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We have seen several examples of integration of rational functions:

dx
x_a :IOg|X73|7
dx 1 X
— 5 = Carctan <7>,
X<+ a a a

X dx 1
[ s = e+ ).

with the following holding when n > 1:

[ =i

/ dx B X n 2n—3 / dx
(x2+a2)"  222(n—1)(x2+a?)" ! 222(n—1) ) (x2+ a2V’

x dx B -1
/ (x2422)"  2(n—1)(x2 4 a2)n—1"
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We will integrate a general rational function by resolving it into a sum of
rational functions with simple denominators, and then applying suitable
substitutions or integration by parts.
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We will integrate a general rational function by resolving it into a sum of
rational functions with simple denominators, and then applying suitable
substitutions or integration by parts.

Our approach is based on the fact that every real polynomial can be
expressed as a product of factors, each of which is either linear or
quadratic with no real roots.
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We will integrate a general rational function by resolving it into a sum of
rational functions with simple denominators, and then applying suitable
substitutions or integration by parts.

Our approach is based on the fact that every real polynomial can be
expressed as a product of factors, each of which is either linear or
quadratic with no real roots.

We can focus on rational functions p(x)/q(x) with deg p < degq. For
we can always divide p by g to get p(x) = s(x)q(x) + r(x) with r either
being 0 or satisfying deg r < degg. Then,

(x

X

~—

g

=s(x)+ —(=.

r(x)
q(x)

Q
—
~

Now s(x) is a polynomial and easy to integrate, so we need only analyze

r(x)/q(x)-
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We will integrate a general rational function by resolving it into a sum of
rational functions with simple denominators, and then applying suitable
substitutions or integration by parts.

Our approach is based on the fact that every real polynomial can be
expressed as a product of factors, each of which is either linear or
quadratic with no real roots.

We can focus on rational functions p(x)/q(x) with deg p < degq. For
we can always divide p by g to get p(x) = s(x)q(x) + r(x) with r either
being 0 or satisfying deg r < degg. Then,

(x

X

~—

g

=0 gt

Q
—
~

Now s(x) is a polynomial and easy to integrate, so we need only analyze
r(x)/q(x).

A pair of polynomials g; and g, is called coprime if the only polynomials
which are their common factors are constants.
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Theorem 1

Suppose deg p < deg q and q = q1qo is a factoring into non-constant
coprime polynomials. Then there are polynomials ry and r» such that
degri < deggq; fori =1,2, and
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Proof. We need to show that p = r1q> + rnq:.

Let Z be the collection of all pyg> + p2qg1, where py, po are polynomials.
Let £ € 7 be a non-zero polynomial of least degree. Then q; = t;{ + s;
where degs; < deg/ or s; = 0. Now,

g =tz + pq1) +si = s;€Z = s5,=0 = { divides gq;.

So we may take ¢ = 1. It follows that every polynomial belongs to 7!
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Proof. We need to show that p = r1q> + rnq:.

Let Z be the collection of all pyg> + p2qg1, where py, po are polynomials.
Let £ € 7 be a non-zero polynomial of least degree. Then q; = t;{ + s;
where degs; < deg/ or s; = 0. Now,

g =tz + pq1) +si = s;€Z = s5,=0 = { divides gq;.

So we may take ¢ = 1. It follows that every polynomial belongs to 7!
Therefore p = p1g> + p2g1. Now p; = pjg1 + r1 and p» = phgo + rp, with
ri =0 or degr; < deggq;. This gives

p=(pigi+n)g+ (Prg+ r)g = (pL + P5)g + g1 + nags.
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Proof. We need to show that p = r1q> + rnq:.

Let Z be the collection of all pyg> + p2qg1, where py, po are polynomials.
Let £ € 7 be a non-zero polynomial of least degree. Then q; = t;{ + s;
where degs; < deg/ or s; = 0. Now,

g =tz + pq1) +si = s;€Z = s5,=0 = { divides gq;.

So we may take ¢ = 1. It follows that every polynomial belongs to 7!
Therefore p = p1g> + p2g1. Now p; = pjg1 + r1 and p» = phgo + rp, with
ri =0 or degr; < deggq;. This gives

p=(pigi+n)g+ (Prg+ r)g = (pL + P5)g + g1 + nags.

On matching degrees, we see we must have p; + p5 = 0 and hence
p=ng +nag. O
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We have noted that every polynomial is a product of linear and quadratic
factors, with the quadratic factors having no real roots. For example, the
factoring may look as follows:

q(x) = (x + 1)°(* +1)*.
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We have noted that every polynomial is a product of linear and quadratic
factors, with the quadratic factors having no real roots. For example, the
factoring may look as follows:

q(x) = (x + 1)°(* +1)*.

Further, let p(x) = x5 + 7x* + 5x3 + 12x2 + 4x + 7. By application of
the previous Theorem, we see that

x5+7x4+5x3—|—12x2—|—4x+7_Ax+B C3+Dx*+ Ex+ F
(x + 1)2(x2 4 1)2 (x4 1)? (x> +1)?
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We have noted that every polynomial is a product of linear and quadratic
factors, with the quadratic factors having no real roots. For example, the
factoring may look as follows:

q(x) = (x + 1)°(* +1)*.

Further, let p(x) = x5 + 7x* + 5x3 + 12x2 + 4x + 7. By application of
the previous Theorem, we see that

X4+ Tx P +5x3+12x2 +4x+7 _ Ax+B n C3+Dx*+ Ex+ F
(x + 1)2(x2 4 1)2 (x4 1)? (x> +1)?

From the preceding theorem and example, we see that we need to work
on two fronts:

@ Methods to find the unknown constants on the right hand side.

® Methods to integrate rational functions of the form p(x)/q(x)"
where g(x) is either linear or quadratic.

Amber Habib Calculus
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Theorem 2

Consider a rational function p(x)/q(x)" with deg p < n(degq). It can be
expressed as

PO _ () | nl) L n)
g()" ~ a0)" gl 90’

with each r; satisfying either ry = 0 or deg r; < degq.
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Theorem 2

Consider a rational function p(x)/q(x)" with deg p < n(degq). It can be
expressed as

PO _nG) | () n)
g()" ~ a0)" gl 90’

with each r; satisfying either ry = 0 or deg r; < degq.

Proof. Divide by g repeatedly. This gives

p(x) = pr(x)a(x) + ri(x) = (p2(x)q(x) + r2(x))q(x) + r1(x)
((p3(x)a(x) + rs(x))a(x) + r2(x))q(x) + r(x)

=Ygk

with each r;(x) satisfying either r; = 0 or deg r; < deg q. Now divide by
g(x)" to get the result. g
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Corollary 3

Consider p(x)/q(x)" with deg p < n(deg q).

@ If g(x) = x — a, the function can be expressed as

p(X) - Al A2 o An
a0 x—ay T x—ar T T (x—a)

with A; € R.

@® If g(x) = x> + ax + 3, the function can be expressed as

p(X) o le + C1 B2X + C2 BnX + Cn

a7 " et axt ) G raxt B @ paxt )

with B;, C; € R.
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On combining Theorem 1 with Corollary 3 we see that any rational
function p(x)/q(x) with deg p < deg g can be expressed as a sum
of terms of the form A/(x — a)* or (Bx + C)/(x*> + ax + B)k,
which we shall call its partial fractions decomposition.

Example 4
x5—|—7x4+5x3+12x2—|—4x—|—7_z2: A; szB;x—l—C;
(x +1)2(x2 + 1)2 CE (x+1) & ()
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2
Consider ol (+ 2x+2 A
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Multiply both sides by (x — 1)3:
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x?4+2x+2=A+B(x—1)+ C(x —1)%
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. X2 4+2x+2 A B C
Consider =

G-17F  —1pF -1 x-1)
Multiply both sides by (x — 1)3:

x2—|—2x—|—2:A+B(X—1)—|—C(x—1)2.

Put x =1 to get A=>5. If we substitute this in the last expression and
also move the A term to the left hand side, we see that both sides must
be divisible by x — 1. Dividing by x — 1 gives

x+3=B+C(x—1).

Amber Habib Calculus
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X2 4 2x +2 B A 4 B . C
(x—=1)*  (x=1P  (x—=12 (x-1)
Multiply both sides by (x — 1)3:

x?4+2x+2=A+B(x—1)+ C(x — 1)%

Consider

Put x =1 to get A=>5. If we substitute this in the last expression and
also move the A term to the left hand side, we see that both sides must
be divisible by x — 1. Dividing by x — 1 gives

x+3=B+C(x—1).
Again, x = 1 gives B = 4, and then C = 1. So the partial fractions
decomposition is

X2 4+ 2x +2 5 4 1
= + + .
(x—1P2  (x=1)  (x=1)* (x-1)

Amber Habib Calculus
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X2 4 2x +2 B A 4 B . C
(x—=1)*  (x=1P  (x—=12 (x-1)
Multiply both sides by (x — 1)3:

x?4+2x+2=A+B(x—1)+ C(x — 1)%

Consider

Put x =1 to get A=>5. If we substitute this in the last expression and
also move the A term to the left hand side, we see that both sides must
be divisible by x — 1. Dividing by x — 1 gives
x+3=B+C(x—1).
Again, x = 1 gives B = 4, and then C = 1. So the partial fractions
decomposition is
X2 4+ 2x +2 5 4 1
= + + .
(x=1  (x=1P (x-1* (x-1)
This is easy to integrate:
/ x2 +2x+2 5/2

4
Go1 T o)

Amber Habib Calculus
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ConSider x> + 9X n 8

o SRR
A b D
(x—12(x+2)?  (x—1)  (x—-1) (x+2)> (x+2)
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Consider — X = + + + _
(x — 1)2(x + 2)2 (x—12  (x—1)  (x+2?2 " (x+2)

Multiplying by (x — 1)? and then evaluating at x = 1 gives A = 2.
Substitute this and simplify to get
x2 + 8x B . C . D
(x—1)(x+2)2 (x—-1) (x+2)2 (x+2)
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. x34+9x2+8 A B C D
Consider = + +

1P 127 (-1 -1 12 2
Multiplying by (x — 1)? and then evaluating at x = 1 gives A = 2.
Substitute this and simplify to get

x2 + 8x B . C . D
(x—1)(x+2)2 (x—-1) (x+2)2 (x+2)
Multiply by x — 1 and evaluate at x =1 to obtain B =1. Then
4 C D

xF22 (22 (x+2)

Amber Habib Calculus
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. x34+9x2+8 A B C D
Consider = + +

12+ 2f 12 - T xr22 Tt 2)
Multiplying by (x — 1)? and then evaluating at x = 1 gives A = 2.
Substitute this and simplify to get

x2 + 8x B C D
- Dx+2? (-1 T xr22 Tt 2)
Multiply by x — 1 and evaluate at x =1 to obtain B =1. Then
4 C D
x+27  (x+22  (x+2)
This immediately gives D = 0 and C = 4. Therefore,
x4+ 9x% 48 2 1 4
GoIPr 22 1P - 1) | (2R

Amber Habib Calculus
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Consider X +9x° +8 = A + B + < + D )
(x—1)2(x+22 (x—1)22 (x—-1) (x+2)2 (x+2)
Multiplying by (x — 1)? and then evaluating at x = 1 gives A = 2.
Substitute this and simplify to get
x2 + 8x B C D
- Dx+2? (-1 T xr22 Tt 2)
Multiply by x — 1 and evaluate at x =1 to obtain B =1. Then
4 C D
x+27  (x+22  (x+2)
This immediately gives D = 0 and C = 4. Therefore,
x4+ 9x% 48 2 1 4
GoIPr 22 1P - 1) | (2R

Hence,
/ x3+9x2+8 -2 4
(

dx = [ —-1|-——+4+C
x —1)%(x +2)? x x—1+0g|X | X—|—2+

Amber Habib Calculus
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Consider x>+ 4x> — x* 4 3x
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. Apply the proof of Theorem 2:
XA - +3x =3 +3x - 1)(x* +1)+1

=(x(*+1)+2x—-1)(x*+1)+1
=x(x* +1)*+(2x - 1)(x* +1) + 1.
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. x>+ 4x° — x4 3x
Consider . Apply the proof of Theorem 2:
G2+ 17

XA a3 =X +3x=(x*+3x - 1)(x*+1)+1
=(x(x*+1)+2x - 1)(x*+1)+1
=x(x* +1)*+(2x - 1)(x* +1) + 1.
Hence,
x5+ 4x3 — x% 4 3x x 2x — 1 1

G211 2+l et GErLE
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5 3 2
. x>+ 4x° — x4 3x
Consider . Apply the proof of Theorem 2:
G2+ 17

XA a3 =X +3x=(x*+3x - 1)(x*+1)+1
=(x(x*+1)+2x - 1)(x*+1)+1
=x(x* +1)*+(2x - 1)(x* +1) + 1.
Hence,
x5+ 4x3 — x% 4 3x x 2x —1 1
CET1P a1l GRrIR Gt ip

We carry out the integration using the results stated at the start of this
section. The result is

/X5+4X3_X2+3de_1|0 (X2+1)_arctanx_ 2+ x
(2 +1)3 —28 8 202+ 1)
3x3 + 5x
—— + C.
8(X2+1)2+

Amber Habib Calculus
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Consider

(x2+1)2(x2+x+1) Ak
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. 1 Ax+ B Cx+ D Ex+ F
Consider = _
(x2+12(x2+x+1) x24+1  (x24+12 x2+x+1

Multiply through by (x? + 1)?(x? + x + 1):

1=(Ax+B)(:®+1)(x* +x+ 1)+ (Cx + D)(x* + x + 1)

+ (Ex+ F)(x* + 1)2

Amber Habib Calculus
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Consider 1 Ax + B Cx+ D Ex+ F
i = )
(x24+1)2(x2+x+1) x2+1 (x24+1)2  x2+x+1

Multiply through by (x? + 1)?(x? + x + 1):
1=(Ax+B)(:®+1)(x* +x+ 1)+ (Cx + D)(x* + x + 1)
+ (Ex+ F)(x* + 1)2
Each side must have remainder 1 if we divide by x> 4+ 1. This gives
1= Dx— C and hence C = —1, D = 0. The decomposition becomes
x+1 _ Ax+B Ex+ F

(x*+1)(x2+x+1) x2+1 x24+x4+1

Amber Habib Calculus
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. 1 Ax+ B Cx+ D Ex+F
Consider =

(2+1P2(x2+x+1)  x2+1  (x2+1)2 x2+x+1

Multiply through by (x? + 1)?(x? + x + 1):

1=(Ax+B)(:®+1)(x* +x+ 1)+ (Cx + D)(x* + x + 1)

+ (Ex+ F)(x* + 1)2
Each side must have remainder 1 if we divide by x> 4+ 1. This gives
1= Dx— C and hence C = —1, D = 0. The decomposition becomes
x+1 _ Ax+B Ex+ F
(R+D)(x2+x+1)  x2+1  x24+x+1"

This gives x + 1 = (Ax + B)(x®> + x + 1) + (Ex + F)(x* + 1).

Amber Habib Calculus
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Consider 1 Ax+B +D Ex+ F
I = .
(2+1p2(x2+x+1)  x2+1  (x2+1)2 x2+x+1

Multiply through by (x? + 1)?(x? + x + 1):

1=(Ax+B)(:®+1)(x* +x+ 1)+ (Cx + D)(x* + x + 1)

+ (Ex+ F)(x* + 1)2
Each side must have remainder 1 if we divide by x> 4+ 1. This gives
1= Dx— C and hence C = —1, D = 0. The decomposition becomes
x+1 _ Ax+B Ex+ F
(R+D)(x2+x+1)  x2+1  x24+x+1"
This gives x + 1 = (Ax + B)(x®> + x + 1) + (Ex + F)(x* + 1).
Comparing remainders on dividing by x> 4+ 1 gives x +1 = Bx — A, so
A= —1 and B = 1. The decomposition now reduces to
X  Ex+F
x24x+1 x24+x+1

Hence E =1 and F = 0, and the partial fraction decomposition is
completely worked out.

Amber Habib Calculus
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Consider the partial fractions decomposition
x 4
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SHTxA 453 +12x2 +4x+ 7
(x +1)2(x2+1)2
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Bix + C;
_Z(x+1)' Z

(2 +1)"
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Consider the partial fractions decomposition

X° 4 Tx* 4 5x% + 1252 HX”*f) ZBerC
(x+l)

(x+1)2(x* +1 (2 +1)"

We deal with the linear factors first. Multiply both sides by (x + 1)

Bix + G
(x2 +1)

X+ TIxt 453+ 12x2 +4x+ 7
(x2+1)2

= A(x+1) +A2+Z (x+1)%

Amber Habib Calculus
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Consider the partial fractions decomposition

X° 4 Tx* 4 5x% + 1252 +4X+7*Z2: ZBerC
(x+l)

(x+1)2(x* +1 (2 +1)"

We deal with the linear factors first. Multiply both sides by (x + 1)

X5+ Tx 4 5x3 +12x2 +4x 4 7 Bix+ G 5
=A 1)+A _— 1)“.
RS (x+ +2+Z 2+1)(+)
Put x = —1 to get A, = 4. Substitute this to get
x*4+2x3 4+ 3x2 + x+3 2 Bx+C

(x2 4 1)2 L (x2 + 1)

Amber Habib Calculus
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Consider the partial fractions decomposition

X° 4 Tx* 4 5x% + 1252 +4X+7*Z2: ZBerC
(x+l)

(x+1)2(x* +1 (2 +1)"

We deal with the linear factors first. Multiply both sides by (x + 1)

X5+ Tx 4 5x3 +12x2 +4x 4 7 Bix+ G 5
=A 1)+A _— 1)“.
RS (x+ +2+Z 2+1)(+)
Put x = —1 to get A, = 4. Substitute this to get
x*4+2x3 4+ 3x2 + x+3 2 Bx+C

(x2 4 1)2 L (x2 + 1)

Again put x = —1 and get A; = 1. Substitute and simplify:

2x2 —x 42 _iB;x—&—C,-
(+1)2 & (1)

(continued)
Amber Habib Calculus
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Multiply both sides by (x? + 1)

2 —x+2=(Bix+ G)(x* + 1) + (Bax + G).
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Multiply both sides by (x? + 1)2:
2 —x+2=(Bix+ G)(x* + 1) + (Bax + G).

At this stage, we only have a few terms to deal with, and we can read off
the coefficients easily: B; =0, ¢G; =2, B, = -1, (; =0.
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Example - continued TP e s

Multiply both sides by (x? + 1)2:
2 —x+2=(Bix+ G)(x* + 1) + (Bax + G).

At this stage, we only have a few terms to deal with, and we can read off
the coefficients easily: B; =0, ¢G; =2, B, = -1, (; =0.

We have finally reached our goal:

x5+7x4+5x3+12x2+4x—|—7_ 1 n 4 n 2 X
(x +1)2(x2 +1)2 Cox+1 (x+1)2 ' x24+1 (x24+1)2

The integration is left to you!

Amber Habib Calculus
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Improper Integrals WP Ve e

Our definition of definite integrals requires a bounded function f
over a closed and bounded domain [a, b].

Applications of integration often involve situations where these
requirements are not met, and either the function or the domain is
unbounded. Such integrals are called improper. We shall evaluate
them by considering them as limits of ‘proper’ ones.

Amber Habib Calculus



Partial Fractions Improper Integrals Ordinary Differential Equations

0000000000000 00 O@0000000000 000000000000 0000000000000000
BB CAMBRIDGE
Improper Integrals WP Ve e

Our definition of definite integrals requires a bounded function f
over a closed and bounded domain [a, b].

Applications of integration often involve situations where these
requirements are not met, and either the function or the domain is
unbounded. Such integrals are called improper. We shall evaluate
them by considering them as limits of ‘proper’ ones.

On the other hand, the requirement of taking a closed interval is
not important. Suppose f is bounded on [a, b). One can define
b

f(b) = 0 and consider / f(x) dx. You can easily check that the
result is independent of the number assigned to f(b). Further, the

t
result equals lim / f(x) dx.
t—b— [,
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Improper integrals of the first kind TP i s

If the integrand f is bounded but the interval of integration is not, we
have an improper integral of the first kind. These integrals are defined
via limits as follows:

/:o F(x) dx = Jim /ab f(x) dx,
/_; f(x)dx = lim /ab f(x) dx,

/_ Z F(x) dx = /; F(x) dx + / () dix.

Amber Habib Calculus



Partial Fractions Improper Integrals Ordinary Differential Equations

0000000000000 00 00@000000000 000000000000 0000000000000000
: : : - :
Improper integrals of the first kind TP i s

If the integrand f is bounded but the interval of integration is not, we
have an improper integral of the first kind. These integrals are defined
via limits as follows:

/:o F(x) dx = Jim /ab f(x) dx,
/b f(x)dx = lim /ab f(x) dx,

— 00

/_ Z F(x) dx — /_ ; F(x) o + / () dx.

Obviously, we first need f to be integrable on each interval of integration
[a, b] in these definitions. In particular, f needs to be bounded on each
[a, b], though it need not be bounded on the entire unbounded interval.
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Improper integrals of the first kind TP i s

If the integrand f is bounded but the interval of integration is not, we
have an improper integral of the first kind. These integrals are defined
via limits as follows:

/:o F(x) dx = Jim /ab f(x) dx,
/b f(x)dx = lim /ab f(x) dx,

— 00

/_ Z F(x) dx — /_ ; F(x) o + / () dx.

Obviously, we first need f to be integrable on each interval of integration
[a, b] in these definitions. In particular, f needs to be bounded on each
[a, b], though it need not be bounded on the entire unbounded interval.

If the defining limit exists and is finite, we say the improper integral
converges. Else, we say it diverges.

Amber Habib Calculus
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(x) dx we can use any convenient a, and
) dx need to converge for

75 f(x) dx to be deflned.

Example 5

oo
e “dx = li
0 b—o00

b b
/ e Xdx= lim —e | = lim (1l—e" ):1.
0

b—o0 0 b—o0
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Consider / — dx when p > 0.
1 xP
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X b— o0 1

lim log b = co.
X b—oo

u}
‘ o)
1
it

DA



Partial Fractions
0000000000000 00

Improper Integrals
©00080000000

Example

<1
Consider / — dx when p > 0.
1 xP
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>1 ! _
If p=1: —dx = lim —dx = lim logb = 0.
1 X 1 b—oo

b— oo X
< 1 b 1 1 b
pr;«él:/ ~dx = Iim/—dx_i lim ‘
1 xP b—oo Jq xP 1—pb—>ooXp 1
1 1 —
— % im ( 1_1>: p—]_ pr>17
1= p oo \ P~ o ifp<l.
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<1
Consider / — dx when p > 0.
1 xP

>1 ! _
If p=1: —dx = lim —dx = lim logb = 0.
1 X 1 b—oo

b—o0 X

> q b1 1 1 (b
pr;él:/ ~dx = Iim/—dx_i lim ’
1 xP b— oo 1 xP 1—pb—>ooXp1

1
1 . 1 —— ifp>1,
=——1Im | —-1)=4¢ p—1
1= p oo \ P~ o ifp<l.
Overall,
1
/ —de: 1 if p>1,
1 X o0 if p<1.

Thus the integral converges when p > 1 and diverges when p < 1.
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Comparison Theorem WP Ve e
Theorem 6

Suppose f,g: [a,00) — R are continuous functions and
0 < f(x ) < g(x) for every x € [a,00). If [ g(x) dx converges,
then [7°f(x)dx converges and [° f(x)dx < [° g(x) dx.
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Theorem 6

Suppose f,g: [a,00) — R are continuous functions and
0<f(x ) < g(x) for every x € [a,00). If [ g(x) dx converges,
then [7°f(x)dx converges and [ f(x)dx < fa g(x) dx.

Proof. Let F(t f f(x)dx and G(t f g(x

Amber Habib Calculus
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Comparison Theorem WP Ve e

Theorem 6

Suppose f,g: [a,00) — R are continuous functions and
0<f(x ) < g(x) for every x € [a,00). If [ g(x) dx converges,
then [7°f(x)dx converges and [ f(x)dx < fa g(x) dx.

Proof. Let F(t f f(x)dx and G(t f g(x
Since f,g > O, the functlons F,G are mcreasmg.
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Comparison Theorem WP Ve e
Theorem 6

Suppose f,g: [a,00) — R are continuous functions and
0<f(x ) < g(x) for every x € [a,00). If [ g(x) dx converges,
then [7°f(x)dx converges and [ f(x)dx < fa g(x) dx.

Proof. Let F(t f f(x)dx and G(t f g(x
Since f,g > O the functlons F,G are mcreasmg
By the Monotone Convergence Theorem,

/ g(x)dx = blim G(b) > G(t) > F(t) forevery t> a.
a — 00

Amber Habib Calculus
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Comparison Theorem WP Ve e
Theorem 6

Suppose f,g: [a,00) — R are continuous functions and
0<f(x ) < g(x) for every x € [a,00). If [ g(x) dx converges,
then [7°f(x)dx converges and [ f(x)dx < fa g(x) dx.

Proof. Let F(t f f(x)dx and G(t f g(x
Since f,g > O the functlons F,G are mcreasmg
By the Monotone Convergence Theorem,

/ g(x)dx = Jim G(b) > G(t) > F(t) for every t>
a — 00

Hence F is bounded, and by the Monotone Convergence Theorem

again, we have the convergence of blim F(b) = / f(x)dx. O
— 00 a

Amber Habib Calculus
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Gaussian Integral TP S e

Consider the improper integral fooo e dx. We have

o0 2 1 2 o0 2
/ e dx:/ e dx+/ e ™ dx.
0 0 1

For x > 1 we have x2 > x
2
and hence 0 < e < e~
Since floo e dx converges, so does
2 2
[T e dx. Therefore [ e~ dx
- 0 _2
converges.  Similarly, [~ ™ dx
converges.
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Gaussian Integral TP S e

Consider the improper integral fooo e dx. We have

o0 2 1 2 o0 2
/ e dx:/ e dx+/ e ™ dx.
0 0 1

For x > 1 we have x2 > x
2

and hence 0 < e < e~

M oo —

Since fl e dx converges, so does
00 2 00 2
Ji e dx. Therefore [~ e dx

- 0 _2
converges.  Similarly, [~ ™ dx
converges.

e} 2 0 52 00 2
n Ix = Ix Ix converges.
Hence [~ _e™ d oo € dx+ |y e7™ dx converges

Amber Habib Calculus
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We can find numerical approximations for fooo e~ dx as follows. First
truncate the interval of integration to some [0, b]. Then use a step

. : b
function to get an approximate value of fo e dx.
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Gaussian Integral — estimates WP o s

We can find numerical approximations for fooo e~ dx as follows. First
truncate the interval of integration to some [0, b]. Then use a step
function to get an approximate value of fob e dx.

As an example let us first set b = 3. Next we set n = 6 and partition
[0,3] into 6 equal subintervals. On the i*" subinterval we approximate
f(x) = e~ by its value at the midpoint c;.
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Gaussian Integral — estimates WP o s

We can find numerical approximations for fooo e~ dx as follows. First
truncate the interval of integration to some [0, b]. Then use a step
function to get an approximate value of fob e dx.

As an example let us first set b = 3. Next we set n = 6 and partition
[0,3] into 6 equal subintervals. On the i*" subinterval we approximate
f(x) = e~ by its value at the midpoint c;.

¢ | 025 075 125 175 225 275
f(c;)) [ 0.9394 05698 0.2096 0.0468 0.0063 0.0005
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Gaussian Integral — estimates WP o s

We can find numerical approximations for fooo e~ dx as follows. First
truncate the interval of integration to some [0, b]. Then use a step

function to get an approximate value of fob e dx.

As an example let us first set b = 3. Next we set n = 6 and partition
[0,3] into 6 equal subintervals. On the i*" subinterval we approximate
f(x) = e~ by its value at the midpoint c;.

¢ | 025 075 125 175 225 275
f(c;)) [ 0.9394 05698 0.2096 0.0468 0.0063 0.0005

Now,

6

) 3
/ e dx ~ / e dx~ Y f(c) x 0.5 =0.886213....
0 0 i=1

The exact value of the integral is \/7/2 = 0.886226. ... With these few
calculations we already have accuracy to 4 decimal places!

Amber Habib Calculus
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Improper integrals of the second kind occur when f has a vertical
asymptote, such as when we try to integrate 1/4/x over [0, 1].

These are defined by taking limits at the points where f has a vertical
asymptote.

Example 7

The function 1/4/x is unbounded on (0, 1]. On the other hand, it is
continuous on [a, 1] for every a € (0,1). Therefore we can define its
improper integral on [0, 1] by integrating on [a, 1] and then letting
a— 0+:

/01\:/[),(dx— lim /311 K= lim 2vx| =2 lim (1= va) =2

a—0+ \/)? a—0+ a a—0+

Task 1

Show that fol x% dx converges for —1 < o < 0 and diverges for o < —1.

V.
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Comparison Theorem O G e
Theorem 8

Suppose f, g: (a, b] = R are continuous functions that are unbounded
on (a, b] but bounded on every [x, b] with a < x < b, and

0 < f(x) < g(x) for every x € (a, b]. /ffab g(x) dx converges, then
fab f(x) dx converges and fab f(x)dx < fab g(x) dx.

Proof. Exercise. O
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Comparison Theorem T GAMBRIDOE
Theorem 8
Suppose f, g: (a, b] = R are continuous functions that are unbounded
on (a, b] but bounded on every [x, b] with a < x < b, and
0 < f(x) < g(x) for every x € (a, b]. /ffab g(x) dx converges, then
fab f(x) dx converges and fab f(x)dx < fab g(x) dx.

Proof. Exercise. O
Example 9
Consider the improper integral fol e *x%dx with o < 0. It is improper
because Iing e *x% = 0o. We compute as follows for 0 < x < 1:

x—0+

1

“l<a<0 = 0<e*x* <x“and / x dx converges.
0

1
a< -1 = e *x*>e x>0 and / x% dx diverges.
0

Hence, by Comparison Theorem, the integral converges for —1 < a < 0.
Amber Habib Calculus
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The Gamma function is an instance of an improper integral that
involves both an unbounded interval as well as an unbounded function.

Mx) = /OOO e 't ldt (x> 0).
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The Gamma function is an instance of an improper integral that
involves both an unbounded interval as well as an unbounded function.

Mx) = /OOO e 't ldt (x> 0).

Note that apart from the unbounded interval of integration, the integrand
goes to infinity at zero when 0 < x < 1. We split the integral as follows:

.1 oo
M(x) = / et ldt 4 / et 1 dt.
0 1

Amber Habib Calculus
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The Gamma function is an instance of an improper integral that
involves both an unbounded interval as well as an unbounded function.

Mx) = /OOC e 't ldt (x> 0).

Note that apart from the unbounded interval of integration, the integrand
goes to infinity at zero when 0 < x < 1. We split the integral as follows:

.1 oo
M(x) = / et ldt 4 / et 1 dt.
0 1

The convergence of the integral is established by the following
calculations:

@ The integral from 0 to 1 is improper when 0 < x < 1 and we have
already established its convergence in the previous Example.
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The Gamma function is an instance of an improper integral that
involves both an unbounded interval as well as an unbounded function.

Mx) = /OOC e 't ldt (x> 0).

Note that apart from the unbounded interval of integration, the integrand
goes to infinity at zero when 0 < x < 1. We split the integral as follows:

.1 oo
M(x) = / et ldt 4 / et 1 dt.
0 1

The convergence of the integral is established by the following
calculations:

@ The integral from 0 to 1 is improper when 0 < x < 1 and we have
already established its convergence in the previous Example.

@® For any fixed x > 0, e t/2¢*=1 5 0 as t — oo. Hence there is an a
such that t > a implies e~ t/2px=1 < 1. Therefore, for x > a,
0 < e tt* 1 < e~t/2 Again, the Comparison Theorem gives the
convergence of [ e~*t*~1dt and hence of [~ e=ft*"1dt.
Amber Habib Calculus
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We now apply integration by parts to obtain a relationship between
different values of I'(x). Let 0 < a < b. Then,

b b b
/ et dt = —e | + x/ et ldt.
a a

a
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Gamma Function — Properties WP o s

We now apply integration by parts to obtain a relationship between
different values of I'(x). Let 0 < a < b. Then,

b b b
/ et dt = —e | + x/ et ldt.
a a

a
We have lim e 't = lim e ttX =0.
t— 00 t—0+
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Gamma Function — Properties WP o s

We now apply integration by parts to obtain a relationship between
different values of I'(x). Let 0 < a < b. Then,

b b b
/ et dt = —e | + x/ et ldt.
a a

a

We have lim e 't = lim e ttX =0.
t—o00 t—0+

Hence, letting a — 0+ and b — oo, we get

Mx+1) =xI(x).
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Gamma Function — Properties WP o s

We now apply integration by parts to obtain a relationship between
different values of I'(x). Let 0 < a < b. Then,

b b b
/ et dt = —e | + x/ et ldt.
a a

a

We have lim e 't = lim e ttX =0.
t—o00 t—0+

Hence, letting a — 0+ and b — oo, we get

M(x+1) = xM(x).
It is easy to compute that (1) = 1. Hence
re)=1r(1)=1, r@)y=2r@2)=21, r4)=3r@3=321,....
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Gamma Function — Properties WP o s

We now apply integration by parts to obtain a relationship between
different values of I'(x). Let 0 < a < b. Then,

b b b
/ et dt = —e | + x/ et ldt.
a a

a
We have lim e 't = lim e ttX =0.
t—o00 t—0+
Hence, letting a — 0+ and b — oo, we get
Mx+1) =xI(x).
It is easy to compute that (1) = 1. Hence
r)=1r1)=1, r@)=2r@2) =21, r@4=3rG3) =321, ....

In general,

rn+1)=n! n=0,1,2,....
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Gamma Function — Properties W S e

We now apply integration by parts to obtain a relationship between
different values of I'(x). Let 0 < a < b. Then,

b b b
/ et dt = —e | + x/ et ldt.
a a

a
We have lim e 't = lim e ttX =0.
t—o00 t—0+
Hence, letting a — 0+ and b — oo, we get
Mx+1) =xI(x).
It is easy to compute that (1) = 1. Hence
r)=1r1)=1, r@)=2r@2) =21, r@4=3rG3) =321, ....

In general,

rn+1)=n! n=0,1,2,....

Task 2

Show that T'(1/2) equals the Gaussian integral [~ e dx.
Amber Habib Calculus
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Ordinary Differential Equations WP o s

An Ordinary Differential Equation or ODE is an equation involving a
function f(x) and some of its derivatives, as well as the variable x. The
task is to solve for f.

The order of the highest derivative of f that occurs in the ODE is called
the order of the ODE. Here are some ODEs for an unknown function

y = f(x).
@ )y’ = cosx (first-order).
® y’' = 5xy (first-order).
©® y’ = —3y + 1 (second-order).
O (y")? +ysec(y”)+y'/y + tanx = 0 (third-order).

Of course, one may use different variable and function names. For
example, the variable may be time t, the unknown function may be
position x(t), and the ODE may be x” = —5x.

Amber Habib Calculus



Partial Fractions Improper Integrals Ordinary Differential Equations
00000000000 0000 000000000000 00@0000000000000000000000000

BB CAMBRIDGE

Existence and Uniqueness of Solutions WP Ve e

An ODE may have no solution. For example, (y’)?> + 1 = 0 has no
solution.
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Existence and Uniqueness of Solutions O SaMERIDSE

An ODE may have no solution. For example, (y’)?> + 1 = 0 has no
solution.

A typical ODE will have multiple solutions. The reason is that a
differential equation has information about how a quantity changes. The
final value of the quantity depends on how it changes (described by the
ODE) as well as its starting state. If we know the starting state, we may
be able to narrow down to exactly one solution.
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Existence and Uniqueness of Solutions O SaMERIDSE

An ODE may have no solution. For example, (y’)?> + 1 = 0 has no
solution.

A typical ODE will have multiple solutions. The reason is that a
differential equation has information about how a quantity changes. The
final value of the quantity depends on how it changes (described by the
ODE) as well as its starting state. If we know the starting state, we may
be able to narrow down to exactly one solution.

Example 10

We have seen that every solution of y’ = y has the form y = Ae*. Each
value of A leads to a different solution. If we know that y(0) =5, we can
solve for A and get a unique solution,

y(0)=5 = 5=Ae" = A=5 — y(x) =5¢".
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Existence and Uniqueness of Solutions O SaMERIDSE

An ODE may have no solution. For example, (y’)?> + 1 = 0 has no
solution.

A typical ODE will have multiple solutions. The reason is that a
differential equation has information about how a quantity changes. The
final value of the quantity depends on how it changes (described by the
ODE) as well as its starting state. If we know the starting state, we may
be able to narrow down to exactly one solution.

Example 10

We have seen that every solution of y’ = y has the form y = Ae*. Each
value of A leads to a different solution. If we know that y(0) =5, we can
solve for A and get a unique solution,

y(0)=5 = 5=Ae" = A=5 — y(x) =5¢".

A collection of data of the form y(¥)(a) = 0, with k =0,1,...,n—1, for
an n'"-order ODE is called its initial conditions.
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Separable First-Order ODE O R

The typical form for a first-order ODE is y' = h(x, y).
It is called separable it is possible to separate h(x,y) into a factor
involving only x and a factor involving only y:

y' = f(x)g(y) (1)
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Separable First-Order ODE O R

The typical form for a first-order ODE is y' = h(x, y).
It is called separable it is possible to separate h(x,y) into a factor
involving only x and a factor involving only y:

y' = f(x)g(y) (1)

Rearrange (1): —— = f(x).
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Separable First-Order ODE O R

The typical form for a first-order ODE is y' = h(x, y).
It is called separable it is possible to separate h(x,y) into a factor
involving only x and a factor involving only y:

y' = f(x)g(y) (1)

y/
Rearrange (1): —— = f(x).

g(y)
Both sides are functions of x and we integrate them with respect to x.

/ g{;) dx = / F(x) dx.
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Separable First-Order ODE O R

The typical form for a first-order ODE is y' = h(x, y).
It is called separable it is possible to separate h(x,y) into a factor
involving only x and a factor involving only y:

y'=f(x)e(y) (1)
Rearrange (1): g}(/)//) = f(x).

Both sides are functions of x and we integrate them with respect to x.

/ g{;) dx = / F(x) dx.

According to the substitution method we can replace y’ dx with dy, to

get
/gch) :/f(x) dx, (2)

provided that f, g and y’ are continuous.
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The typical form for a first-order ODE is y' = h(x, y).
It is called separable it is possible to separate h(x,y) into a factor
involving only x and a factor involving only y:

y'=f(x)e(y) (1)
Rearrange (1): g}(/)l/) = f(x).

Both sides are functions of x and we integrate them with respect to x.

/ g{;) dx = / F(x) dx.

According to the substitution method we can replace y’ dx with dy, to

get
/gch) :/f(x) dx, (2)

provided that f, g and y’ are continuous.
This gives an equation involving y. If we are fortunate, we can solve it to
obtain an explicit formula for y.
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Consider the separable ODE y’ = ky. Applying (2), we get

/Q:/kdx.
y
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Consider the separable ODE y’ = ky. Applying (2), we get
d
/ Y= / k dx.
y

log|y| = kx + c.

Hence,
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Exponential Growth and Decay O o

Consider the separable ODE y’ = ky. Applying (2), we get
d
/ Y= / k dx.
y

log ly| = kx + c.

Hence,

Therefore,
ly| = eFe = ee™ and y= Ae*.
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Exponential Growth and Decay O o

Consider the separable ODE y’ = ky. Applying (2), we get
d
/ Y= / k dx.
y

log ly| = kx + c.

Hence,

Therefore,
ly| = eFe = ee™ and y= Ae*.

While this process gives a solution with A # 0, we see that A =0 also
gives a valid solution.
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Consider the separable ODE y’ = ky. Applying (2), we get
d
/ Y= / k dx.
y

log ly| = kx + c.

Hence,

Therefore,
ly| = ¥t = e“e®™ and y = Ae.
While this process gives a solution with A # 0, we see that A =0 also

gives a valid solution.
When k > 0 we have exponential growth, and when k < 0 we have

exponential decay.
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Consider the separable ODE y’ = ky. Applying (2), we get
d
/ Y= / k dx.
y

log ly| = kx + c.

Hence,

Therefore,
ly| = eFe = ee™ and y= Ae*.

While this process gives a solution with A # 0, we see that A =0 also
gives a valid solution.

When k > 0 we have exponential growth, and when k < 0 we have
exponential decay.

Task 3

Show that the solutions y(t) of y' = M — ky have the form
y = (M — Ae=*t) /k if k # 0.

= = = = =
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Consider a population y(t) governed by the separable ODE
y' = ky(M — y) and with values in [0, M]. We have the following

implications:

y'=ky(M-y) = /y(/\jy_y):/kdt

. %/(%+ﬁ>dy:/kdt

— Iog(My y) — kMt +d

Y kMt
=A
M-y ¢
AMekMt AM
= Y T I AekME T kMt | A

This model describes a population whose growth is initially exponential
but then tapers off as it approaches a maximum sustainable value of M.
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Here is a graph of the solution with k = M =1 and A= 0.01:

1
0.8 )
0.6 !
0.4

0.2

2 4 6 8 10

The solid curve shows the logistic growth. In its early stages it resembles
the exponential growth corresponding to y’ = y and y(0) = 0.01. The
parameter A in the logistic growth solution can be determined if we know

the initial value y(0).

y(O):ﬁr—MA = (1+A)y(0) = AM = A_My—((})/)(oy
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When we solve a first-order ODE we typically get a family of
solutions, generated by one parameter. The common formula for
this family is called a general solution of the ODE.

ODE General Solution
y' =ky y = Aelt
1
y=M—ky |y=1(M=Aek)
AMekI\/It

' — ky(M — -
y' = ky( y) |y T Ak

When the parameter A is given a specific value, we get an
individual solution, which is called a particular solution.
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Consider the equation y’ = —xy. Separating variables gives y'/y = —x
and then log |y| = Y + C. So the general solution is
y(x) = Ae /2,
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Consider the equation y’ = —xy. Separating variables gives y'/y = —x
X .
and then log |y| = Y + C. So the general solution is

y(x) = Ae /2,
Knowledge of any y(a) value will give a particular solution. For example,
the initial condition y(0) = 2 gives y(x) = 2e~*"/2.
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Consider the equation y’ = —xy. Separating variables gives y'/y = —x
X .
and then log |y| = Y + C. So the general solution is

y(x) = Ae x12,
Knowledge of any y(a) value will give a particular solution. For example,

the initial condition y(0) = 2 gives y(x) = 2¢—%/2.
Various particular solutions of y’ = —xy are shown below.

15
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Example

Consider the initial value problem y’ = y'/3, y(0) = 0.
We can obtain a general solution by separation of variables.

y =y’ = /y_1/3dy:/1dx
— gy2/3zx+c

2
= y=(x+ A)3/2,
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Example

Consider the initial value problem y’ = y'/3, y(0) = 0.
We can obtain a general solution by separation of variables.

y =y’ = /y_1/3dy:/1dx
— gy2/3zx+c
2

This gives the solution y = (%x)3/2, for x > 0, of the given initial value
problem. However, this is not the only solution, as y = 0 is another.
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Consider the initial value problem y’ = y'/3, y(0) = 0.
We can obtain a general solution by separation of variables.

y =yl = /y_1/3dy:/1dx
3
— §y2/3zx+c

2
= y=(x+ A)3/2,

This gives the solution y = (%x)3/2, for x > 0, of the given initial value
problem. However, this is not the only solution, as y = 0 is another.

This shows that a general solution may not catch all solutions, and an
initial value problem may have multiple solutions.
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Y+ P(x)y = Q(x).
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A first-order ODE is called linear if it has the form
Y + P(x)y = Q(x). (3)

For example, the ODE y’ = ky is linear as it can be arranged into
y' —ky =0, with P(x) = —k and Q(x) =0.
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A first-order ODE is called linear if it has the form
Y+ P(x)y = Q(x).

For example, the ODE y’ = ky is linear as it can be arranged into
y' —ky =0, with P(x) = —k and Q(x) =0.
A first-order linear ODE is called homogeneous if it has the form

y'+ P(x)y = 0.

Amber Habib Calculus
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A first-order ODE is called linear if it has the form
Y+ P(x)y = Q(x). (3)

For example, the ODE y’ = ky is linear as it can be arranged into
y' —ky =0, with P(x) = —k and Q(x) =0.
A first-order linear ODE is called homogeneous if it has the form

Y+ P(x)y =0, 4)

This is a separable ODE and we have learned how to solve it. We have,

y,*f X ﬂ:f x) dx
7_ P(x) = " /P( )d
— log ly(x)| = —R(x) + C

— y(x) = Ae RK),
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A first-order ODE is called linear if it has the form
Y + P(x)y = Q(x). (3)

For example, the ODE y’ = ky is linear as it can be arranged into
y' —ky =0, with P(x) = —k and Q(x) =0.
A first-order linear ODE is called homogeneous if it has the form

y'+ P(x)y =0. (4)
This is a separable ODE and we have learned how to solve it. We have,
Yo pp) — [P 7/ P(x) dx
y y
= logly(x)| = —R(x)+ C
— y(x) = Ae RK),
However, due to the preceding example, we are concerned whether we

have really found all solutions. The next theorem gives a, positive answer.
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Theorem 11

Suppose that the function P(x) in (4) is continuous on an interval |.
Then every solution of (4) has the form y(x) = Ae~ R, with A € R and
R'(x) = P(x).

Proof. Since P(x) is continuous, it has an anti-derivative R(x), and we
can easily verify that y(x) = Ae~R®) is a solution.

Conversely, let y be a solution. Consider the ratio of y and e~ R():

!
(e—R(X)) = (yeROY = (y/ + P(x)y)eR¥) =0 = —L = A

e—R(X)
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Consider the ODE xy’ + (1 — x)y = 0. Put it in standard form:

1
y’+<—1>y:o.
X

—_—
P(x)

Now, / ()1( _ 1) dx = log(x) — x.

So the general solution is
X

y = Aex—los(x) — 2
b%s
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The ODE (3) is called non-homogeneous if Q(x) is not identically zero.

Theorem 12

Consider a non-homogeneous linear ODE of the form (3). Let y, be a
particular solution of this ODE and let y, be the general solution of the
corresponding homogeneous ODE (4). Then y, + y, is the general
solution of (3).
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The ODE (3) is called non-homogeneous if Q(x) is not identically zero.

Theorem 12

Consider a non-homogeneous linear ODE of the form (3). Let y, be a
particular solution of this ODE and let y, be the general solution of the
corresponding homogeneous ODE (4). Then y, + y, is the general
solution of (3).

Proof. It is trivial to check that y, + y, is a solution of
y' + P(x)y = Q(x). Now let y be any solution of y’ + P(x)y = Q(x).
Then

(v =) + Py = yp) = Q(x) — Q(x) =0,

hence y — y, solves the homogeneous ODE and equals one of the
members of the family yj. O

Amber Habib Calculus



Partial Fractions Improper Integrals Ordinary Differential Equations
00000000000 0000 000000000000 ©0000000000000e0000000000000

Variation of Parameters BB CAMBRIDGE

@) UNIVERSITY PRESS

Theorem 13

Suppose that the functions P(x) and Q(x) in (3) are continuous. Then a
particular solution y, of (3) can be obtained by

o= ([ @0x) ) a0,

where R'(x) = P(x).
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Theorem 13

Suppose that the functions P(x) and Q(x) in (3) are continuous. Then a
particular solution y, of (3) can be obtained by

Yp = (/ Q(x) eRk) dx) e R()

where R'(x) = P(x).

Proof. Let R'(x) = P(x). We have seen that the general solution of (4)
is yp, = Ae~R()_ We substitute a function h(x) for the parameter A to
obtain a candidate solution of (3),

y = h(x) e~ RCI,

Then y' = h(x) e R — h(x)P(x) e RX) = H'(x) e~ R ( )y, hence
y —|— P(x)y = h’(x) ~R()_ Therefore, we need h'(x ) = Q(x), or
= [ Q(x) &R dx. O
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Consider xy’ + (1 — x)y = e®*. First we put it in the standard form,

1 2x
y+<—1) <.
X

We have already worked out the general solution of the homogeneous

part as y, = A— By variation of parameters, a particular solution is

X
calculated as follows:
2x 2x 2x
e e e
h(x) = /—eR(X) dx :/—eIog Tdx=€" = yp=—
X X
Therefore the general solution of this non-homogeneous equation is,
er

eX
Y=yt yp=A—+ —.
X X
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Theorem 14

Suppose that P(x) and Q(x) in (3) are continuous on an interval .
Consider an initial condition y(xp) = yo with xo € | and yo € R. Then
(3) has a unique solution which satisfies this initial condition.

Proof. We already know that the general solution of (3) is
y = / Q(x) &R dX RO | AeR(),

with R'(X) P(x). We can take any choice of anti-derivative for
J Q(x) R dx. Let us take [ Q(t) e®(") dt. Then:

- ( / Q) RO di ) &R0 4 A~RU) — agR)
Xo
Choose R(x) = [, P(t)dt. Then R(xp) = 0 and we get A = y;.

(continued)
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We have reached the following solution that also satisfies the initial
condition:

y= (/ Q(t) eR® dt)e_R(X) + yoe R with R(x) :/ P(t) dt.
X0 X0

As for uniqueness, let y; be another solution of (3). Then y; — y solves
(4), hence we have y; — y = Ae~R(X). The common initial condition then
gives 0 = Ae R(®) so A=0and y; —y = 0. O

Task 4

Find a solution of the initial value problem xy’ + (1 — x)y = e** and
y(1) =0.
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A first-order ODE y’ = F(x,y) is autonomous if the variable x
does not explicitly appear in it. That is, it has the form y’ = f(y).
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A first-order ODE y’ = F(x,y) is autonomous if the variable x
does not explicitly appear in it. That is, it has the form y’ = f(y).
An autonomous ODE is separable and we can solve it as follows.

y =f(y) = /fc(lj//)zx—i—c if f(y)#0.
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A first-order ODE y’ = F(x,y) is autonomous if the variable x
does not explicitly appear in it. That is, it has the form y’ = f(y).
An autonomous ODE is separable and we can solve it as follows.

y =f(y) = /fc(lj//)zx—i—c if f(y)#0.

In principle, we have solved the ODE. Practically, we may find it
difficult to carry out the integration, or solve the resulting equation
for y.
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A first-order ODE y’ = F(x,y) is autonomous if the variable x
does not explicitly appear in it. That is, it has the form y’ = f(y).
An autonomous ODE is separable and we can solve it as follows.

dy .
/
y =f(y) = /:x+c if f(y) # 0.
) e )
In principle, we have solved the ODE. Practically, we may find it
difficult to carry out the integration, or solve the resulting equation
for y.

In this section we shall see that we can obtain a qualitative
description of the solutions of an autonomous ODE without
actually solving it.
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We begin with two key observations about an autonomous ODE
y'=fly).
@ If f(yo) = 0 for some yp, then the constant function y = yp is
a solution. Such a constant solution is called an equilibrium
solution and the value yg is called a critical value.

@® If y(x) is a solution then so is the shift y.(x) = y(x + ¢):

Ye(x) =y (x + ) = f(y(x + c)) = f(ye(x))-
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The logistic equation y’ = ky(M — y) is an autonomous equation with
critical values 0 and M. lts equilibrium solutions are y =0 and y = M.
First, we plot f(y) = ky(M — y) and the two equilibrium solutions. We
have also marked an initial value y(0) = y, for a particular solution.

f y

Yo
Yo

Since y'(0) = f(yo) is positive, the solution is initially an increasing one.
As y increases from yg, so does y’ = f(y) and so the graph of y(x) is
initially convex. It stays convex until y reaches M/2.

(continued)
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At this stage we have the following picture:

Yo M2 Mfo /,,,,,,,,,,,,,,,,,,,,,,

As y increases past M/2, y’ becomes decreasing. Hence the graph of y
becomes concave and flattens out.
(continued)
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The completed graph is shown below, along with a few shifts
corresponding to different initial conditions between 0 and M. We have
also shown examples of solutions with initial conditions that are either
negative or more than 1. For these solutions, y’ is always negative and so
they are decreasing.

M/2 .
Yo +
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In the logistic equation, solutions starting near y = 0 move away from it
and so y = 0 is called an unstable equilibrium. Solutions starting near
y = M approach it asymptotically, hence y = M is called a stable
equilibrium. We may also have equilibrium points with mixed behaviour,
these are called semistable.

Example 15
Consider the autonomous ODE y’ = y?(1 — y).

f y

Yo

-

X

[ —

There is a stable equilibrium at y = 1 and a semistable one at y = 0.

= g =
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Theorem 16

Consider an initial value problem y' = f(y), y(0) = yo, where
f: (a,b) = R is positive and continuous, and y € (a, b). This initial
value problem has a unique solution y: («, ) — (a, b) which is a strictly
increasing bijection. In particular, lrg y(x) = b. (We may have

X B —

f=o0.)
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Theorem 16

Consider an initial value problem y' = f(y), y(0) = yo, where
f: (a,b) = R is positive and continuous, and y € (a, b). This initial
value problem has a unique solution y: («, ) — (a, b) which is a strictly
increasing bijection. In particular, h}rg y(x) = b. (We may have

X B —

B =00.)
Proof. Since f is positive and continuous on (a, b), so is 1/f. Therefore

1/f has a strictly increasing and surjective anti-derivative
F: (a,b) = (a, 3). We may assume F(yp) = 0. Define y(x) = F71(x).
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Theorem 16

Consider an initial value problem y' = f(y), y(0) = yo, where
f: (a,b) = R is positive and continuous, and y € (a, b). This initial
value problem has a unique solution y: («, ) — (a, b) which is a strictly
increasing bijection. In particular, h}rg y(x) = b. (We may have

X B —

f=o0.)

Proof. Since f is positive and continuous on (a, b), so is 1/f. Therefore
1/f has a strictly increasing and surjective anti-derivative

F: (a,b) = (a, 3). We may assume F(yp) = 0. Define y(x) = F71(x).
Then y: (o, 8) — (a, b) is a strictly increasing bijection, such that

y'(x) = ﬁ = f(F'(x)) =f(y(x)) and y'(0)=F"'(0) = yo.
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Theorem 16

Consider an initial value problem y' = f(y), y(0) = yo, where
f: (a,b) = R is positive and continuous, and y € (a, b). This initial
value problem has a unique solution y: («, ) — (a, b) which is a strictly
increasing bijection. In particular, h}rg y(x) = b. (We may have

X B —

f=o0.)

Proof. Since f is positive and continuous on (a, b), so is 1/f. Therefore
1/f has a strictly increasing and surjective anti-derivative
F: (a,b) — (a, 3). We may assume F(yo) = 0. Define y(x) = F~1(x).
Then y: (o, 8) — (a, b) is a strictly increasing bijection, such that

1 -1 -1
y'(x) = m =f(F(x)) = f(y(x)) and y'(0)=F(0) = yo.
So y(x) is a solution. If z(x) is any solution then integrating both sides of

=1 gives F(z(x)) = x4 c and hence 0 = F(yp) = F(2(0)) = c.
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Theorem 16

Consider an initial value problem y' = f(y), y(0) = yo, where
f: (a,b) = R is positive and continuous, and y € (a, b). This initial
value problem has a unique solution y: («, ) — (a, b) which is a strictly
increasing bijection. In particular, h}rg y(x) = b. (We may have

X B —

f=o0.)

Proof. Since f is positive and continuous on (a, b), so is 1/f. Therefore
1/f has a strictly increasing and surjective anti-derivative

F: (a,b) = (a, 3). We may assume F(yp) = 0. Define y(x) = F71(x).
Then y: (o, 8) — (a, b) is a strictly increasing bijection, such that

y'(x) = ﬁ = f(F'(x)) =f(y(x)) and y'(0)=F"'(0) = yo.

So y(x) is a solution. If z(x) is any solution then integrating both sides of

z'(x) -
———— =1 gives F(z(x)) = x4+ ¢ and hence 0 = F(yo) = F(z(0)) = c.
f(z(x))
Therefore z(x) = F~1(x), establishing uniqueness as well. =
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Task 5

State and prove a version of Theorem 16 in which the hypothesis f > 0 is
replaced by f < 0.

4

Task 6

Consider an initial value problem y’ = f(y), y(0) = yo, where f is
continuous and yo belongs to the domain of f. Will there be a solution?
Will it be unique?
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Classification of Equilibria O SaMERIDSE

Theorem 17

Consider an autonomous ODE y' = f(y), with f being differentiable. Let
¢ be a critical value.

@ /ff'(c) <0 then y = c is a stable equilibrium solution.

@ Iff'(c) > 0 then y = c is an unstable equilibrium solution.
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Theorem 17

Consider an autonomous ODE y' = f(y), with f being differentiable. Let
¢ be a critical value.

@ /ff'(c) <0 then y = c is a stable equilibrium solution.

@ Iff'(c) > 0 then y = c is an unstable equilibrium solution.

Proof. The main effort in proving the first part is in showing that for yo
close to ¢ the solution’s domain will include [0, c0).
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Theorem 17

Consider an autonomous ODE y' = f(y), with f being differentiable. Let
¢ be a critical value.

@ /ff'(c) <0 then y = c is a stable equilibrium solution.

@ Iff'(c) > 0 then y = c is an unstable equilibrium solution.

Proof. The main effort in proving the first part is in showing that for yo
close to ¢ the solution’s domain will include [0, c0).
We have ¢ > 0 such that 0 < |y — ¢| < 6 implies

(y) <1 f,( —

3
= 7f/
€=5 (c) < = 5

Amber Habib Calculus



Partial Fractions Improper Integrals Ordinary Differential Equations

000000000000000 000000000000 O0000000000000000000000000e0

£ H HH H .H CAMBRIDGE

Classification of Equilibria WP Ve e
Theorem 17

Consider an autonomous ODE y' = f(y), with f being differentiable. Let
¢ be a critical value.

@ /ff'(c) <0 then y = c is a stable equilibrium solution.

@ Iff'(c) > 0 then y = c is an unstable equilibrium solution.

Proof. The main effort in proving the first part is in showing that for yo
close to ¢ the solution’s domain will include [0, c0).
We have ¢ > 0 such that 0 < |y — ¢| < 6 implies

R EGE y(y) <3Fle)= .

Note that c <y < c+4d = f(y) <0 and
c—d<y<c = f(y)>0.
(continued)
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Now consider the case ¢ — § < yy < c. From Theorem 16 we know there
is a unique strictly increasing solution y(x) with y(0) = yo. Take any y
in (yo,¢). Then

L ) S S ) N N

c—y fly) ~ e(c—y)
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Now consider the case ¢ — § < yy < c. From Theorem 16 we know there
is a unique strictly increasing solution y(x) with y(0) = yo. Take any y
in (yo,¢). Then

f(y) 1 1
—e< ——2L = elc—yY)>fly) = — > —0.
ey I Ry T ey
Using the notation of the proof of Theorem 16, we have
Yodt /y dt 1 c—y
F(y) = > ——=——lo —ooasy —c—.
) L) T ), de—t) T e g(cfyo) y
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Now consider the case ¢ — § < yy < c. From Theorem 16 we know there
is a unique strictly increasing solution y(x) with y(0) = yo. Take any y
in (yo,¢). Then

f(y) 1 1
—e< ——2L = elc—yY)>fly) = — > —0.
ey I Ry T ey
Using the notation of the proof of Theorem 16, we have
Yodt /y dt 1 c—y
F(y) = > ——=——lo —ooasy —c—.
) L) T ), de—t) T e g(cfyo) y

Hence y(x) = F71(x) — c as x — oc.
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Classification of Equilibria — continued TP i s

Now consider the case ¢ — § < yy < c. From Theorem 16 we know there
is a unique strictly increasing solution y(x) with y(0) = yo. Take any y
in (yo,¢). Then

f(y) 1 1
—e< ——2L = elc—yY)>fly) = — > —0.
ey I Ry T ey
Using the notation of the proof of Theorem 16, we have
Yodt /y dt 1 c—y
F(y) = > ——=——lo —ooasy —c—.
) L) T ), de—t) T e g(cfyo) y
Hence y(x) = F71(x) — c as x — oc.
f
The proof for the ¢ < yy < ¢ + 4 case is similar and uses ) < —€.

Amber Habib Calculus



Partial Fractions Improper Integrals Ordinary Differential Equations

000000000000000 000000000000 O00000000000000000000000000e
L ey : -
Classification of Equilibria — continued TP i s

Now consider the case ¢ — § < yy < c. From Theorem 16 we know there
is a unique strictly increasing solution y(x) with y(0) = yo. Take any y
n (yo,c). Then

f(y) 1 1
—e< ——2L = elc—yY)>fly) = — > —0.

ey I Ry T ey

Using the notation of the proof of Theorem 16, we have
Yodt /y dt 1 c—y
F(y) = > ——=——lo —ooasy —c—.
) L) T ), de—t) T e g(cfyo) y
Hence y(x) = F71(x) — c as x — oc.
f

The proof for the ¢ < yy < ¢ + 4 case is similar and uses (j/)c < —€.

y
For the second part, since f'(c) > 0, there is a § > 0 such that

f (y)

0 < |y —c| <6 implies > 0.
y =
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Now consider the case ¢ — § < yy < c. From Theorem 16 we know there
is a unique strictly increasing solution y(x) with y(0) = yo. Take any y
n (yo,c). Then

f(y) 1 1
—e< ——2L = elc—yY)>fly) = — > —0.

ey I Ry T ey

Using the notation of the proof of Theorem 16, we have
Yodt /y dt 1 c—y
F(y) = > ——=——lo —ooasy —c—.
) L) T ), de—t) T e g(cfyo) y
Hence y(x) = F71(x) — c as x — oc.
f

The proof for the ¢ < yy < ¢ + 4 case is similar and uses (j/)c < —€.

y
For the second part, since f'(c) > 0, there is a § > 0 such that

f (y)

Hencef(y)>0|fc<y<c+5and fly)<0ifc—d<y<ec.

0 < |y —c| <6 implies > 0.
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Classification of Equilibria — continued TP i s

Now consider the case ¢ — § < yy < c. From Theorem 16 we know there
is a unique strictly increasing solution y(x) with y(0) = yo. Take any y
in (yo,¢). Then

fy) 1 1
fe<fa = e(c—y)>f(y) = m>m
Using the notation of the proof of Theorem 16, we have
Yodt Yoo dt 1 c—

F(y) = . m Z/yo 7e(c—t) :—Elog(C7;;) —ooasy —c—.
Hence y(x) = F71(x) — c as x — oc.
The proof for the ¢ < yy < ¢ + 4 case is similar and uses ;(y)c < —€.
For the second part, since f'(c) > 0, there is a § > 0 such that
0 < |y —c| <6 implies ;(—y)c > 0.
Hence f(y) >0ifc<y<c+dand f(y)<O0ifc—d<y<c.
Now apply Theorem 16 and Task 5 to (c, ¢+ ¢) and (¢ —d,c). O
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