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Chapter 6: Mean Value Theorems
Part A: Mean Value Theorems, Indeterminate Forms,
Taylor Polynomials
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Racetrack and Mean Value Inequalities TP S
Theorem 1

Let f, g be differentiable functions from an interval | to R.

@ (Racetrack Inequality) If a,b € 1, f(a) < g(a) and f'(x) < g'(x) on
[a, b] then f(x) < g(x) on [a, b].
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Theorem 1

Let f, g be differentiable functions from an interval | to R.

@ (Racetrack Inequality) If a,b € 1, f(a) < g(a) and f'(x) < g'(x) on
[a, b] then f(x) < g(x) on [a, b].

® (Mean Value Inequality) If a,b € | and m < f'(x) < M on [a, b]
then m(x — a) < f(x) — f(a) < M(x — a) on [a, b].
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Theorem 1

Let f, g be differentiable functions from an interval | to R.

@ (Racetrack Inequality) If a,b € 1, f(a) < g(a) and f'(x) < g'(x) on
[a, b] then f(x) < g(x) on [a, b].

® (Mean Value Inequality) If a,b € | and m < f'(x) < M on [a, b]
then m(x — a) < f(x) — f(a) < M(x — a) on [a, b].

© Ifaecl and|f'(x)] < M onl, then |f(x) — f(a)| < M|x —a| on I.

If any of the inequalities involving f' is strict, so is the corresponding
inequality for f.
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Theorem 1

Let f, g be differentiable functions from an interval | to R.

@ (Racetrack Inequality) If a,b € 1, f(a) < g(a) and f'(x) < g'(x) on
[a, b] then f(x) < g(x) on [a, b].

® (Mean Value Inequality) If a,b € | and m < f'(x) < M on [a, b]
then m(x — a) < f(x) — f(a) < M(x — a) on [a, b].

© Ifaecl and|f'(x)] < M onl, then |f(x) — f(a)| < M|x —a| on I.

If any of the inequalities involving f' is strict, so is the corresponding
inequality for f.
v

Proof. Part (a) is a consequence of the Monotonicity Theorem. Part (b)
follows by applying (a) to the functions m(x — a), f(x) = f(a), and
M(x — a). The x > a case of (c) is covered by (b). The x < a case is

obtained by symmetry. O
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(Lagrange's) Mean Value Theorem
Theorem 2
Let f: [a, b] — R satisfy the following:
@ It is continuous on [a, b].

@ It is differentiable on (a, b).

Then there is a ¢ € (a, b) such that f'(c) = P

f(b) — f(a)
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Theorem 2
Let f: [a, b] — R satisfy the following:
@ It is continuous on [a, b].

@ It is differentiable on (a, b).

Then there is a ¢ € (a, b) such that f'(c) = w.
v
f(b)—f
Proof. Define g(x) = f(x) — f(a) — La(a)(x — a). Observe that

g(a) = g(b) =0, g is continuous on [a, b] and differentiable on (a, b).
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Theorem 2
Let f: [a, b] — R satisfy the following:

@ It is continuous on [a, b].

@ It is differentiable on (a, b).

Then there is a ¢ € (a, b) such that f'(c) = w.
v
f(b)—f
Proof. Define g(x) = f(x) — f(a) — La(a)(x — a). Observe that

g(a) = g(b) =0, g is continuous on [a, b] and differentiable on (a, b).
By the Extreme Value Theorem, g achieves a maximum value M and a
minimum value m on [a, b]. If M = m, then g is constant and hence
zero. In this case, every ¢ € (a, b) has the desired property.
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Theorem 2

Let f: [a, b] — R satisfy the following:
@ It is continuous on [a, b].

@ It is differentiable on (a, b).

Then there is a ¢ € (a, b) such that f'(c) = w.
<
f(b)—f
Proof. Define g(x) = f(x) — f(a) — La(a)(x — a). Observe that

g(a) = g(b) =0, g is continuous on [a, b] and differentiable on (a, b).
By the Extreme Value Theorem, g achieves a maximum value M and a
minimum value m on [a, b]. If M = m, then g is constant and hence
zero. In this case, every ¢ € (a, b) has the desired property.

If M £ m then at least one of the maximum and minimum values of g is
achieved at an interior point ¢ € (a, b).
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Theorem 2

Let f: [a, b] — R satisfy the following:
@ It is continuous on [a, b].

@ It is differentiable on (a, b).

Then there is a ¢ € (a, b) such that f'(c) = w.
v
f(b) —f
Proof. Define g(x) = f(x) — f(a) — La(a)(x _ ). Observe that

g(a) = g(b) =0, g is continuous on [a, b] and differentiable on (a, b).
By the Extreme Value Theorem, g achieves a maximum value M and a
minimum value m on [a, b]. If M = m, then g is constant and hence
zero. In this case, every ¢ € (a, b) has the desired property.

If M £ m then at least one of the maximum and minimum values of g is
achieved at an interior point ¢ € (a, b).

f(b)—f
By Fermat's Theorem, g’(c) = 0. Hence f'(c) = %' -
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Theorem 3

Let f: [a, b] — R satisfy the following:
@ It is continuous on [a, b].
@ It is differentiable on (a, b).
O f(a) = f(b).
Then there is a ¢ € (a, b) such that f'(c) = 0.

Task 1

Suppose a < b < ¢, f: [a,c] = R is twice continuously differentiable
(i.e., the function f" = (') is continuous), and f(a) = f(b) = f(c) =0.
Show that there is « € (a, ¢) such that f'(a) = 0.

V.
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Theorem 4

Let f,g: [a,b] = R be continuous on [a, b] and differentiable on (a, b).
Suppose that g’'(x) # 0 for every x € (a, b). Then there is a c € (a, b)

such that
f'(c) _ f(b)—f(a)
g'(c) g(b)—g(a)
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Theorem 4

Let f,g: [a,b] = R be continuous on [a, b] and differentiable on (a, b).
Suppose that g’'(x) # 0 for every x € (a, b). Then there is a c € (a, b)

such that
f'(c) _ f(b) = f(a)
g'(c) g(b)—gla)
Proof. First note that g(a) # g(b). If they were equal, Rolle's Theorem

would give a ¢ € (a, b) such that g’(c) = 0. Thus both ratios in the
theorem'’s conclusion are defined.
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Theorem 4

Let f,g: [a,b] = R be continuous on [a, b] and differentiable on (a, b).
Suppose that g’'(x) # 0 for every x € (a, b). Then there is a c € (a, b)

such that
f'(c) _ f(b)—f(a)
g'(c) g(b)—g(a)

Proof. First note that g(a) # g(b). If they were equal, Rolle's Theorem
would give a ¢ € (a, b) such that g’(c) = 0. Thus both ratios in the
theorem'’s conclusion are defined.

Define h(x) = g(x)m. We have h(b) — h(a) = f(b) — f(a).
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Theorem 4

Let f,g: [a,b] = R be continuous on [a, b] and differentiable on (a, b).
Suppose that g’'(x) # 0 for every x € (a, b). Then there is a c € (a, b)

such that
f'(c) _ f(b)—f(a)
g'(c) g(b)—g(a)

Proof. First note that g(a) # g(b). If they were equal, Rolle's Theorem

would give a ¢ € (a, b) such that g’(c) = 0. Thus both ratios in the

theorem’s conclusion are defined.

Define h(x) = g(X)M We have h(b) — h(a) = f(b) — f(a)
5(6) —8(2) |

Applying Rolle's theorem to f(x) — h(x), we get a ¢ € (a, b) such that

f'(c) — h'(c) = 0. Then,
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Theorem 4

Let f,g: [a,b] = R be continuous on [a, b] and differentiable on (a, b).
Suppose that g’'(x) # 0 for every x € (a, b). Then there is a c € (a, b)

such that
f'(c) _ f(b)—f(a)
g'(c) g(b)—g(a)

Proof. First note that g(a) # g(b). If they were equal, Rolle's Theorem

would give a ¢ € (a, b) such that g’(c) = 0. Thus both ratios in the

theorem’s conclusion are defined.

Define h(x) = g(X)M We have h(b) — h(a) = f(b) — f(a)
5(6) —8(2) |

Applying Rolle's theorem to f(x) — h(x), we get a ¢ € (a, b) such that

f'(c) — h'(c) = 0. Then,

_ gl ! _ gl ’ f(b) - f(a) f/(C) _ f(b) — f(a)
0=F=M) =) 5y =@ = (0~ ab)—s@)
El
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Remark 1: Taking g(x) = x in Cauchy's Mean Value Theorem gives
Lagrange's Mean Value Theorem. So it is also called the
Extended or the Generalized Mean Value Theorem.

Remark 2: Its motivation comes from the motion of a particle in a
plane. Let the location at any time t, a < t < b, be given
by (g(t), f(t)). Then its net displacement is
(g(b) — g(a), f(b) — f(a)), while its velocity vector at any
time t is (g’(t), f’(t)). Thus Cauchy’'s Mean Value
Theorem says that there is a time instant ¢ when the
velocity vector is parallel to the total displacement.

(F(2), g(a) - (7(5), &(hy)
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_ o f(x) . .
A limit of the type lim ——= with lim f(x) = lim g(x) = 0 is said to be
x—a g(X) x—a x—a

0
an indeterminate form of type 0 (The limits could also be one-sided)
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f
A limit of the type lim fx) with lim f(x) = lim g(x) = 0 is said to be
X—a g(X) xX—a X—a

0
an indeterminate form of type 0 (The limits could also be one-sided)

Theorem 5

Suppose lim f(x) = lim g(x) =0, f and g are differentiable at a, and
X—a x—)(a ) f/(a)
f(x
'(a) #0. Then lim — = )
gCI 70 Then I ¢ ~ &'(a)
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f'
A limit of the type lim fx) with lim f(x) = lim g(x) = 0 is said to be
X—a g(X) xX—a X—a

0
an indeterminate form of type 0 (The limits could also be one-sided)

Theorem 5

Suppose lim f(x) = lim g(x) =0, f and g are differentiable at a, and
X—a x—)(a ) f/(a)
f(x
'(a) #0. Then lim — = )
gCI 70 Then I ¢ ~ &'(a)

Proof. Since f, g are differentiable at a, they are continuous there, and
so f(a) = g(a) = 0.
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f'
A limit of the type lim fx) with lim f(x) = lim g(x) = 0 is said to be
xX—a g(X) x—a x—a

0
an indeterminate form of type 0 (The limits could also be one-sided)

Theorem 5

Suppose lim f(x) = lim g(x) =0, f and g are differentiable at a, and
X—a x—)(a ) f/(a)
f(x
'(a) #0. Then lim — = )
gCI 70 Then I ¢ ~ &'(a)

Proof. Since f, g are differentiable at a, they are continuous there, and
so f(a) = g(a) = 0. Further, g’(a) # 0 implies that there is an interval
centered at a in which g(x) is never zero.
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_ o f(x) . .
A limit of the type lim ——= with lim f(x) = lim g(x) = 0 is said to be
x—a g(X) x—a x—a

0
an indeterminate form of type 0 (The limits could also be one-sided)

Theorem 5

Suppose lim f(x) = lim g(x) =0, f and g are differentiable at a, and
X—a x—)(a ) f/(a)
f(x
'(a) #0. Then lim — = )
gCI 70 Then I ¢ ~ &'(a)

Proof. Since f, g are differentiable at a, they are continuous there, and
so f(a) = g(a) = 0. Further, g’(a) # 0 implies that there is an interval
centered at a in which g(x) is never zero.

f(x) (f(x) = f(a))/(x—a) _ f'(a)

lim —= = lim =

x>ag(x)  xoa(g(x) —g(a)/(x—a)  g'(a)
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We have to evaluate I|m

0log(1l—x)’
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. X+sinx
We have to evaluate lim

x—0 log(1 — x)

of the above theorem.

The functions f(x) = x + sinx, g(x) = log(1 — x) satisfy the hypotheses
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. X + sin x
We have to evaluate lim ——.
x—0 log(1 — x)

The functions f(x) = x + sin x, g(x) = log(1l — x) satisfy the hypotheses
of the above theorem.

We calculate:

f'(x) , 14 cosx .
x50 g(x) Jalits “1/(1—x) X'[I‘O(X —1)(1 +cosx) = —2.
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. X + sin x
We have to evaluate lim ——.
x—0 log(1 — x)

The functions f(x) = x + sin x, g(x) = log(1l — x) satisfy the hypotheses
of the above theorem.

We calculate:

f'(x) . 14 cosx .
x50 g(x) Jalits “1/(1—x) X'[I‘O(X —1)(1 +cosx) = —2.
Therefore, lim Xasnx 5
x—0 log(1 — x)
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Theorem 6

Let f,g: (a,b) = R be differentiable functions which satisfy the

following.
o XLIIT;+ f(X) - xl—l>n;+g( ) 0.

@D g'(x) #0 for every x € (a, b),
f'(x)

® Ilim y =LeR.
xa+ g/(x)
Then fim 1) _ .
X—a+ g x)

Proof on next slide.
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Proof. Extend the domain of f, g to [a, b) by defining f(a) = g(a) = 0.
Then f, g become continuous on [a, b). Further, by Rolle’s Theorem,
g(x) # 0 for every x € (a, b).
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Proof. Extend the domain of f, g to [a, b) by defining f(a) = g(a) = 0.
Then f, g become continuous on [a, b). Further, by Rolle’s Theorem,
g(x) # 0 for every x € (a, b).

Let 0 < h < b — a. Then, for each such h, the functions 7(x) and g(x)
satisfy the hypotheses of Cauchy’'s Mean Value Theorem on the interval
[a,a+ h]. Hence there is a ¢, € (a,a+ h) such that

f'(ch)  fla+h)—f(a) f(a+h)
g'(cn)  gla+h)—g(a) gla+h)
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Proof. Extend the domain of f, g to [a, b) by defining f(a) = g(a) = 0.
Then f, g become continuous on [a, b). Further, by Rolle’s Theorem,
g(x) # 0 for every x € (a, b).

Let 0 < h < b — a. Then, for each such h, the functions 7(x) and g(x)
satisfy the hypotheses of Cauchy’'s Mean Value Theorem on the interval
[a,a+ h]. Hence there is a ¢, € (a,a+ h) such that

f'(ch)  fla+h)—f(a) f(a+h)
g'(cn)  gla+h)—g(a) gla+h)

We have a < ¢, < a+ h. So the Sandwich Theorem implies that
ch — a+ as h — 0+. Hence
f(x) . f(a+h) . f(cn) i f'(x) !

lim —=< = lim —/———= = =
i g(x) h—|>r(r)]+ gla+ h) h—|>r(r)]+ g'(cn) <o g'(x)

Amber Habib Calculus
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Theorem 7

@ (Left-hand limit) Suppose f, g are differentiable on (a, b), g'(x) # 0
for every x € (a, b), Iinl;l f(x) = Iinl;l g(x) =0, and
X—b— X—b—

!
im T Then tim ) )
x—b— g'(x) x—b— g(x)

@ (Two-sided limit) Suppose a < b < ¢, f, g are differentiable on
I =(a,b)U(b,c), g'(x) #0 for every x € I,
!

lim f(x) = lim g(x) =0, and lim ——2 = L € R. Then
x—b x—b X—

b g'(x)

Amber Habib Calculus
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Example 8

Consider lim log x
x—=1x—1
This is an indeterminate form of the type 0/0 and f(x) = log x,
g(x) = x — 1 satisfy the first three hypotheses of L'Hépital’s Rule for
two-sided limits with a=0, b=1, c = 2.
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Example 8
og x

. o
Consider lim .
x—1x—1

This is an indeterminate form of the type 0/0 and f(x) = log x,
g(x) = x — 1 satisfy the first three hypotheses of L'Hépital’s Rule for
two-sided limits with a=0, b=1, ¢ = 2.
Further, )
fim 20 iy /X 4
x—1 g/(X) x—=1 1

Amber Habib Calculus
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Example 8

og x

Consider lim .
x—1x—1

This is an indeterminate form of the type 0/0 and f(x) = log x,
g(x) = x — 1 satisfy the first three hypotheses of L'Hépital’s Rule for

two-sided limits with a=0, b=1, ¢ = 2.

Further, )
fim 20 i X
x—1 g/(X) x—=1 1
. logx
Hence I|m1 = 1. (We could also have used Theorem 5.)
x—=1 X —

Amber Habib Calculus
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sin x

x—=0 X

CAMBRIDGE
We know that lim —— = 1. This means that for small x, sin x ~ x.
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Example 9

. sinx . .
We know that lim —— = 1. This means that for small x, sin x ~ x.
x—=0 X

To improve this approximation we use L'Hopital’s Rule to compare
sin x — x with higher powers of x. First with x:
sinx — x i cosx — 1 . —sinx 0

lim = lim = lim =
x—0 x2 x—0 2x x—0 2

Amber Habib Calculus
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Example 9

. sinx . .
We know that lim —— = 1. This means that for small x, sin x ~ x.
x—0 X

To improve this approximation we use L'Hopital’s Rule to compare
sin x — x with higher powers of x. First with x:

. sinx —x . cosx—1 . —sinx
lim = lim = lim =0
x—0 x2 x—0 2x x—0 2
So the gap sinx — x is much smaller than x?. Let’s compare with x3:
i sinx — x i cosx — 1 . —sinx 1
m———=Ilm——=lm —-—=——.
x—0 x3 x—0 3x2 x—=0 3lx 3!

Amber Habib Calculus
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Example 9
. sinx . .
We know that lim —— = 1. This means that for small x, sin x ~ x.
x—0 X

To improve this approximation we use L'Hopital’s Rule to compare
sin x — x with higher powers of x. First with x:
sinx — x i cosx — 1 . —sinx

lim = lim = lim =0.
x—0 X2 x—0 2x x—0 2

So the gap sinx — x is much smaller than x?. Let’s compare with x3:

i sinx — x i cosx — 1 . —sinx 1
im——=Ilm——s—=Im — = ——.
x—0 x3 x—0 3X2 x—0 3lx 3!
: 3
sinx — X 1 . X .
Thus — = T orsinx ~ x — - for small x. This process can
X

be continued to get better and better polynomial approximations to sin x.
v
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3
obtain the approximation sin x =

Use L'Hépital's Rule to compare sin x — x + x3/3! with x5 near zero and
. X

X—§+— for small x.

The graph below shows the progressive improvements in these
approximations to sin x

20 y=x] s
L T E e
2 U 8
—~1 ‘\‘
s
) y=x—3
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Theorem 10
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Suppose f and g are differentiable on (a, ), g’'(x) 7é 0 for every
x € (a,00), Xll>rr;o f(x) = I|m g(x) =0, and I|m ’(x) =LeR. Then
fim 100 .
X—500 g(x)
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Theorem 10
Suppose f and g are differentiable on (a,00), g’(x) # 0 for every
: f'(x)
x € (a,00), XI|_>m(><> f(x) = I|m g(x) 0, and XI|_>mOo 70 LeR. Then
lim @ = L.
x—o0 g(x)

Proof. We begin by recalling that lim f(x) = tlirg f(1/t). Hence
—

lim @ = [|im (l/t) lim M li _f/( / )/t2
e g(x) b g(1/1) o (g(1/8)) b —g/(1/0)/E
f'(1/t) im f'(x)

T e g/(1/t)  xmee gl(x)”

m
t—=0+ —g (
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0o/oo Form and Infinite Limits
Theorem 11 (L'Hépital’s Rule)
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@ Each version of L'Héspital’s Rule also holds if f, g — +o0

@® Each version of L'Héspital’s Rule also holds if L = +o00
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oo/oo Form and Infinite Limits O BRI

Theorem 11 (L'Hépital’s Rule)

@ Each version of L'Héspital’s Rule also holds if f,g — +oo.
@® Each version of L’Héspital’s Rule also holds if L = +cc.

Proof. Recall the standing assumption g’(x) # 0 and the implication
that g is 1-1.
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oo/oo Form and Infinite Limits O St s
Theorem 11 (L'Hépital’s Rule)

@ Each version of L'Héspital’s Rule also holds if f,g — +oo.
@® Each version of L’Héspital’s Rule also holds if L = +cc.

Proof. Recall the standing assumption g’(x) # 0 and the implication

that g is 1-1.
. - . (%)
1. Consider the left-hand limit at ¢ € R. Let lim = L. For any
x—c— g'(x)
€ > 0 there is an xg such that xg < x < ¢ implies
f/
L—e< ,(X) <L+e
g'(x)
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oo/oo Form and Infinite Limits O St s
Theorem 11 (L'Hépital’s Rule)

@ Each version of L'Héspital’s Rule also holds if f,g — +oo.
@® Each version of L’Héspital’s Rule also holds if L = +cc.

Proof. Recall the standing assumption g’(x) # 0 and the implication
that g is 1-1.

f‘/
1. Consider the left-hand limit at ¢ € R. Let lim (x) = L. For any
x—c— g'(x)
€ > 0 there is an xg such that xg < x < ¢ implies
f/
L—e< ,(X) <L+e
g'(x)

Now take an x € (xo, ¢). By Cauchy's Mean Value Theorem there is a
€ € (x0,x) such that

f(x) — (o) _ f'(§)

g(x) —glx) g€

(continued . ..)
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(... continued)

f(x) = f(x0)

g(x) — g(x0)

f(x)/g(x) — f(x0)/g(x)
1-g(x0)/g(x)

Hence L — e < < L+ €, which we rearrange to

L—e<

< L+e

Amber Habib Calculus
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(... continued)
f(x)—f
Hence L — e < M < L+ €, which we rearrange to
g(x) — g(x0)

f(x)/g(x) — f(x0)/g(x)

SN B e V7T B
and then,
_af1- g(x0)\ , f(x) (x) N g(x0)\ . f(x0)
L=9(1-%65) " 309 <569 < E 0= 503) * 209
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oo/oo Form and Infinite Limits O St s

(... continued)

M €, which we rearrange to
HenceL—e<g(X)_g(X0)<L+ , which ge t
L fx)/e0) ~ fle) /et _,
R 73 7 N
and then,
g(x) f(x0) f(x) g(xo) f(x0)
== 500) " 500 < a0 <TI0 560) F a00

As x = c—, g(x0)/g(x) — 0 and f(x0)/g(x) — 0. Hence by taking x
close to ¢ we get
f(x)

L—2c < —= < L+ 2e.

g(x)
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(... continued)
f(x) — f(x)

Hence L — e < m < L+ €, which we rearrange to
L /80 ~ fla)/s) _
R 73 7 N
and then,
_af1- g(xo) f(xo) _ f(x) a1 g(x0) f(xo0)
=91 560) * 509 <500 =TI 560) * 500

As x = c—, g(x0)/g(x) — 0 and f(x0)/g(x) — 0. Hence by taking x
close to ¢ we get

L—2e< U < L+ 2e.
g(x)
This gives lim fx) = L. (continued ...)
X—>C— g(X)
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(... continued)
2. We show how to modify the proof of the first part of this theorem for
the L = oo case. Given any M € R there is an xg such that xp < x < ¢

implies
f'(x)

M+1< .
g'(x)
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(... continued)
2. We show how to modify the proof of the first part of this theorem for
the L = oo case. Given any M € R there is an xg such that xp < x < ¢

implies
f'(x)
M+1< .
g'(x)
Applying Cauchy's Mean Value Theorem and proceeding as before we
reach

(M + 1)(1 - g(XO)) + flx) < () for x € (xo, c).
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(... continued)
2. We show how to modify the proof of the first part of this theorem for
the L = oo case. Given any M € R there is an xg such that xp < x < ¢

implies
f'(x)
M+1< .
g'(x)
Applying Cauchy's Mean Value Theorem and proceeding as before we
reach
g(x0)\ | flx) _ f(x)
l\/l—|—1(1— )—i— < , for x € (xp, €).
MU =500 ) ¥ 200 = a0 o)
f'
By taking x close to ¢ we get: M < ﬁ 0
g(x)
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Example 12

lim
x—o00 eX

Consider

. 00 . . .
This is an — form, the numerator and denominator are differentiable on

00
(0,00), and the derivative of the denominator is always non-zero.

So L'Hépital’'s Rule can be applied:

X/

0.

lim —
x—o00 eX

. . 1
lim lim — =0 =
x—o00 (eX x—o00 eX

Taylor Polynomials
000000000000
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Example 13

On occasion we may need to apply L'Hépital’s Rule repeatedly. Consider
2

.oXx . . 00 .
lim —. This is again an — form, the numerator and denominator are
x—00 eX

00
continuously differentiable on (0, 00) , and the derivative of the
denominator is always non-zero. Further,

(x*)

<~

. . X
lim =2 lim —.
X—00 (eX)’ x—roo eX

The second limit, by another application of L'Hopital's Rule (previous
2

. .ox
example), is 0. Hence lim — =0.
x—o00 eX
. .o X"
We can repeat this argument to show that lim — =0 for any n € N.
x—o00 X

Thus the exponential function grows faster than any power of x.
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Example 14
. . xP .
Consider lim ——, with p > 0.
x—oo log x
o 00 . .
This is an — form, the numerator and denominator are continuously
00
differentiable on (0, 00) and the derivative of the denominator is always
non-zero. Now

() - opxPTh p
lim —— = lim —— = |lim pxP =o0.
X—00 (|ogx)’ X—00 l/x X—00
P
} X
Hence lim =0
x—oo log x
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Type co — oco: These have the form f(x) — g(x) where
f(x),g(x) — oo. The result depends on which term
dominates. For example, lim (x — x) =0 and

X—r 00

i 2— = 1 — =
XILn;O(x x) Xll)ngox(x 1) = cc.

Type 0 - co: These have the form f(x)g(x) where f(x) — 0 and
g(x) — oc.

Type 1°°: These have the form f(x)8*) where f(x) — 1 and
g(x) — oo. A familiar example is Iimo(l +x)V* =e.
X—>
Type 00®: These have the form f(x)8*) where f(x) — oo and
g(x) — 0. Applying log converts this to a 0 - co form.

Type 0°: These have the form f(x)8(*) where f(x) — 0 and
g(x) — 0. Applying log converts this to a 0 - oo form.

Amber Habib Calculus
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Example 15

lim xlogx = lim
x—0+

|
og(1/t) - lim logt
t— oo t t—o00

t

The right-hand side limit of xlogx at 0 is a 0 - co form. We can convert
it to a ratio and apply L'Hospital’'s Rule.

— lim sz

t—o00 1

u}
‘ o)
1
it
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Example 16

Consider Iin; (sinx)®™"*. This is a 1> form. Let y = (sinx)®="*.
xX—=m/[2—

I i I i
Then log y = (tan x) log(sin x) = log(sin x) and lim logfsin x) is an
cot x x—m/2—  COtX

2 form. Apply L'Hépital's Rule:
00

) . log(sin x) . cot x
lim logy = lim ———= = lim ————
x—=5— xX— 75— cot x x—%— —CSC* X

= — lim (cosx)(sinx) = 0.
X— 75—

Finally, logy — 0 implies y — 1.
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Consider lim x*. This is a 0° form.
x—0+

log x
Let y = x*. Then | = x| =—— and lim —
ety =x en logy = xlog x 1/x an Jim 1)x

Apply L'Hopital’s Rule:

i (log x)’ i 1/x
im ——— = —
x—0+ (]_/X)/ x—0+ —]_/X2 x—0+

Hence y — 1.

X . 00
is an — form.
00

=— | =0 lim | =0.
im x :>X_|}rg+ogy

Taylor Polynomials
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Example 18
f(x)

Suppose f(x) = e, g(x) = 1/x, and we have to calculate lim ——=.
x—00 g(x)

This is an & form and we are allowed to apply L'Hopital’s Rule. If we
00

do, we get
o f(x . —e
lim # = lim ——,
x—00 g (X) X—00 —1/X2
which is more complicated than the original limit! Of course, we can
easily resolve this by first rearranging the expression to x/e*.
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Example 19
. . . f(x) . 00
Consider f(x) = x+sinx and g(x) = 2x. Then lim is an — form
o () " oo
and we may be tempted to calculate as follows:
f ! 1
lim ﬁ = lim ﬁ = lim m, hence does not exist.
x—o0 g(x) x—o0 g'(x) x—oo 2
. o o . f(x) ,
However, this conclusion is not justified. If lim ———= does not exist,
x—o0 g (X

then L'Hoépital's Rule fails to imply anything about the original limit. In
fact, we can apply the Sandwich Theorem to conclude that the original
limit equals 1/2.
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Approximation by Polynomials WP Ve e

To approximate f(x) by a polynomial near x = a, we shall use
polynomials of the form

P.(x) = ap + ai(x — a) + as(x — a)> + - - - + a,(x — a)".
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Approximation by Polynomials WP Ve e

To approximate f(x) by a polynomial near x = a, we shall use
polynomials of the form

P.(x) = ap + ai(x — a) + as(x — a)> + - - - + a,(x — a)".

Suppose that f is differentiable n + 1 times on an open interval /, and
that F("™1(x) < M on I. Let a € I. Apply the Mean Value Inequality:

f(N(x) — F(N(a) < M(x — a) for x > a.
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Approximation by Polynomials WP Ve e

To approximate f(x) by a polynomial near x = a, we shall use
polynomials of the form

P.(x) = ap + ai(x — a) + as(x — a)> + - - - + a,(x — a)".

Suppose that f is differentiable n + 1 times on an open interval /, and
that F("™1(x) < M on I. Let a € I. Apply the Mean Value Inequality:

f(N(x) — F(N(a) < M(x — a) for x > a.
Now integrate both sides over [a, x] to get

Fr=D(x) — F(=(3) — FM(a)(x — a) <

M 2
?(X—a) .
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To approximate f(x) by a polynomial near x = a, we shall use
polynomials of the form

P.(x) = ap + ai(x — a) + as(x — a)> + - - - + a,(x — a)".

Suppose that f is differentiable n + 1 times on an open interval /, and
that F("™1(x) < M on I. Let a € I. Apply the Mean Value Inequality:

f(N(x) — F(N(a) < M(x — a) for x > a.
Now integrate both sides over [a, x] to get

Fr=D(x) — F(=(3) — FM(a)(x — a) < %

(x — a)%.

At the next iteration, we have

f(”)(a)
2

F=2) () — (0=2)(5) — Fr=1)(3)(x — a) — (x—a) < %(X—a)3.
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To approximate f(x) by a polynomial near x = a, we shall use
polynomials of the form

P.(x) = ap + ai(x — a) + as(x — a)> + - - - + a,(x — a)".

Suppose that f is differentiable n + 1 times on an open interval /, and
that F("™1(x) < M on I. Let a € I. Apply the Mean Value Inequality:

f(N(x) — F(N(a) < M(x — a) for x > a.
Now integrate both sides over [a, x] to get

Fr=D(x) — F(=(3) — FM(a)(x — a) < %

(x — a)%.
At the next iteration, we have

2 f(”)( a)

F(=2) (x) — £~ () — F(=D)(2)(x — S (x—

Continuing in this fashion, we finally obtain

n,fk)
f(x)—;f (a)(x—a)k§ (n_l:_/ll)!(x—a)"+1 forx>a. (1)
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n+1 f(k)a
(n+1)|(x—a)+ < f(x) — ;)%(x_a)k for x > a

()
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Similarly, if we have m < f("“)(x) on |, we get

m n+1 " f()(a k

The polynomial defined by

" fK)(,
Tax) =S T8 (g

k!
k=0

= f(a) + FW(a)(x — a) +

(nM(a
(X_a)2_|_...+f n!( )(x—a)"

f(2)(a)
21

is called the n*" Taylor polynomial of f(x) centred at x = a. When
a = 0 the Taylor polynomials are also called the Maclaurin polynomials.
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Similarly, if we have m < f("“)(x) on |, we get

m " n f(k)(a)
RS _kz,% o x—a)t forx>a (2)
The polynomial defined by
" fR)(a
T =Y T2t
k=0
f(")(a)

f@(a .
2!( ) n! (x=2)

is called the n*" Taylor polynomial of f(x) centred at x = a. When
a = 0 the Taylor polynomials are also called the Maclaurin polynomials.

Task 3
If T, is the nth Taylor polynomial of f centered at a, show that

= f(a) + FM(a)(x — a) + (x—a)P?+ -+

T (a) = FX)(a) for k =0,1,...,n.
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Let us calculate the Taylor polynomials of sin x centered at a = 0:
f(x) =sinx = ap = f(0) =0,
f'(x) = cos x = ay = f'(0) =
(0
f"(x) = —sinx = ap = 2(| ) =0,
(0 1
f"'(x) = —cosx = a3 = 3(! ) = -3

We see that a, = 0 when k is even. And for odd kK = 2/ + 1 we have
(1)

QT Thus the (2n + 1)* Taylor polynomial has the form

dy =

T Z 2z+1 X73_|_X75 _|_( 1)2n+1 x2n+1
2n+1(X (2e+ 1)I Y (2n+ 1)

V.
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_1\¢
Tzn(X) _ Z ( 1)
£

2
xt =1 X
— (20)!

The Taylor polynomials of cos x centred at a = 0 can be found similarly.

2n
2n X
2 4 (_1)

(2n)V”

o
Calculus
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Example 22
The Taylor polynomials of e* centred at a =0 are
T xk x> x3 x"
Tn(x)=2k|_1+x+—+§+ T+
X2 X3
y—1+X+2*£+§
—1+X+%
y=14x
3 4
Putting x — Loives e S L —q1r14 L1 1
utting x = glveseNkal + 1+ — +3|+ +m.
=0

ae
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Example 23

The Taylor polynomials of f(x) = log x centred at a = 1 are:

n _1)k—-1
100 =3 - vy
k=1

=(x-1)— (X_21)2 + (X_?)l)a _|_..._|_(_1)n—1(X—nl)"'

x —1)? X —
I

/2 N4 6 g0 12
/ y:(x—1)—€t’<25
o4

M)A
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Theorem 24

Let | be an interval, f: | = R, and a € I.

@ Let f(x) be differentiable n+ 1 times on |, and suppose
|F1)(x)] < M on I.

® Let T,(x) be the nt'-degree Taylor polynomial of f(x) centred at a.

Then, for each x € I,

f(x) — Ta(x)] < |x — a]" L.

M
(n+1)!
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Theorem 24
Let | be an interval, f: | = R, and a € I.

@ Let f(x) be differentiable n+ 1 times on |, and suppose
|F1)(x)] < M on I.

® Let T,(x) be the nt'-degree Taylor polynomial of f(x) centred at a.

M n+1
f(x) — Ta(x)] < m|x— alntt,

Then, for each x € I,

Proof. We have already established this for x > a in equations 1 and 2.

The x < a case can be converted to the x > a case by reflection about
O

X = a.
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Example 25

Suppose we need to approximate sin 1.2 to 4 decimal places. Applying
Taylor's theorem to sin x with a =0 and x = 1.2, we find that M =1 and

1_2n+1
(n+1)1"

To ensure T,(1.2) is sufficiently accurate, we need to choose n such that

1.2n+1

= <5x 1075 If we take n = 8 we get

(n+1)!

1.29 . . _
o = 1.4 x 107> < 5 x 107>. So the 8th degree Taylor polynomial
suffices. However the degree 8 term is zero in the Taylor expansion of

sin x and so we only need the terms up to degree 7.

Isinl.2 — T,(1.2)| <

) 123 125 1.27
sinl2~12— =N + R ~ 0.932025.
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Example 26

Now let us approximate Euler's number e to 4 decimal places. Recall
that we already know e < 4 and so the function € is bounded by 4 on
[0,1]. Therefore, applying Taylor's theorem to €* with a=0and x =1,

we find that
4

le — Th(1)] < m

To ensure T,(1) is sufficiently accurate, we need to choose n such that
4
— < 5x1075. Again, n = 8 does the job. Therefore,
(n+1)!
1 1 1
exl+1+ +3|+ +g—2718278

(The exact value is 2.718281 .. .)
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Theorem 27

Let | be an interval, f: | — R be n+ 1 times continuously differentiable,
acl. Let T,(x) be the nth-degree Taylor polynomial of f(x) centered at
a. Then, for each x € I, there is a £ between a and x such that

(n+1)
f(x) = Ta(x) = m(x - a)"+1.
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Theorem 27

Let | be an interval, f: | — R be n+ 1 times continuously differentiable,
acl. Let T,(x) be the nth-degree Taylor polynomial of f(x) centered at
a. Then, for each x € I, there is a £ between a and x such that

e (e)

f(x) — Ta(x) = r)l

(x —a)™.

Proof. We give the proof for x > a. By the Extreme Value Theorem,
f(n*+1) achieves a minimum value m and a maximum value M on [a, x].
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Theorem 27

Let | be an interval, f: | — R be n+ 1 times continuously differentiable,
acl. Let T,(x) be the nth-degree Taylor polynomial of f(x) centered at
a. Then, for each x € I, there is a £ between a and x such that

e (e)

f(x) — Ta(x) = r)l

(x —a)™.

Proof. We give the proof for x > a. By the Extreme Value Theorem,
f(n*+1) achieves a minimum value m and a maximum value M on [a, x].

Then, 71(x —a)™ < f(x) — Ta(x) < 3 D) (x —a)"tt.

(n+1)!
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Theorem 27

Let | be an interval, f: | — R be n+ 1 times continuously differentiable,
acl. Let T,(x) be the nth-degree Taylor polynomial of f(x) centered at
a. Then, for each x € I, there is a £ between a and x such that

e (e)

f(x) — Ta(x) = r)l

(x —a)™.

Proof. We give the proof for x > a. By the Extreme Value Theorem,
f(n*+1) achieves a minimum value m and a maximum value M on [a, x].
M  yntl _ M
Then, n+ 1)!(x a)"tt < f(x) — Th(x) < n+ 1)!(x a)"tt.
(n+ 1!

Hence, m < (f(x) — Tn(x))m < M.
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Theorem 27

Let | be an interval, f: | — R be n+ 1 times continuously differentiable,
acl. Let T,(x) be the nth-degree Taylor polynomial of f(x) centered at
a. Then, for each x € I, there is a £ between a and x such that

e (e)

f(x) — Ta(x) = r)l

(x —a)™.

Proof. We give the proof for x > a. By the Extreme Value Theorem,
f(n*+1) achieves a minimum value m and a maximum value M on [a, x].

’"1 (x — )™,

Then, m(x —a)" < f(x) = To(x) < (n+ 1)
(n+ 1)

Hence, m < (f(x) — T,(x)) < M.

(x —a)™t1 —
Now the Intermediate Value Theorem gives a £ € (a, x) such that
(n+1) - . (n + 1)'
FO(E) = () = Tol) g gy
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Theorem 28

Let f have a critical point at a and be n times continuously differentiable
at a. Suppose f'(a) = f"(a) = --- = f("~U(a) = 0 and f(")(a) # 0.

@ If nis even and f(")(a) > 0 then f has a local minimum at a.

@® Ifnis even and f(")(a) < 0 then f has a local maximum at a.

© Ifnis odd then f has a saddle point at a.
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Theorem 28

Let f have a critical point at a and be n times continuously differentiable
at a. Suppose f'(a) = f"(a) = --- = f("~U(a) = 0 and f(")(a) # 0.

@ If nis even and f(")(a) > 0 then f has a local minimum at a.

@® Ifnis even and f(")(a) < 0 then f has a local maximum at a.

© Ifnis odd then f has a saddle point at a.

Proof. By continuity, there is an open interval | containing a such that
(") does not change sign in I. For each x € | there is a £ € [ such that

F7(€)

n!

f(x) = f(a) + (x—a)".
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BB CAMBRIDGE

Classifying Critical Points WP v s

Theorem 28

Let f have a critical point at a and be n times continuously differentiable
at a. Suppose f'(a) = f"(a) = --- = f("~U(a) = 0 and f(")(a) # 0.

@ If nis even and f(")(a) > 0 then f has a local minimum at a.

@® Ifnis even and f(")(a) < 0 then f has a local maximum at a.

© Ifnis odd then f has a saddle point at a.

Proof. By continuity, there is an open interval | containing a such that
(") does not change sign in I. For each x € | there is a £ € [ such that

£(n)
) = Fa) + oy
If nis even and f("(a) > 0 then we have f(")(¢) > 0 for every
& eI\ {a}. It follows that f(x) > f(a) for every x € | and hence there is

a local minimum at a. The other cases are similar. £l
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