Chapter 4

1

> restart;

> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> with(plots):

Warning, the name changecoords has been redefined

> with (DEtools) :
Warning, the name adjoint has been redefined

=] Question 1

L (@)

| We can readily write this
dy vy

dx  2x

d_ds
y S 2x
Integrating both sides

1a? 1d
—dv=|—ax
yy 2x

1 In(x)

2
where ¢ is the constant of integration. Then

vl
Ifx(0) =2 and y(0) =3, then 3 = c /2 and
s
TR
L (i)
| To verify this result
[ > dsolve (diff (y(x) ,x)=y(x)/(2*x) ,y(x));

L y(x)=_C]«/;

[ > dsolve ({diff (y(x),x)=y(x)/(2*x) ,y(2)=3},y(x));

y(x)%ﬁﬁ

In(y) = + ¢,

which is the same as
34/

y(x)= W/E




= Question 2

L (@)-(d)
(> egsl:={diff (x(t),t)=x(t)-3*y(t), diff(y(t), t)=—-2*x(t)+y(t)};

0 0
eqsl = {a_tx(t) =x(1)-3 y(t),gy(t) =-2x(1)+y(1)}

[ > initl:=[[x(0)=4,y(0)=2],

[x(0)=4,y(0)=5], [x(0)=-4,y(0)=-2], [x(0)=-4,y(0)=5] ];
initl = |
L [X(0)=4,(0) =21, [x(0) =4, y(0) = 5], [x(0) = -4, y(0) = -2, [x(0) = -4, y(0) = 5]]
| > DEplot(egsl, [x(t),y(t)],t=0..10,%x=-20..20,y=-20..20,initl, ste
psize=.2,arrows=medium, linecolour=blue, thickness=1)

\V\W\S\KW\KKKK%K&M%H——MMM/

=l
[ > x:="x":y:="y':
[ > eqgs3:={diff (x(t),t)=-3*x(t)+y(t) ,diff(y(t), t)=x(t)-3*y(t)}

0 0
eqs3 = %X(t) =-3x(1) +y(t),&y(t) =x(1)—=3y(1)}

[ > init31:=[[x(0)=4,y(0)=8],[x(0)=4,y(0)=2]];
init31 = [[x(0)=4,y(0)=8],[x(0) =4, y(0)=2]]
> curves3l:=DEplot(eqgs3, [x(t) ,y(t)],t=0..1,init31l,stepsize=.
2 ,arrows=medium, linecolour=blue, thickness=2):
> lines3l:=plot({3*x, (1/3)*x},x=0..4,y=0..8,colour=brown, thi
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| ckness=2):
| > display({curves3l,lines3l}) ;
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> init32:=[[x(0)=-4,y(0)=-8],[x(0)=-4,y(0)=-2]11;

mit32 :=[[x(0) =-4,y(0) =-8], [x(0) = -4, y(0) =-2]]

> curves32:=DEplot(egs3, [x(t) ,y(t)],t=0..1,init32,stepsize=.

2 ,arrows=medium, linecolour=blue, thlckness=2):

7> lines32:=plot({3*x, (1/3) *x} ,x=-4..0,colour=brown, thickness

| =2):
| > display({curves32,lines32});
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[ > init33:=[[x(0)=2,y(0)=10], [x(0)=-2,y(0)=-10]11;

| init33 :=[[x(0)=2,y(0)=10], [x(0)=-2,y(0) =-10]]

| > curves33:=DEplot(egs3, [x(t),y(t)],t=0..1,init33,stepsize=.
| 2 ,arrows=medium, linecolour=blue, thickness=2):

[ > lines33:=plot({3*x, (1/3)*x},x=-2.5..2.5,colour=brown, thick
| ness=2):

| > display({curves33,lines33}) ;

47



T T T T T T T T T M
s e T e T T T T T g
T T T T T T T T T
T T e T T T T T T g
e T T T T T T e g
i T T T e g, g g s
e T T T T s T T T T
e T T T T T e g |
T T T T T e T g

e T T e P P e P e e

z R

P, T, T e T P P P T P

AN AN N N N N

init34:=[[x(0)=2,y(0)=-5]1"

init34 .= [[x(0)

curves34:=DEplot(egs3, [x(t) ,y(t)],t=0..1,x=-1.
nit34,stepsize=.2,arrows=medium,
linecolour=blue, thickness=2)
lines34:=plot({3*x, (1/3) *x} ,x=-1..2,colour=brown, thickness
=2):

display ({curves34,lines34});

=2,y(0)=-5]]

.2,y=-5..0,i
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=/ Question 4
[ ()-(iii)

[ > x:="x":

B BB Np

& =3 3

y:='y':

PAARAI AN TR H B Dy

As can be seen from the resultin
| converging on the fixed point.

(AP AP lla el Talales

X

[ > solve ({-2*x-y+9=0,-y+x+3=0}, {x,y});

{x=2,y=5}

0 0
eqs4 = {ay(r) =-y(t)+x(1)+3, gx(t) =-2x(t)-y(t)+9}
> init4:=[[x(0)=0,y(0)=2],[x(0)=2,y(0)=8],[x(0)=3,y(0)=1]];
L initd :=[[x(0)=0,y(0)=2], [x(0)=2,y(0)=8], [x(0)=3,y(0)=1]]
| > curves4l:=DEplot(eqgs4, [x(t),y(t)],t=0..20,x=0..4,init4,stepsi
| ze=.2 ,arrows=medium, linecolour=blue, thickness=2):
[ > lines4l:=plot({-2*x+9,x+3},x=0.
| > display({curves4dl,lines4l});

.4 ,colour=brown, thickness=2) :

1 1.5 2
[N LN S A S S
T N N N NN NN L N
BTN T TN T T T T T B e e T
N N N L N N N NN N
RSN NN NN NN N N
RORL R B TN N TN T S S
SR N N N NN N NN
AN NN N N N N N NN
AN NN N N N N NN
A T T N S S N N N N N
NN NN IO N N
AR T T Y NN
NNNNNN SN
AL T T SN
NN NN NNNN N
AT T T T e N
NN NANNNNNNNN
gﬁguré, the tr aj ectory passes into an othe rquadrant before

> eqsd:={diff (x(t),t)=-2%x(t) -y (t)+9,diff (y (t),t)=-y (t)+x (t) +3}
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| The resultingrdiagram shows ciuite clearly that all trajectories follow a counter-clockwise
spiral towards the fixed point. However, it also shows that the spiral motion involves a direct

repeated over- and under-shooting.

=l Question 5
=la

| The characteristic roots are obtained by defining the matrix of the system and using the

| eigenvalues command.
[ > A:=matrix([[2, 31, [3, 211):

| > eigenvalues (A) ;

| > eigenvectors (A) ;

(5, LATL 113 L [-1, L {[L,-1]}]
"> eql:=diff (x(t),t)=2%x(t)+3*y(t);

eql :Z%X(I):Zx(t)+3y(t)
"> eq2:=diff (y(t),t)=3*x(t)+2*y(t);

eq2 :Z%y(t):Sx(t)+2y(t)

r > sol:=dsolve({eql,eq2}, {x(t),y(t)})
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) ) )

(51 (-1 (51 (—
sol :={y(t)= Cle — (C2e ,x(t)= Cle + (C2e '}

: > collect(sol, {exp(-t) ,exp(5*t)});

(510)
L {y(t)=_Cle ~—
| which can be expressed:

— 5 _
2 x()= c1e™ v 2™y

(50) (=) (50) (=)
y(t)=cle +c2e ,x(t)=cle +cle

=l (v)

| > dsolve({eql,eq2,x(0)=1,y(0)=0}, {x(t),y(t)})’

I 500 1 (- I 50 1 (-
ty=—e ——e ,x(t)=—"e +Te
{y(1) > 2 (1) 2 5

=] Question 6

[> A:='A':eql:='eql':eq2:="'eq2"':
> A:=matrix([[1, 3], [5, 311);

=l

| > eigenvalues (A) ;

=] i)

| > eigenvectors (A) ;

5
':6: 1: {[lag}}}a ['29 1: {['la 1]}]
=] (iii)

| > eql:=diff (x(t),t)=x(t)+3*y(t);

d
eql :=§x(t) =x(t)+3y(?)
> eq2:=diff (y(t),t)=5%*x(t)+3*y(t);

0
eq?2 :=5y(t):5x(t)+3y(t)
> dsolve({eql,eq2,x(0)=1,y(0)=3},{x(t),y(t)});

3 6 1 (=20 5 6 1 (=20
x(t)=—e ——e ,y(t)=—e +—"e
txn=Je " —2e yn=Je "4

=/ Question 7
[ > A:="A'":
(> Vi=matrix([[1, 1], [-2, 2]11);

=iy

W:=4

> W:=det (V) ;
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> A:=matrix([[1, 1], [-2, 411):;

> eigenvalues (3) ;
3,2
> eigenvectors (3) ;
L [2, L{[L 1]} [3, 1, {[1,2]}]
| The Wronksian matrix, here denoted W1, is formed from the eigenvectors of the system. If

| det(W1) is non-zero, then the eigenvectors are linearly independent.
"> Vl:=matrix([[1, 11, [1, 211);

1 1
Vi =
o

| Wl =1
| NOTE: It does not matter which way the eigenvectors are listed. If in reverse order then
[ > V2:=matrix ([[1, 11, [2, 111):

1 1
V2 =
N

W2 :=-1
which is still non-zero. All that matters for proving linear independence is that the Wronksian
| 1S non-zero.

r > Wl:=det (V1) ;

> W2:=det (V2) ;

Question 8
[ > x:="x":y:='"y':A:="A":W:="W':
> A:=matrix([[1, O, O], [2, 3, 1], [0, 2, 4]]);
I 0 0
A={2 3 1
0 2 4
=l
| The eigenvalues and eigenvectors are as follows:
| > eigenvalues (A) ;
L 1,5,2
| > eigenvectors(A) ;

[1, 1, {{1,?,1}}},[5, L, {[0,1,2]1}],[2,1, {[0,-1,1]}]

C >
=l (i)
| The general solution is derived by solving the following differential equation system:
> eq8l:=diff (x(t),t)=x(t);
eqg82:=diff (y(t) ,t)=2*x(t)+3*y(t)+z(t);
eqg83:=diff (z(t) ,t)=2*y(t)+4*z(t);

52



eq81 :Za%x(t) =x(t)
0
eq82 :=a—ty(t):2 x(t)+3y(t)+z(t)

eq83 :Za%z(t) =2vy(t)+4z(t)

r > sol8:=dsolve({eg8l,eq82,eq83},{x(t) ,y(t),z(t)})

(20) (50
+

sol8 = {z(t)= C3e'+ Cle C2e ,x(t)= C3¢,

) 1 (50)
e

3 , (2t
y(t):—E_Cj’e—_Cle +5_C2 }

r > collect(sol8, {exp(t) ,exp(2*t) ,exp(5*t)});

(20

(2)= C3e'+ cle "+ c2¢"" x(n)= _c3é

) 1 (50)
e

3 , (2t
y(t):—E_C_?e—_Cle +5_C2 }

. >

= i)

| The Wronksian is given by:

[ > V:=matrix([[O, 1, O], [1, -3/2, 1], [-1, 1, 2]]);

: > W:=det (V) ;

=] Question 9

[ > x:="x":y:="y':A:="A":
=l

=@

[ > A:=matrix([[-3, 11, [1, -311):

| > eigenvalues (A) ;

| > eigenvectors (A) ;

L L [_2917{[191]}]>[_4719{[_1’1]}]
= ®)
| > so0l91:=dsolve ({diff (x(t), t)=-3*x(t)+y(t) , diff(y(t),t)=x
(£)-3*y(t) },{x(t) ,y(t) });

(—41) (-21) (-41) (-21)
sol9] = {x(t)= Cle + C2e ,y(t)=—Cle + C2e '}
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| > collect(so0l91, {exp(

41)

(x()= cie 4

=l©

(t)};

ckness=2) :

wn,thickness=2) :

-4*t) ,exp(-2*t)});

41) (=21)

( + e

-21) (-
C2e ,y(t)=—Cle

d 0
eqs91 .= {a_rx(t):_?’ x(1) +y(t),5y(t)=><(t)— 3y(1)}

(> init9l:=[[x(0)=1,y(0)=1], [x(0)=-1,y(0)=1], [x(0)=-1,y(0)
=-11,[x(0)=2,y(0)=0], [x(0)=3,y(0)=1], [x(0)=1,y(0)=3]1]~

init91 :=[[x(0)=1,y(0)=1],

[x(0)=-1,y(0)=1],[x(0)=-1,y(0)=-1],

L [x(0)=2,y(0)=0], [x(0)=3,y(0)=1],[x(0)=1,y(0)=3]]
| > curves9l:=DEplot(eqgs9l, [x(t),y(t)],t=0..1,x=-1..3,y=-1.
.3,init91,stepsize=.2,arrows=medium,linecolour=blue, thi

"> display ({curves91,lines91});

| > eqs91l:={diff (x(t) ,t)=-3*x(t)+y(t) ,diff(y(t), t)=x(t)-3*y

:> lines91:=plot({-3*x, (1/3) *x} ,x=-1..3,y=-1..3,colour=bro

%@
=] i)

[ > x:="x":y:="'y':A:="A":

=@
> A:=matrix([[2,

_4] ’
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| All trajectories converge on the fixed point and the system shows an improper node.

[1, -311);
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> eigenvalues (3) ;

1,-2
> eigenvectors(A) ;

[L L {04, 1151 [-2, 1L {[1, 1]}]

> sol92:=dsolve ({diff (x(t), t)=2*x(t)-4*y(t) , diff(y(t),t)=
x(t)-3*y(t)},{x(t),y(E)});

¢ (=21 1 . (-21)
sol92 = {x(t)= Cle+ Cle ,y(t):Z_Cle + C2e }

> collect(so0l92, {exp(-2*t) ,exp(t)})

¢ (=21 1 . (-21)
{x(t)= Cle'+ C2e ,yU):Z_C1e+_C?e }

> eqgs92:={diff(x(t) , t)=2*x(t)-4*y(t) diff(y(t),t)=x(t)-3*
y(t)};

0 0
eqs92 = {&y(t) =x(t)-3 y(t),aX(t) =2x(t)-4y(1)}

> init92:=[[x(0)=1,y(0)=1], [x(0)=-1,y(0)=1],[x(0)=4,y(0)=
1],[x(0)=-4,y(0)=-1],[x(0)=0,y(0)=1],[x(0)=0,y(0)=-17], [
x(0)=3,y(0)=2],[x(0)=-3,y(0)=-2]];

init92 = [[x(0) =1, y(0) =11, [x(0) =-1,y(0) = 11, [x(0) =4, y(0) = 1],
[X(O)=_4a Y(O):_l]a [X(O)ZO, Y(O): 1]9 [X(O)ZO, Y(O):_l]a

L [x(0)=3,y(0)=2],[x(0)=-3,y(0) =-2]]

| > curves92:=DEplot(egs92, [x(t),y(t)],t=0..1,x=-10..10,y=-

3..3,init92,stepsize=.2,arrows=medium,linecolour=blue,t

| hickness=2):

[ > lines92:=plot({(1/2)*x, (1/3)*x},x=-10..10,y=-3..3,colou

| r=brown, thickness=2):

| > display({curves92,lines92}) ;
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| > eigenvalues (A) ;

| > eigenvectors () ;

=l o)

{x(t),y(tv)}):
s0l93 =

=l@©

11;

21,-21

VA S S S N VN O S O B R U et
VAN NN A N VN B N R Y I
A LA AL LA AL A N 2
A LA AL el N 2
S A A A A A AL L L] e S
L L LA L N xS
S A AN A A A A L)L A
L LA A LA LAY T s
A A LA A A AN S
A L AL A LA S ST S
W LS ST TS TS S8
VAP AN aNaNard YA A A A A A A s
VNN PP
AV A A A A A A A
N oS AN NN
L S R NN
NS
N Y QRN A
RGeS 4 AV ANA VA A AT A A A AT A
(d)
L | This diagram shows a saddle-point solution.
(=] (iii)
[ > x:="x":y:="y':A:="A":
=@
[ > A:=matrix([[0, 1], [-4, 01]1):
0 1
A::[-4o}

(2L 1, {[1,211}],[-22, 1, {[1,-21]}]

0 J
7 eqs93 =17 (1) = =4 x(1), = x(1) =y(1)}
[ > init93:=[[x(0)=1,y(0)=1],[x(0)=0,y(0)=2], [x(0)=0,y(0)=3

(y(1)=2 Clcos(2¢)—2 C2sin(2¢),x(t)= CIsin(2¢)+ C2cos(2¢)}

| > eqgs93:={diff(x(t),t)=y(t) ,diff(y(t), t)=-4*x(t)};

mit93 :=[[x(0)=1,y(0)=1],[x(0)=0,y(0)=2],[x(0) =0, y(0) =3]]

| > s0l93:=dsolve ({diff (x(t),t)=y(t) ,diff(y(t), t)=-4*x(t)},

56



-]
=l (v

[ >

=

=

=l©

| > curves93:=DEplot(egs93, [x(t),y(t)],t=0..5,x=-2..2,y=-3.

.3,1init93,stepsize=.1,arrows=medium,linecolour=blue, thi
ckness=2) :

:> display (curves?93) ;

TVIA~/ /)
RN 4
BN e

(d)
| This diagram shows a centre node, with a clear cyclical pattern.

X:='x':y:='y':A:="A":
(a)
[ > A:=matrix([[-1, 1], [-1, -1]1);

o)

S1+L-1-1

| > eigenvalues (A) ;

:> eigenvectors (A) ;

i L+ L L (LI (1= 4 1, {[ 1,11} ]

(b)

| > sol94:=dsolve ({diff (x(t),t)=-x(t)+y(t) ,diff(y(t),h t)=-x(
t)-y(t)}, {x(t),y(t)});

sol94 = {

y(1)=—e (= Clcos(t)+ C2sin(1)),x(t)=¢ ' (_Clsin(t)+ C2cos(1))}

[ > eqs94:={diff (x(t),t)=-x(t)+y(t) diff(y(t),t)=-x(t)-y(t)
}s
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0 0
eqs94 = {g x(t) =—x(1) +y(1), gy(t) =—x(1)—y(1)}

[ > init94:=[[x(0)=1,y(0)=0],[x(0)=2,y(0)=0], [x(0)=3,y(0)=0

1,[x(0)=-1,y(0)=0], [x(0)=-2,y(0)=0], [x(0)=-3,y(0)=0]];
mit94 = [[x(0)=1,y(0)=0], [x(0)=2,y(0)=0], [x(0)=3,y(0)=0],

L [x(0)=-1,y(0)=0],[x(0)=-2,y(0)=0], [x(0)=-3,y(0)=0]]

| > curves94:=DEplot(eqs94, [x(t) ,y(t)],t=0..5,x=-3..3,y=-1.
.1,init94,stepsize=.1,arrows=medium,linecolour=blue, thi

| ckness=2):

| > lines94:=plot({x,-x},x=-3..3,y=-1..1,colour=brown, thick

| ness=2):

| > display({curves94,lines94}) ;
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=/ Question 10
=l G

| Fixed points are
[ > solve ({0=x*(1-x/6)-6*x*y/ (8+8*x) ,0=0.2*y* (1-0.4*y/x)},{x,y
})
{y=0.,x=06.}, {x=-7.095595044, y =-17.73898761 },
{x=.8455950436, y =2.113987609 }

[ We rule out the negative values of x and y, so that there are two fixed points to consider,
. P1=(0,6) and P2 = (0.8456, 2.1140)
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fx:=diff (x*(1-x/6)-6*x*y/ (8+8*x) ,x) ;

1 6y 48xy

fx=1-="x
fy:=diff (x*(1-x/6)-6*x*y/ (8+8*x) ,y) ;

=-6
W 8+ 8x
gx:=diff (0.2*y*(1-0.4*y/x) ,x);
2
gx:Z.OSz%
X
gy:=diff (0.2*y*(1-0.4*y/x),y);
.16
gy =.2- 4
X
fxl=subs ({x=6,y=0}, fx) ;
Sxl=-1
fyl=subs ({x=6,y=0}, fy) ;
i =
14
gxl=subs ({x=6,y=0},gx) ;
gxl =0.
gyl=subs ({x=6,y=0},gy) ;
gl =2
mA:=Matrix([[-1, -9/14], [0, 0.2]1);
9
mAd=| 14
0o 2

eigenvals (mA) ;
-1.,.2000000000
fx2=subs ({x=0.8456,y=2.1140} ,£fx) ;
fx2 =.2526639893
fy2=subs ({x=0.8456,y=2.1140},fy) ;
2 =-3436280884
gx2=subs ({x=0.8456,y=2.1140},gx) ;
gx2 =.5000000000
gy2=subs ({x=0.8456,y=2.1140},qgy) ;

2y2 = -.2000000000
mB:=Matrix ([[0.2527, -0.3436], [0.5,

2527 -.3436
mB:Z[ }

) -2

37 8+8x  (8+8x)

-0.211);
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| > eigenvals (mB) ;

i .02635000000 + .3472256867 1, .02635000000 — .3472256867 1

| Since only the eigenvalues of matrix mB are complex conjugate, then point P2 is a limit
cycle. We can verify this by plotting the phase portrait. We take point (4,0.5) as an initial

| point.

| > phaseportrait(
[D(x) (t)=x(t) * (1-x(t)/6)-6*x(t)*y(t)/(8+8*x(t)),D(y) (t)=0.

2%y (£) * (1-0.4*y (t) /x(t)) ],
[x(t) ,y(t)],t=0..100,
[[x(0)=4,y(0)=0.5]],
stepsize=.05,
linecolour=blue,
arrows=none,

thickness=1) ;

4

[ >

=] Question 11
| > DEplot3d({D(x) (t)=-y-z,D(y) (t)=x+0.2*y,D(z) (t)=0.2+z* (x-2.5) }
Ax(t),y(t) ,z(t)},t=200..300,[[x(0)=1,y(0)=1,2z(0)=1]],scene=[

x(t),y(t),z(t)],stepsize=0.05) ;
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L g
| > DEplot ({D(x) (t)=-y-z,D(y) (t)=x+0.2*y,D(z) (t)=0.2+z* (x-2.5) }, {

x(t),y(t),z(t)},t=200..300,[[x(0)=1,y(0)=1,z(0)=1]],scene=[t,
x(t)],stepsize=0.05);

0] 200 220 240 t 260 280 300

—a

=] Question 12

=l
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> solve ({p=0.5+0.25*Y, ¥Y=-0.025*p”*3+0.75*p*2-6*p+40}, {p,Y});
{Y=26.22133502, p = 7.055333756 },
{p=11.47233312 - 10.32004334 [, Y = 43.88933249 — 41.28017335 [},

{Y=43.88933249 +41.28017335 I, p = 11.47233312 + 10.32004334 I }
| So the economically meaningful fixed point is (p*,Y*) = (7.0553, 26.2213).

=l i)
| > phaseportrait(
[D(p) (t)=0.75*(-0.025*p”*3+0.75*p*2-6*p+40-Y) ,D(Y) (t)=2* (p-
0.5-0.25*Y) 1],
[p(t) ,¥(t)],t=0..100,
[[p(0)=2,Y(0)=10]],
stepsize=.05,
linecolour=blue,
arrows=none,
thickness=1) ;
45
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. [ It can be seen that the éystem has a stable limit cs}éle.

=/ Question 13

| > phaseportrait(

[D(p) (£)=0.75% (-0.025*p*3+0.75*p"2-6*p+40-Y) ,D(Y¥) (t)=2* (p-0.5
-0.25*Y) ],

[p(t) ,¥(t)],t=0..100,

[[p(0)=5,Y(0)=20]1,

stepsize=.05,

linecolour=blue,
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arrows=none,
thickness=1) ;
40

357

301

257

207

[ > phaseportrait(
[D(p) (£t)=0.75%(-0.025*p*3+0.75*p*2-6*p+40-Y) ,D(Y) (t)=2.5*% (p-0
.5-0.25*Y) 1],

[p(t),¥(t)],t=0..100,

[[p(0)=5,Y(0)=20]1,

stepsize=.05,

linecolour=blue,

arrows=none,

thickness=1) ;
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201

:> phaseportréit(

-0.25*Y) ],

[p(t) ,¥(t)],t=0..100,
[[p(0)=5,¥(0)=2011,
stepsize=.05,
linecolour=blue,
arrows=none,
thickness=1) ;

[D(p) (£)=0.75*(-0.025*p"3+0.75*p"*2-6*p+40-Y) ,D(Y) (t)=3*(p-0.5
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> phaseﬁortraig(
[D(p) (£)=0.75*(-0.025*p"3+0.75*p"*2-6*p+40-Y) ,D(Y) (t)=3.2* (p-0
.5-0.25*Y) ],

[p(t) ,¥(t)],t=0..100,

[[p(0)=5,Y(0)=20]],

stepsize=.05,

linecolour=blue,

arrows=none,

thickness=1) ;
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>

=] Question 14
| > solve ({p=0.5+0.25*Y, ¥Y=-0.025*p*3+0.75*p”*2-8*p+40}, {p,¥Y});
[ Y= 16.54183226, p = 4.635458065 },

{p=12.68227097 — 14.19801862 1, Y = 48.72908387 — 56.79207447 1 },

{Y=48.72908387 + 56.79207447 1, p = 12.68227097 + 14.19801862 I }

E Economically meaningful fixed point is then (p* Y*) = (4.6355, 16.5418).
| > phaseportrait (

0.25*Y)1],

[p(t) ,¥(t)],t=0..100,
[[p(0)=5,Y(0)=20]],
stepsize=.05,
linecolour=blue,
arrows=none,
thickness=1) ;

[D(p) (£)=0.5% (-0.025%p~3+0.75%p*2-6*p+40-Y) ,D (Y) (t)=2* (p-0.5-
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[ > phaseportrait ( - -

[D(p) (£)=0.75*(-0.025*p"3+0.75*p"*2-6*p+40-Y) ,D(Y) (t)=2*(p-0.5
-0.25*Y) ],

[p(t) ,¥(t)],t=0..100,

[[p(0)=5,Y(0)=20]],

stepsize=.05,

linecolour=blue,

arrows=none,

thickness=1) ;
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:> phaseﬁortrait(

*Y)1,

[p(t) ,¥(t)],t=0..100,
[[p(0)=5,¥(0)=2011,
stepsize=.05,
linecolour=blue,
arrows=none,
thickness=1) ;

[D(p) (t)=(-0.025*%p*3+0.75*p*2-6*p+40-Y) ,D(Y) (t)=2*(p-0.5-0.25
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.| The system exhibits a limit cycle, but the limitacycle geté iérger the farger the value of o

=] Question 15

| Although requested to perform this on a spreadsheet, we shall display the result here in Maple.

| > DEplot3d({D(x) (t)=-y-z,D(y) (t)=x+0.4*y,D(z) (t)=2+z* (x-4)}, {x(
t) ,y(t) ,z(t)},t=200..300,[[x(0)=0.1,y(0)=0.1,2z(0)=0.1]],scene
=[x(t),y(t),z(t)],stepsize=0.05);
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| > DEplot ({D(x) (t)=-y-z,D(y) (t)=x+0.2*y,D(z) (t)=0.2+z* (x-2.5) }, {
x(t),y(t),z(t)},t=200..300,[[x(0)=0.1,y(0)=0.1,z(0)=0.1]], sce
ne=[x(t) ,y(t)],stepsize=0.05) ;

4

:> DEplot({D(x)(t)=—y—z,D(y)(£)=x+0.2*y,D(z)(t)=0.2+z*(x—2.5)},{
x(t),y(t),z(t)},t=200..300,[[x(0)=0.1,y(0)=0.1,z(0)=0.1]], sce
ne=[x(t),z(t)],stepsize=0.05) ;

2.57

05

> DEpiIAot‘({l‘D(x‘) (‘t)’lé—Q—z',D'(y)' (Ot)=‘x+0.2*y,Dg(z) (t)=0.2+4z* (x-2.5) }, {
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x(t),y(t),z(t)},t=200..300,[[x(0)=0.1,y(0)=0.1,z(0)=0.1]],sce

ne=[y(t) ,z(t)],stepsize=0.05) ;

2.5

jO.5
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