlier result in the above equation and letting 7 — oo then
yields the alternative form of the LS equation.

Prove that the full outgoing wave Green function G4 (r,rg) is a symmetric
function of its arguments.

This is proven in an identical manner as was done in the homogeneous
background case in Section 2.8.4. The only difference is that here we use the
fact that the Green function is outgoing at infinity to make the surface integral
vanish.

Use Theorem 6.2 to compute the scattering amplitude of a scattering potential
of the general form

M
V()= Vulr—Xp,)

m=1
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6.4

in terms of the scattering amplitudes of the component potentials V,,(r).
According to the theorem each component scattering potential produces a
scattering amplitude given by

fn(8,80; X)) = e~ o500 Xm (550, 0)

where f,,,(s,s0;0) is the scattering amplitude for the potential centered at
the origin. Since scattering is a linear transformation from the incident to
scattered fields the overall scattering amplitude of the set of potentials is then
given by
M
f(s,s0) Z Frn(8,80; X)) = D @705 Xm f (5 50;.0)
m=1
An important special case of this is when the scattering potentials are all
identical. In this case the overall scattering potential is given by

M
f(s,s0) = fo(s, s0) Z e holsms0) Xom
m=1

where fy is the scattering amplitude of the single scattering potential centered
at the origin. The above special case occurs in X-ray crystallography and is
the basis for structure determination using X-ray scattering experiments.
Use the angular spectrum expansion of the scattered field given in Eq.(6.33)
and the angular spectrum expansion of the outgoing wave multipole fields
given in Eq.(3.49) of Chapter 3 to derive a multipole expansion of the scattered
field including expressions for the multipole moments in terms of the scattering
amplitude.

We can expand the scattering amplitude in spherical harmonics in the form
of Eq.(6.40b)

f S, SO Z Z fl SO S)a flm(so) =< }/lmaf(SaS(J) >Q,

=0 m=—1
which, when used in Eq.(6.33) yields

0o l

s ik _
U (r,s0) =Y N f(so) 0/ g dasmaylm(s)ako“}
=0 m=—1
=ik Z Z S (s0)hif (kor)Y,™ (£)e oS,

=0 m=—1

where we have used Eq.(3.49). On comparing the above multipole expansion
with Eq.(6.40a) we then obtain

qzn = _ilflnl(so)a

which is the required relationship between the multipole moments and the
expansion coefficients of the scattering amplitude.
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6.5 Use the scattering amplitude of a homogeneous sphere in the angular spectrum

6.6

expansion given in Section 6.5 to compute the multipole expansion of the
scattered field. You will need to make use of the angular spectrum expansions
of the multipole fields given in Section 3.4.2. Verify that the expansion you
obtained agrees with the one obtained in Section 6.3.

We showed in Section 6.5 that the scattered field admits the angular spec-
trum expansion

1k )
U(S)(r Sso) = 2;/ dp dasina f(s,sg)etkos™
-7 Cy

which, on using the scattering amplitude of a homogeneous sphere found in
Example 6.1 yields

f(s,s0)

k .
UJ(FS)(I",SO) = —O/ dﬁ/ dasin « ——Z Z RY™(8)Y;™* (sg) ethos

ko 1= 0 m=—1
0o l e
E E Y™ (s0) / ag dasin a Y;™ (s)etros T
—0m -7 Cy

The angular spectrum integral in the above equation was obtained in Sec-
tion 3.4.2 where it was shown to equal 27i'h;" (kor)Y;™ (). The above expres-
sion for the scattered field thus reduces to

%) l
U (r,s0) =4m > S i RY;™ (s0)hyf (kor) Y™ (£).
=0 m=—1

The easiest way to insure that the above result agrees with the result ob-
tained in Section 6.3 is to evaluate the scattering amplitude. If make use of the
asymptotic expansion of the spherical Hankel function given in Example 6.1
which then yields the desired result:

i (kor)
l eikor
Uy (rr, s0) NMZXO: z;z RiY;™* (s0) (—i )l“mYlm(f)
A S & . etkor
= e 2 2 FRYT (Y (6)—;
=0 m=—

which is the expression for the scattering amplitude found in Section 6.3.
Use the scattering amplitude of a homogeneous cylinder in the 2D angular
spectrum expansion to compute the multipole expansion of the scattered field.
You will need to make use of the angular spectrum expansions of the 2D
multipole fields found in Problem 4.13 of Chapter 4. Verify that the expansion
you obtained agrees with the one obtained in Section 6.3.
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6.7

The 2D angular spectrum expansion of a general outgoing wave field is
found from Eq.(4.39b) of Section 4.6.3 to be of the form

T .
Us(r,w) = \/ﬁemﬂl/c da A(s, w)eosT
+

where A(s,w) is the radiation pattern of the field Uy . The scattered field from
a 2D scattering potential having scattering amplitude f(s, sg) is then obtained
by simply replacing A in the above equation by the scattering amplitude. For
a homogeneous cylinder the scattering amplitude is found from Example 6.2

to be
[2 iz N~ poillo-s0)
f(s,s0) = e 4;; Rie 0

thus yielding the angular spectrum expansion

1 _ _
Up(r,w) = — Z Rz/ da et (@ a0) gikos T
T oL

l=—0

The angular spectrum expansion of the 2D outgoing wave multipole fields
was found in Eq.(4.6) of the solution to Problem 4.13 of Chapter 4 to be

i)l o

Her (kor)el® = —( ) / do e etkos T,
™ Cy

On making use of this result in the above angular spectrum expansion of the

scattered field we obtain

U+(r,w) = Z ilRlHlJr(koT)eil(qbi%)

l=—0

where we have set ag = ¢p. Finally, we use the fact that (see Example 6.2)
bi(so) = Riag = i' Ree™ %,

so that the expansion reduces to that found in Section 6.3.
Express the multipole moments of the scattered field in terms of its boundary
value over a sphere that completely surrounds the scattering volume.

This was done in Section 4.8.2 for radiated fields and the same solution
applies here for a scattered field. Thus, following the procedure employed in
that section we express the scattered field over the surface of a sphere having
radius @ in the multipole expansion

(%) l
U (0,0 rma = —iko 3. Y @ (v)hf (koa) Y™ ()
=0 m=—1
from which we find that
i ut(v)

q (V) = k_oh;r(koa),
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6.8

where
a0 = [ AU w0 ).

Compute the 2D Born approximation of the scattering amplitude of a homo-
geneous scatterer with wavenumber k; and having a radius ag and centered at
X. Verify that this scattering amplitude is in agreement with Theorems 6.4
and 6.5 but does not satisfy the optical theorem 6.6.

Within the Born approximation the 2D scattering amplitude of a potential
centered at Xj is given by

fxo(8,80) = —4/ 87rk0 i/d2rv Xo)e —iko(s=so) T

On making the change of variable r' = r — X we then obtain

/1 o ) )
on (S, SO) - _ - ezZeﬂko(sst)xo / d2T V(r)eflk()(S*S[))'[‘,
RO

where we have then replaced the dummy variable r’ in the integral by r

We conclude from this that this scattering amplitude is in agreement with
Theorems 6.4 and 6.5.

For a homogeneous scatterer with wavenumber k; and having a radius ag
the above integral becomes

) ag 27 )
/d2T V(r)eflk()(S*S[))'[‘ _ ‘/0/ Td?"/ d¢ 671k0|sfsg|rcos¢,
0 0

where Vo = k% — k2 and we have aligned the z axis with s — sy so that
(s —sg) - r =1 cos . The integral over ¢ is 2mJy(ko|s — sp]r) so that

ap 2m ) ao
/ Tdr/ dgp e~ thols=solrcosé _ 27r/ rdrJo(kols — solr).
0 0 0

If we now make use of the recursion relationship

e (@) = wofa)

and make a simple change of variable in the r.h.s. of the above equation we
obtain
Jl(k0|S — So|a0)

ao
2 drJo(kols — =2
7T/0 rdrJo(kols — so|r) Tag Fols — o]

which then yields our final result

/ J1(kols —
fxo(s,80) = — 2Lk06 Tage ko (s—s0)- %, J1(Ko[S = Solao) so|a0)' (6.1)

k0|S—So|

6.9 Repeat problem 6.8 for the 3D case of a sphere of radius ag centered at Xg.
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This problem is done in a entirely parallel manner as employed in the pre-
ceding problem. In particular, within the Born approximation the 3D scatter-
ing amplitude of a potential centered at Xy is given by

1 .
[xo(8;80) = i /dgT V(r— X0)6*1k0(5*50)~r,
which on making the change of variable r' = r — X we then obtain
1 . _
fxo(s,80) = _4_67“60(5750)')(0 /dgT V(r)e*1k0(5*50)~r
™

where we have then replaced the dummy variable r’ in the integral by r.
We conclude from this that this scattering amplitude is in agreement with
Theorems 6.4 and 6.5.

For a homogeneous scatterer with wavenumber k; and having a radius ag
the above integral becomes

. ao Tr .
/dgT V(r)eflk[)(S*S[))'[‘ _ 27T‘/0/ T2d7"/ do 671k0|sfsg|r cos 6
0 0

where Vo = kI — k2 and we have aligned the z axis with s — so so that
(s —s0) - r = rcos ¢. The integral over 6 is 2jo(ko|s — so|r) so that

ao

0

ao iy .
/ T2dr/ df ¢~ kols—solrcos¢ _ 2/ T2d7"j0(k0|5 —so|r).
0 0

If we now make use of the recursion relationship

d . .

(21 (2)] = %jo(a)

and make a simple change of variable in the r.h.s. of the above equation we
obtain

ag (ke _
2/ r2drjo(kols — so|r) = 2a8]—1( o/s — so|ao)
0 k0|S—So|

which then yields our final result

_efiko(sfsoyxoagM_ (6.2)

Txo(s50) = Fols =l

6.10 Compute the generalized scattering amplitude of a homogeneous sphere for
the case of an incident free multipole field j;(kr)Y;” (t) by using the technique
given in Section 6.5.

We found the plane wave expansion of the free multipole fields in Exam-
ple 3.4 to be
. mia\ ﬂ m iks-r
k) @) = S [ an. vt

™

Thus yielding the plane wave amplitude

e
Also.v) = v (so).
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The plane wave scattering amplitude of a homogeneous sphere was found in
Example 6.1 to be

. 00 !
F(s,50) = —%Z S RY(8)Y™ (s0)-

=0 m=—1

Thus, using Eq.(6.35b) we obtain

f(s.0) = / 09, Also, v) (s 50)

A(so,v) f(s,50)
—_—~~
—i)! dmi S o ,
= [ 0, v TS S mev e (s0)
m V=0 m/=—1
A (14+1)
1
e

6.11 Compute the field scattered from an infinite Dirichlet plane (a plane over
which the field vanishes) located at z = 0 due to an incident wave field radiated
by a source Q(r) located in the Lh.s. z < 0. Express your answer in terms of
the outgoing wave Green function G4 (r —r’).

This problem was posed in terms of a radiation problem as Problem 2.14 in
Chapter 2. In that problem we computed the total field radiated by a source
located in the Lh.s. in the presence of a Dirichlet plane at z = 0 and obtained
the solution

Ulew) = [ Gplrr' Q' w), = <0,

where G p is the Dirichlet Green function that vanished at z = 0. The above
field is the radiated field throughout the half-space z < 0 that vanishes on the
boundary z = 0; i.e., is the solution to the radiation problem in the presence
of a perfectly conducting infinite plane located at z = 0. This field can be
interpreted as being the sum of the incident wave radiated by @ in infinite
free space and the scattered wave generated by the Dirichlet plane surface.
On setting

GD(I', I'/) = G+(r - I'/) - G+(r - IT/)) I'/ = (ZC/, y/a Z/)a IT/ = ({E/, y/a _Z/)

we obtain

U™ (r,w) U® (r,w)

Ur,w) = / er' Gy (r — v, w)Q(r,w) —/ Br'Gi(r—r,w)Q(r,w), z<0,

which is the required result.

6.12 Use the result obtained in the previous problem to derive the so-called “law-
of-reflection” which states that a plane wave incident from the left-half space
with unit propagation vector sg onto an infinite plane Dirichlet surface located



Chapter 6 Solution Set

on the (z,y) plane will generate a reflected plane wave that propagates into
the left-half space with unit wave vector sg = (so,, S0,, —50. )-

An incident plane wave to some region of space 7y is generated by a delta
function source located asymptotically far from 7. Thus we take the source
Q(r,w) in the previous problem to be

Q(I‘, w) = 5(1‘ — Ro),
with Ry = (20, y0, —20) located in the Lh.s. and zy arbitrarily large. This then
generates an incident field given by

1 1k Ro .
U (r,w) = / B G (r—1',w)Q(r',w) = Gy (r—Ro,w) = — ——e~FRoT
To

47

This corresponds to an incident plane wave with amplitude — exp(ikRy)/4m
and unit propagation vector sy = —f{o and sg, = Z-sp > 0. The plane wave
thus propagates in the positive z direction.

6.13 Express the scattered (reflected) wave field found in Problem 6.11 in an an-
gular spectrum expansion and interpret your result in terms of the law of
reflection stated in the previous problem.

See Problem 4.10

6.14 Derive the Ricatti equation Eq.(6.72a) from the Helmholtz equation.

Using the representation of the field in terms of a complex phase given in
Eq.(6.71) we find that

VU = ikg VWU, V2U =ikoV*WU+ikgVW-VU = ikogV*WU—-kiVW-VWU
from which we obtain
V2UAkEn2U = [ikoV2W —k3VW - VW +k2n?|U = 0 — ikoV*W —kiVW - VW 4kin? = 0.

6.15 Derive the form of the Ricatti equation given in Eq.(6.75) from Eq.(6.72a).
This form of the equation is obtained by expressing the phase W in the
form

W(r,v) =Wy(r,v)+ W (r,v)

where Wy is the phase of the field in free space and W the perturbation in the
phase introduced by the presence of the scatterer. We now have to substitute
the above decomposition of the phase into the Ricatti equation to obtain
the form of this equation given in Eq.(6.75). On making this substitution we
obtain

ikoV2W —kgVW-VYW

iko(V2Wo + V2W) 4 k2 (VWy + VW) +k2n? = 0

which simplifies to

,kg

ikoV2Wo — k3(VW0)? +iko VW — k2(VOW)? — 2k3VW, - VW + k2n? =0
ikoV2W — kZ(VOW)? — 2k3V W, - VW + k3 (n* —1) =0
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6.16 Derive Eq.(6.83).
Here we start with the Rytov Ansatz given in Eq.(6.82)

ikodWr(r;s0) = e~ FoSoT (1),

where the phase perturbation is assumed to satisfy the linearized Ricatti equa-
tion Eq.(6.78b). We have that

7ik050~r
T
1 .
V25WR = [—250 -VF + ?VQF + ikOF]eflkgs[).r'
)

V5WR = [—ikoSOF + VF]

Eq.(6.83) results from using the above two expressions in the linearlized Ri-

catti equation and simplifying the resulting equation.
6.17 Derive Eq.(6.85).
For plane wave incidence we have that

UR — e’iko[SQ'rJr(sWR] — eik050~reik06WR — e’ikQS()'[‘ 1+ZkO5WR + l(lkO(SWR)Q + .
2

~ eikUS(yr + ikoeikQSQ-r5WR _ eik()SQ'[‘ + UéS) (I‘; SO)

where we have made use of Eq.(6.84).



