Chapter 9

> with(plots):

Warning, the name changecoords has been redefined

> with(linalg):
Warning, the protected names norm and trace have been redefined and
unprotected

> with (DEtools) :
Warning, the name adjoint has been redefined

I

=] Questions1
[ > p:='p': Q:='Q': gl:="'ql': g2:='q2': pil:='pil': pi2:='pi2':
| > Q:=ql+g2;
L Q:=ql+q2

> p:=A-B*Q;
p=A-B(ql+q2)

> pil:=p*ql-a*ql;

nl:=(A-B(ql+q2))ql —aql
> pi2:=p*qg2-a*q2;

n2:=(A-B(ql+q2))q2-aq?2
> solve (diff (pil,ql)=0,q92) ;

2Bgql-A+a
B

> solve(diff(pi2,q2)=0,92) ;
la-A+Bql
2 B
> solql:=simplify(solve (- (2*B*ql-A+a) /B=-1/2* (a-A+B*ql)/B,ql)) ;
1 -A+a
solgl =——
3 B
> solg2:=simplify (subs(gl=solql,- (2*B*ql-A+a)/B));
1 -A+a

lg2 = ——
oM 3 B

| Hence, equilibrium quantities are identical.

=/ Question 2

{ This question is best done with paper and pencil. Summations over j not equal to i are not
conveniently dealt with in software packages.

=/ Question 3
=l
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| Although the question asks for this to be done on a spreadsheet, we shall here use Maple and
| present a more formal derivation.
[ > p:="p': Q:='Q': gl:="ql': g2:='g2': pil:='pil': pi2:='pi2':
[ > Q:=ql+q2;
L Q:=ql+q2
> p:=A-B*Q;
p=A-B(ql+q2)

> pil:=p*ql-al*ql;

nl =(A-B(ql+q2))ql —al ql
> pi2:=p*g2-a2*q2;

n2:=(A-B(ql+q2))q2—-a2q2
> solve(diff (pil,ql)=0,92);

2Bql—-A+al
B

> solve(diff (pi2,q2)=0,92) ;
la2-A+Bql

2 B
> solql:=simplify(solve (- (2*B*ql-A+al) /B=-1/2* (a2-A+B*ql) /B, ql)

);

1A-2al+a2
solgl =———
L 3 B
[ > solg2:=simplify (subs(ql=solql,-(2*B*ql-A+al)/B)) ;
l -A—-al+2a2
solg2 =——
L 3 B
=l di
| We already have the following as the reaction functions in the static model:
A-al 1q2
ql = - for firm 1
2B 2
A-a2 1lgql
q2 = - for firm 2
2B 2

So the dynamic reaction fuctions are:

A-al 1qt-1)
2B 2

ql(r) =

A—-a2 1ql(t-1)

2(t) = -

- RO=Ty 2

[ > rsolve({ql(t) = (A-al)/(2*B)-1*q2(t-1)/2,92(t) =
(A-a2) / (2*B) -1*ql(t-1) /2,91 (0)=9l0,92(0)=q20}, {gl(t) ,q2(t)
}) s
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L >
>

>

>

t t t t t
1 1 -1 1 | -1
(qi(ty=—| 3| = |a2+| = |a2-2|—=|4+2a2+24+3| = |al +| — | al
6 2 2 2 2 2
t t t t
4al 3l Bg20+3 1 Bql0+3 ! Bg20+3 ! Bql0 |/ B, q2 :
- -3 = +3| = +3|— +3|— ,q2(t)=—
a 5| B4 5| B4 5 q > q q2(1) p
t t t t t
] -1 -1 ] -1
3l —|a2+|—|a2-2|—|A4A-4a2+2A-3|—\|al+|—|al+2al
2 2 2 2 2
t t t t
32 Ba2o-3| 2] Bar0+3| 2 Bazo3| 2| BarolsB
+3| 7 -3z +3| = +3|—
| S| B4 S| Ba 5 q 2 q }

| This could be simplified but we do not do this here. What matters is that the stability is
governed purely by the coefficients of q2(t-1) and q1(t-1) in the reaction functions of firms
1 and 2 respectively. Since these are less than unity, then the system is asymptotically
stable. In fact, the coefficients must each take the value of -1/2. Consequently the
t
1 1
coefficients of q10 and 20 in the results involve only (3) or (— 5) and so tend to zero

in the limit regardless of the values of q10 and q20. (Note that the term B cancells.)

=l Question 4
=la

p:='p': Q:='Q': gl:='gql': g2:="'"qgq2': pil:='pil': pi2:="pi2':
p:=9-Q;

p=9-0
Q:=ql+g2;

Q:=ql+q2
TCl:=al*ql; TC2:=a2*q2;

ICI :=al ql

1C2:=a2q2

pil:=p*ql-TC1l;

nl=(9-ql—-q2)ql —al ql
pi2:=p*q2-TC2;

m2:=(9-ql—-q2)qg2—-a2q2
solve (diff (pil,ql)=0,q92);

-2ql+9-al
solve (diff (pi2,q2)=0,q92) ;

9 1 1

5—5q1—5a2
solqgl:=solve (-2*ql+9-al=9/2-1/2*ql-1/2*%a2,ql) ;

2 1
solgl =3 ——al +—-a2
3 3
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| > solg2:=subs(ql=solql,-2*ql+9-al);

1 2
solg2 =3 +—-al ——a2
3 3

i > solgl-solg2;

| —-al +a2
| Hence, equilibrium g, 1s greater than equilibrium ¢, if a, < a,

=l (ii)a,=3 and a,=5
| The model is then
p=9-0
O=ql+q2
TCl=3ql
TC2=5¢q2
> subs (al=3,pil);
(9-ql—-q2)ql -34ql
> subs (a2=5,pi2);
(9-91-92)q2-5q2
> solve(diff((9-ql-g2) *ql-3*ql,ql)=0,ql) ;
1

3-=¢q2
2q

> solve(diff((9-ql-g2) *q2-5*g2,g92)=0,92) ;
1

2—-—ql
L 2 q
| Our reaction functions are therefore
1q2(t-1)
1(t)=3——""T"""
ql(z) 5
1ql(t—1
qQ2(1)=2 - M
L 2
[
H (a) firm 1 monopolist

> rsolve({ql(t)=3-(1/2)*q2(t-1),q2(t)=2-(1/2)*ql(t-1),ql(
0)=3,92(0)=0}, {ql(t),q2(t)});

o LAy afay s (1) 1Y) 2
i AlO=2171%15 ) *320="313) "6l 2 )5

H (b) firm 2 monopolist
> rsolve ({ql (t)=3-(1/2)*q2 (t-1) ,q2 (t)=2-(1/2) *ql (t-1) ,ql(
0)=0,92(0)=2}, {ql(t) ,q2(t)})’

C (Y 2} 8 (1) 2(-1) 2
i tal==2{ 7] =315 |ty a0=2| 7| =35 | T3}
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[ > gqlfirml:=seq(1/2*(1/2)*t-1/6*(-1/2)"t+8/3,t=0..10):
[ > glfirm2:=seq(-2*(1/2)*t-2/3*(-1/2)*t+8/3,t=0..10):
[ > firml:=listplot([glfirml],h colour=red) :
[ > firm2:=1listplot([glfirm2],6 colour=blue) :
| > display(firml, firm2);
3_
2.5
5]
1.5
1 4
0.5
| The eduilibrium is reached sooner when firm 1 is the monopol'ist. This should not be
| surprising, since firm 1 has the lower unit costs.

= Question 5

> p:="p': Q:='Q': gl:="ql': g2:='gq2': g3:='q3': pil:='pil':
pi2:='pi2':pi3:='pi3':
=la
[ > pil:=(9-gql-g2-9q3) *ql-5*ql;
pi2:=(9-ql-g2-93) *q2-5*q2;
pi3:=(9-ql-g2-gq3) *q3-5*g3;
nl =(9-ql-q2-q3)ql -5¢ql
m2:=(9-ql-q2-qg3)q2-5q2
m3:=(9-ql-q2-¢qg3)q3-5¢q3
> diff (pil,ql);
-2ql+4-q92-¢q3
> diff (pi2,qg2);
-2q2+4-ql—-q3
> diff (pi3,g3);

-2q3+4-ql—-q2
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| > solve({-2*ql+4-92-q3=0,-2*gq2+4-ql-q3=0,-2*q3+4-ql-g2=0}, {g
1,92,93});

i {g3=1,ql=1,q2=1}

| Hence the equilibrium is closer to the origin, i.e., the smaller the equilibrium output levels
| the higher the marginal costs.

= i)

| > solve(-2*ql+4-q2-9q3=0,qgl) ;
1 1
2 - 5 q2 - 5 q3
> solve(-2*q2+4-9ql1-93,92) ;

1 1

2 - 5 ql - 5 q3

> solve(-2*q3+4-gql-92,93) ;

1 1
I 2 —qu —EqZ

Hence, the reaction curves are:

1g2(r=1) 1g3(t-1)

al(n=2-—"— 5
_ o lqlr=1) 1g3(-1)
q2()=2- 5 - 5
o lqle=1) 1qz-1)
| qQ3(t)=2- 5 - 5
= (i)

[ > rsolve({gql(t) = 2-1*q2(t-1)/2-1*q3(t-1)/2,q92(t) =
2-1*ql(t-1)/2-1*q3(t-1)/2,93(t) =
2-1*ql(t-1)/2-1*q2(t-1)/2,91(0)=gl0,92(0)=g20,93(0)=g30}, {
ql(t) ,q2(t) ,q3(t)});

t
1 1 1 1(1
{a2(0)=~(-1) + 1+ (-1) 30+ (-1 q10+§(-1)tq20—5[5j 430

11t1021t201 1t111t3011t10
-~ = +=| = ,ql()==(-1)+1+=(- + (-
Y EEAEICYE ql(z)=—(-1) 3()q 3()61

11’2011t3’021t1011t203 1’111’30
+-(- i +7| T i ,q3()=—(-1) + 1+ (-
3()q 312149 q 312149 q3(z)=—(-1) 3()q

11f1011f2021t3011t1011[20
+7(- +-(- +-| 2 -~ = -—| =
| 3()q 3)()q 31219 312149 3261}

" Because of the occurrence of the terms (-1)' then the system also oscillates, eventually
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| | oscillating with constant amplitude.

i Hence, the reaction curves are:
1q2(t—1 1q3(t—1
Qi(1)=3 - q(2 ) q(2 )

7 1ql(t-1 1q3(¢—-1
2=1- q(2 ) q(2 )

‘= Question 6
{> p:='p': Q:='Q': gl:='gql': g2:="gq2': g3:='g3"':pil:="pil':
pi2:='pi':pi3:="pi3':
L >
=la
| > pil:=(9-ql-g2-93) *ql-3*ql;
pi2:=(9-ql-g2-9q3) *q2-2*qg2;
pi3:=(9-ql-g2-9q3) *q3-g3;
nl:=(9-ql—-q2-¢93)ql -3¢l
m2:=(9-ql—-q2—-q3)q2-2q2
i n3:=(9-ql-q2-qg3)q3—-4q3
[ > diff(pil,ql);
. -2ql+6-¢qg2-¢q3
| > diff(pi2,q2);
L -2q2+7-ql—-¢q3
| > diff (pi3,qg3);
i -2g3+8-¢ql—q2
| > solve({-2*ql+6-92-93=0,-2*q2+7-ql-q3=0,-2*q3+8-ql-q2=0}, {gq
1,92,q93});
3 1. n
| tgl=".4q =)
=l i)
| > solve(-2*ql+6-92-93,ql) ;
3 1 2 1 3
i 2 77701
| > solve(-2*q2+7-ql-93,q92) ;
7 1 ; 1 3
I > 2q q
| > solve(-2*q3+8-ql-g2,93) ;
4 : 1 : 2
2 11701
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Lql(z—=1) 1qg2(¢t-1)
2 2
_ Monopoly points are (3,0,0) for firm 1, (0,7/2,0) for firm 2 and (0,0,4) for firm 3.
H (a) firm 1 monopolist
[ > rsolve({gl(t) =

q3(1) =4~

3-1%q2 (t-1) /2-1*q3 (t-1) /2,92 (t)
7/2-1%ql (t-1) /2-1*q3 (t-1) /2,93 (t) =

4-1*ql (t-1)/2-1*q2(t-1)/2,q1(0)=3,92(0)=0,93(0)=0}, {ql(
t) ,q2(t) ,q3(t)});

37 (1) 3 (1) 1
tea()=-7( +Z—(5),q3(t)=—z(-1) _2(_J +—

2 4
1 _2113113
c1(t)——4(-)+ 5 +4}
[ > gql:=t->-3/4*(-1)*t+3*(1/2)*t+3/4;

g2:=t->-3/4* (-1)*t+7/4-(1/2) *t;
q3:=t->-3/4* (-1)~t-2*(1/2)*t+11/4;

=t —-—(-1)+3| = |+~
9 PRSER A P R

7
4
5 3( 1y -2 1 11
=t—>-—(-1) -2\ 7|+
I 1 4 2] "4
[ > points:=[seq([gl(t),g2(t),g3(t)],t=0..10)]:
| > pointplot3d(points,
axes=BOXED, connect=true,
labels=["q1" , "q2 " , "q3"] ,
colour=black) ;

thickness=2,
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0.5

a2 15

>

H (b) firm 2 as monopolist

[ > gl:="ql':gq2:='g2':93:="'q3"':

[ > rsolve({gl(t) = 3-1*q2(t-1)/2-1*q3(t-1)/2,q92(t) =
7/2-1*ql (t-1) /2-1*q3 (t-1) /2,93 (t) =
4-1*ql(t-1)/2-1*g2(t-1)/2,91(0)=0,92(0)=7/2,93(0)=0}, {gq
1(t),q2(t),q3(t)})’

o Loy My 37 B(1)
{q(t)——lz(-)—6 5 +4,q(t)——12(-)—6 N RE

7 7 1(1)
q2(t)=—5(-1) +Z+§[Ej}

[ > gql:=t->-7/12* (-1)"*t-1/6*(1/2)~t+3/4;
q2:=t->-7/12* (-1)*t+7/4+7/3* (1/2) *t;
q3:=t->-7/12* (-1)~t-13/6*(1/2) *t+11/4;

} 7 1’11t3
=t ——(-1) === |+~
1 25l )

, L 1)
=t———(1)+—+~| =
g PSRRI DS

] 71t131’11
=ft—>—-——(- — =+
i 1 PP P R
[ > points:=[seq([qgl(t),g2(t),g3(t)],t=0..10)]:
| > pointplot3d(points,

axes=BOXED, connect=true, thickness=2,
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labels= [ qu" , Hq2 LAl , Hq3"] ,
colour=black) ;

C>
H (c) firm 3 monopolist
[ > gql:='ql':g2:='gq2':9q3:='gq3":
> rsolve({ql(t) = 3-1*q2(t-1)/2-1*q3(t-1)/2,q92(t) =
7/2-1*ql (t-1) /2-1*q3(t-1)/2,93(t) =
4-1*ql (t-1)/2-1*q2(t-1)/2,91(0)=0,92(0)=0,g93(0)=4}, {ql (
t),q2(t),q3(t)});

PN VI | L O IR TR
{q(t)——lz(-)—3 5 +4,q(t)—— (-1)' + 1 3la

PN A
BEEEOR I P
[ > gql:=t->-5/12*(-1)*t-1/3*(1/2)~t+3/4;
q2:=t->-5/12* (-1)~t+7/4-4/3* (1/2) *t;
g3:=t->-5/12* (-1)*t+5/3* (1/2) ~*t+11/4;

; 5 1,11t3
=t ——(-1)—=| = | +=
1 n =311

. 51 7 4(1)
1 > (D313

; 51t51’11
St—>-—_C)y+7 T+
1 231

t> points:=[seq([gql(t),g2(t),g3(t)],t=0..10)]:
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| > pointplot3d(points,
axes=BOXED, connect=true, thickness=2,
labels=["gl","g2","q3"],
colour=black) ;

>

= (i)

[ > qgql:="'ql':q2:='gq2':93:="'q3"':

[ > rsolve({gl(t) = 3-1*q2(t-1)/2-1*q3(t-1)/2,q2(t) =
7/2-1*ql (t-1) /2-1*q3 (t-1) /2,93 (t) =
4-1*ql (t-1) /2-1*q2 (t-1) /2,91 (0)=ql0,q2 (0)=q20,q3 (0) =q30}, {
ql(t) ,q2(t) ,q3(t)});

2 l 1) 7,1 1) ql0 1( 1) ¢30 ! 1) g20 11 10
H=——(-1)+—+—(- +—(- +—(- ——| -
1q2(1) 4( ) p 3( ) q 3 ) q 3( ) q 317149

L1 30 2(1) 20, ql ! 1) 1,3, ] 1) gl0 : 1) ¢30
——| = +— - . t)=——"(- +| = +—+—(- +—(-
NPYE 3l2 ]9 ql(?) 4()243()61 3()q

Loop, 2] ' I ' o L[] t s 7o (! "1l

+—(- +—| = ——| = ——| = ,P3()=——(-1) =| = | +—

3( ) q 317149 317149 317149 q3(1) 4( ) 5 p
2(1Y 1

: 1) ql10 : 1) ¢30 : 1) ¢20 11 10 30 11 20
+ = (- +—(- +=(- -—| = +=| = -—|=
3( ) q 3( ) q 3( ) q 317149 312149 31219 }

E Question 7
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> p:="'p': Q:='Q': gl:="'"ql': g2:='g2': g3:='q3': pil:='pil':
pi2:='pi2': pi3:="'pi3':

C>
=l
[ > pil:=(15-2*ql-2*gq2-2*q3) *ql-5*ql;
pi2:=(15-2*ql-2*q2-2*q3) *q2-3*q2;
pi3:=(15-2*ql-2*gq2-2*g3) *q3-2*q3;
nl=(15-2ql-2q2-2q3)ql -5¢ql
m2:=(15-2ql-2q2-2q3)q2-3¢q2
i n3:=(15-2ql1-2q2-2¢g3)q3-2¢q3
[ > diff (pil,ql);
i —4ql+10-2¢g2-2¢3
| > diff(pi2,q2);
. —4q2+12-2ql-2q3
| > diff (pi3,q3);
i -4g3+13-2ql-2q2
| > solve({-4*ql+10-2*gq2-2*q3,-4*q2+12-2*ql-2*q3,-4*gq3+13-2*ql
-2*q2},{ql,q92,93});
| gl=ga2="0a3="}
=l i)
| > solve(-4*ql+10-2*gq2-2*q3,ql) ;
5 1 5 1 3
I 2 27751
| > solve(-4*gq2+12-2*ql-2*q3,q2) ;
3 1 1 1 3
I 2 11751
| > solve(-4*gq3+13-2*ql-2*q2,q93) ;
13 1 ; 1 5
g 2171

| Hence, the reaction curves are:

5 192(¢-1 1q3(t—-1
ain=2.- q(2 ) q(2 )

1ql(t=1) 1g3(t—1)
2 2

qQ2(t)=3 -

13 1ql(t—=1) 1q(¢-1)

3(t)=— -
B =" 2 2

E Monopoly points are (5/2,0,0) for firm 1, (0,3,0) for firm 2 and (0,0,13/4) for firm 3.
ot
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t;ﬂﬂyjbw1linonqpoﬁﬂ

(> rsolve({ql(t) = 5/2-1*q2(t-1)/2-1*q3(t-1)/2,q2(t) =
3-1*ql (t-1) /2-1*q3 (t-1) /2,93 (t) =

gl (t) ,q2(t) ,q3(t)});

o S (B s (1) 1
{q(ﬂ——g(-)— 5 +8,q(t)——8(-)—2 N RY

2

[ > gql:=t->-5/8%(-1)*t+5/2*(1/2)~t+5/8;
q2:=t->-5/8*(-1)~t-(1/2)~t+13/8;
q3:=t->-5/8* (-1)~t-3/2*(1/2)*t+17/8;

5 5(1) 5
gl =t—-—(-1)+=| - | +=

s 5(1) s
qu)=-§(-1)-F5(—j-+§}

8 212) "8

, 5[] 13
=t—=>-_(-1) - T |+

q G P
] 53] 17
=t - (- == |+—

! s 512"

[ > points:=[seq([gql(t),g2(t),g3(t)],t=0..10)]:
| > pointplot3d(points,

axes=BOXED, connect=true, thickness=2,
labels=["gl","g2","q3"],
colour=black) ;

0.5 0.5

13/4-1*ql(t-1)/2-1*q2(t-1)/2,q1(0)=5/2,92(0)=0,93(0)=0}
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L[>
ﬂ (b) firm 2 as monopolist
[> ql:='ql':q2:="q2':q3:="q3":

3-1*ql (t-1) /2-1*q3 (t-1) /2,93 (t) =

ql(t) ,q2(t),q3(t)});

t
11 13 1

5

1 o1l e
HN=——(-1)==|=|+=

| i) ==,y =215 [+

(> qli=t->-11/24%(-1)At-1/6% (1/2) ~t+5/8;
G2:=t->-11/24% (-1) ~t+11/6% (1/2) *t+13/8;
q3:=t->-11/24% (-1) ~£-5/3% (1/2) ~£+17/8;

, o] e
=t ——(-1)——| = | +=
q 2 D)

62) 8
, no 1l 13
st>-—(C)+— ||+

! 242
; IR 17
=t—>-—(-1)Y-=|—-|+—

1 245

[ > points:=[seq([qgl(t),g2(t),g3(t)],t=0..10)]:
| > pointplot3d(points,

axes=BOXED, connect=true, thickness=2,
labels=["ql","q2","q3"],
colour=black) ;

[ > rsolve({ql(t) = 5/2-1*q2(t-1)/2-1*q3(t-1)/2,q92(t)

A1) = (1Y | & R ()= 1y 2| ] 2
te() ==, )+ 5 |+ a3 == I =21 | +75

13/4-1*ql(t-1)/2-1*q2(t-1)/2,q1(0)=0,92(0)=3,q3(0)=0}, {
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>
H (c) firm 3 monopolist

[> ql:='ql':q2:='q2':q3:="q3":
3-1*ql (t-1)/2-1*q3(t-1) /2,93 (t) =

},{gl(t) ,q2(t) ,q3(t)});

[ > gql:=t->-3/8*(-1)*t-1/4*(1/2)"t+5/8;
q2:=t->-3/8*(-1)~t-5/4*(1/2)*t+13/8;
g3:=t->-3/8* (-1) ~“t+3/2*(1/2) ~t+17/8;

30 11y s
gl =t—>—-=(-1y === |+=

8 4l2) 78
, NIELE 13

sto>-—(-l) -7 |+

1 8 al2) 78
] 33! 17

=t ——(-1)+=|=|+—

! s 212) s

| > pointplot3d(points,

1 _Eltllté:;_illil[_
{q(t)——g(-)—4 2 +8,q(t)——8(-)+2 R
N DV SRR E
7 @2n)=-2 =]+

[ > rsolve({ql(t) = 5/2-1*q2(t-1)/2-1*q3(t-1)/2,92(t)

13/4-1*ql(t-1)/2-1*q2(t-1)/2,q1(0)=0,92(0)=0,93(0)

t> points:=[seq([gl(t),g2(t),g3(t)],t=0..10)]:

axes=BOXED, connect=true, thickness=2,

=13/4
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labels= [ qu" , Hq2 LAl , Hq3"] ,
colour=black) ;

3.21

28]
261
3 ]
9° 5 4
2.2

1.87

0.5

(>

= (iii)

[ > qgl:="'ql':g2:='gq2':93:='gq3"':

(> rsolve({ql(t) = 5/2-1*q2(t-1)/2-1*q3(t-1)/2,q2(t) =

3-1*ql (t-1) /2-1*q3 (t-1) /2,93 (t) =

13/4-1*ql (t-1) /2-1*q2 (t-1) /2,91 (0)=q10,q2 (0)=q20, g3 (0) =q30
},{ql(t) ,q2(t),q3(t)})’

{ql(1) 35(1)’51t51(1)’20 1(1)’10 1(1)f5'011tzo
y=——(-1)+=| = | +—+—(- +—(- +—(- _—| =
d 24 6lo) Tg Ty VT AT SV, 4

2(1) Pt t o3 3502 1 17 1 a0
+—| = . B ,PB()=——(-1) == - | +—+—(-
312) 1107515 PO PW=m GG ) s e

1 1) g0 1 1) ¢30 (1) 20 Ll 10 2(1) 30, q2 33 1)
+—(- +—(- -—| = -—| = +—=| = , ty=——(-
3( ) q 3( ) q 312149 312149 312149 q2(1) 24( )

B! 1) ¢20 : 1) ql10 1 1) ¢30 2(1) 20 1) 10
|z +—+=(- +— (- +—(- +=| = -—|=
ol 2 2 3( ) q 3( ) q 3( ) q NPk 37 ]9

iy
| 31719 }

185



=

=] Question 8

[ >

=0

(@

[ > p:="p': Q:='Q":
pi2:='pi2':

> Q:=ql+qg2;

> p:=20-3*%Q;

> pil:=p*ql-4*ql;
pi2:=p*q2-4*q2;

> diff (pil,ql);

> Q:=ql+g2+g3;
> p:=20-3*%Q;
> pil:=p*ql-4*ql;

pi2:=p*q2-4*qg2;
pi3:=p*q3-4*q3;

> diff (pil,ql);

gl:="ql':

L | No. Because of the presence of (-1)’, the system will eventually oscillate.

g2:='q2': pil:="pil':

0O:=ql+q2

p=20-3¢ql-3q2

nl:=(20-3¢gl-3q2)ql -4ql
m2:=(20-3¢gl-3q2)q2-4q2

i -6¢ql+16-3q2

| > diff(pi2,q2);

i -6¢g2+16-3¢gl

| > solve({-6*ql+16-3*q2=0,-6*gq2+16-3*ql=0}, {ql,g2}) ;
(216 16

| q_9’q_9

>
=l
[ > p:="p': Q:='Q': gl:='ql': g2:='gq2': g3:='gq3"':
| pil:="pil': pi2:="'pi2': pi3:="pi3':

Q:=ql+q2+q3

p=20-3ql-3g2-3¢3

nl:=(20-3¢ql/-3q2-3q3)ql —4ql
m2:=(20-3ql-3q2-3q3)q2-4q2
n3:=(20-3ql-3q2-3q3)q3-44q3
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diff (pi2,q2) ;
diff (pi3,q3);

-6¢ql+16-3¢g2-3¢g3
-6¢g2+16-3ql—-3¢g3
-6g3+16-3¢gl-3¢g2

solve ({-6*ql+16-3*gq2-3*q3,-6*q2+16-3*ql-3*q3,-6*q3+16-3

*ql-3*q2},{ql,qg2,93});

{q —3951 _3sq _3}

p:='p': Q:='Q': gql:='ql': g2:='g2':

pi2:='pi2':
Q:=ql+g2;
O=ql+q2
pP:=20-3*Q;
p=20-3qgl-3q2
pil:=p*ql-4*ql”*2;
pi2:=p*q2-4*q2+2;

pil:='pil':

nl:=(20-3qgl-3¢2)ql -4ql*
m2:=(20-3 gl -3¢2)q2—-4q2*

diff (pil,ql);

-14 g1 +20-3 g2
diff(pi2,qg2);

-14¢2+20-3 gl

solve ({-14*ql+20-3*g2=0,-14*gq2+20-3*ql}, {gql,g2});

20 20

I=—g2=—
{q 17 17}

p:='p': Q:='Q': gl:='gql': g2:="'g2"':
pil:='pil': pi2:='pi2': pi3:="'pi3"':

g3:="'q3"':

Q:=ql+gq2+g3;
Q:=ql+q2+q3
p:=20-3*Q;
p=20-3¢ql-3g2-3¢3
pil:=p*ql-4*ql”*2;

pi2:=p*q2-4*q2+2;
pi3:=p*q3-4*q3+2;

ml:=(20-3qgl-3¢92-3¢3)ql —4ql’
m2:=(20-3qgl-3¢92-3¢3)q2-4q2*
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I M3 :=(20-3ql -3 q2-3¢3)q3 - 4¢3
(> diff (pil,ql);
diff(pi2,qg2);
diff (pi3,g3);
-14¢91+20-3¢g2-3¢43
-14¢g2+20-3¢gl-3¢g3
-14¢3+20-3ql-3q2
> solve({-14*gl+20-3*gq2-3*q3=0,-14*g2+20-3*ql-3*gq3=0,-14%*
q3+20-3*ql-3*q2=0}, {ql,q92,93});
{ql=1,9q2=1,q3=1}

L[>

=l di

| Here we are comparing models (a) and (b).

[ > p:="p': Q:='Q': gql:="'ql': g2:='q2': pil:='pil':
| pi2:='pi2':

| > solve(-6*ql+16-3*qg2,ql) ;

8 1 .
I 3 21
> solve(-6*gq2+16-3*ql,q2) ;
8.1
I 3 21
| The two reaction functions are therefore:
8 1q2(t-1)
1(H)y=—-—"—""""
ql(z) 3 5
8 1ql(t—-1)
2)=—=-"""
q2(1) 3 2

> rsolve({gl(t) =
8/3-1*q2(t-1)/2,92(t)=8/3-1*ql(t-1)/2,q1(0)=8/3,92(0)=0}, {
ql(t) ,q2(t)});

4(-1) 16 4(1) 4(-1) 16 4(1)
B rn

> gl:=t->-4/9*%(-1/2)*t+16/9+4/3* (1/2) *t;
g2:=t->-4/9* (-1/2) “t+16/9-4/3* (1/2) *t;

4(-1Y 16 4(1)
gl =t—>—-—|—|+—+<| =
9l2)" 9 3l2

4(-1) 16 4(1)
2=t = |+——=|=
ol2])" 9 3l2

[ > points:=[seq([qgl(t),g2(t)],t=0..10)]:
( > pointplot (points,

188



axes=BOXED, connect=true, thickness=2,
labels=["gql","q2"],
colour=black) ;

18?.

1.6-

1.4-

1.2-

0.6
0.4

0.2-

L 0 : T

> p:='p': Q:='Q': gql:='ql': g2:='q2': g3:='q3': pil:='pil':
| pi2:='pi22': pi3:='pi3':

| > solve(-6*ql+16-3*q2-3*q3,ql) ;

8 1

1
S - =g3
3 2997 ,1

> solve(-6*g2+16-3*ql-3*q3,g2) ;
8 1 1
3 2175
> solve(-6*g3+16-3*ql-3*q2,g3) ;
8 1 1
i 3 217
The three reaction functions are therefore:

8 1qg2(¢ 1 q3(t
ain=2- q2( ) q2<)

8 1ql(r) 1q3(¢
(=7 - q2()_ q2()

8 1ql(¢ 1 q2(¢t
B =L~ q2( ) q2<)

| If firm 1 is the monopolist then the initial point is (8/3,0,0).
(> rsolve ({gl(t) = 8/3-1*q2(t-1)/2-1*q3(t-1)/2,q2(t) =
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8/3-1*ql (t-1) /2-1*q3 (t-1) /2,93 (t) =
8/3-1*ql(t-1)/2-1*q2(t-1)/2,91(0)=8/3,92(0)=0,93(0)=0}, {ql
(t) ,g2(t) ,q3(t)});

N N 10 N S SR (1R
{q(t)——9(-)+3—9 5 ,q(t)——g(-)+3+9 Nyt

4 4 8(1)
B =-75D +§—§(Ej}

[ > ql:=t->-4/9*%(-1)~t+4/34+16/9* (1/2) *t;
g2:=t->-4/9* (-1)~t+4/3-8/9* (1/2) *t;
g3:=t->-4/9% (-1)~t+4/3-8/9* (1/2) *t;

379

S iy 4 8(1
=t—>——(-1)+———| -
1 9 3 92
; 41t481t
=t—=>—-—(-1)y+-—-—7| =

1 o CIF37515

[ > points:=[seq([gl(t),g2(t),g3(t)],t=0..10)]:
| > pointplot3d(points,

axes=BOXED, connect=true, thickness=2,
labels=["ql","qg2","q3"],
colour=black) ;

L 1'64;1 2R )
[ > pointsl:=[seq([t,ql(t)],t=0..10)]:

(> pointplot (pointsl,
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axes=BOXED, connect=true, thickness=2,
labels=["t","ql"],
colour=black) ;

2.6
2.4

2.2

q1 1.8‘_
1.6;
1.4
1.2—2

1_

[ When 1 =2 the system was stable. However, for 7 = 3 the system soon begins to oscilate.
Here we show it only for q1 but it applies equally to g2 and q3, which is apparent from the

| presence of (-1)" in the solutions.

=] (iii)
| Part (ii) already compares (a) and (b) and so here we consider just (c¢) and (d).
[ > p:="p': Q:='Q': gl:="'ql': g2:='gq2': pil:='pil"':

| pi2:='pi2':
> solve(-14*gl+20-3*q2,ql) ;
10 3
i 7
> solve(-14*g2+20-3*ql,g2) ;
10 3
i 7
Hence the reaction curves are:
10 3q2(¢t-1)
W=
10 3ql(t—-1)
RO

| If firm 1 is a monopoly then the intial point is (10/7,0).
[ > rsolve({gl(t) = 10/7-3*q2(t-1)/14,9q2(t) =
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10/7-3*ql (t-1) /14,91 (0)=10/7,92(0)=0}, {ql(t) ,q2(t)}) ;

> ql:=t->-55/119* (-3/14)*t+20/17+5/7* (3/14) ~t;
g2:=t->-55/119* (-3/14) *t+20/17-5/7* (3/14) *t;

55 (3Y 20 5(3)
q] =ft—>-——|—|+—+—|—
119l 14) 17 7\ 14

55 (3) 20 5(3)
2=t ——| = |+ ==
119l14) 17 7\ 14

[ > points:=[seq([gql(t),g2(t)],t=0..10)]:

| > pointplot (points,

axes=BOXED, connect=true, thickness=2,
labels=["gql","q2"],

colour=black) ;

1 55 (3) 20 5(3) , 55 (3) 20 5(3)
D=———|—|+—+-| = |, ) =—""| — | +—-=| —
== ) " 177 e = 0l e ) T e )

1.2

—

0.81

0.41

0.2

0,

| pi2:="'pi2': pi3:="pi3':
| > solve(-14*ql+20-3*q2-3*q3,ql) ;
10 3 3
7T
> solve(-14*g2+20-3*ql-3*g3,qg2) ;
10 3 3
FRETEARETES
> solve(-14*g3+20-3*ql-3*g2,qg3) ;

> p:="p': Q:='Q": ql:ﬁyél': q2:£;q2': q3££7q3': pii:i'pil':
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10 3

| 7 14
[ Hence the reaction curves are:
10 3qg2(¢t—1) 3q3(t-1)

1(t)=—"-
=7 14 14
10 3ql(t—1) 3q3(¢t-1)
qQ2(1)=—7"- -
7 14 14
10 3ql(z—=1) 3q2(t-1)
P =7~ -

7 14 14

,{gl(t) ,q2(t) ,q3(t)});

o (3), 10(3)
2O==77 5%

1 1
=t -
1 21
, 1
=t -

1 21
; 1
=t -

1 21

| > pointplot3d(points,

colour=black) ;

axes=BOXED, connect=true,
labels=["qll| , l|q2" , l|q3"] ,

3

———ql-"—"¢q2

14

. 11(-3Y [ lof3 ’ 1 11(-3Y 1
N=——|—|+1-—| = |, ql(t)=——| = | +
ta3(0=-7717 2l 1a ) O="717

20
+1+—
21

10
+1-—
21
10

+1-
21

[ > points:=[seq([ql(t),q2(t),q3(t)],t=0

thickness=2,

| With firm 1 the monopolist, then the initial point is (10/7,0,0).

[ > rsolve({gl(t) = 10/7-3*q2(t-1)/14-3*q3(t-1)/14,92(t)
10/7-3%ql (t-1) /14-3*q3 (t-1) /14,93 (t)
10/7-3*ql(t-1) /14-3*q2(t-1)/14,91(0)=10/7,92(0)=0,93(0)=0}

20

+
21

(> gl:=t->-11/21% (-3/7)~t+1420/21* (3/14) ~t;
q2:=t->-11/21%* (-3/7) ~t+1-10/21* (3/14) *t;
q3:=t->-11/21*% (-3/7) *t+1-10/21% (3/14) ~t;

14

t

..10)1:
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0.8

L 1 1.4
[ > pointsl:=[seq([t,gql(t)],t=0..10)]:

| > pointplot (pointsl,

axes=BOXED, connect=true, thickness=2,
labels=["t","ql"],

colour=black) ;

1.44
1.3
1.2

q1

1.14

" When margﬁnal costs are not constant then the system is more stable and equilibriun{ is
reached sooner. The oscillatory pattern observed for » = 3 under constant marginal costs
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|| now disappears and the system is stable.
>

=/ Question 9

[> p:='p': Q:='Q': gl:='ql': g2:='gq2': pil:='pil': pi2:='pi2':
=la

| [ The Cournot solution is the same as for model 8(i)(a), namely (16/9,16/9).

=l

In question 8(i1) we derived the reaction functions, which in their continuous dynamic

form are:
8 1q92(1)
1 =
x1(¢) 3 5
8 1ql(1)
20)y=—-""
x2(t) 3 5
Hence
0 8 1q92(¢)
—ql()=2| —————ql(¢
atq() 3 5 ql(?)
0 8 1ql(t)
—q2(t)=2| —- —q2(¢
atq() 3 5 q2(¢)

[ > .2%(8/3-1*q2(t)/2-ql(t));
I 5333333333 — 1000000000 q2(¢) — .2 q1(¢)
(> .2%(8/3-1*ql(t)/2-q2(t));
15333333333 — 1000000000 q1(¢) — .2 q2(¢)

E The matrix of the system is therefore
[ > mA:=matrix([[-0.2,-0.1],[-0.1,-0.2]11);

-2 -1
A4 =
i " Ll -.2}
[ > trace (md) ;
| -4
[ > det (md) ;
| .03
[ > trace (mA)*2-4*det (mA) ;
.04

| [ Hence the equilibrium is dynamically stable.

=l qii)
{ The initial points are (8/3,0) for firm 1 a monopolist and (0,8/3) for firm 2 being a

monopolist and (0,0) indicating both firms are to enter the industry.
( > curves:=DEplot ({diff(ql(t),t) =
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.2%(8/3-1*q2 (t) /2-ql (t)) ,diff (g2 (t) ,t) =
.2*(8/3-1*ql(t)/2-q2(t))},[gl(t),g2(t)],t=0..20,91=0..5,92
=0..5, [[q1(0)=8/3,q2(0)=0], [gl (0)=0,q2 (0)=8/3], [ql (0)=0,q2
i (0)=0]],stepsize=.2,arrows=medium, linecolour=blue) :
[ > lines:=plot({16/3-2*ql,8/3-(1/2)*ql},ql=0..5,92=0..5,colou
| r=brown, thickness=1):
| > display(curves,lines) ;
N A N N Y N N S S S A S
VNI L LA S
LN L LSS
A N N N N N e s
NN IN I LSS o
N Y NL A UL
s NN WN L S
RN AN S e
Hosa N AW S e e e
92 — 2N NS e e e e e
e NN o e e e e e e
D I e N g L O
(T T T T T T w a a e e a a ae a a a a
7 T T T T Bl Sl P S e
7 e A Y LXV\\ e a e e e e e
1‘)3 AT /<27 /J fl T e e A
7l AT NN T R
P A A R T e
AR APV N BN e
| ﬂ‘zfﬂkﬂ‘ﬂﬂfﬂ;fﬂf{f?\;%\xv\ R
|| [ The diagram reveals the stability of the Cournot solution.
=] Question 10
[ > p:='p': Q:='Q': gl:="'ql': g2:='gq2': pil:="'pil': pi2:='pi2':
=G
| The Cournot solution is the same as for model 8(i)(c), namely (20/17,20/17).
=l i
| In question 8(iii) we derived the reaction functions, which in their continuous dynamic
form are:
x1(1) =E— 3 42(1)
7 14
x2(t) :ﬂ— 3al(®)
7 14
Hence
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0 10 3q2(¢)

—ql(H)= 2| —- —qgl
54 (1) 2 1 ql(?)
d 10 3 ql(z)

— =2|——=—-q2
atq2(t) - 1 q2(t)

> .2%(10/7-3*q2 (t) /14-ql (t)) ;
2857142857 — 04285714286 q2(¢) — .2 q1(¢)

> .2%(10/7-3*ql (t) /14-q2 (t)) ;
2857142857 — 04285714286 q1(1) — .2 q2(¢)

E The matrix of the system is therefore
[ > mA:=matrix([[-0.2,-0.0429],[-0.0429,-0.211);

y __{ -2 n0429}
T 0429 -2

> trace(md) ;

| -4
> det (mA) ;
] 03815959
> trace (mA)~2-4*det (ma) ;
.00736164

L E Hence the equilibrium is dynamically stable.

=] (iii)

| The initial points are (10/7,0) for firm 1 a monopolist and (0,10/7) for firm 2 being a

| monopolist and (0,0) indicating both firms are to enter the industry.

| > curves:=DEplot({diff(ql(t),t) =

.2*(10/7-3*q2(t) /14-ql(t)) ,diff (g2 (t) ,t) =
.2*(10/7-3*ql(t)/14-q2(t))},[gl(t) ,g2(t)],t=0..20,91=0..5,
q2=0..5, [[ql(0)=10/7,q2(0)=0], [gl (0)=0,q2 (0)=10/71, [ql (0)=
| 0,92(0)=0]],stepsize=.2,arrows=medium, linecolour=blue):

[ > lines:=plot({20/3-14*ql/3,10/7-(3/14) *ql},ql=0..5,92=0..5,
| colour=brown, thickness=1) :

| > display (curves,lines) ;
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|

| > evalf (dsolve ({diff(ql(t),t) =
.2*(10/7-3*q2(t) /14-ql(t)) ,diff (g2 (t) ,t) =

t)}))
{ql(?)=1.176470588 + (.5000000000 g0 — .5000000000 ¢g20) e

(-2

+ (=1.176470588 + .5000000000 ¢10 + .5000000000 g20) e

(-.1571428571 1)

—1.(.5000000000 g0 - .5000000000 g20) e

(-2

+(—1.176470588 + 5000000000 ¢ 70 + .5000000000 ¢20) e
+1.176470588 }

) . ) . (~.1571428571 1)
Since all coefficient of q10 and q20 involve either e ore

=] Questions 11-15

(-.1571428571 1)

428571429 1)

sy Wl Il LU/

I R N N A A S SN G G S SN P e

I A A Y A SN G G G v ey

A O A A N S S ey N e e

L A S A A N N A A SV P P P A g g g e

A A A A N A O O S g

A O N N N N O gy

| A R N B A A g

NNV LM VS e
g2 R A N A A N G G G g v
e N N WV e e e e e e e e

Zﬁs\&\q\vi e e e e e e e e e a
e Ny Y N g I ey

e T Yy S o e e e e e e e e e e e
— P
=7 P P T i R e e e e I aEr- S-Sy

AR ?ﬂj“‘;f‘\%\' %LR = — o e e e

| The diag}am reveals the stability of the Cournot solution for the chosen initial poirigts.

.2%(10/7-3*ql(t) /14-q2(t)) ,ql(0)=ql0,q2(0)=qg20},{ql(t) ,q2(

. q2(2) =

428571429 1)

(~.2428571429 1)

| system converges on the Cournot equilibrium regardless of the initial values.

then the

These questions are more easily done with a spreadsheet and are therefore not undertaken here

within Maple.
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