Solutions to the Tutorial Problems in
the book “Magnetohydrodynamics of the Sun”
by ER Priest (2014)
CHAPTER 13

PROBLEM 13.1. Isothermal Static Corona.
Find the pressure p(r) and density p(r) for a spherically symmetric isother-
mal static corona.

SOLUTION.

Writing p = mn and taking account of the inverse square law fall-off of
gravity (¢ = GMy/r?), where My, is the mass of the Sun, the equation of
hydrostatic equilibrium for a spherically symmetric corona is

dr P = T

d_p _ GMgp
= .

Coupling this with the equation of state (p = RpT/fi) and putting r, =
GMg/(2v*) = GMup/(2RT), we find

dp  2rcp
dr  r?2’
Integrating gives
2r.
log,p = —<+C,
r

where the condition p = py at r = ry determines the constant of integration
as C' = log, pg — 2r./T0.
Taking exponentials determines the pressure as
p= p06—27’c(1/r0—1/7’).
It can be seen that, as r — 00, so p tends to a constant value, but it transpires
that this constant value far exceeds any reasonable inter-stellar pressure.
The corresponding density is

p= p0€—2r6(1/m—1/7")’

were 7. = GMyji/(2RT).



PROBLEM 13.2. Effect of Depositing Heat at a Single Radius.

Find the temperature T'(r) for a corona with heat conduction inwards and
outwards from a level (ry) where heat is deposited.

SOLUTION (adapted from Goossens (2003, An Introduction to Plasma
Astrophysics and MHD).
When energy transfer is by conduction alone, the heat flux across a sphere
of radius r is constant, so that

2 dT . 2/'{00

rR— =

dr 7 (1)

say, where xdT'/dr is the heat flux density, x = koT°/? is the coefficient of
thermal conduction and C' is constant.
For r > ry, this equation may be integrated to give

2/7
T="1T, (_7’0>
r

after imposing the boundary conditions that 7' = T at r = ¢ (the assumed
level of discrete heat deposition) and that 7" vanishes at infinity.

For r < ry (i.e., below the location of heat deposition), Eq.(1) may be
integrated to give

T2 = ¢ + D.
T

Here the constants C' and D are determined by the two conditions that
T(ro)=Ty and T'(R)=T5, say, so that

7o [ rolr =1 pap Ro/r =177
© ro/Ro—1 "% Rofro—1]

PROBLEM 13.3. Properties of the Isothermal Solar Wind Solu-
tion.
Show that:

(a) in the low corona, the flow speed is 0.1-10 km s™!, depending on the
coronal temperature;

(b) below the critical point, the density variation is very similar to a static
atmosphere;



(c) the mass-loss rate is of the order of 1071 M, per year.
SOLUTION

(a) Flow Speed Low Down in Corona.
For the isothermal solar wind solution we have from Eq.(13.6)

v\ v\> r 4r
(—) — log, (—) = 4log, — + — — 3,
Ve Ve Te r

where, for T, = 1 MK, we find v, = 120 km s™! and r, = 7 R, while for,
say, Tp = 2 MK we find v, = 170 km s~! and r. = 3.5 R,

Now, close to the Sun at, say, r = ry, where v = vy, we have v < v,
so that the first term on the left of the above equation is negligible and it
reduces approximately to

ro  4r,

2
—log, (E) =4log, — + -3,
Ve Te To

Vg ( Te ) 2 ( 3 2. )
—=|—) exp|=— .
Ve o 2 o

Thus, if, for example, 7 = 1 MK and ry = 1.2R, we have

or

Vo

6.89 2 3 6.89
=— - — —— ] = 0.001
v ( 1.2 ) =P (2 0.6 ) 0.0015,

so that vy = 0.2 km s~!. On the other hand, if Tj = 2 MK, then vy, = 3 km
-1
s,

(b) Density Variation
First of all, we note that from PROBLEM 13.1 the density in an isother-
mal hydrostatic atmosphere is

p= p0627’c(1/r—1/7’0)’

were 1. = GMg /(2RTy).
Now, Eq.(13.4) is
dv dp  GDMgp

pv%— dr rz '
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where p = épT/ ii. It may be integrated to give Bernoulli’s law, namely,

2 GM,
o —G—i—vflogeﬂ =F,
2 r Po
where py = p(ro) and evaluating this at r = rq gives £ = 20§ — GMy/ro.
Thus, this equation may be rewritten as an equation for p(r) in terms of
v(r), namely,

1 1 v2 — 0?2
- ) T (i _ 0
p(r) = poexp { r <T0 T)} P 5

where 7. = GMyji/(2RT) and v> = RT/ji. The first exponential is sim-
ply the hydrostatic expression for the density variation, whereas the second
exponential represents a factor which is close to but less than unity since
vg < V.. Thus, the density in the subsonic region falls off with distance
slightly more rapidly than in a hydrostatic atmosphere.

In particular, the density at the sonic point (r = r,) is

T 1 02
) = 2(1--= — (12
p(re) poeXp[( TO)]GXP 2( Ug)’

or, since vy < e,
(r.) 3 2r.
T.) & poexp | — — .
P poexp | 5 =

(c) Mass Loss Rate

The mass loss rate is
dMy

dt
which may be evaluated directly by substituting o = 1.2 R, say, py = finm,,
with 2 = 0.6, m, = 1.673 x 10727 kg m™3 and a solar wind solution for v
such as 0.2 km s7! for 7= 1 MK or 3 km s~! for 7" = 2 MK. This mass loss
rate is expressed in kg s71, but it may be converted into some number of M
per year using the fact that Mg = 1.99 x10%° kg and 1 year = 3.15x107 sec,
to give a mass loss rate of 3x107% My yr~! for T = 1 MK or 4x107 M,

yr=! for T = 2 MK.

The alternative is to use mass conservation to rewrite the mass loss as
d My

dt

_ 2
= 4mrypovo,

2
= A7 peve,
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and then to use values for r., p. and v, from the solar wind solutions.
PROBLEM 13.4. Maximum Temperature for an Isothermal Wind.
Show that, if 7> 5.8 x 10° K, an isothermal wind does not exist.

SOLUTION
For an isothermal wind solution, the flow starts out subsonically at the coro-
nal base (r = ro = 1.2R, say) and accelerates through the critical point
(r =r, = GMyfi/(2RT)) to become supersonic.

However, if r. < rg, there is no longer a critical point above the coronal
base, and so any solution that starts subsonically will decelerate and remain
subsonic. This condition may be written

i
GMolt 1 op,
ORT

or

- GMs i
24R-R
By substituting G = 6.67x 1011, My = 1.99x 10%, ji = 0.6, Ry, = 6.96x 10°
and R = 8.3 x 10% in MKS units, this becomes
T >58x10°K,

as required.
PROBLEM 13.5. Polytropic Solar Wind.

For a spherically symmetric polytropic solar wind:
(a) find the critical point location and deduce that

2 GM,
L3 (r) + Calr) _ © — constant;
a—1 r

(b) find the condition that p — 0 as r — oo for breeze solutions.

SOLUTION.
(a) (adapted from lecture notes of Clare Parnell)

Consider a spherically symmetric polytropic solar wind, whose velocity
[v = v(r)r], pressure [p(r)] and density [p(r)] satisfy

priv =D,
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and

where D and K are constant.
Eliminating p and p from these equations gives

(v - M) dv _ 2c3,(r)  GM;

= ) (2)

) dr T 72
where ap
2
Csa(,r) =
P

is the polytropic sound speed.
The location of the critical point (r.,v.) is given by v. = ¢s(r.) and

2c§a(7’0)rc = GM,,

where .
D s
2 (re) = ap_ aKp*!' =aK <72 ) :
P (TC)

TZCsa

Thus, solving for ¢, (r.), we have

aK Dol 2/(a+1)
- (Y

After substituting this into 2¢?_(r.)r. = GM,, the critical radius is, finally,

GMg (a+1)/(5-3a)
(2(aK)2/(a+1)D(2a—2)/(a+1)) )

Te =

In order to solve the differential equation (2) for v(r), note that pressure
gradient term in the equation of motion can be written as

ldp K dp* wodp aK dp*!
_— = —— = Kap = s
pdr  p dr dr  a—1 dr
and so the equation of motion can be written as
dv aK dp*™t GM,
v— = — — .
dr a—1 dr r2
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Since this is now separable, it can be integrated to give

lv2(r) + Cga(r) . GM@
a—1 r

= constant, (3)

as required.

(b) We have
2 ~T(r)~p*t.

Thus, for a breeze in which v < ¢ and ¢4(r) — 0 as r — oo, Eq.(3) implies

1 1
AA~— or T~ -,
r r
Therefore |
~ 2=y o &
PG /-1

Thus, as r — oo,
1
PPl ey 0
provided a > 1.
PROBLEM 13.6. Condition for Existence of a Polytropic Solar
Wind.

Show that a polytropic solar wind with o = 1.1 will exist if 75 > 1.1 MK,
but that an adiabatic wind needs T > 4.6 MK.

SOLUTION For polytropic flow the Bernouilli equation is

2 GM,

%U2(T) + Csa(r) . O

which may be evaluated at the coronal base (rg) (where v < v,,) and at
infinity (where 7" — 0) to give

O‘ETO/[L _ GMg _ 1,2
(a—1) o 27007

= constant,
a—1 r

Thus, the corona will be able to expand (i.e., possess a positive v2)

provided it is hot enough that the thermal energy exceeds the gravitational
contribution, namely, if

aRTy/ji  GM,

@—1) 15




or
(a Rr 0
For 7o = 1.2 Ry and a = 1.1, say, inserting the standard values for G =
6.67 x 107, My =1.99 x 10%, i = 0.6, R = 6.96 x 10® and R = 8.3 x 103
in MKS units gives Ty > 1.1 10 K, as required.
On the other hand, for a = 5/3, we find Tj > 4.6 10° K. Since the actual
coronal temperature is significantly less than this, we deduce that the solar
corona would not expand as the solar wind if it were adiabatic.

To >

PROBLEM 13.7. Properties of a Polytropic Solar Wind.
Show that:

(a) if 1 < oo < 5/3, the critical point is a saddle point;

and (b) if 1 < o < 3/2, there is a solar wind solution whose pressure force
always dominates gravity and that changes from subsonic to supersonic as it
passes through the critical point.

SOLUTION (adapted from lecture notes of Clare Parnell).

(a) The Critical Point.

First, normalise the above solution with respect to values at the critical
point (re, ¢sq) by writing

o Csa(T)
CsalTe)’ Te CoalTe)

Then the equation for v(r) that was derived at the end of the last example
becomes

2y 4 CalD) 2

fro =g+ =0 -2 e .
say, where

a1 a—1
2 . ap . a—1 _ D = D
) =P =ty =ar ()t e =ak (o)
SO
Zalr) = (P5) . ©)

Clearly the solutions depend on the value of the polytropic constant «, and
the value of C for the solution through the critical point (7,v) = (1,1) is



given by

Now, a critical point occurs where the first derivatives of f(7,v) vanish,
namely, when

8_{ = _2f1—2o¢@1—a + _3 _ O, 8f 2(1—a) s—a — 0’
or 72
namely, when (7,7) = (1, 1).
The second derivatives determine the nature of the critical point, as fol-
lows.

82](‘ ——2a-1-« 4 E—
2 = —2(1 — 2a)7F 2pt > — == —6+4a at (7,0) = (1,1),
2
;g;z—ﬂl—aﬁkmﬁﬂz—Qﬂ—a) at (77) = (1,1),
Fov
82f _ =2(1—a) ~—(14+«) = =
ﬁzl—l—ar v =14a at (r,0)=(1,1).

Then the value of

F

O2f 02 f P\
o2 0v2 <8rav) = 2Ba=5)

determines the type of critical point.

When 1 < a < 5/3, we find F < 0 and so we have a saddle point. But
when o > 5/3, F > 0 and 9%f/97% > 0, so that the critical point is a local
minimum.

(b) The Solar Wind Solution.

As well as passing through a saddle point, a solar wind velocity needs
to increase with distance and go from subsonic to supersonic as it passes
through the critical point. The Mach number M = v(r)/cs(r) may be
nondimensionalised to give
bV (te)2z0-1
Conn (f2f(—])(1—a)/2 :

In the v-r phase plane, the solutions therefore go from subsonic to supersonic
on the curve M(7,v) = 1, namely,

M (7, v) =

7= ,F2(1—a)/(1+oz)’ (6)
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which decreases with 7 when o > 1.

We next need to determine whether, when 1 < a < 5/3, there is a solution
through the critical point that is initially subsonic when 7 < 1 and then
becomes supersonic when 7 > 1. The critical point for such a solution lies on
M (7,v) = 1 or Eq.(6). Since then dv/dF = —2[(a — 1)(a + 1)]F~Gable+D),
the gradient of this Mach 1 curve through the critical point (7,v) = (1,1) is
—2(a—1)(a+1).

We now need to compare this with the gradients of the flow solutions
through the critical point, which may be calculated as follows. By differen-
tiating the Eq.(4) for f(7,v) with ¢, (7) given by (5), we find

dv
= —2(1 o) ~—« —l—a-1-2a ——2

v — =2 + 27"

[ v Y — o vor T

Since we are interested in the gradients of the curves through the critical
point (7,v) = (1, 1), we linearise about this point by putting 7 = 1 + R and
v =1+ V and supposing the curves are locally of the form V' = aR, so that
the above equation approximates to

_ﬂ_Q(S—Qa)jL(l—a)a
CdR 2(a—1)+ (1+a)

This may in turn be solved for a to give

o — 1 V2 T30
= 2a + 1 a+1
When a > 5/3 the roots of a are complex since the saddle point no longer
exists. When a = 5/3 there is one root and the gradient is the same as that
of the Mach 1 curve, since M = 1 is now a solution with the flow remaining
sonic for all r.
When 1 < o < 5/3 there are two real roots. The first, namely,

o — 2a—1 \/7\/7

a+1l a+1

has a slope that is steeper than the Mach 1 curve and so it represents the
solution that goes from supersonic to subsonic. On the other hand, the

second,
a— 1 V2

vb—3
a+1 a—l—l “

O{+:—2
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has a slope that is shallower than the Mach 1 curve and so it represents the
solution that goes from supersonic to subsonic.
However, o, may be positive or negative. The change from positive to

negative occurs when
V25 =3a =2(a—1)

or
20 +a+3=—-(2a—-3)(a+1)=0.

Thus, when 3/2 < a < 5/3, then a; < 0 and the solution is unphysical,
since it starts with supersonic speed near the Sun (just like the a_ solution).

However, when 1 < o < 3/2, then oy > 0 and we have physical solution
that starts with subsonic speed near the Sun and is continuously accelerated
as it moves from the Sun to cross the critical point and become supersonic.
When « = 3/2, the solution through the critical point has a constant wind
speed.

What is happening physically can be deduced by comparing terms in the
momentum equation. When 1 < o« < 3/2, then dv/dr > 0 at all radii and

_dp _ pGMs
dr rz 7

so that the pressure falls off with » and the outwards pressure force always
dominates gravity. On the other hand, when a = 3/2, then dv/dr > 0,
the pressure force is proportional to r—2 and the pressure gradient balances
gravity. Finally, when 3/2 < a < 5/3, then dv/dr < 0 and

_dp _ pGMs
dr rz 7

so that the pressure falls off so slowly with r that gravity always dominates
the pressure force.

PROBLEM 13.8. Properties of a Rotating Wind with Angular
Speed (2.
Show that in the equatorial plane the addition of rotation:

(a) changes Eq.(13.5) to

2 2

vi\ dv, 20

v, — =2 = =2 (r? —reor + 57719),
v, ) dr r
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where r. is the critical point radius in the absence of rotation and 7 =

70820 /Ve;
(b) gives one critical point for r,o > ro when 0 < 7 < 71, two when
7 < T < 7» and none when 7 > 7, where 71 = /2(rq/r0 — 1)'/? and

o = 1o/ (V/270);

(c) and changes the solar wind density by a small amount to be estimated.

SOLUTION (adapted from book by Marcel Goossens “An Introduction
to Plasma Astrophysics and MHD”).

(a) Effect on Equation for v,

Consider a steady-state thermally-driven wind rotating with angular speed
() in spherical polar coordinates (r, 6, ¢) by assuming azimuthal symmetry
(0/0¢ = 0) and considering only the flow components (v,, v4) in the equato-
rial plane.

The equation of axial momentum is

dvg — vvg

v 0,
" dr r
which may be integrated to give rv, = L or
L 7’89@
’U¢ = — = s
r r

where L is a constant, namely, the angular momentum per unit mass.
The equation of radial momentum is

dv, v; GM, 1ldp

Ur

(7)

where v(i Jr = L*/r® = rgQ2 /r3. Integrating this gives in general Bernoulli’s
equation, namely,

dr r r2 rdr’

v+ GM, dp
_ _|_ — =
2 r p

B,

where F is constant. .
For an isothermal plasma, p = v2p, where v?> = RT'/[i is the square of the
1sothermal sound speed, and so Bernouilli’s equation becomes

v2 + 02 M,
vy GMg + o2 log, p(r) _
2 r p(ro)

12
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Now, substitute into the radial equation of motion (7) for p(r) = v2p(r)

and for p(r) from the equation of mass conservation,
p Uy r? = constant

to give, as required,

2 2
vi\ dv 2v

v, — < - = (r* — reor + 27%10),
v, ) dr r

where r,g = GM/v? is the critical point radius in the absence of rotation
and 7 = ro€Q0g /v, = v4(10) /v, measures the importance of rotation.

(b) Critical Points
The critical points of the above equation, where dv, /dr is undefined, occur
where the brackets on both sides vanish, namely, when v, = v, and r = r,
such that
flre) =r2—rqre+ %7'27"8 =0. 9)

Let us assume that r.y > 79 so that the critical point in the case of
no rotation lies above the coronal base, as in the solar case. For the Sun,
7 ~ 0.01 and so rotation has a small effect on the wind solution. However,
for rapidly rotating objects, two critical values of 7 arise, namely,

\/5 (TCO 1) 12 Tco
T = — — , Ty = .
1 To 2 \/§’I’O

Note that f(r.) is a quadratic function of r. with either 0, 1 or 2 roots.

When 7 = 0, we have either r = r., the previous non-rotating result or
r = 0, which is unphysical, so let us consider what happens as we increase
the value of the parameter 7. First of all, when 7 < 1, we may expand about
these two solutions to find one physical solution, namely, r ~ r.(1 — %7’2),
and one unphysical solution, namely, r ~ 1272/(2r.), which lies below the
coronal base r = rq.

The presence of exactly one physical solution to (9) persists for higher
values of 7 in the range 0 < 7 < 71, where 7y is the value of 7 that makes
r. = 1o, so that the second solution is at the coronal base. Putting r. = rg
in the equation (9), we find

2 1
re —Teoro + 37215 =0,
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or
T'co
=2(—=-1],
7o
as required.

When 7 > 71, the second solution moves above r = ry and so we have two
physical solutions. However, this situation does not continue indefinitely as
we increase 7. The minimum in the quadratic function f(r.) given by (9) is
located at r, = %TCQ, and the value of f(r.) at this point is

2 2,.2
1.y 0 TT70
f(27’00) 1 + 9 .

Thus, f(37e) > 0 and so there are no solutions, when

Teo

\/57"0.

In other words, we have shown that there are two critical points when
71 < T < T and none when 7 > 7y, as required.

T>To =

Density
From Eq.(8) the density can be written in terms of the velocity as

p(r) 1 2 2 270
= — |2F —
o0r0) exp 20 { (v +vy) + |

where 19 = GMy/v? and, by putting r = ro, we have E = 3(v, + v3,) —
Teo/To. Thus, the density can be rewritten,

/)(7’) o 1 2 2 2 2 1 1
p(r0) —eXp2—ch [UTO—UTJF%O_%JFQ%O r )l

After putting vy = r2Qq /7, ve0 = 100 and T = 1 /v., this becomes

p(r) T'co ( To) Uf - U?o 72 7”3
= -2 (1-= 0 —(1--2)].
p(To) exp [ o . X exp 502 X exp 5 2

C

The first exponential represents a hydrostatic atmosphere, while the second
gives the effect of flow and the third shows the effect of rotation.

Since the final exponential is close to but in excess of unity (since 7 < 1
and r > 1) the effect of rotation is to increase slightly the density and
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so to make it decrease less rapidly with distance. Correspondingly, since
p v, r* = constant, the outflow speed decreases slightly and so increases less
rapidly with distance.

PROBLEM 13.9. Angular Momentum Loss
Show that the time-scale for angular momentum loss is of order the Sun’s
age.

SOLUTION. (adapted from book by Marcel Goossens “An Introduction
to Plasma Astrophysics and MHD”).

From PROBLEM 13.3, we have

M,

=~ 107" Mg /yr.

On the other hand, the rate of loss of angular momentum is

Al _dMs

dt = F’T’AQ@ =~ 10_14M®Tiﬂ@/yr

Now, assume that the Sun rotates as a solid body and that its moment
of inertia is the same as that of a uniform-density sphere of the same mass

and radius. Then
OM R

5
The time-scale for angular momentum loss follows (with r4 = 12 R) as

J@ = Q®[® = Q@

Jo 0.4

= ~ ~ 101!
T ar,jdt T 144 x 10— .

which is ten times the Sun’s age of 10 yr.

This rough estimate is likely to underestimate the much faster rate of
angular momentum loss in the Sun’s youth, when its angular velocity and
magnetic field are likely to have been much larger.

PROBLEM 13.10. Isothermal Coronal Hole.

For an isothermal coronal hole with area function A(r) = ar™, show how the
value of n affects the location of the critical point and find the behaviour of
the velocity and pressure at large distances for the solar wind solution.
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SOLUTION. For a nonradial area expansion A(r) = ar™, the equation
of mass continuity becomes
r'pv =K,

say, where K is a constant. This equation determines the density p(r) in
terms of the velocity v(r).
The momentum equation with the usual inverse-square law for gravity is
unchanged as
dv  dp pGMg
Yar T T dr rz 7

and, since the plasma is isothermal, the equation of state is

p=ulp,

where v? = RT is constant.
These equations may be combined to give the basic equation for v(r) with
a critical sonic point at (v,7) = (v, r.), namely,

v\ dv  nv?
(”‘7) ar =R T
where r. = GM/(nc?). Thus, the critical radius (r.) is located closer to the
Sun if the open magnetic field expands more rapidly (i.e., the value of n is
larger).
The solution of this separable equation that passes through the critical

point is
2
: <U—2 — 1) — log, (E) = nlog, (L) +n (E — 1) .
v? Ve Te r

When r is large, the first term on the left and the first on the right dominate

and so
) T
v~ 4 [2nvilog, —.
Te

The asymptotic behaviour of the density follows from the continuity equa-
tion as

K

/2 log, (rfr)]

Since the temperature is constant, this implies that p — 0 as r — o0, as
expected for the solar wind.

p
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