Chapter 1

A Brief Review of Quantum
Mechanics

1. (a) We know that p = —ihd/dz. To find [z, p], let it act on an arbitrary differentiable function f(z),
[z,p]f = [z, —ihd/dx]f = —ihx(d/dx) f + ih(d/dx)z f
We should understand the meaning of (d/dz)zf: both d/dx and z are operators, so z acts first on f
giving the new function zf on which d/dx acts. Therefore
[z,p|f = —ihzf' +ihf + ihxf = ihf

Since f is arbitrary, [z, p] = ih.

To find [2?,p] = [zw,p], we use [AB, C] = A[B,C] + [A, C]|B along with [z, p] = ih. We find [2?,p] =
2ihz.

To find [p, V(z)], let f(x) be an arbitrary differentiable function,

0. VIf = pV f — Vpf = —ih(d/dz)V | + ihV (d/dz) f
= —ik(dV/dx)f — ikV f' +ihV ' = —ik(dV/dz)f
— [p,V] = —ih(dV/dz)

(b) Consider any orthonormal basis {|1),]2),...}. By definition of the adjoint of an operator,

(n|(AB)'m) = (m|ABn)* = (Z(m|A|k>(k|Bln>>

k
= S ml ALK (K| Blny = 3 (k1A m) (] B k) = 3" (nl B k) k| A" )
k k k
= (n|B" A" jm)

It follows that (AB)t = Bf At
(¢) To show that Tr(ABC) = Tr(CAB), it is sufficient to show that Tr(AB) = T'r(BA).

Tr(AB) = 3 (nABn) = 3 (n|Ajm)(m|Bn) = 3" (m|Bn){n| Ajm) = 3 (m| BA|m)

n nm nm m

=Tr(BA)

The first equality results from the definition of the trace of an operator: it is the sum of the diagonal
elements. The second equality is valid because ) |m)(m| = 1. The third equality holds true because
(n|A|m) and (m|B|n) are simply numbers.

(d) Writing S, = (R/2)o,, Sy = (R/2)0y, and S, = (1/2)0,, it is straightforward to check that [S;, Sy] =
ihS;, [Sy, S.] = ihS,, and [S;,S;] = ihS,. These are the commutation relations for spin operators;
hence, the representation of S as (%/2)o is a valid one.

Note that this representation is obtained if we take | 1) and | |) as the basis states of the 2-dimensional

spin vector space. In this case, | 1) is represented by (é), | |) by <(1)>, and S, by

0] =10 ) = e
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2. Dirac-delta function

oo 0 o] 0 o)
I= / e dk = / e dk + / e dk = lim { / e e dk + / e”’”e’?kdk]
—00 —0o0 0 =0t |J o 0

0

e(i:v+17)k e(ix—n)k o0 1 1
= lim - - = lim { — — - }
n—=0t | W +n |_ =1 |, n—0t [T+ 1w —1
2n

im ——
n—0+ 2 + 12
We note the following:

e If £ #0 then I =0.
e If z =0 then I = 0.

e Integrating I over x, we find

9 > g
—oe TP e Y1

J = 2tan"'y|”  =2[r/2 - (-7/2)] =2~

where y = z/n. We thus find,

Therefore,

/ e*dk = 2n6(x)

—0o0

3. Another representation of the Dirac-delta function.

sin®(ax

A(z) = lim

a—oo  qx?
We note the following:
e r#0= A(x) =0.
ez = 0= A(z) 5 a — 0.

e Define I as:

[e’e) -2
sin?(ax
I:/ (2 dx
e QI

Setting y = aw,

00 2 O a2
1:/ Sm2ydy:2/ Y dy =27
—o Y 0 )
Integrate by parts: u = sin’y, dv = dy/y* = v = —1/y.
) [ee) ) - 2 [e’e) -
siny +/ sin(2y) dy :/ sing
Y o 0 Y 0 €z

J=-

Evaluation of J = fooo Si%dm:



[ee]

— First method:

o0 —ST
_ e
/ e ds =
0 —Z |y

= Jz/ d:v/ dse_swsin:ﬂz/ ds {/ e_smsina:dm} =/ f(s)ds
0 0 0 0 0

1
T

where
o0
fls) = / e Tsinzdx
0

Integrate by parts: u = sinz, dv =e *¥dx => v = —%e*”. We find

1 R A 1 [

f(s) = ——e**sinz| + f/ e *Feosxdr = f/ e *Tcoszdx
s 0 s Jo s Jo

Integrate by parts again: v = cosz, dv = e **dz. We find

e 1 [ 1 1
f(s) = —S—ze_swcosw . = | e *Tsinzdr = ol ij(s)
Therefore, )
10 = 7 = 7o
Hence,

> ds
= = 2
4 /0 s2+1 m/
/ sin (;m)dm .
oo QX

1 sin?
— lim 250D 5
a—o0 T ar

I:/ Smwdm:Im/ £ iz
x o X

Second method:

—00
Consider ]
e’LZ
A= | —dz
c <
where C' is a closed contour in the complex plane which consists of four segments: two segments
along the real axis, one of which extending from —oo to z = —e (¢ — 0) and the other segment

running from & = € to 0o, a semicircle C of radius € in the upper half-plane, and a semicircle
C5 at oo also in the upper half-plane.

€ iz o0 ix iz i2
A = lim [/ e—dm—k/ e—dm+/ e—dz—k/ € dz]
e—0 —oo L ¢ xr C z Ch z

The integral over C vanishes (Jordan’s lemma). Thus,

o iz
elxr e
P/ —= —/ —dz
-0 z C1 z

Here, P stands for the principal value. The principal value of the integral is the value of the
integral from —oo to 0o excluding the value # = 0. To evaluate the integral over Cy, let z = ee®,

then dz/z = idf. Furthermore, e?* — 1. Therefore,

o eiz 0
P/ —:—i/ df =im
—o T ™

Since the integrand sinz/z is finite at = 0 (it is equal to 1) the principal value of the integral
of sinz/x is equal to the integral itself (they differ only by lim._,o [ [sina/xz]dz ). Hence I = .
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4. Periodic boundary conditions.

The eigenvalue equation is
—(1[2m) V6 = e

The normalized eigenfunctions are ¢, = ﬁe’k'r, where k is a real vector, and the eigenvalues are

ex = h?k?/2m. Note that [ ¢pdud®r = 1.

The boundary condition e*=(@+L) = ¢tk jmplies that

el =1 =k, =0,4+2r/L,+4n/L,--- = 2nn/L, n€ Z
Taking into account the electron’s spin, the states are given by |ko), where o =1 or |, and
ko (1) = (xlkor) = ™)
vV
To show that the states are orthonormal, consider
(k'o' ko) = L / Ere' )T (o) = § L / kK ) r g3y
Vv v
where the integration is over the volume of the cube. the integral may be written as

1 [ e w
= V/e“k*k VTP = IL1,1,

1 L
I, = f/ etlhe—ka)e gy
L 0

and I, and I, are the same as I, with z replaced by y and z, respectively. If k, # k., then

where

1 ei(szk;)L -1

Iy = —o—
L ik, — k)

Since k,, k!, = 2nw/L,n € Z, and k, # k., it follows that k, — k!, = 2mnx/L,m € Z, and the numerator
in the above expression for I, vanishes. If k, = k, then I, = 1. Therefore, I, = &, s, . Similarly,
I, = 6;%,% and I, = 0y_ 4 . Hence I = di and (k'0’|ko) = duw dgo; the states are orthonormal.

To establish the completeness property, we evaluate
Z Pxo (T) o (T Z Pk(r) P (r Z o) (o

First, consider the spin part. for an arbitrary state |x) = a| 1) + b| |),

D loXel) =1 D+ 1D x) =1 Da+] b =1x)
= |o)o] =1

Now consider the spatial part,
A=) du(r)grv”(r Z = A, A A,
k k
where

Z »(z—2")
ka

Similar expressions can be written for A, and A, with « replaced by y and z, respectively. We note the
following:

=~ \

(a) If z = ', then A, = 1 > 1 = oo since there is an infinite number of terms in the sum.



(b) Suppose that = # z'. We can write
Ax S efi47r(mfac')/L + 67i2ﬂ'(zfz')/L +1+ ei2ﬂ'(zfz')/L + ei47r(acfzz:')/L +
We make the crucial observation that if we multiply the above infinite series by egi2nm(z—a")/ L for any

integer n, the value of the series remains unchanged, because we are still summing exactly the same
terms, the 1 being simply shifted n spaces. Therefore,

A, = €i2n7r(ac—z')/LAz7 nez

Since —L < z —z' < L, and = # z', the only way the above equation is satisfied is by setting A, = 0.
We conclude that: = # 2’ = A, = 0.

(c) Consider

1 L-a'
A da:— E ethe(@=2") g — —Z ekt qy,
L —!
ke
etke L o—iks 2 —ikga 1 ekl _q

_ € _ —iks,
_Z%: iks _Z%:ez S

Since k. L = 2nw, n € Z, it follows that e?*:” = ¢?" = 1, and the above integral vanishes if k, # 0.
If k, = 0, the integral is equal to 1. Therefore, [ A(z)dz = 1.

To summarize, A,(x — ') is equal to zero if  # ', is equal to co if z = ', and its integral over x is 1
= A, =0(z —2').
Similarly, A, = 6(y —y') and A, = §(z — 2'). Therefore,

Z qska’ ¢ka - (5(1‘ -r )

The completeness property is thus established.

. Singlets and triplets.

S? = (S; +82)? = 57 + 83 +281.S2 = S} + 53 + 251252, + 251,52, + 251,52,

S?# acts only on states of electron 1 and S3 acts only on states of electron 2.

(52 + S2)a(1)a(2) = K51 (51 + Da(1)a(2) + hss(ss + Da(l)a(2)
= %(% +1) + ;(; +1)| a(De(2) = 3h”
S1.582a(l)a(2) = fizoz(l)a@) = (h*/4)a(1)a(2)
S1aS2ea(l)a(2) = (ﬁ2/4) B(1)5(2)
S1ySzya(1)a(2) = (=ih/2)*B(1)B(2) = —(h*/4)B(1)B(2)
We have used the results of problem 1 in writing the last two equations. Collecting terms, we find

S?a(l)a(2) = 2ha(1)a(2) = h?s(s + Da(1)a(2)

Sya(l)a(2) = (S1z + S2.)a(l)a(2) = ga(l)a@) + ga(l)a(Q) = ha(1)a(2)

where s = 1. We conclude that a(1)a(2) is an eigenstate of S? and S, with s = 1 and m4 = 1.

Following the same steps as above, we find

2 1 = 2i Qa «a
S ﬁ[a(1)5(2)+ﬁ(1)a(2)]—2ﬁ ﬂ[ (DAR) + B(1)a(2)]

1
Szﬁ [a(1)B(2) + B(1)a(2)] = 0

S?8(1)8(2) = 2k*B(1)5(2)
S.(1)B(2) = =hB(1)5(2)



As
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for the singlet state, we obtain
o 1 _
S 7 [a(1)B(2) = B(1)(2)] = 0
1
SZE [a(1)B(2) = B(1)a(2)] = 0
summarize:
a(l)a(2) s=1,ms=1
Triplet : \% [@(1)B(2) + B(1)a(2)] s=1, mg=0
B(1)5(2) s=1, mg=-1
Singlet, : 1 [a(1)B(2) — B(1)a(2)] s=0, mg=0

V2

We conclude with the following remarks:

e The four states given above are normalized and orthogonal to each other.

e The triplet states are symmetic under the interchange of electrons 1 and 2, while the singlet state is
antisymmetric under such an interchange.

6. Particle bound by a delta-function potential.

(a)

The potential energy is V(z) = —Ad(z). The wave function ¢(z) satisfies the Schrédinger equation

n? d?
" 2mdz?

¢(z) — Ad(z)¢(x) = Eo(x)

For a bound state the energy E must be negative (if E > 0, the wave function for z < 0 and for z > 0
will be plane waves extending to oo; the particle will not be bound).
Writing E = —|E|, and noting that V(z) = 0 for z < 0 and for z > 0, and that the wave function
must vanish at 00, we obtain
Aer® <0
¢(z) = { -

Be™k® x>0

where k = y/2m|E|/h. The continuity of ¢(x) at z = 0 implies that A = B. Thus we can write
d(x) = Ae "l for all values of . The constant A is determined by requiring that ¢(z) be normalized:
ffooo |¢(x)|*dz = 1. This readily gives A = \/k. To determine , we integrate the Schrédinger equation
from —e to €, and take the limit as e — 0,

2 2 €
L. / O e~ atim [ o )¢(m)dw=Eeli_r>r%]/_€¢(x)dm

2m e—0 dx? e—0 J_,

Continuity of ¢(x) implies that the right hand side (RHS) vanishes. Using the sifting property of §(z),
we find

;; [6'(07) — ¢'(07)] = X¢(0) = —%[—FLA — kAl = M\ = k = m)\/h?
)\2
— b= _7;12

Thus, we find that there is only one bound state with energy E as given above.
Now V(xz) = —bAd(z), where b is a dimensionless positive constant. We want to determine the
probability that the particle remains bound.

With the new potential energy, the bound state wave function 1 (z) is obtained from ¢(x) by replacing
A with bA. Since k = mA/h?, it follows that ¢ (z) = vbre **1I. The particle is initially in the state
with wave functlon ng( ) so the probability amplitude of finding it in the state with wave function ¢9z)
is (Y|¢) = f_ (z)dz. The integral is easily evaluated; it yields 2v/b/(b 4 1). The probability
that the partlcle remalns bound is thus given by

4b
(b+1)?

Note that P < 1, as it should; it is equal to 1 only if b = 1, which corresponds to no change in the
delta-function potential.

=Wle)* =



7. Harmonic oscillator. We want to show that in the ground state of a harmonic oscillator, (p?/2m) =
((1/2)mw?z?) = hw/A4.
One way to obtain this result is by using the wave function of the ground state, which is a gaussian, and
carrying out the integrals [°_ g (p?/2m)psiodz and [*_15(1/2)mw?z*psiodz. Another way is to use
the expressions for  and p in terms of creation and anmhllatlon operators. Starting from

a:b(m-}-zp)
mw

i mw 1/2
—1’(“%’3)’ v=(3r) "

we solve for z. We find

. h hw
— §mw2x2 = Tw (a+aT) =7 (a +aaT+aTa+aT2)
Using aa! = ata — 1, we find
1 hw  h
§mw2m2 =+ Zw (a®> + 2a'a + o)
Therefore,
1 hw  hw
(0|2mw 222|0) = T I(O|a +2ata + a'?|0) =
Since b
(0lH10) = "2

and H = p?/2m + (1/2)mw?z?, it follows that

(0|p?/2m|0) = hw/2 — hw/4 = hw/4

8. Harmonic oscillator coherent states.

(a)

Since any state |¢)) can be expanded as 1)) = ), c,|n), where the states |n) are the harmonic oscillator
eigenstates, it follows that a' does not have an eigenstate. To show this, suppose that in the expansion
Y) =Y, cnln), the lowest value of n is m. Then, in af|[¢p) = Y ¢,v/n + 1|n + 1), the lowest energy
state that occurs in the expansion is |m + 1); hence a'|)) cannot be equal to a constant times |¢)).
We conclude that no state |¢)) could be an eigenstate of at.

For any complex number z, consider the state
|Z> — e—z*z/ZezaT |0>

To show that this is an eigenstate of the annihilation operator a, let us first prove that [a,a’”] =
na’™~1. This is proved by mathematical induction. It is clearly true for n = 1 since [a,a] = 1. We
assume that the formula is true for n and show that it is true for n + 1. That is, we assume that
[a,a’] = nat™~!, and show that [a,a™ '] = (n + 1)a’™. Using

[A,BC] = B[A,C] + [A, B]C,
which is easily checked, we can write
[a,a™ "] = [a,a'"a'] = '™ [a,a!] + [a,a™] a" = a'"(1) + (na!"" ") a! = a™ + na'™ = (n + 1)a™

In the third equality, we used the assumption that the formula is true for n. The formula is thus
verified. Now consider

o0 n oo n o0 n—1 o0

T z 1. zZ .'. -1 z Z T

za' | _ ~ n] _ ~ n _ za

[a,e ]_Z 7 lasa ]_Z [ _ZZ( _1) Z
n=0 s n=0 - n=1 n m=0 m!

It follows that . . ; ;
e** 10y = €** a|0) + ze** |0) = ze** |0)
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This shows that e*®' |0) is indeed an eigenstate of a with eigenvalue z. We can write
|Z> — e 2/2 zal |0 e ? *z/2 Z J[n|0 — e ? *z/2 Z \/>|TL
—Z’* ! Z
(2| = e="# /2 Z F\/m<n|
n=0

(recall that 9! = 1). We thus obtain

o)
z L r R, (ZZI*)n
() =7 /22 ,m, \/a\/nj(mhl):e (=" 2+ )/QZ:T
n=0 ’

—(z* z+z'*z'—2,zz )/2

=e€

This shows that (z|z) = 1: the states are normalized. However, the above shows that (z2'|z) # d(z—2"),
i.e., the states are not orthogonal.

9. Time-independent perturbation.

(a)
H:H0+V, HO :p2/2m+(1/2)mw2x2, V =z

Treating V' as a perturbation, the shift in energy of the ground state is given by

2
= (0[V]0) + Z KmlVIO) m|V|0 | = AE" + AEY

The perturbation can be written in terms of creation and annihilation operators:

PN
V:)\w:/\<> (a +at)

2mw

Since (0]al0) = (|at|0) = 0, it follows that AE((,l) = 0. Noting that a|0) = 0 and af|0) = |1), we obtain

1/2
<m|V|o>—A( h ) St

2mw
Hence,
(2) _ Z _ h/\2 1 _ h/\2 1
2mw EO E, 2mwEy,—FE;, 2mw \ —hw
)\2
T o2
(b)
2 1
H= + —mw?z? + Az
2m = 2
2
_p 1 2\
= om + 2mw (m +mw2
2 2 2
P 1 5/ 2\ A A
T 2m * P (a; + me?” + m2wt  m2wt
p? 1 LA 2\
="+ -_mw’(z -
2m = 2 mw? 2mw?
Except for the last term, which is a constant, this is the Hamiltonian for a harmonic oscillator whose
center is at * = —\/mw?. Therefore,
/\2
E,=(n+1/2)hw— 9s?

The perturbation shifts all states downward by A2 /2mw?. In this case, the second-order perturbation
theory yields the exact answer.



10. Heisenberg picture of quantum mechanics.

(a) Denoting an operator in the Schrédinger picture by A, the corresponding operator in the Heisenberg
picture is given by
An(t) = otHt/h g —iHt/h
Taking the derivative with respect to time,
d , . , , . A .
%AH(t) — (iH/h)eth/hAelet/h + eth/hA(_iH/h)eszt/h + eth/haeszt/h
Note that H commutes with e**1t/% Therefore,
d i . 0A .
Ayt == (HAy — Ay H tHt/h Y —iHt/h
7 u(t) h( H uH)+e a1 €

The last term is simply 0A/0t in the Heisenberg picture. If A has no explicit time dependence, as is
usually the case, then

d 1
—Ap=-[H,A
gt = g U A
(b) Let a(t) be the annihilation operator in the Heisenberg picture. Then
da i
g
dt h[ Y a’]

For the harmonic oscillator, H = hw (aTa + 1/2). Thus,
[H,a) = hw [a'a, a] + hw[1/2,d]

The last term on the RHS vanishes (a number commutes with an operator). To evaluate the first
term, we use

[AB,C] = A[B,C] + [A,C]|B

We thus find
[aTa,a] =alla,a] + [aT,a] a=0—-—a=—-a
Hence J
d—j = —iwa = a(t) = a(0)e ™!

For a'(t), we can either repeat the same steps as above, or simply note that af(¢) is the adjoint of
a(t). Therefore, 4
al (t) = af (0)e™?

11. The interaction picture

(a) Let A be an operator in the Schrédinger picture. The corresponding operator in the interaction picture

is defined as
A[(t) — eiHot/hAe—iHot/h

This has the same form as Ay (t) except that H — Hy. Thus

il

aAI(t) 5 [Ho, Af()]

[91(8) = €0 Mg (1)) = g r(6)) = —Hoe ™/ yss(1)) + €0 MR s ()
Using the Schrédinger equation
i s(1)) = Hluis(2) = Hols(0) + Vs (1)
and noting that Hoe'ot/h = ¢iHot/hF; we obtain
() = €0V g (1)) + €0ty o My (1)

Hence,

ih%W](t)) = Vi)Y (1))
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(c) For an arbitrary state |1; (o)),
[91(9) = Ut to) (i) = ih [91(8) = ih Us(t, )l ()
We also have 5
ih&w)l(t» =Vi)|pi1(t)) = Vi) Ui (¢, to)[41 (to))
Since |¢1(to)) is arbitrary, it follows that

., 0
ZhaU](t,to) = V](t)U[(t,to)

(d) Let us integrate the above equation from tg to ¢,
t a Z t
—Uj(ty,to)dt, = —*/ Vi(t1)Ug(ty, to)dt:
to Ot1 i Jy,
-
i
s Uyt o) — Us(to, to) = —ﬁ/ Vi(t)Us (b1, to)dts

to
Since Uy (tg,tg) = 1, we obtain
-
i
Ur(t,tg) =1 — 7 Vi(t1)Ur(t1,t0)dts

to

This is an integral equation. We solve it by iteration:

Z‘ t Z t1
Urttto) = 1= 5 [ dnVien) 1= [ dvi(a)Us(es 1)

to to

Z' t _Z 2 t t1
=1- ﬁ/ dt; Vi(ty) + <ﬁ> / dtl/ dtaVi(t1)Vi(t2)Uy(ta, to)
to to

to

We continue to iterate; we find

. t .\ 2 t t1
) —1

U](t,t()) =1-— dt1V](t1) + () / dt; dtQV[(tl)V[(tQ) + -
h to h to to

(e)
[$1(2)) = €My (1)) = MU (8, 1) s (to)
= eHot/hy (4 4 )e~iHoto /Ry (10))
Therefore,
Us(t, o) = etHot/hy (¢, 4g)e~iHoto/h
and
(F1Ur(t,t0)]i) = (fle ™V U (8, tg)e™ ot /2 i)
= eirt/he=iBito /R £117(¢, £)|i)
Therefore,

(ULt o)1) = [(FIU(t, t0))]* = Picss

12. Fermi golden rule.

(a)
0 t<0
V.oot>0

Pisyy = [(fIUr(t,to)|i)[*

V(t) =

Here, to = 0, and
oot
U](t,O):l—%/ V](tl)dtl-f-
0
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Suppose that |f) # |i). Then to first order in the perturbation,

(I (8, 0)]i) = —7/ by (FIVi(t)li)
The matrix element is given by
(f|VI(t1)|Z> — (f|eiH0t1/ﬁVefiH0t1/h|i) — eiwfitlvfi
where wy; = (Ey — E;)/h and Vy; = (f|V]i). Therefore,

> t y iw it _ y iw it/? _ —iw it/2
) ) ) ewr 1 ) . evr e s
Ur(t,0)]i) = ——Vp [ dtie™ritn = ——Vy = ——Vpelrit/?
<f| 1(7 )|7/> h fz/o 1€ h fi waz hwfz fle Z

—9i _—
N <77wfzi> Viie™si2 sin (wyit/2)

The transition probability is thus given by
4 o sin? (wpit)2)
P = = Vil %

(b) The above is rewritten as
|sz| sin’ (twf,/Q)
Rt (wpif2)

Pi*)f -
Using the result of problem 2.3, we can write
t 2 E:— E;
im w =76 (wyi/2) = ™0 <M> =27hé (Ef — E;)
t—oo ¢ (wfl./Q) 2h
where we used the formula é(az) = §(z)/|a|. Hence,
. 2m 9
Jim Py = -5 Vil 80 (B — Ei)

The transition rate is thus given by

d 27
wi— f = 7l lim Pz%f = ﬁ|vfi|25(Ef - E;)

This is Fermi’s golden rule.

13. Harmonic perturbation.
(a) , ,
V(t) — Aezwt _|_A’re—zwt tZ 0

We assume that w # 0. If w = 0, then V is constant for ¢ > 0, and the problem becomes identical to
the previous one. To first order in the interaction, the evolution operator in the interaction picture is
given by

ot
Ui(t,0) = 1— %/ Vi(#)dt! + -
0
The transition probability from state |¢) to state |f) (these are eigenstates of Hy) is given by

Piss = [(fIU1 (£ 0)]i)]"
Assuming that |f) # |i),

(f|1Ur(t,0)]i) = _7/ dt' (FIVi(t")i) = / dt' <f|ezHot Ihy =it /h); >
= [ [t g4y 4 oon = g1
0
7 ei(wfi+w)t -1 ei(qui*w)t -1
h{ i(wpi +w) i+ i(wpi — w) 7l M
Hence,

1 1— ei(wn—&-w)t 1— ei(wf,-—w)t 2

Pp=—|——(f|Al)) + ————(f|AT|i

= g | M AT
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(b) Writing
1 — eilwpitw)t _ gilwsitw)t/2 I:e—i(oiniw)t/Q _ ei(wfiiw)t/Q]
= —2ie@riF I 2 gin [(wes £ w) t)2],
we obtain
2

Pi%f — i sn [(wfi + w) t/2] ei(wfi+w)t/2<f|A|i> + sin [(wfi - w) t/2] eilwri—w)t/2 <f|AT |Z>

Rl (writw)/2 (wri=w)/2
_ 7?12 | B(w)(f|Ali) + B(—w){f|AT]i)

|2
= 7712 {I{FIARDPIBW)IP + KFIAN) PIB(=w)|* + 2Re [(f|AlD)(£]AYi)*B(w) B*(-w)] }

The term |B(w)|? is given by

sin® [(wy; + w) t/2] _ tsin® [t (wp; +w) /2]
(wri +w) /2 t(wpi+w)/2

|Bw)? =
Using the result of problem 1.3, we can write
. 2 weHwy) . Ef—Ei-l-h/.u
Jon 1B = i w0 (257 ) = i s (P

:tligloQWht5(Ef —E,’ -I-hw)

Therefore,

1 d . 5 27

R Jim [B(w)]” = ffs(Ef — E; + hw)
Similarly,

1d . 9 2m

The term in P;_,; containing B(w)B*(—w) vanishes as ¢t — co. To see this, note that

lim

1sin[(wyi +w)t/2] _s wei +w
thoom  (wp tw) /2

5 ) =20 (wyi +w)

We can prove this as follows:

1 [ . 1 R 1 iRO _ ,—iR0
50) = o [ = Jim [ ar= oL gm S
2 J_ o 2T R—oo J_p 2T R—oo 10
1 .
_ Ll sin(RO)
T R—o0 [

Thus, the product B(w)B*(—w) contains é(wy; + w) §(wys; — w), which vanishes if w # 0. Therefore,

wiss = 20 (A 8 (B — But h) + | (1470”6 (87 — i — ho)]



1. Important sums.

(a)

my mso ms
k=-—b, 4+ -—2by,+ —b
N, 1+N2 2+N3 3

where Ny, No, N3 are, respectively, the number of primitive cells along the directions
of a;, a,, and a;. The vectors by, by, and bs are primitive reciprocal lattice vectors,
and my, ma, m3 € Z. Let I and I' be defined by

_ kR 1 _ 1 ikR
I= E et I'=1Ie
n

where

R = wa; + usay + usas, U, U, U € Z

Setting R,, = nja; + noas + nszas, ny, no, n3 € Z, we can write

N1 N> N
L Ty manag mani3
I:ZZZewp{?m( N, + N, + N, )]

ni1=1ns=1n3=1

where we used the formula b;.a; = 270;;. On the other hand,

N1 N2 N3
;. Cf T (m + Ul) mQ(TLQ + UQ) ms (ng + U3)
I = E E E exp [2m < N, + N, + N,

n1=1ns=1n3=1

Ni4+ur  Notus Nz+us o Mon Man
. 1701 2162 313
= E g g exp |27 + +
Ny Ny N3
n1=u1+1 no=us+1 ng=uz+1
Nitui  Natuz  Nztus

! — . MmNy MaoNg msnsg
AT D Sl DI Y (ORI ]
n1=N1+1 no=N2+1 n3=N3+1
ul us us
L Ty maTig msns
_Zzzm{gm< U T )}:o

ni1=1 na=1 ng=1

Therefore,
0=1I'—1=1(e*" 1)

This is true for every lattice vector R. The only way to satisfy this for I # 0 is to set
k = G, where G is a reciprocal lattice vector. However, the only reciprocal lattice vector
within the FBZ is G = 0. Hence, I must vanish unless k = 0. When k =0, I = N.
Therefore, I = Nd — k, 0.

ma mo ms
k=—b —b —b
I R A



Since k € FBZ, —NZ/Q <m; < NZ/Q — 1, 1= 1, 2, 3. Let R = uia; + ugas + usas,

where uy, up,ug € Z. Let J = ) exp(ik.R). Then,
KEFBZ

Ni/2—1  Naj2-1  N3/2-1

. MUy maUs maus
= 2
=y Y ¥ egcp{m(Nl + ot e )}

mi1=—N1/2 ma=—N2/2 m3=—N3/2

Let ko = §+b1 + £2bs + £2bs, pi, p2, ps € Z. be any vector € FBZ. Define

Jl — eiko.RJ — Z ei(k+k0).R

kecFBZ

Then

Ni/2—1  Naj2—1  Nz/2—1

7= 3 Y Y e {2m<(m1 }?1)“1+(m2}52)“2+(m3}f‘°’)“3>]

m1=—N1/2 ma=—N2/2 m3=—N3/2

= 2 2.t

m1=—N1/2+4p1 mo=—N2/24+p2  m3=—N3/2+p3

N1/2+p1—1 N2/2+p2—1 N3/2+p3—1
. [ MUy molUsg msus
exp |2mi

N Ny N3

It is straightforward to show that J' — J = 0 = J(e’*R — 1) = 0. The only way for .J
to be nonzero is if e0-R = 1, which is satisfied if either & is a reciprocal lattice vector
or if R = 0. But k¢ € FBZ, and if it is nonzero, then it cannot be a reciprocal lattice
vector. Therefore J = 0 unless R = 0, and when R = 0, J is equal to /N, the number
of k-points in the FBZ. Hence, J = NigRg.

. Free electron model at zero temperature.

(a)

The mean energy per electron (in 3D) is € = 3ex/5, where ep = hi*k%/2m is the Fermi
energy. The Fermi wave vector kp = (3m2N/V)1/3,

The parameter r, is defined by

47 Vv 3 1/3 _ 9 1/3 _
? (Tsao)3 = N = (N/V)1/3 = (E) (Tsao) ! = kp = <Z> (7"5@0) !
3R /9m\P 1 221
- e e
10mag \ 4 r2 r2

where 1 Ry = h?*/(2ma?) is one Rydberg (1 Ry = 13.6eV).

Consider a spherical shell in k-space bounded by the constant energy surfaces ¢ =
h*k?/2m and €+ de = h*k? /2m + (h?k/m)dk. The volume of the shell is 47k?dk. Since
each k-point occupies a volume in k-space given by (27)?/V, the number of k-points
in the shell is 47k?dk/(27)?/V = Vk?*dk/27%. The number of states in the shell with
one spin orientation (for example, the number of states with spin up) is equal to the
number of k-points in the shell. Thus,

N, (e, € +de) = VE*dk/27* = D, (€)de = Vd,(e)de



where D, (€) is the density of states with one spin orientation, and d,(€) is the density
of states per unit volume per spin orientation. Thus,

P S R

T 9n2(de/dk)  2n?h2k/m  2nh?
mkp

= &) = g

. Free electron model in lower dimensions.

(a)

For a two-dimensional system in the ground state at T" = 0, the electrons fill states in
k-space within a circle of radius kp. Since each k-point occupies an area of (27)%/A,
where A is the area of the crystal, the number of k-points within the Fermi circle is
7k /(2m)? /A = Ak%/47. Each k-point can accommodate two electrons, one with its
spin up and another with its spin down. Thus, the number of electrons N is given by

N =2 (Aky /4n) = Ak} /27 = k3, = 2rNJA = 2mn
= kr =V21n
In 1D, the Fermi surface consists of two k-points at £k = £kpr. The points in k-space

are separated by 27/L. The number of k-points between —kp and kg is therefore
2k /27 /L = Lkp /7, and the number of electrons is

— kp =7mn/2
In 3D,

=3ep/b =€pd/(d+2), d=3
In 2D,

ll

/ h2k2 2 1 h2k?
TN Z o,
The factor 2 arises from summing over o (1 or i), and the prime on the summation

symbol means that the sum is over all k-points within the Fermi circle of radius kp.
Replacing the sum over k by an integral, we obtain

2 kp 2 21.2
2 B A)/ N v SRS U . ST

E= — = ——€ep2mn = €p /2

N 2m, (2)? 8STNm' U 4mn 2m T 4mn
=epd/(d+2), d=2
In 1D,
:_Z/h%? 2 /h2k2:h_2£/kF 2 — WL 2ki _ Bky 2kp
2m Nm 2w Nm2r 3 2m 3mn
ZGF%ZGF/3:eFd/(d+2), d=1

In the above, n = N/L. The prime on ¥ means that the sum is over k-points between
—kpr and +kp.



4. Graphene bands.

(a) The real lattice vectors are
alza(\/§/27_1/2)7 aQZG(OJ]-)

The formulas for the primitive lattice vectors b; and by are written assuming that there
are three primitive real lattice vectors. We imagine that there is a third primitive lattice
vector ag perpendicular to the x-y plane. Then

2mas X as ir
b1 = = X
a1.as X ag \/§a
21ag x a;  Am 1 /3.
b, = = Z A
2 a1.as X ag \/ga(2X+ 2 y)

where x and y are unit vectors in the z- and y-directions, respectively. The vectors
b, and b, have the same magnitude (47/v/3a) and the angle between them is 60°.
The reciprocal lattice vectors are G = miby + msbs, my, mo € Z. To draw the first
Brillouin zone (FBZ), choose one reciprocal lattice point, draw all reciprocal lattice
vectors starting from this point and draw the perpendicular bisectors of these vectors.
The area enclosed by these perpendicular bisectors, and centered on the chosen point,
is the FBZ. For the case of graphene, the FBZ is a regular hexagon. The center of the
FBZ is called the T-point. The point M has coordinates (27/v/3a,0), the point K has
coordinates (27/v/3a, 27 /3a), and the point K’ has coordinates (0,47 /v/3a).

(b)
A _ 1 § : ik. Ry o B r) = 1 § :eik.Rn r—o—
¢k (I‘) - \/N - € QS(I' Rn)v 7~/)k( ) - \/N - QS( 6 Rn)

These are normalized Bloch functions; they satisfy Bloch’s theorem:
U7 (r 4 Ryp) = R (r)

Since we are neglecting the overlap between atomic orbitals on different sites, 1{i(r)
and £ (r) are orthogonal:

[ vtk war =0

To solve the Schrodinger equation HUy(r) = EyUi(r), we consider a solution of the
form

Uie(r) = aviic (r) + byl (x)
Since {i(r) and ¥ (r) are orthogonal, ¥y (r) is normalized if |a|?> + |b|> = 1. The
Schrodinger equation becomes

SRR (aofe o) Aol 5 B

n

_ 5, Zez’k.Rn [aHo(r — R,) + bHo(r — 6 — R,,)]



We multiply the above equation by ¢*(r) and integrate over d®r. First, we note that

/¢*(r)H¢(r ~R,)d*r =0

This is because if R,, = 0, the integral is equal to the orbital energy e which we set
equal to zer0, and if R,, # 0, then ¢(r) and ¢(r — R,,) are atomic orbitals centered
on atoms of type A, and such atoms are not nearest neighbors. Since we assume that
interactions exist only between nearest neighbors, the integral vanishes. Since we also
ignore the overlap between orbitals on different sites, we set [ ¢*(r)¢(r — 8 — R,,) equal
to zero.

Taking account of these observations, the Schrodinger equation becomes
S eikRay / 5O HOx — 6 — R)dr = B, 3 eRog / & (K)6(r — R, )d*r

On the RHS, the integral vanishes unless R,, = 0, in which case the integral is equal to 1
(we are neglecting the overlap between orbitals on different atoms and we are assuming
that the atomic orbitals are normalized). Hence, RHS = aFj.

On the LHS, the integral vanishes unless ¢(r — d — R,;) is centered on one of the three
nearest neighbors of atom A. Therefore, in summing over n, only three terms survive:
R, =0, Ry = a(—+v/3/2,1/2), and Rs = a(—+/3/2, —1/2). For each of these values of
R,,, the integral on the LHS of the above equation is the matrix element of H between
the p, orbital on A and the p, orbital on one of the nearest neighbors of A; it is thus
—t. Hence, the above equation becomes

—btgx = abi

(V3 1 V3 1
i (—Tkwa + §kya i —Tkwa - §k‘ya

Next we multiply the Schrodinger equation by ¢*(r — 8) and integrate over d®r. On the
RHS we end up with bFy, whereas

where

g =1+ exp + exp

LHS =) e™Fng / ¢*(r — 8)Ho(r — R,)d>r

The integral vanishes except for three values of R,,, namely, R; = 0, Ry = a(+/3/2, —1/2),
and Rs = a(v/3/2,1/2). For each of these values of R,,, the integral is —¢. These three
R, vectors are simply the negative of the three R, vectors encountered earlier. We
thus obtain,

—atgy = bFy



To sum up, the constants a and b satisfy the two homogeneous equations:
Eka + tgkb =0
tgf;a + Ekb =0

To have a nontrivial solution (a, b # 0), the determinant of the coefficients must vanish,

B
‘ < 0= B gl =0

togr Ex
= By =+t |gx|

The dispersion of the valence m-band is given by Eyx = —tgy, while that for the conduc-
tion 7-band is Fyx = +1tgk. For pure, undoped graphene at zero temperature, all states
in the valence band are occupied whereas all states in the conduction band are empty.

For the valence band,

—t\gk|a+tgkb:O:>a:g—k

|9x
The wave function for the valence band states is thus given by
1 gk A B
i=—s (—w +y
k \/5 ‘gk’ k k

For the conduction band,
1

c _ = _g_k A B
¢k_ \/§< |gk|¢k +¢k>

l9x| = /95 9

Let v/3k.a/2 =, kya/2 = 3. Then
=14 2cosBe @
Therefore,

Giegx = (1+2cosfe’) (1 +2cosfe™™) =1+ 4cos”B + 2cos (e + e ™)
=1+ 4co0s*B + 4cosacosf3

Using the trigonometric identity
c0s2f = 2cos*B — 1

we can write
4cos’ = 2cos2f3 + 2

Hence,
g gk = 3+ 4cosacosf + 2cos(23)



(d) Let k, = 27/v/3a + k., k, = 27/3a + k|, where k. and k, are small: ki k, << 7/a.

Yy’ 1y

Setting ko = 2 and kya = y,
1/2

B =+
k== 372

3
3+ 4cos (7? + \/7_$> cos (z + g) + 2cos (27/3 + y)

1/2
=+t {3 — 4cos(V3z/2) [%cos(y/Q) - ?sm(yﬂ)] — cosy — \/gsiny}

where in the last step we used the formula cos(a+b) = cosacosb—sinasinb. Expanding:
cos@=1—0*/21+ -, sin0=0—0°/3"+---

we obtain

&5
=~
Il
H_
~
w
|
N
—
—_
|
o
&
[N}
~
(0¢]
Nl
—
—_
~
[\
|
<
[N}
~
—
(@]
|
=
NS
~
W
~—
|
—_
_|._
<
[\
~
[\
|
=
N
——
—
~
N

3 1/2 3 N 1/2
=+t 1 (* + yQ)] = j:\/T—ta (kf + kyQ)

There are, of course, terms of higher order in &' which we have neglected since they are
less important when &’ is small. Measuring k from point K in the FBZ, we can write

Ek = :l:hUFk

where vp = v/3ta/2h is the magnitude of the Fermi velocity, and the — (4) sign refers
to the valence (conduction) band.

We have expanded around point K; it is easily verified that the same linear dispersion
is obtained near point K'.

Consider a shell near point K, bounded by the constant energy surfaces ¢ = hvgk and
€ + de = hvpk + hvpdk. The area of the shell is 27kdk. Each k-point occupies an area
in k-space given by (27)%/A, where A is the area of the graphene crystal. Since there
are two states for each k-point (|k 1) and |k |)), the number of states in the shell is

N = 2(2wkdk)/(27)% /A = Akdk /=

The density of states is thus

D(e)—ﬂ—ﬁ%— Ak Alel  4A]e|
de 7w de  mhvp  w(hup)?  3ma’t?
1 4el
= —D(e) =
— dle) A (€) 3mat?



Since there are two valleys, one near point K and another near point K', the total
density of states per unit area is

8¢
 3ma?e?

dtotal (6)

5. More on graphene.
The p, orbital on each atom is represented by the wave function

¢(r) = Arcosfe 2"/

Here, A is a normalization constant, ag is the Bohr radius, 0 is the angle between r and the
z-axis (the one perpendicular to the graphene plane), and Ze is the effective charge on the
carbon nucleus, as seen by the electron in the p, orbital (Z ~ 3). We want to evaluate

I(q) = / & ()™ 3 (x)dr

where q is a two-dimensional vector in the FBZ of graphene.

First, note that since ¢(r) is normalized,

o) 2
27TA2/ T4€ZT/a0d7”/ c0s*0dcost = 1
0

-1

AT /OO rle #r/e =1
3 Jo

Expanding e™*9*, we can write

00 1 o] 27 1
I(q) = A? Z E/o r4e_ZT/“°dr/0 dqb/l d(cost) cos®0 (—iq.r)"
£ n -

If we choose the x-axis to be along the direction of q, then q.r = grsinfcosfl. Therefore,

[e%s) _sAn 00 T 2T
I(q) :Azz( 9) /0 T4+”eZr/“OdT/OCOSQHSin"HHdQ/O cos"pdo

Note that ,
/ cos"pde = 0 if n is odd;
0

hence,

& 2n 00 T 21
I(q) = A2Z(—1)"(gn)! /0 r4+2"e_ZT/a°dr/0(1 — 5in’0) 3in2"+10d9/0 cos®™ ¢ dg



Using
T 2[(2n)! T 2|(2 2)!
/ sin2"+10d9 — [( n) ] : / sén2n+39d0 — [( n+ ) ]
0 (2n+ )N 0 (2n + 3)!
27 00 n 0
cos”pdg = 27T—(2n — Dt pAt2ne=2r/ao g, — ‘(2n o (@>2 rie=Zriady
0 et 7, 4! A 0 ’
and noting that
(2n)!! (2n+2)  (2n)!

Cn+1DI 2n+3)! (2n+3)1

and using the normalization condition, we obtain

t = 3 D2 (1]

1
[1+ (qao/Z)Q}3

Since Z =~ 3, then for small values of ¢ : qag << 1, I(q) ~ 1.

This result is not surprising: ¢*(r)¢(r) is maximum at r = 2a¢/Z =~ 2a¢/3 and decays
exponentially for larger values of r. For r > 3ag, ¢*(r)¢(r) is almost vanishing. On the
other hand, €'4* ~ 1 for r = 3ay since gay << 1. So for values of r where ¢*(r)¢(r) is
appreciable, e’9* = 1. Since ¢(r) is normalized, I(q) ~ 1.

6. Matriz elements of graphene wave functions.

Ay 1L ik.Ry, o B _L S YR
I/)k(r)_ﬁzn:e o(r — Ry), I/)k()_\/wzn: o(r -8 - R,),

v_ L 9k a4 B c:L Y9 a4 B
¢k‘ﬁ[igkr¢k+¢k]’ Yk \/5[ igk\‘”k“”“]

(i)

I= (0 |e a0t g) = Do etk R / e G (1 — Ry)o(x — Ry )dPr

n,n’

Ignoring overlap between orbitals on different sites, the integral vanishes unless n = n/;
hence

. 1 iq.Rp —iq.r 2 13 1 —iq.(r—Ry) 2 13
f=y D [ ot - R atr= L3 [ e jote - R i

By a change of variable: r - r — R,,,

@ =3 Y [ o) dr =1

In the last step, we made use of the result of problem 2.5.
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(ii) Following the same steps as above, it is readily shown that
B |, —iqr|,,B A |, —iqr| B B | —iqr| A
(Wi e [ idg) 2 1, (Ui e[ Widg) = (¥ |79 Wiciq) = 0
The second equation results from neglecting overlap between atomic orbitals on dif-

ferent sites.
(iii)
(Ve e | dirq) = Lj‘i“*:‘ (Wi le™ ¥ it q) + (U le ™9 g )

g —iq.r 9k —iq.r
i (ol um o) + 2 (el ug )

Using the results of (i) and (ii),

v | —iq.r 1 glt Jk+q :|
q. ~ _ e -
<w ‘e ‘ wk+q> 9 [ |gk gk+q|

(iv) Similarly, it is readily shown that
(Uice™ ™ Yierq) = (k€7 Ukaa)
Yk Yk+q ]

—iq.r —iqr _1
(Ve i) = (e i) = 3 1 - e

(v)

d=1+¢ i(~ koot ihya) n e—i(§k1a+%k9a)

We assume that k is near the point K or K’ (gx vanishes at these points). Expanding
dgx

B 2m J9x 2
gk—akw@w)* AMCEE)
iv3a ( ) \/_a ( 27r>
= ky — ky — —
2 \/_a 2 3a

Measuring k from point K,

about point K|

gk = Z\/;a (ky —iky) = i?kae‘wk

where 6y is the angle between k and the z-axis. Therefore,

3a?
|9k Gk+q| = Tk|k +q|

and

302 A
JxYktq = %klk + gle/(fcthsa)
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Hence,
(0 e 0 q) = 5 [1 + € tera)]
and
(0o s visa) [ =  [1 -+ O] [14 o]
= % (1 + cosb)

where 6 is the angle between k and k + q:

k. (k+q) k*>+kqgcos¢p k+qcoso
klk +q klk +q k+q

cost) =

where ¢ is the angle between k and q.
Following the same steps as above, we find

c —1iq.r v 2_1 _k—i—qcos¢
e R e A ()
Since . .
(Ui [e7'9 [ irq) = (W e Wik iq)
and

(Vic e W) = (Ui |7 Yirq)

we can write |
Fyo(k,q) == <1 +ss

[\V]

,k+qcosqﬁ>
k +q

where s, s’ = —1(+1) if 5, &' = v ().

7. Density of states.

3
D@&:Q@yu/%ﬂﬁ

In the above, the function dk | is integrated over the surface in k-space on which the energy
is a constant equal to e. dk, is the perpendicular distance in k-space between the inner and
outer surfaces of the shell.

The point to note here is that for the constant energy surface ¢(k) = ¢, the gradient Ve (k)
is perpendicular to the constant energy surface. Therefore,

’de dk‘J_ = de

Hence,
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We note that de is simply a constant; the integration is not over e, but rather over the
constant energy surface. Cancelling de, we obtain the desired result:

(27)3 dS,

D(e) = 2
(€) V] (Vi




Chapter 3

Second Quantization

1. Noninteracting electrons on a square lattice.
The two lattice vectors are a; = a(1,0), as = a(0,1). The Hamiltonian is
H=—-t Z cggcjg
<ij>o
Expanding in terms of momentum operators,

1 R 1 TR
T T N S

kcFBZ kcFBZ
the Hamiltonian is rewritten as

H = —(t/N) Z Ze’ik/'Rieik'Rﬂ'chckg

<ij>o kK’
— —(t/N) Z Zefz‘(k’fk).Rieik.(ijRi)cleackg
<ij>o kK’
The sum over k and k' is restricted to the values within the first Brillouin zone (FBZ).

For any given lattice site i, R; —R; can only take four values, namely, +a(1, 0) and £a(0, 1).
Hence,

—i(k — oy _R., ; i ; _ r_ .
E e i(k k).Rlezk.(R] R;) _ (ezkza +e tkga + ezkya +e zkya) E ek k).R;
<> 7

= (2cos(kya) + 2cos(kya) N dxy

In the last step we used the result of problem 2.1.

We thus find
H= Z 2t [cos(kya) + cos(kya)] ¢l ks = Z Xl Cro

ko ko

where
ex = 2t [cos(kya) + cos(kya)]

This is the dispersion of the energy band.



2 CHAPTER 3. SECOND QUANTIZATION

2. Graphene revisited.

(a) The Hamiltonian is

3
H=—tY_ > albis,+HC.

o 0=1

The creation and annihilation operators are expanded as follows:

1 . 1 TR
by g Ly e,

keFBZ keFBZ

Putting these into the expression for the Hamiltonian, we find

- _% SO Y R R DG by HLC

kk/ i0c 6

ik.8
E € = 0k
F}

where g was defined earlier in problem 2.4. Thus

t i kYR
H= _Nzgkal,gbnge(k KR 4 [ .C.

Note that

kk'o )
=—t Z gkaLaka —1 Z gltbLtra“kU
ko ko

0 a
= ¢ t bT ( . gk) ( ka’)
%‘: (a“ka k(r) I 0 ka

0 g«
G =
(91’2 0)

has eigenvalues +|gx|. The eigenvector corresponsing to the eigenvalue —|g| is

% (—gkl/!gk\>

and that corresponsing to the eigenvalue +|gy| is

% <9k/1|9k|>

We form the matrix A whose columns are the above two eigenvectors, and its inverse

A*l
_ 9% 9k _ %
PR bl | B N N R B
1 17 V2| 2 o1

9k

(b) The matrix



It is easily verified that

ATlGA = [_‘gk‘ ) }
0 gl

The Hamiltonian is now written as

H=—tY"(af, bf,)A4"" (91 %“) AA™ (Z:)
ko

- : ; _’gk‘ 0 Clko
t%; (Clkcr CZka) ( 0 |gk|> (CQk‘T)
2
= —1 Z Z Enkc:rzkacnka

ko n=1
where «
g
(Clka> — A—l <axk0'> _ L _@_:‘aka + bka
Coko bka \/§ ‘Z—:‘akg + bkg

3. Commutators.

E: T _ T _ T
[Ckm kCroCho | — [Ckos € Cpr i Cklg! | — €k’ |Cko) Cyr 5 Ci/ o

ko k'o! ko’

If ¢ and ¢! are boson operators, then
[A, BC| = B[A,C] + [A, B]C
gives
|:Ckcr> CL/U/Ck’a’] = oo ko, o] + [ckg, CL(,,} CK/o!
= 0 + dkk0o0’ Crr o7
If, on the other hand, ¢ and ¢! are fermion operators, then the formula
[A, BC| ={A,B}C — B{A,C}

gives

[Cka; CLIUICk’a’} = {Ckm cLU,} ot — Chrgr {Cos Cror}

= Oxk/Ogo’ Ck o

Therefore, whether ¢ and ¢! are boson or fermion operators, we have

E : T _ _
[Ckm €kCiyCko | = €k Ok Opo Ck' ! = €K Ckgr

ko k'o’
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(b) For boson operators,

i ¥ — [N — ¥ ¥
[thﬂ €kl Cko | = €k’ | Ckos O/ o' Ck'o’ | = €k’ Cyror |Ckos Ck'o’

ko k/c’ ko’
_ i Suvrd R, |
= €k’ Cr ;1 Okk/ Ogo! = —€kCy,,
klo-/

For fermion operators,

T i — T _ T 1
[Ckm €kChoCko | = € |Ckos ko' Ko’ | = 7 2 €K Crior | Chkoo K0

ko k/o’ ko’
_ T Sosd = — T
— €y Ck’o” kk'Ogg! = chkg_
ko’

The same answer is obtained whether ¢ and ¢! are boson or fermion operators.

. Field and number operators.

The total number of particles operator is given by

N=Y" / &t (r)w, (r)

For bosons,

N (0] = 3 [ [ ) ). o)
Using [AB,C] = A[B,C] + [A, C]B,Uwe find
Wl (1) W (), W ()| = WL, () [Wr (1), W, ()] + [ W], (), W, ()| W ()
For boson field operators,
[Wor (1), W, (1)] = 0. [Wh, (1), W (r)| = —doerd(x )
For fermion operators,

()W (), Wo ()] = W8, () {0 (1), W (1)} = {01, (), ()} ()
=0 — d500(r — ') ¥, (1)

Hence, for both bosons and fermions,

[N, T (x)] = =) / P18 ,5:0(r — )W, (r') = =W, (r)



Now consider [N, ¥! (r)]. For boson operators,

[WE () W (), W, ()] = WL () [Wor (), W (0)] = G — )WL (1)

For fermion operators,
[ ()., ()] = WL 0) {30 0 W 1)) = B — 200 (6)
Hence, for both bosons and fermions,
[N, 9l(x)] = wi(r)
Define ¥, (r,6) by
U, (r,0) = MW, (r)eN?
Taking derivatives with respect to 6,

d%\pg(r, 0) = iNW, (r, 0) — ¥, (r,0)N = i [N, U, (x, 0)]

+iNO

Since N commutes with e , We can write

[N7 \Ilg(r70)] — NeiNH\IJU(r)efiN‘g o eiNH\Ifg(r)efiN‘gN
— €iN0N\IJU(r)e_iN6 i €iN6\IJU(I')N6_iN0 — iNY [N7 \Ifg(r)] o—iNG
frd —\I!O-(I'7 0)

where in the last step we used [N, U, (r)] = —¥,(r). Thus,

d . .
@\I/a(r, 0) = —i1V,(r,0) = V,(r,0) = e"'g\llg(r, 0=0)= e_w\llg(r)

Taking the adjoint on both sides,

Ul (r,0) = V! (1)

g

. Spin operators.

The spin operator for the N electrons is
S = Z S;
i=1

The second quantized form of S, is

S, = Z (K'0'|5, ko)l e = Z(a'[g)c;&g,ckg

kok/a’ koo’
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In writing the above, we have used s,|ko) = |k)s,|o) and (k|k') = . The state |o) is
either | 1) or | |). Using the results of problem 1.5: (1 |s.| 1) = (I [sz] )0, (T [sz] 4) =

h/2 = (] |s:| 1), we find
h

_ T T
S, = 3 zk: (CkTCk¢ + CkickT)

For s, we have

(Tsyl 1) = Ly 1) =0, (Tsyl 4) = =il/2 = = (L [sy[ 1)

Hence,
h
— 1 f
Sy = i5 Ek (Ck¢CkT - cchki)

For s, we have

(Ml 1) =R/2 (Llse[ 4) = =h/2, (T]s:[ 1) = (L ]s:[ 1) =0

It follows that

h
S: =35 > (CkTCkT B Ck¢ck¢)
k
. Number-density operator.

=2 W) =D DD Gual)dwie (D) cpuesunce

o nk n'k’

In writing the above, we used the formula for the expansion of the field operators in terms
of the creation and annihilation operators. The function ¢,x(r) is a Bloch function, and it
can be written as

Gic(1) = Ui (£)e™T, U (r) = wn(r +R)
where R is any lattice vector. The Fourier transform of n(r) is
e / St = Z Z > ChieoCuiito / B L S e
n/kl

Shifting the integration variable from r to r + R, the integral does not change; however, the
integrand gets multiplied by e/ ~k=9-R)  This quantity must be equal to 1 for all lattice
vectors R; this implies that k' — k — q = G, where G is a reciprocal lattice vector.

sk oKk Kok o SRR R kKR KRk kK Rk ok KRk ok R KKk KSRk sk ok KKk K SRRk ok KR Kk SR Kok R KK ok oK oK

Another way to arrive at the above conclusion is to note that f(r) = u}, (r)u,i(r) is a
periodic function: f(r) = f(r + R). Expanding f(r) in a Fourier series

- % Z fq’eiql
7



and using

1 ol (r
fle)=flr+R) =53 fye ),
q/
we find that e’ "R = 1, which means that g’ is a reciprocal lattice vector. Thus
1 'G.r
flr) = vZfG(fZG' ;
G

and

/f(r)ei(k/kq)'rd:)’?” — %Z fG / €i(k,7k7q+G)'rd3r
G

= Z felw—k—q-G
G

In other words, the integral vanishes unless k' = k + q + G for some lattice vector G.
Note:

To see that [ e™*d®r = Vi, suppose that the crystal is a cube of side L and that the
lattice vectors are along the x, y, and z directions. Then

/ €Zk'rd37" — / ezkzxdl, / ezkyydy / ezk;zdz
0 0 0

L iky L
. etfet — 1
6Zk”mdl‘ S
0 ka

Since k, = 0,+£27/L,+4xr/L, ..., the numerator vanishes, and the integral thus vanishes
unless k, = 0, in which case the integral equals L.
stk ok sk ok sk ok ok sk sk o ok skt ok ok sk ok sk ko ook sk o ok sk ok sk sk ok ok sk ko sk sk ok sk ok sk sk ok sk sk ok skt sk ko ok sk ok o

Now consider

To summarize, in the expression for ng, the integral vanishes unless k' = k + q + G, where
G is a reciprocal lattice vector. Since k, k' €FBZ, then for any given q, G is the particular
reciprocal lattice vector that carries k+ q, should it lie outside the FBZ, back into the FBZ.
If k + q €FBZ, then G = 0. We thus write k' = k + q with the understanding that k + q
lies in the FBZ. Therefore,

g =D D ChiCuikcrar / Ol (F) e Guserq ()P

o nn'k

= 33 (nkoleT T 'k + o)l wksas

ko nn'

7. Current density.

§0) = =5 -3 (Pt SAWE) olr = 1) + 3 — 1) (pi+ SA)|

€ 62

=5 2 [Pid(r — 1) +6(r — 13)pi] — e 2 [A(r,)6(r — 1;) + 6(r — 1;)A(x;)]
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Since A(r;) commutes with r;, the second term becomes

2

D €
= A(r;)o(r —r;
() = =3 A)dlr )
Its second quantized form is
e? e?
)= -3 / W) A(r)a(r = 1) U, ()8 = = A(r) 30 W) (1), (1)
o2
=——A
= A@)n()
The paramagnetic current is given by
§7(r) = =5 > pid(r — 1) + 0(r —r)p

)

Its second quantized form is

. ieh
if(r) = —

> [/ U (r)) Ve, 0(r — 1) U, (ry)dry + / Ul (r)6(r — 1) Vo, Uy (ry)dry

g

 2m
ieh
=—(A+B
5, (A+B)

To evaluate this, consider a complete set of states {¢,(r)|o)}. Using
V() =Y ¢+nlt)en, V)= &)k,
the second term becomes

B =33 chiytun [ 01e)3(r — 20 Ve dule)dr,

o nn'

= Z Z Ciblgcna(b;;’ (r)Vr¢"(r)

o nn'

= Ti(r)VT,(r)
The first term is given by

A= Z Z C;rl/(rcna / QS:L’(I'I)VH(S(I‘ - r1)¢n(r1)d3T1

o nn'

Recall how the adjoint of an operator X is defined:

/f*ng?’T = /(Xff)*gd:”r



Thus
A= Z Z CL'UC"U/ (VI‘1¢"'(I.1))* 5(1‘ - r1)¢n(rl)d3r1

o nn'

Noting that VI = —V (recall that pf = p = (—iiV)! = —iAV), we find

A== e [ (Ve )8l = r)on )

o nn'

=3 " clens (V3 (r) gulr)

o nn'

=) (VT(r)) To(r)

The required expression for j¥'(r) is thus obtained.
S RS KRR KRS KRR R RSk R RSk R Rk SRR KRR

An alternative method to determine A is as follows.

A= Z Z cl,gcm,]

o nn'

- / b7 (101 Vi 6(r — 1) (1),

The operator §(r —ry) first acts on the function ¢, (r;) to yield the function §(r —r1)¢,(r;)
which is equal to the function §(r — r1)¢,(r). Thus

1= 6u(r) / B (1) Vi, 8(r — 1),

In the above , (r — ry) is the Dirac-delta function (not an operator). The operator V.,
now acts on the function §(r — ry),

Vrl(S(r — 1'1) = —Vr(S(r — I'l)
Therefore,
[ = —g(r) / 65 (1) Vab(r — 11)dPry

Since the integration is over ry, we can move V. to outside the integral,

= —4,(1)V, / B (0)S(r — 1)dr) = — (1) VS (1)

Hence,

A=-% Z, Chipnatn(t) Ve (x) = = > (VI () Ty(r)

>Rk kKR sk ok ok sk sk koo kokok skok sk skook skosk sk skokokoskok skok skok sk skor Skokok skok sk skok skokok skokok skokoskosk sk skokoskorokokok skokosk skok sk ko srokok skokoskokosk
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The Fourier transform of j”(r) is given by

jf; — /jP(r)e—iq.rd?;r
— Zehz / (W (r) V0, (r) — (VU (r)) U, (r)] e 9" d?r

Expanding the field operators, using plane waves as basis:

U, (r) \/_ Zelk Texe, Ui(r T Z ik rClL,—»
k

we obtain
h ’
-(I; 1€ ZZ / ( —ik.r Zk,) ik’. re—zqr +ike™ ik. rezk re—zq r) d37' CLng’U
2mV —
_ k i(k'—k—q). rdS ,
2mV = kk, * / TCkUCk
Since
/6““’—“—‘1)%37" =Vik',k+q
we find
. eh
.]5 = o (2k + q)cLa'ck+Q(r

ko

8. Contact potential.

=(g/2)) d(r

1#]
In terms of field operators, V is written as

= (9/2) Z//\I/T ri) \IIT (T2)3(t1 — 12) W, (12) W, (1) dPridPrs

0102

— Y / (), (1), (1) U, ()

0102

If we use a set of plane waves as a basis,

H’ — g Z Z Z Z<k10'1k20'2|(5(1‘1 — 1'2)|k30'3k40'4>CL101CL2020k4g4Ck303

k101 kooa kzos kaoy
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The matrix element is given by

M <k101k202|6 rA—7ry ‘k30'3k40_4>

—iky.ry —zkz ro iks.r1 ikg.ro
V2 0’10’3 0’20’4 / / 6( ) €
— 5 6 /e k3+k4 k1 kz I‘d3

V2 010370204

1
= _501035020461{1*1(3,1(4*1{2

v
Let k; — k3 = q. Then, for M not to vanish, we should have k, — k, = —q; hence

_ 9 f i
= 2V Z Z Z Ckg+aos “ka—qos Ckaos Ckaos

q ksoz kqoy

L 323

q ko ko’
We could have arrived at this result more quickly. The interaction is of the form
1 . o
HI:§ZU(27J)> U(Z7j)zgé(ri_rj)
i#]

The system is translationally invariant; hence

1 tot
_V Uqck+qack’—qa’ Ck'o’ Cko

ko k'c! q

where vg, the Fourier transform of v(r; —r;) is
Vg = /v(r)eiq'rd3r = /gé(r)eiq'rcﬁr =g

9. Spin waves.

J J
H=-3 > 88 = _E%zsi's”m

<ij>
The sum over i runs over all the lattice vectors R; (i = 1,2,..., N), while the sum over m
runs over the Z lattice vectors connecting i to its nearest neighbors (m =1,2,..., 7). Z is

called the coordination number. The raising and lowering spin operators are
St=Sr+iSY, S7=S5—iS¥
We transform to boson operators a; and aT,
St =1[2s —ala;]"?a;, S; =al[2s —ala;]'?

The operators a; and o] satisfy the usual boson commutation relations:

[ai,a5] = laf,af] = 0, [ai,a]) = &y
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Sy St = (S7 —iSY)(SF +4SY) = (S7)* + (SY)? +i(S;SY — SYSY)
= (S +(S})° = S
= (S7)? + (SY)? = 5; S+ 57

In order to simplify notation, in what follows we drop the subscript ¢ and write z, y,
and z as subscripts instead of superscripts. We thus write the above relation as

S;+S5;=5S"+5,
Using S? = s(s +1) — Sz — S; =s(s+1) — S~ St - S, we find
S?2 48, =s(s+1) =S ST =s(s+1) —2sa'(1 — a'a/2s)a
=s(s+1)—2sa'a+a'a'aa

Using the commutation relation [a,a'] = 1, we obtain
S?2+8, =s(s+1) —2sa’a+a'(aa’ — 1)a = s(s + 1) — (25 + 1)a'a + (a'a)?

= S5,(S,+1)=(s—a'a)(s —a'a+ 1)
This equation has two solutions
S,=s—daaorS,=ala—s—1

However, the second solution is not acceptable because ST, S, and S, satisfy the
follwing commutation relation

[ST,57] =28,

As we now check, it is the first solution that satisfies this commutation relation.

[SF,87 =575 — S~ 5" = /25 — ata aat /25 — ata — a'v/25 — ata/2s — ata a

= /25 —ata (a'a +1)v/25 — ata — a' (25 — a)a

Next we use the fact that afa commutes with any function of a'a that can be expanded
in a power series in afa. Thus

[ST,57] = a'a(2s — a'a) + 25 — a'a — a' (25 — aa’ + 1)a
=2(s —a'a)

We can also form S, and S, in terms of a and a! and verify easily that the usual
commutation relations are satisfied.

(b) First we note that

1

i+m

+ 575l
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We are interested in expanding the Hamiltonian up to quadratic terms in o and af.
Hence we write

St = 2$—aala2 V2s a;

)

S = agv 2s —ata = V2s ag
SF=s—dala
Including other terms in S;" and/or S; will lead to terms in H of order higher than
quadratic. Physically, the above approximation for S;” and S; can be justified at low

temperatures where there are only few excitations above the ground state, for then the

thermal average (ala;) will be of order 1/N, which is negligible compared to 2s.

The Hamiltonian is now written as

J

H = _5 Z[(S o CL;[(],Z')(S - a;r—&-mai—l—m) + Saia;-r+m + Sagai—l—m]

2,1
[gnoring terms containing four operators, we can write

Js
- _Z Z _|_ Z a;a; + aHmaH_m) ) Z(agai-&-m + aia;rer)

i,m i,m

Noting that

282 = NZs?, Za;rai = Zalrmaﬁm = ZZCL;[CM

7,

T _ 1 T _ T
QG = Qg Qs Qi ym @i = Q; Qiym

©,1m ©,1m
The Hamiltonian reduces to

H=FE+72Js aaz—JsZa;raHm

1 ©,1m

where )
E, = —§JNZ32

is the ground state energy.
We now consider the transformation

1 .
kR, of = —ik.R; T
ax = \/_E e, k__Ng e " a,
Inverting the transformation, we obtain

1 TR
E : e —ik ’a a;{ — T ezk.RzaTk
kEFBZ N keFBZ
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The operators ay and aL satisfy the usual commutation relations. For example,
T1_ 1 kR;, —ik' R 1 1 kR —zk Rjs. 1 i(k—K').R;
o] = RS 0] = LS =T

ij 0, i
= ki
In the last step we used the result from problem 2.1. We now have
1 ,
t k-k)R; 1
PRUCES DIPILeptal ¥
i i KK
On the RHS, summing over ¢ first, we find
1
T _ T _ T
Z a;a; = N Z Nogx ayax = Z a, (kg
i Kk’ Kk
Next, we evalute
Z agai-pm = == Z Z €Zk R _Zk 1+5’")aLak/
i,m i,m  kk'

where §,, is the lattice vector connecting the lattice site ¢ to the site ¢ + m, which is
one of the nearest neighbors of i. We define the quantity S(k’) by

5(1{1) _ %Zeik’.ém

m

Thus
ZCL CLH_m:—ZZB k, Z K'). lCLLCLk/
1,m kk’

= — Z Zﬂ N5kk’ CLkCLkI

kk’

_ZZﬁ Jatay

Assembling all the pieces together,

H=Ey+2ZJs» [1-B(K)]ajax = Ey+ »  huaja
k kv

where hwy = ZJs[1 — B(k)]. Note that as k — 0, (k) — 1 and wy — 0.



Chapter 4

Electron Gas

1. Constrained ground state.

For the unpolarized state,

2
—(37N/V)?/3
—(3TN/V)

For the polarized state,

N 4k, /3
T eV
672N (1 + p)

1/3
_ 1/3
G } kr(1+p)

= kpy = (67°N;/V)V? = {

Similarly,
kF¢ = l{?F(l —p)1/3

The total energy is

h2k? h2k?
F =
Dot D o
kk<kpq K k<kp|

Replacing the sum by an integral,

2 kFT kFL
gV / K23k +/ K23k
2m (27)3 0 0

h v hrt ke n v
-y kdk dk| = 2 [ kS
om (2m)F UO +/0 } 2m 1072 ert + K]

v 5/3 5/3
:%107T2]€F[(1—|—p) + (1 —p)*”]

Noting that
h? h2k2
kS —kaSF = Ep(372N/V),

om F 9

1
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we obtain

En

_3Er [(L+p)P+(1=p)°P] _ Eo [(L+p) + (1 —p)>®
5 2 N 2

2. Correlation function.

1

Go(r, 1) = (Do W (1) Uy (1')|Bo) = v

Z 6z‘k.]r-efik’.r’ <CI>0|CLTCk’a|q)O>

Kk’

In the ground state |®y), all single-particle states within the Fermi sphere are occupied,
whereas all states outside the Fermi sphere are empty. Thus ¢y »|®) vanishes unless k' < kp.
If k' < kp, then ¢y, annihilates an electron in state |k’o). The operator CLT then creates an
electron in state [ko). Thus, for the matrix element (®g|cl_cis|®o) to be nonzero, k and

Kk’ must be equal, in which case (®g|cl_cis|®o) = 1.

k<kp

- ! ]. V N /
Ga r, r') = ezk.(rfr ) — / ezk.(rfr )d3k
(r) zk: V(2m)* Jrs

The integration is over the Fermi sphere. Let r — r' = x, and choose the z-direction to be
along k. Then

1 kp 1 27 )
GU(I‘71") = GO’(X) = W/O dek/l d(COSQ)/O d¢€zkxcos€

Integration over ¢ gives 2. The integral over # is straightforward,

C 1 kp . 6ikm_e—ikxdk 1 ka -
/(%) = 4_7r2/0 k ikx N 27r2x/0 sin(kz)

The integration over k is carried out by parts: u = k, dv = sin(kx)dk = v = —cos(kzx)/x.

Thus,
G,(x) = 2732:6 [_ kcoi(kx) OF + %/0 ' cos(kx)dk]
1 _ k3 [sin(kpx) — (kpx)cos(kpx)
= W[sm(ksz) — (kpx)cos(kpz)] = 52 [ (o)’
_3n |:S’LTL(]€FZE) — (kpx)cos(kpx)]
2 (lfFZL’)?’

In the last step, we used the formula k% = 37%n, where n = N/V is the density of electrons.
In the limit as © — 0o, G,(x) — 0. On the other hand,

1 3 3 3m2N/V
lim G, (x) {,W ke M] _ 18 62 = SNV

70 ~ on2,3 3! 21 672

=n/2




We remark that G,(r,r’) is the overlap of states ¥, (r')|®y) and ¥, (r)|®q). These states
are not normalized. In fact,

(Bo| T} (x) T, (r)| Do) = MZ‘I’T r)|®p) = 1<<I>o\n(r)!<1>o>=n/2

Thus, the state \/%\Ilg(r)@o) is normalized. Therefore, the probability amplitude for the

ground state with one particle at r removed to be found in the ground state with one particle
at r’ removed is g,(r,1') = 2G,(r,r').

Asr = 1) g,(r,r') — 1. For larger values of krz, the function g,(r) displays damped
oscillations.

. Pair correlation function.

Dy (1,1') = (Do Wh (1) UL, (') W (') Ty (x) | o)
Expanding

\IIO' I' \/— Z i erUJ \IIT \/— Z e rCLU7

we obtain

1 - - / . / ;
/ o iki.r iko.r’ —iks.r' —iks.r t t
Dy (r,1') = ] E E e Te e e (Po|Ch o Cheyor Chro Cicr o | Po)
kiks ksky

1 (ki — ey ).t/
=1z Z Z pilki—ka).r ji(ky—ks).r <<I>0\CL4UCL3O—ICkga’Ckla\q’0>

kiko kska

(i) Consider first the case o # ¢'. For the matrix element to be nonzero, we must have
k4 = k1 and k3 = kg. Thus

1
Dy (r,1') = = D (Dolely oy i s | Bo)

kk’
Since g ;é 0"7 we have Ck'o'Ckg = —CkoCk/o! and CLIU—/Cko' = Ckack/ ’- Therefore
1 1 1 NN
N R,
Da’o’ <I' I') = W §<@0’nkank’a”@0> V —N Na V2 55

= (n/2)*

(ii) Next, consider the case 0 = o'. For D, (r,r') to be nonzero, either (k; = k; and
ks = ko) or (k3 = k; and ky = ky). Thus

1 '
V2 Z<@0’CLUCL,UCkIUCkg’®0> V2 Z@ (le—K").{r—r’ <q)0’Ck, CLUCk’(era‘CI)O>

kk’ kk’

Dyor (r, 1) =
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Consider the first term,

(Dol ek o Cratica | Bo) = —(Bo|el, el Croivs| o)
= — e (Po|ef, o | Do) + (Do ek, croclyy cioo| o)
= — Ok (Po| ko |Po) + (Po|nko k| Po)

Now consider the second term

<@0|0L/00L00k'00ka|¢’0> = 5kk'<q>o|CL:aCka|@o> - <@O|CL/ng’UchCkU|®O>
= Ok (Do |nxko | o) — (Po|nkro ko | Po)

Hence,
1 et
Daa(r7r,) = W Z[l — € (k=k). ]<q>0|nk’anka|q)0>
Kk’
_ i [1 - i(kfk’).x]
— V2 & Nk' g Nke
Kk’
1 NN 1 1k.x 1 —ik’.x
Sy v ey D e
= (n/2)* — [G(x)]
where
Go(x) = oo [sin(pa) — (kpe)cos(kea)]
s(x) = 5273 sin(kpx rx)cos(kpx
_ 3n [sin(krz) — (krz)cos(krz)

This was evaluated in the previous problem. Thus

sin(kpx) — (kF$)COS(/€F$)} ’
(kpx)?

Dyo(x) = (n/2)? {1 -9 [
= (n/2)*g(kp)

The function g(kpz) is zero at kpax = 0, rises to 1 for a value of kpz between 7 and
27, and then undergoes damped oscillations.

To interpret this result, consider the system of N electrons in the ground state |®4). Suppose
an electron with spin o is removed from position r to yield the (N — 1)-particle state
2/nV,(r)|®y). In this state the density distribution of electrons with spin o' is

- (@[ W} (r)ner (') ¥, (1)| Do) = (2/0) Do (1, 1)

n



What we found was that

(2/n)Dyyr (r,1") = {n/2 o#o

(TL/Q)gUU(kFZE) o=o

For electrons with spin ¢’ # o, the removal of an electron at r with spin o has no effect;
the density is still n/2. However, for electrons with spin o, the density is greatly reduced
for [r — r'| < kz'. In other words, it is unlikely to find two electrons with the same spin
at a separation < k;l. This is known as an exchange hole, or correlation hole, associated
with an electron of a given spin. Thus, electrons with the same spin tend to stay away from

each other, which is purely a consequence of the antisymmetry of the wave function, not
the result of any genuine repulsion between the electrons.

To elaborate this point further, consider
Dyt (r = t') = (@ Wh (1) W, (') o (') W, (1) |0)
—(@o| W] () WE, (') Wy (1) W, (x') | @)

Replacing U/, (¢') ¥, (r) with 8,,:0(r — ') — U, (r)¥!, ('), we obtain

Dyor(x — ') = (| U] (r) T (x) T, (') Ty (1) | @) — GG (x — 1) (| T (1) T (r) | Bp)
= (Po[ng(r)ng: (1) |Pg) — dgerd(r — ') (Po| 1y (T) | Do)
= Z(cpo\a(r 1i0)0(r = 1,40)|®g) — Gg0rd(r — 1')12/2

= (Dg|0(r =1’ +1' —135)0(r" — 1j6)| Do) — Goord(r — ')0/2
]
Let x =r —r'. Then
Dy (x) = Y (Pold(x = Lio + 15,0)3(x" = 11,01)|B0) — Sr0r6(x)11/2
2
We have already seen earlier that D, depends only on x and not on r and r’ separately.
Since Do does not depend on 1, we integrate over v’ (¢ [ d*' = 1),

Door(x) = % Z<<I>o!5[x = (tig = 15,0)]|®P0) — G510 (x)1/2

Let us consider now the two cases: ¢ # ¢’ and 0 = o.

(i) o # 0,
1
Do (x) = 7 > (@oldx — (ri — 15,01)]|0)
2%
We have seen that in this case Dy, = (n/2)?. The above expression for D, (x) can
be interpreted as being proportional to the probability density that two electrons with
opposite spins are separated in space by x. Since D, = (n/2)?, this probability
density is independent of x.
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(i) o =0,
1

Dog (%) = 37 2 (ol — (xi0 = x;,)]|B0) — 56(x)

The last term may be rewritten as

n

26(x) = 1-006) = %Z 5(x — Tip -+ Ti0)

1
= V Z(CI)O‘(S(X — Ty —+ ria’)’q)C')

Hence
1

Doo(x) = 3 D (@ofd[x = (rig = 15,0)][ Do)
i£]
This shows that D,,(x) is proportional to the probability density that two electrons
with the same spin orientation are separated by x. We have seen that in this case
Do (x) is very small for z < k', Thus, two electrons with the same spin orientation
are unlikely to be very close to each other.

4. Coulomb interaction in 2D.

1 ) o 2 .
Vg = 62 / —€_Zq'rd37" — 62/ dT/ dee—zqrcosﬂ
r 0 0
00 2 2 0
= 27T62/ Jolgr)dr = == / Jo(z)dx
0 0

q
= 2me?/q

KKk koo ok ok ok sk sk kR sk kR ok Sk sk ok sk sk ok skokok skok skosk sk skoskoskokokoskok sk kosk skokok kokokoskok sk

Notes on Bessel’s function:

Consider the generating function

F@4) = exp [g (t— %)]

Bessel’s functions of the first jind, J,(x), are defined using this generating function as
follows:

flat)y= > Ju(x)t"

n—=—oo

It is clear that .J,(x) is a real function of . It can be shown that
Jon(z) = (=1)"Jn(2)

To obtain an integral representation of Jy(z), let ¢ = e=%. Then

1 . .
Tle--) = E(e_w — ) = —ixsing
2 t 2



Thus,

e sl — Jo(z) + Ji(2)e + J_1(2)e? + Jy(x)e ™ + J_y(2)e* + ..
= Jo(z) + Ji(@)[e " — €] + Jy(x)[e 2 + ¥ + J5(z)[e ¥ — 3] + - -
= Jo(z) — 2i[Ji(x)sinb + J3(x)sin30 + - - -] + 2[Jo(x)c0os20 + Jy(x)cosdl + - - -]

Integrating over # from 0 to 27, we obtain

2T
21 Jo () :/ e~ sind gp
0

Hence,
1 2 e sind
J. _ —izsind g9
O(x) 2 /0 ¢
Since o
e—ixsin& _ Z (_Z?‘) sin™0
- n!
and

2T 27
/ sin"0d0 = / cos™0do
0 0

1 2w )
Jo(x) = 2_/0 efmcosede

T
We used this result to obtain vq. Since Jy(z) is real, we also have

it follows that

T o

1 21 )
JO (ZE) / et cosadg
0

The other result we used was that [*Jy(x)dz = 1. To prove this, consider

00 1 2w 0 )
/ Jo(x)de = — d9/ dx "%
0 0 0

2m
The integrand is oscillatory at oo. To do the integral, we introduce a damping factor n,

o ) > . . )
dr 61300050 = lim dr ezcc(cos&+zn) = lim :
0 -0t J, n—0t cosf + in

Thus
df

0 - 27
1
1= Jo(x)dr = — i _—
/0 ofx)dz 2 nf(%r /0 cost + in

Let z = €, then dz = izdf = df = dz/(iz). We also have cosf) = (z + 1/z)/2. Therefore,

I—l/ dz
Cor o2+ 2inz 41
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where the integration is over the unit circle. The poles are at

zn=—in+vn?+1), zn=—-in+iyn?+1

The pole at z5 lies within the unit circle. By the residue theorem,

1 1 1
I = lim —2mi li = lim 2i—F—— = lim —(——
I E R TN S U= IV e

=1

. Exchange energy in 2D.

As seen in the previous problem, in 2D we have vq = 2me®/q. The first-order energy shift is

AE = i Z’ Z Z vq<F]cL+chL,7qa,ck:U/ckg]F)

q ko ko’

The prime on the summation indicates that the term q = 0 is excluded. Since q # 0, it

follows that CL'_ qo' CK'o’ = —Cilor CL,_ qo'" Hence,
1 ’ 27T€2 + 1
IV 50 3) DL XNREIT
a ko Ko

The exchange term is obtained for the case k' = k + q, ¢ = ¢’. The exchange contribution
is thus given by

7T€2 ’ 1
A= =712 D (Fliarticrantior i |F)
q ko

2me? i1
=—= %: ke = K)0(kr — [k + )

Replacing )", by (A4/(2m)?) [ d*k, we obtain

o2
21

;1
AE, — ! /d?k@(kF B0k — [k + q)
q
q

The integral over d?k is the area A’(q) of the region of intersection of two Fermi circles, one
centered at k = 0 and another centered at k = —q; thus,

2
AB, =-S5 Ly
27 all

Aa) =2 | Kpoos™ (a/200) /205 — /1]

where



Replacing the summation over q by integration, we obtain

e2 A [2kF

T oAR2
472 J,

AE, A'(q)dg

Define x = ¢/2kr. Then

2 Ak3 1 2AKS
AE, = = F/ [cos 'a — oV = a2)de = =72 (1 — 1)
0

2 T
where

1 1
I, = / cos'xdr, I, = / zv1 — z2dx
0 0

I, is evaluated by parts (u = cos 'z, dv = dx) and I, is elementary. We find that I, =
1, I, = 1/3. Hence,

2e2 Ak3 2e2 Ak? 2¢2A2r(N/A) 4Ne?
AE, = — F_ _ Flr,— """\ 1" — _ k
3m? 3rz 3m? F 3r
AFE, 4e?
= ——kp

N 3«



Chapter 5

A Brief review of statistical mechanics

1. Stirling’s formula.

N! = / e 4N dt
0

Let t = N ++vNaz = N(1+2/v/N), then

N
tN:NN(l—I—%> , e_t:e_Ne_‘/Nx, dt = VN du

Thus,

0 N
Nl = \/NNNe_N/ VN (1 + i) dz
VN vN

The integrand f(z) is maximum at x = 0 (f(0) = 1) and falls off to zero on both sides of
the maximum (it is easy to check that the derivative of f(x) vanishes at x = 0).

N
Let us expand In f(z) = In {e‘/ﬁ“’ (1 + f—ﬁ> ] = —VNz+Nin(1+z/v/N) about z = 0,

1 0? 10

d
lnf(m):lnf(0)+%lnf(a:)0x+ ﬁ@lnf($)0x2+ﬁﬁlnf($)ozg+"'
Noting that
9 . VN —z/VN | —z/
oot/ (@) = \/N+1+x/\/ﬁ_ 1+x/\/N]_1+x/\/N

aa—;lnf(x) - \/% (1 + %) b

1
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We find
2 23
Inf(x) =—— +
/(@) 2 3VN
x? 23
explinf(z) =exp |—— + +
plinfa)] = eap |5+ 74
Hence,
N!:\/NNNe_N/ e~ 2y
VN

For © = —V/N, e~/2 = =N/2 ig exceedingly small and the limit may be safely pushed to

—0Q0,
00

N! ~ \/NNNeN/ e 2dy = VorN NVe N

Therefore,
1
InN!'~ NIinN — N + §ln(27rN)

For N >> 1, the last term is negligible compared to the first two; hence

InN!'~NInN - N

. Vacancies and interstitials in graphene.

(a) Since there are M vacancies and a total of N lattice sites, the number of ways of
choosing the vacancies is the number of ways of choosing M objects from among N
objects; this is given by

N!
Q=
M!(N — M)!

The removed atoms are placed at the centers of hexagons. A hexagon has 6 atoms,

bet each atom is shared by 3 hexagons; hence there are two atoms per hexagon. Since

there is a total of N atoms, the total number of interstitial sites (hexagon centers) is

N/2. Thus, we have M atoms that are to be distributed among N/2 sites; the number

of ways to do that is
(IV/2)!

MI!(N/2 — M)!

The number of distinct configurations, where each configuration is a graphene crystal

with N carbon atoms, M vacancies, and M interstitials, is thus equal to 2 = Q,€;.

The entropy is given by

Qi:

S =EkInQ =kinQ, + kin€);
Using Stirling’s approximation (see problem 5.1): N >> 1 = InN! = NinN — N, we
obtain for the entropy
S =k[NInN—MInM—(N — M)In(N — M)+ (N/2)In(N/2) — MinM
—(N/2 = M)In(N/2 — M)]



(b) The temperature T is related to the entropy S through the formula 1/T = 9S/0FE.
Since ' = Me, it follows that

1 19S5 k
— =t P n(N—M N/2 — M) — 2lnM
T = 23M E[ln( )+ In(N/ ) — 2InM]
— &/*T = (N — M)(N/2 — M)/ M?
Defining © = M/N = E/(N¢), the above equation reduces to
2(e* — 1)a? + 32 — 1 =0,

which is a quadratic equation in z, whose solution (z is positive) is

-3+ ‘/8€E/kT +1
Tr =

4(es/FT 1)

In the low-temperature and high-temperature limits, the above expression reduces to

B N- (1/2) 2 ¢/ |T << &
B 1/3 kT >> ¢

3. Magnetic susceptibility

(a) One atom is the small system and the rest of the crystal is the heat reservoir. There
are two states with energies —uB and +puB. The partition function of the system is

7 — e—uB/kT + 6uB/lcT
The probability that the magnetic moment points in the direction of B is P, = e#B/¥T' /7,

while the probability that in points in the direction opposite to B is P, = e #B/¥T /7.
The average value of p is thus given by

6uB/kT - e—uB/kT
=P+ Po(—p) = p(Pr — P) = p (e,uB/kT 4 e.uB/kT>

= ptanh(uB/kT)

Thus, the magnetization is
M = nptanh(uB/ET)

(b) For x = uB/kT << 1,

M l+z—1+=x nu’B
~np|—————— " | =npur =
Pliver1—2) "M~ kT
oM np?

—X= 3B T %T
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4. Entropy.

The free energy F'= E —T'S is given by —kT'InZ. Hence T'S = kT'InZ + E. We thus find
(with 8 = 1/(kT))
S=klInZ+ BE) = k[InZ + B> _ pnEy

The probability for a state with energy E,, to be occupied is p,,
e_ﬁEn

Z

Dp = = ¢ P = Zp, = —BE, = In(Zp,) = BE, = —In(Zp,)

Therefore,

S=k|inZ— anln Zpy)| =k

=~k anmpn

In the last step we used >, p, = 1.

Inz — anan anlnpn

5. Statistical operator.

From the definition of the statistical operator.

p= ZPJ%)(%!

:>P _szpjw}z I/)Z|77Z)] ¢j szpjw)z ij ¢y|_zpz|¢z ¢z

Hence

ZZM (| s) (Wil = ZpZZwZ\wm (|
:Zpi (s|ey) :Zpi <1

6. Ising model in one dimension.

(a) A state of the system is represented as an N-row {s; so --- sy} where each entry is
either +1 or —1. The total number of states is 2. Summing over the states means
summing over Sp, Sg, - - - , Sy independently. Thus, the partition function is given by

7 = Z Z - Z e BE(s) sosn)

s1=—1,+1 so=—1,+1 sy=—1,+1

Z Z .. Z P S sisip1+H(1/2)Bh YL sitsiy

s1=—1,+1 so=—1,+1 sy=—1,+1



We note that the mean value of the total magnetization, (M) = (>, s;), can be obtained
from the partition function. Taking the derivative of the Helmholtz free energy F' =
—kT'InZ with respect to the applied field, we obtain

oF kT 0Z kT O N N
s =7 ... BJ 3Ty sisit1+BhY 1, si
= = g E e
oh Z Oh 7 Oh . -

1
R N TIRT I , ¥
{s152--5Nn} {
= —(M)

We define a 2x2 matrix T whose matrix elements are
<S’T’SI> _ 6,8Jss’+,3h(s+s’)/2’ s, s — 1,—1

T is called a transfer matrix. The equation for the partition function may now be
written as

7 = Z Z Z ﬁ65J5i5i+1+(1/2)ﬁh(8i+5i+1)

s1=—1,41 s9=—1,+1 sy=—1,+1 =1

= > oo Y ﬁ<5i|T|5i+1>

s1=—1,41 s9=—1,+41 sy=—1,+1 =1

SN S (slTlsa)(salTss) - (sl Tlswin = 51)

51:_17+1 52:_17+1 sN:_17+1
= Y (&lTN|s) = Tr[T"]
s1=—1,+1
The completeness property of spin states (|1){1| + | — 1)(—1|) was used above in the
step before the last.

Since T is a real symmetric matrix, it can be diagonalized by an orthogonal trans-
formation: T = OTDO, where the 2x2 matrix O is orthogonal (O7 = O~'), O7 is
the transpose of O and D is a 2x2 diagonal matrix whose diagonal elements are the
eigenvalues of O. It follows that

Tr[TY] = Tr[OTDOO" DO --- 0" DO] = Tr[OT DY O] = Tr[OOT DV]
= Tr[DY]
We have used (i) OOT = 1 (by virtue of O being orthogonal), and (ii) the invariance of

the trace under cyclic permutations. The eigenvalues of D are readily found; they are
given by

A =€ [cosh(ﬁh) + \/sinh2(ﬁh) + e—4BJ

The diagonal elements of D are A, and A_. Hence, the diagonal elements of DV are
MY and AY, and

TT[TN] = TT[DN] = /\f + /\Jj = )\{X[l + (/\7/)\+)N] N—oo /\f
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The last step follows because 0 < A_/A, < 1. The Helmholtz free energy is given by

F=—kTInZ = —NkTIn\,
=—NJ— NkTIn [cosh(ﬁh) + \/sinh2(Bh) + 487

(c) The mean magnetization per one magnetic moment (or spin) is

1oF sinh(Bh) =

N Oh — \/[sinh?(Bh) + e—*87




Chapter 6

Correlation and Green’s functions

1. Time dependence.

A(t) — eiﬁt/hAefth/h
(TA@)B()) = 0(t =) (A(t) B(t')) + 0(t — t)(B(t') A(t))

The lower sign (—) refers to the case when A and B are fermion operators, while the upper
sign (+) refers to the case when A and B are boson operators.

(A(t) B(')) = (eH1t/h A=t t=t)/h go—iflt [y

Using the invariance of the trace under cyclic permutations, we move e~ Y /M 14 the far left
and then commute it through e ##,

(A() B(t)) = 7 Tr [e PO 4o/ p|
= (At =1)B(0))
Similarly,
(B(U)A(1) = Z' T [ Pl Mgt 0)in e iit/n]
Commuting e~ /R through e~PH | then moving it to the far right, we obtain
(B()A(t) = Z5'Tr [P Beiflt=0/h gl t=00/n]
= (B(O)A(t — 1))
Hence
(TA()B(t) = 0(t — t'){A(t = ') B(0)) £ 0(' — t)(B(0)A(t — 1))
= (TA(t —1')B(0))

This proves that the correlation function —i(T A(t) B(t')) depends on t —¢', not on ¢ and ¢’
separately.
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2. Translational invariance.

(a)
[T, (r),P] =) [xpg(r), / () (—ih V) W () dr

U,

Note that it is the commutator of ¥, (r) (not ¥l (r) as the problem incorrectly states)
with P.

For bosons, using
[A, BC] = [A, B]C + B[A, (],

we find

00 P) = 3 | [ 0o 1), 0 ()] 0V )

O-I

+ / L (0 [Ty (x), (iR ) W0 (x')]d*r
Noting that
(W, (r), (—ihV ) Uy (1)) = —ihV [T, (1), Uy ()] = 0

and that
[, (x), UT, ()] = 6,0:0(r — 1)

we find
[0,(r), P = 3 6, / 5(r — 1) (—ihV ) Uy ()] 7
= —ihV,(r)

This is a differential equation for ¥,(r) that is to be solved subject to the condition
that at r = 0, ¥, (r) = ¥,(0). It is straightforward to check that the solution is

\IJU(I‘) _ e—iP.r/h\PU(O)eiP‘r/h

Indeed, . | | |
_ZHV\I/U(I') — _Pe—zP.r/h\I/U(O)ezP.r/h + e—zP.r/h\Pa(O)PezP.r/h

iP.r/h

Since P commutes with e , the above equation can be written as

—ihV¥,(r) = —P¥,(r) + ¥, (r)P = [V, (r), P]

C = (U(rat) Wi (x'o't"))
= Z;'Tr |e P (x) ¥ (00t) T (—2)T(r) U (00"t )T (—1')



where T'(r) = e~™*/" Moving T(—r') to the far left and commuting it through e=##,
we obtain

C'=Z'Tr e PIT(x — v')U(00t)T(—r + ') Tt (00't)
= (U(r — r'ot) U (00't)) = C(r — v'; 0t; 0't')

Since all single-particle Green’s functions are linear combinations of C'(rot;r'c’t') and
C(r'o't';rot) with coefficients consisting of 6(t — ) and 6(t' — t), it follows that, in
a translationally invariant system, all single-particle Green’s functions are functions of
r—r.
3. Spectral function.
From Eq. (6.35),

A(ko,w) = 217" Z e PEn

nm

‘ 2

(mlcign)| (1F € ) 6 [w = (B — En) /1]

Thus

I:/ A(ko,w)dw

o0

= 27TZ51 Z e PEn

=27 25" > (7P 5 P (imlel, In) ] )
nm

2
(i, In)| " [1 5 e 2(En=E)]

= 27TZ51

3 e nlealm omel ) 5 Y e‘ﬁE’”<m'CLU'”><”'C“”'m>]

nm nm

Using the resulution of identity (1 =", |m)(m|or 1= |n)(n|), we find

S el ) £ 3 e <m\cLUckgrm>]

n m

I = 27TZ51

Relabeling m in the second sum as n,
I=2n7," Z ¢ FEn (n|exocl, F el cxon) = 2025 Z e PEn (n|1]n)

=217y e PP =2

4. Advanced Green’s function.

G (ko 1) = i0(—){[cier (), (0))5)
= (1) [ (ko (1)l (0)) F (el (0) s (1)



CHAPTER 6. CORRELATION AND GREEN’S FUNCTIONS
Using Egs. (6.30) and (6.32),

> —ietd6
(0 == [ Pl et

(holOea(0) == [~ PPl et
where P(ko,€) is given in Eq. (6.31). Therefore,
GA(ko,t) = —if(—1) /_Z(l F e P P(ko, e)e“t;i—;
The Fourier transform is
GA(ko,w) = / h e“'GA ko, t)dt

Since G4 (ko,t) vanishes for ¢ > 0,

o0 0
G o) = =i [ (7Pt [ ey

— 00 —00

The integral over ¢ is oscillatory at —oo, so we introduce a damping factor,

0 o 0 ' .y pilw—e—i0)t
HW—€e dt — HW—€e—1 dt —
/_ooe /_Ooe i(w—e—i0")

0

—00

1
"~ i(w — e —i07)

Hence
® (1 FeP)P(ko,e) de

w—e€—10T o

The spectral density function A(ko,¢) = —(1 F e=?")P(ko, €) [see Eq. (6.35)]. Thus

GA(ko,w) = —/

GA (ko w) = — /

—00

©  A(ko,e) de

o W —€—107 27

. Advanced correlation function.

The advanced correlation function is defined as

Ciap(t) = i0(—t){[A(1), B(0)]z)

The ensemble average of the commutator was evaluated in Sec. 6.4.3,

Clislt) = 0(~0)25" Y /PPN n| AJm) (| Bn) (PP 5 =)

nm



The Fourier transform is

Clple) = [ ety

) ) o
= iZ5* S (nlAlm) (m|Bln) (9 5 ¢0n) / (B B}t gy

nm —0o0

The integral is evaluated as follows:

0 0
/ =B =B/ gy _ Jim il (B — B hint gy

—oo n—0% J_

1
= li _ _
120+ 1[w — (B — Bn) /B — in]

Thus,

Alm)(m|B|n) (e~0F» ¢~ 0Fm)
A — Z—l <TL| il A\
Chs = Za ; w— (B — B/l —i0+

The poles are at w = (E,,, — E,,)/h +i0"; they are all above the real axis.

. Greater and lesser functions.

For fermions,

iG” (ko,t) = {cre ()l (0)) = C(ko, t)
We have already shown in the text [see Eq. (6.43)] that
C(kaaw) = A(k07w)(1 - fw)

As for the lesser function,

i (k0,1) = ~{cly O (1) = [ ¢ Plko, e 5

o 2m

[see Eq. (6.32)]. Therefore,

iG<(ko,w) :/ e“'iG= (ko, t)dt
= / e~ P p(ko, 6)—6/ e W=ty
Using
/ WMt = 216 (w — €),
we find

iG= (ko w) = / e P P(ko, €)5(w — €)de = e~ P(ko, w)
—e P A(ko, w)
14 e=Phw
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In the last step we used the relation between P(ko,w) and A(ko,w) given in Eq. (6.35).
Hence

_ —A(ko,w)
< — ’ —
G (kmw) = W = A(ka,w)fw
For bosons,
iG” (ko t) = (e ()l (0)) = C(ko, 1)
Hence,

iG” (ko,w) = A(ko,w) (1 + ny)
[see Eq. (6.43)].

The lesser function, iG<(ko,t) = (c}_(0)cks(t)), has the same expression as in the fermions
case, except for a minus sign. Thus,

iG<(ko,w) = —e "™ P(ko, w)
Using Eq. (6.35), we find

e P Alko,w)  A(ko,w)
1 —eBhw  eBhw _q

iG<(ko,w) = = A(ko,w)n,

. Causal Green’s function.

The causal, or time-ordered, Green’s function is defined as
G(ko, 1) = —i(T cxg(t)ef, (0),
where 7' is the time-ordering operator. The above can be written as
G(ko, t) = =if(t) (ks ()i, (0)) F 0(—t) (e, (0)es (1)
Equations (6.30) and (6.33) give

(o () (0)) = — /_ h P(ko, e)e de _ I(t)

o0

<c;rm(0)ckg(t)) = — /00 e’BhEP(ka7 €)e % = J(t)

—00
The Fourier transform of the causal Green’s function is thus given by

0

Gko,w) = / e"“'G (ko, t)dt = —z’/ I(t)e™dt + Z/ J(t)etdt
- 0

[ee] — 00

/ I(t)e™tdt = —/ P(ko, 6)—6/ W=t
0 - 21 Jo

[e¢]

_Z,/OO P(ko,e) de

o w—€+i0F 27



0 ‘ oo d .
/ J(t)elmdt — _/ fﬁhep(ka 6) 26 / Z(wa)tdt
—00 —00 T J -
B é/oo e PP (ko,€) de

w—e€—10T 27

Thus,
o] P k [ee] —ﬁheP k
G(ka,w):—/ (ko,e€) dei/ e (ko,€) de

oW —€e+107 27 w—e€—10T 27
We could now replace P(ko,¢) by its expression in Eq. (6.31)
P(ko,e) = =212 Z P (m]cf,|n))| ?6 [e = (Em — Ey) /1]

and integrate over €. The delta function makes the integral easy to perform,

e 7B (mcl, In)[? e PEn|(m|cf, In)|?
G k ko Z—l _ i ko
7w) = Za Z B — Bo) [h+i07 ¢ 2= — (Ep— Ep)/hi— 07
o—BEn o—BEn

G ; e E = Eh 07 T w= (B = Bujh— 0"
8. Relations among Green’s functions.

(a) The retarded correlation function is given in Eq, (6.67), and the advanced correlation
function was calculated in problem 5. We can chhose A = ¢, and B = ¢ _; then C%,
and C4z become the retarded and advanced single-particle Green’s functions. Thus,

2(e BEn ¢ FEm)

G ko_ CU G Z | m|cka'|n
w_

— m— En) /B 40+
and . .
[(m]ci !” G
G (k z
o) %n: w— (Bp — E,)/h—i0t

The causal Green’s function was evaluated in the previous problem. Using

o = P/ F ib(a),

we readily obtain
ReG(ko,w) = ReG*(ko,w) = Re G*(ko,w)

and
Im Gt (ko,w) = —Im G*(ko,w)
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(b) For fermions,

ImG®(ko,w) = —7Z5" ) [(ml b, [n) [ (7P + e7PPn)§ [w — (B — E,) /1]
= —nZ; Ze*ﬂEwmyc;U\my?u + e PEnENs [ — (B, — E,)/1]
= —nZg" (1+e )Y e B (mlcl, In)[26 [w — (B — En)/H]

nm

In the above, we have used the relation §(z — a) f(x) = é(x — a) f(a).

ImG(ko,w) = -7 2" Ze‘ﬁE”|<m|ch|n>|2(1 — ¢ PEn=ENG [w — (B — Ey) /1]
= 125" (1 — ) Z e PEn (mlel, |n) 26 [w — (B — E,)/H]

nm

Hence,

ImG®(ko,w) 1 + ¢ Phw B efhw/2 | o Phuw/2
ImGko,w) 1 —e B efhw/2 _ o=Bho/2
1

tanh(fhw/2)

For bosons, the + and — signs in teh above expression are interchanged,

ImGE(ko,w) 1—e P
S — = tanh(Shw/2
ImG(ko,w) 1+ e Phw anh{fhw/2)

9. Greater and lesser correlation functions.

iCip(t) = (BO)A(t)) = Z5' Tr 6_6HB(O)eigt/hA(())e—th/h

We first move e #7'/" to the far left, then move A(0) to the far left, then move 7/ to the
far left; we end up with

iCp(t) = 26" Tr |10 A(0)e 1141 B (0) |
_ 251 Tr _efﬁfle[iﬁeiflt/hA(0)67iH(tfiﬁh)/hB(O)]

= Z;'Tr _e—ﬁﬁeiﬁ(t—iﬁh)/hA(0)€—z’H(t—i,8h)/hB(0)}

= ZZ'Tr :e_BHA(t - zﬂh)B(O)] — (A(t — i8R)B(0))
= iChp(t — iBh)

This proves the first part of the question.



10.

Taking the Fourier transform,

0.9}

O (w) = / PO ()t = / UL (Bl

o.¢] — 00

Changing variables: t — t' =t — ifh,

Ciplw) = [ ee O, (0t = ¢ MCiy )

o0

We could arrive at the same results by writing the spectral representations of C'{z(w) and
Cip(w).

Susceptibility.

(a)
hxas(t) = —i0()([A(1), B(0)])

A and B are hermitian operators = A" = A, Bt = B. We can write
hxap(t) = —i8(t)(A(t) B(0)) +i6(t)(B(0)A(t))
Its complex conjugate is
hxap(t) = i0()(A() B(0))" — i0(t)(B(0)A(t))"

Note that for any operator A,

(A) = Z' Trle P A] = Z;1 ) (mle P Ajm)

= 25"y e P (m|Alm)

= (A) = 25" Y e PPr(m|Alm)* = Z5' Y e PP m|Al|m) = (AT)

m

Hence,

() = i6(0((A(H)B(0)) — i8(1)((B(0)A(1)")
= i(t)(B(0)A (1)) — if(t)(A" (1) BY(0))

Since A and B are hermitian,

hxap(t) = 10()(B(0)A(t)) — i0(t)(A(t) B(0))
= —if(t)([A(1), BO)]) = fixap

Thus, x4p(t) is real.
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(b)

an(w) = / ¢y (1)t

o0

— Do) = [ " ety (] dt = / e (1)t = xap(—w)

0 —o0
11. Kramers-Kronig relations.

Since there are no poles inside the contour C,

I:/X(w)dw 0
C

w —w

I:/E ><(clu’)dw’+/oo x(cl«J’)dw’Jr/ x(cl«J’)dw’Jr/ x(cl«/)dw’
oo W —w e W-w o W—w o, W—w

o0

Also

(5 is the large semicircle at infinity, and the integral over it vanishes by assumption (b). C}
is the semicircle of radius €, centered on w. Writing w'—w = ¥, dw' = iee?df = i(w' —w)d#,

we find o .
/ —Xo(j’d )dj = z/ x(w + eew)dﬁ
Cq - T

Taking the limit € — 0,

[ | (@) = —imy(e)

w—w

€ ! ! o ! ! o 0] ! !
. V x(f)dw +/ x(f)dw] :P/ X(clv)dw
0 | ) o Ww—w e W-w oo W —w

Thus, I = 0 implies that
1 © x(W)dw
- Lo [ e

!
v ©

We note that

W —w

Taking the real part on both sides,

Re y(w) = %p/_w ImxwW)de’ 1, UO Imx(w)ds' /0°° Imx(w’)dw’}

o W —w T N W —w
In the integral from —oo to 0, let w” = —u/,
P/O Im y(w')dw' :P/O Im x(—w")dw" :P/OO Im x(w')dw’
oo W —w o w4+ w 0 W'+ w

where we used the fact that I'm y(w) is an odd function of w. Hence,

1 o 1 1 2 © T ’
Rex() =22 [ i) | A e | aw = 2p /) SIm)
0

wHw W—uw T w

The expression for I'm x(w) follows in a similar way.
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12. Polarizability.

Clip(t —1') = —if(t — t'){[A(t), B(t')]=)

1
¥’ (q,w) = ﬁDR’O(qM)

DR’O(q, t— tl) = —?,9(15 - tl)%an(q; t)? nH(_q7 tl)]>

In the first expression, the +(—) sign refers to fermions (bosons). The operator ng is
bosonic, and the subscript indicates that the operator is in the Heisenberg picture. We see
that

XO (q7 ) hV CAB (q7 )
if we set A(t) = ny(q,t) and B(t') = ny(—q,t'). Thus

1 R
X(q,w) = 717 Cnan—q (0 W)

where

_ E ’ T
ko

Equation (6.47) in the text now becomes

OR Z (nlng|m) mln qln) (e~Pn — e=0Fm)

nat- “a w— (B — E,)/hi+ 0+

Note that
0= 2 dhtcar = 3 gt = 1
ko ko
Therefore, i i
o | nrnq\m En — b
na- 2 w— ( —E)/h+zo+
nm

The matrix element

(nlnglm) =Y _(nleg,cicrqqm)

ko

is nonvanishing if [n) differs from |m) by the replacement of a particle of coordinates (k+qo)
with one of coordinates (ko). Hence

Em - En = gk+q(r — €ko

Furthermore,

(nlnglm)(mlnfn) = ¥ (nld, ccrqelm)(mlel 4yxoln)
ko ko’
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The retarded correlation function now becomes

1
ol =Zg"
NqN-q (q,w) ¢ %} W+ (Eko — Etqo) /R + 10T

Z<n|clack+qa Im) <m|CL+qO_CkO— |n) (e — e=PEm)

nm
Consider
Sl = Z e_ﬂEn <n|CLo—Ck+q0 |m> <m|cl];+qack0 |n>
nm
= Z 6_ﬁEn <n|CLng+ngL+qUCkg|n>
n
and
Sy =Y e PP n|el, cicraolm)(mlcl gpcnoln)
nm
= Z e_ﬂEm <m|cl];+q(rck0 |n> <n|CLack+qU |m>
nm
= Z e_ﬁEm <m|CL+qackUcLack+qU |m>
m
Hence,
CF, (aw) = 25"y : .
an-q '~ W+ (éks — €icrqo) /N +i0F

§ —BEn i i ot T
€ <TL ‘ CoCk+qo Ck+q0’ Cko Ck+qcf Cko Cx s Ck+qo ’n>
n
Now consider

il T _ At T
Ckack+qack+q(rck0 — Cko(]' - Ck+qack+q0)ck0

_ Tt
= CxsCko — Ckack+qack+q0'ck0'

and

T i _ T
Ck—}-qackgckaclﬂ‘qff - Ck+qa(1 - Ckackg)clﬂ‘qff

— _ T
Ck+qoCk+a0 T Ck1qoCko Cko Cktqo
— A Tt

- Ck+qack+qff o Ckack+qack+qgck0

In writing the above equations we have used

{thra Ck’tf’} = {CTkg; CLIU’} = 07 {Ck(r7 CTk/UI} = 6kk/60'0"



Assembling the pieces together,

- 1
Cﬁi”—q (q’ w) - ZGI Z w+ (
ko

gko — Ek—‘,—qa

- Z 1 <CT Ckg — CT Ck >
ko w + (éka' — €k+q0)/h + 70+ ko VKo k+qo-k+qo

_ Z fka - fk+qa
— W (€xo — €xtqo) /B + 07T

13. Equation of motion.

H == Z@kgclgckg +V = H() +V
ko
For bosons,
G (ko t) = —i0(t){[cxs (1), L, (0)])
Taking the derivative with respect to ¢,

0 . B )
15, G (ko) = 0(t)([ewo (1), oo (0)]) + 0(t){[5;cx0 (1), ot (0)])

) /B +i0F Y e nle, e — G qoCictas )
n

13

The first term on the RHS is §(¢) ([ (0), ¢k, (0)]) = 8(£)(1) = d(t). As for the second term,

I

P ) ) )
g%(t) H o (t)] = £ [Ho(t), eo ()] + 2[V (), cieo (2)]
The first commutator is
[Hm Cka] = Z €x'o’ [CLglck’(r’; Ck(r] = Z[CL/D—H Cka]ck’a"

k'o’

kl !
- E €x'o! (_5kk’ 600’ ) Ck'o! = —€koCko
k'c’

Thus,
0

zackg(t) = _ﬁgk’a’cka(t) + %[V(t), Cko (1))

The equation of motion for G¥(ko,t) now becomes

ih%GR(ka, t) = h8(1) + 0(t)(—iews ) ([exo (1), ey (0)]) + 0@ [V (1), 1o (1)], e, (O)])

Rearranging terms,

(iﬁ% — &) G (ko t) = h6 (1) — i8(8)([=[V (1), 1o (1)], i, (0)])

This is the same equation as the one for fermions except that a commutator replaces an

anticommutator.
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14. Mized retarded function.

The Hamiltonian is

H = Z EnkCLkgana + Z cadld, + Z VndeLkgda + Z Vit Cnco

nko o nko nko

The mixed retarded function is
G"(nkdo, t) = —i0(t){({cnio (), df(0)})

Its time-derivative is

9 g B 9
i G (nkdo, ) = 0(t) ({enko (1), d1(0)}) + O(){{ 7 nico (1), AL (0)})

The first term on the RHS is equal to 6(t){{caks(0),d! (0)}) = 0 since operators ¢ and d
anticommute. As for the second term,

0 -
acnka (t) - %}[Ha ana]

Using [AB,C| = A{B,C} — {A,C} B, we find

E T _
€nkCpisCnkos Cnko | = —€nkCnko
Lnko
§ 6dd$daacnk0] =0
L o
VikaCh o d = —Vyad
nkdCpkeGos Cnko | = nkdWo
Lnko J
*
E Vnkddlcnkmcnka =0
Lnko J
Hence,
0 1 1V J
o, Cnke = — F€nkCnko — F Vnkdlo
ot h h
and

m%GR(nkda, t) = —i0(t)enc{{cnno (1), 5 (0)}) — 10(t) Vara({do (2), d1(0)})
= G (nkdo, t) + VieaG®(ddo, t)

This is Eq. (6.15).

15. Polarizability at zero temperature.
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1 Jro — Jrr
0 o qo
y W) = > _ _ .
X (q ) Vv %} hw + €ko — €k+4qo + 10T

— lz fk(r B lz fk+qa
\% . hw + €y — €ktqo T+ 10+ Vv . hw + €y — €ktqo T 10+

In the second term, replace k with —k — q; then
fetrar = foko = fxor Pw+Eke—Ekiqe+i0T = hwte g q—€ k+i0" = hw+eeq—ec+i0"
Therefore,
—(hw + kg — Eiyqo +107) = —fiw + € — Eirqe — 107
The polarizability is thus given by
1 Jxo

0 _— —
e w) = V%: hw + €y — Eicrqo + 10T

+ (hw + 0T — —hw — i07)

The denominator

hw + & — Eicrqo + 10T = hw + B2E2/2m — B2 (k? + ¢* + 2k.q)/2m 40"
= fiw — K*q*/2m — (h*kq/m)cos0 + 0"

g w q
=29 1 keosh+i0T
- (hq/m 5 cost + 10 )

WPkrq [ w q k
— _ — 2 osh + 0t
- (qu ST cosf + 10 )

where vy = hkp/m is the Fermi velocity and 6 is the angle between k and q. Thus

m fka

T B2Vkpq 2 (w/qur) — (q/2kp) — (k/kr)cosf + i0T

ko

X’ (q,w) + (hw + 0" — —hw — i0")

the sum over o gives a factor of 2. At T =0, fx, = 1 if &k < kg, otherwise it is zero. The
sum over k is replaced by an integral,

14 3 _ vV 2
;F(k) = @y / PP*kF(k) = ) / k2dkdQF (k)

Because of the presence of fi,, which is equal to 8(kr — k) at T = 0, the integration over
k ranges from 0 to kp. Thus

Nquw) = —m Y /k22dk/1 9/2d¢ !

W) = o COS .

X 2Vkrq (27)° J, ) o que — q/2ke — (kJkr)cosd + 0+
+ (w+i0" = —w —40™)
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The integral over ¢ gives 27. Let © = k/kp. Then

2mk?, dcosl
e w) (27)2h2q / x/lw/qu—q/2kF—x0030+i0+ T w7 = —w =)

Its real part is

2mk?, ) dcosf
Rex"(q,w) o) @n)2hig / cl:I:/_1 ol + (w — —w)

r— q/2kp — xcosb
_ —ka% / cln w/qup — q/2kp — x
(27)20%q J,
w/qup — q/2kp —

w/qup — q/2kp +
w/qup — q/2kp +

dr + (w = —w)

1
/ zln
0

1
dr = / zln|z + (¢/2kr — w/qup)|dz
0

1
—/ zinlx — (¢/2kp — w/qup)|dx
0

1—22 1— 2 1
= —1 1 1—2)?
2 ‘14—,2_ p+ e+ g-2)
_l—zzl 1—2_
2 1y

Upon replacing w by —w,

2y =w/qup + q/2kp = —w/qup + q/2kp = —2_
2. =w/qur — q/2kr = —w/qup — q/2kp = — 2,

Hence
—2mkp 1— 22 1—2_ 1—22 1—2
Rex" = l = In =
ex(aw) (2m)2h? [ 2q/kp "  2/kp ‘1—|—z+ ]
_ —mkp 1 1—22 nl—z_ 1—z+l 1—z4
©om2h? |2 4q/kp L+2z_| Aq/kr 1+ 24

Replacing mkg/m?h? by d(er), the required answer is obtained.

As for the imaginary part of the polarizability,

kaQ

~nthig / de/ dw/qup — q/2vp — xcosO)dcostd) — (w — —w)
m

2
= ;T:;;; / IdI/ /& — cosf)dcosh — (z_ — —z,)

[mXO(qJ C«J) -
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For this not to vanish, we must have —1 < z_/x < 1. Since mazx(z) = 1, it follows that
—1 <z <1and x>z . Hence,

0 _ mmkj, ! )
_[mX (qﬂ.d) - _m/z_ $dI9(1 — Z,) — (Z_ — _Z+)
Tmk?
= — g (1= 22000 = 22) = (1= 24)6(1 - 2})]
7r
= —d 1—22)0(1 — 1—22)0(1 —
) Tafhr [(1=22)0(1 = 22) = (1= 24) 0(1 = 23)]
16. Polarizability.
(a) 3D:
(.AJ:O, Z—l—ZQ/QkFa Z_:—q/ZkF
Hence, Im x%(q,w) = 0 (see the expression for Im x°(q,w) in the previous problem).
Thus
(11— q?/4k% | |1+q/2kp| 1—q*/4k% |1 —q/2k
XO((LW) _ d(EF) " q / F Q/ Pl q/ i q/ » :|

|2 4q/kp 1 —q/2kp 4q/kp 1+ q/2kp
(11— q?/4k% . |1 —q/2kp

= —d(er) | = —
|2 2q/kp 1+ q/2kp
(1 1—¢7%/4 . |1—¢/2

= —d(er) |5 — @/ In ¢/
|2 2q’ 1+4¢'/2
_1 4 — q12 9 _ q/

(€r) E 5S¢ n‘2+q'

where ¢' = q/2kp.

(b) 2D:
fka’

0 0+ 0+
yw)=— E — + (w+ 107 = —w —10
X (q,w) | 2= I + ey — Fieqo + 107 (w+i i0™)

The sum over o gives a factor of 2. Replacing the sum over k by an integral,

(q,w) = Q—m—/l;chk/ a6 4 (w4 0 ——w — i07)
XA = 2 kng (27)? 0w/ qur — q/2kr — (k/krp)cosd + 0~

_ O+ iy 0+
T 4r?hq / / w/qup — q/2kp — xcosl + i0F +wHil" = —w—i07)

It is clear that when w =0, Im x%(q,w) = 0. Hence,

o mkF/xd /2”
(@, 0) = 2h? q/2kp—|—x0039
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The integral over § may be evaluated by changing variables: ¢ = tan(6/2) (or by the
residue theorem upon setting cosf = (z + 1/2)/2, where z = %),

t=tan(0/2) = cosl = (1 — t*)/(1 + %), dO = 2dt/(1+ %)

Then,

I_/27r e
Jo q/2kp + xcosh

_/” do +/27r do
~Jo q/2kp + zcosl + q/2kp + xcosd

% dt 0 dt
:2/0 (/2 (14 ) £ 2(1 = ) +2/OO (/2 (L4 ) 1+ 2(1 — )

> dt 0 dt
- 2/0 @2kt 0+ @2k —0)E 7 /oo (@/2kr + 1) + (@/2kr — 2)2

First, consider the case when ¢/2kp > z:

%] 0
2 2kp — 2kp —
= an_l m t —+ tan_l q/ kF x
(q/2kp)? — 22 q/2kp +x q/2kp +
- 27
(¢/2kp)* — 2?
Next we consider the case ¢/2kp < z:
Let ¢/2kp +x = 1%, © — q/2kp = s*. Then
2 L 2 t]1°
== [ln rs } += [zn re } —0
TS r—st|], s r—st|]_

Therefore,

omkp [t rdx
0 O - _ /

Let ¢ = q/kp, u= ¢*/4 — 2% then du = —2zdx.
If ¢ /2 < 1, then

2
X°(a,0) = —5 /“_I/Qd“: N

- wh2q' g
2m ¢ m

“areg 2~ e dler)

z=q'/2

=0

Recall that in two dimensions, the density of states per unit area is a constant given
by m.mh?.



If ¢/2 > 1, then

2m
x’(q,0) = V%4 — a?

- wh2q'

o whi¢

19

- (Vq?/4—1—-4/2)

— |- 2V = e - VE= )

Hence,
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10.1 First-order self energy
* 1 4me?
2 o) = =35> yp e

As T — O,fk/ — H(k'F — k'/)

* 1V 9 Okp — k') 5.,

N Ly /2” " /1 dcosf
27Th 0 0 -1 k,2 + k2 — 2kk/0089
dz

e2 kr ) 1
S T . —
7Th 0 /_1 k/Q + k2 — 2kk/x

N e2(/** K2 Y da
7h 0 2kK’ 1T — k/;’:;j:z
62 ke / / !
= KAk (1
2k /0 < " _1>

k/2 _ k2
0

T —

dK’

2Kk
2hk (K + k)
2k K =k

_ € /
= klnk’—i—k

=k ),

‘dk;’

Let k'=kpy, k = kpx:

Where,

1 1
- / yinly + oldy — / ylnly — zldy = A(x) — A(—z)

0 0

1

_ 2
5 i Inly + x| — fracld(y — x)*
0

1 y2
Atw) = [ ytnly+ alay = [
0

Thus,
2 |1+4x

11—z

1—2z
I:
2

ln‘ +x




Therefore,

* e2kp 11—z 1+z
ko,w,) = — 1 l
Zl( 7 n) Th [ - 2z n‘l—a:

10.2 Proper self energy in two dimentions

In 2D, The Coulomb interaction is vy = %. Therefore,

2me?
>, =- Az|k i)

_ 2w A Ly /2“ dé
~ hA (2m)% ), o (K2 + k2 —2kk'cost)1/2

Let k' = kpz. Then,

2 2
kp de
k =
Zl( 7n)  27h / dx/ (x2 + i )2 —2z(& = )cosd)!/2

The integral is difficult to do. We restrict ourselves to the case k = kp, for
which the integral becomes more manageable,

* 62kF
Zl(ka,wn) =51

o ! xdx 27
1= db = 0)do
/0 /0 (22 — 2xcosb + 1)1/2 /0 J(0)

The integral over x is tabulated:

el it 2
Vaz? tbr +c a “r T g™

2 b
%—FZ\/axz—t—bx—i—c

Thus,
1
= [\/ 22 — 2xcos0 + 1 + cosOin ’25(} — 2c0s0 + 2/ x2 — 2zcos0 + 1‘ }
0
2 — 2c0s8 + 2+/2 — 2cosb
=2 —2cosf — 1+ cosBin cosh + cos
2 — 2cosb
0 1
= 2sin () — 1+ cosfln |1+ 7
2 in (D)
Thus,

2w
/ J(0)d0 =8 — 21 + B
0



Where

1+

27
B = / cosfln

dv = cosfdf. Then

Let u=In |1 +

. (%)

27 - _1 0
827/ sm& 2.cos 52) Iy
0 sin? (5)

1
+ sm(z)

1 [?" sinf
_ / sinfcos? 29 a0
2 Jo

sin28 55in

2

_/27r szng(:OSQg 40
Jo sing 5(1+ sind)

s 2
:2/ _cosx .
o Sstnx+1

In the last step, we have substituted 2 = 6/2. Therefore,

71'17 -2 2
B:2/ ﬂdx:Q/(lfsinx)dx:%’—él
o 1+ sinz 0

Hence,

I=8-27n+4+2r—4=4
We thus find

* 262kF
> (kow) ===
10.3
H Z Ji — friq
4w V hw+6k7€k+q+’i0+

In the limit w— oo, Im[[°(q,w) = 0 since it contains 0(fiw + ex — €x1q)
Thus, as w— oo,

fk+q

T @w) = Re ][ (@)

Vzhw—i-ek

= 7‘/(;;)2 > ficlecra — )
k

(see the next problem 10.4)
Since €x1q — €x= ( +2k-q),

Ho(q, w) = va Z +2k-q)f

~ fk+q



Since fx depends only on ¢, = —m, it follows that :

Z:(k'Q)fk:()

k

Therefore, as w— o0,

0 24> 2¢> N ng?
e = 05 2 he= vy =

and
0 4me? ng?
e(q,w —00) =1—vg [ (q,w—00)=1- T et
(4me? /m)
1 2
w
2
w2

10.4 An alternative derivation of the plasmon dispersion

a)

RBHO(Q, Vzhwfk_qu

+ €k — €k4q

Jrt
kau—l—ek—ek_s_q_izﬁw—i— -

€k — €k+gq

We're dropping the arrow sign over the vectors. In the second sum,
k — —k" —q, then e = € _p_g=€priq, frrg = [-w=fr', €hrq = €_p=6nr.
Hence

0 _2 fr 2 Jr
Re]] (Q,w)—vzk:—hwj%kfekﬂ _Vzk:—hw—

€k + €ktq

1 1
_szk[hw+€k_6k+q _hw—ek—i—ekﬂj

Z fk |: 26k+q — 2€k :|
Y%

(€ktq — €)?
Z fk €k+q — €k)
V (€htq — €r)?



b) hw < €xtq — €

0 (ertq — )]
ReH (q,w) = Qka (€ktq — 1—W
2
= Vi) ka €htq — [1 + (ek?;w);k) + ]
) T 0, fr = 0(kp — k), ehsq — en=1(q* + 2k - q)

ka €ktq — €k) 7ka+*2fkk q

The sencond sum vanishes since fi, depends only on |k|. Thus,

_ ¢ N
ka e =) = G0

Where N is the total number of electrons.
Next, we need to evaluate

ka(ek_,_q —e)=A
k
2\’ 2 3
= (Qm) Ek:fk(q + 2kqcost)
Where 6 is the angle between k and q
AN 6 5 2.4 2 33 .3
=3 ka(q + 6kq’cosh + 12k*q*cos*0 + 8k’ q°cos>0)

R2N\° N (HN\? v ke !
= (2) q° ) + (2) 73/ 27rk2dk:/ dcos[6kq°cost + 12k*q* cos®0 + 8k>¢3cos®0)
m m ) (2m)° Jo -1

Upon integrating over cosf, only the term proportional to cos?§ gives a nonva-
nishing contribution,

2\ 3 2\ 3
_ (= q6ﬁ+ L R (12)2 4/ E*dk
2m 2 2m ) (2m)3 37 0

RN’ N (BN’ V 8,
<2m>qz+<zm) @5l b




Therefore,

0 _n(a
Re ][ t0.e) = m(w) o
= q
w
Using k3,=372n (see Chapter 2),
e[ (@) = (L) + L(2) By g
€ q?w - m w 5 W m F “en

2 2
3/ qV,
_ n<q> {1 N <“> + ]
m\ w O\ w
Which is Eq.(10.65);

The derivation of the plasmon dispersion now proceeds as in the text.

ﬁ2k2 k3 8 4
m2 8m5 (2m)2

10.5 Thomas Fermi wave number in 2D
H Z Sk — frtq
BHE A hzu+€k—€k+q+i0+
In the static case, Im]"(q,w=0)=0. Hence

H ka_flc+q

€k — €k1q

Now consider the long wavelength limit ¢ — 0,

0
At low temperature, f., — 6(ep — €;). Thus

H(q—>0w—0 ——2(5 ex —€r) = —d(ep)

Where d(ep) is the density of states per unit area at the Fermi energy. To
determine d(ep), consider the shell bounded by two constant energy surfaces e
and € 4+ de. The number of states with energies between € and € + de is:

N(e, € + de) = 2 (number of k-points in the shell)



The factor of 2 results from spin degeneracy. Since each k-point occupies an
area in k-space given by (2m)?/A.

2rkdk Akdk
= 2 =
(e,e + de) Gom)E/A -
Since € = %, de = %kdk. Hence,
Am
N(e, e+ de) = ?de = Ad(e)de

= d(e) = Z5 = dler) = —

m
mh?

The dielectric function,

0
e(q—>0,w=0)=1—qu (¢ —0,w=0)
2me? m 2 1 2

T L L N S .
+ q wh? Jrq(hQ/me2) Jrqao

The screened Coulomb interaction is thus,

2me?/q  2me?

14+-2  g+2/ap

qao

Vrr =

10.6 Plasmon dispersion in 2D
Using the result of problem 10.4,

ReHO(q, Aszk—fmq

+ €k — €ktq

4
= W zk:fk(t?k+q —€) + W zk:fk(ﬂqu —€r)°” +

= 51+ 52
4 R 4 h2¢?
R — 2k - = —_—
_ 4 N _n(a)
C24Amw? 2 m\w
Where n = % is the number of electrons per unit area.

= ﬁ ka(€k+q —e)” +
K

n 6 5 2 4 2 3 3 3
:ﬁE ,fk(q + 6kq’cosd + 12k*q"cos*0 + 8k>q°cos®0 + ...)
2AM3w -




Replacing

A A kp 27
fe = 0(kp — k)Y — oL /dzk = W/o kdk/o de...

k

The terms proportional to cosf or cos®f vanish upon integration over #. Also,

27
/ cos’0dd =«
0
2

h L AR
= 12 k°dk + ...
52 2Am3wt T4 (2#)2/0 +

The terms represented by ... are of order ¢°. In 2D,

Hence,

N=> 0k —k)—zi k2 = —E—@:k@ = 2mn
_k r n (27r)27TF n_A_27r F =47
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kr 2
/ ksdk:ka(%m) — 22p2
O 4
Thus,
37h? [ n\? q 4
%= om <m> (w> *
and

elliea=(3) (2) <50 () () +-
~() () D5 (e)

The plasmin frequency is the solution of 1—v,Re Ho(q, w)=0.In2D, v, = %.

Thus )
27mne? h?
1 wnezq[lJr?m n(q) +...]—O

mw 2m m\w

omne2q [ 3mh? ?
o= TNy O n(q) +]

m | 2m m \w
_ 2neZq _1 3mh? n q°

m | 2m m2mne2q)/m
_ 2mne’q _1 3h%q
= +

m | 4me?




. 2
The Bohr radius ag = %; hence

w- =

2 2
= w=1/ meq[u
m

2 2mne’q {1 N 3qag
m 4
3qag
4
DY—
_ [2mne’q {1_‘_ 3qag
m 8
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Chapter 13
Problem 1.
Wt to) =1— % [} dtyH(ty) + (=) [y dty [} dtaH(t))H(t) + -

Here t < ty. Let us consider the term with two integrals. The times
are now arranged as in the following figure:

] ] ]
T T T

to 3] o t

with time increasing from left to right.

A= ftto dt1 ttol dtQH(tl)H(tQ)

= %U:O dty :01 dtaH(t1)H(t2) + f:o dty [} dtyH(t2) H (t1)]
The second term on the RHS is equal to the first term; it is obtained
from the first term by relabelling the indices. In the first term on the
RHS, t; > t1, and so we can introduce ({2 — t1) and extend the limits

of integration over t; from t¢; to t. For the second term on the RHS,
we can introduce 0(t; — t3):

A= f) dy [ da[6(t — 0 H () H(t2) + 0(t — t) H(t) H (1)
— %f:o dt, til dty T[H(t1)H(ty)]

We can generalize this to all terms in the expansion for W (t, ), and
thus obtain Eq.(13.7).

Problem 2.

The properties of W(t¢,t') can be obtained directly from the defining
equation,

(Ws(t)) = Wt to) [Ws(to))

setting to =1,



|Us(t)) = W(tt) |Ts(t)) = W(tt)=1

Next
[Ws(t)) = W(t, ") [9s(t7))
=Wt W (") [s(t))
But,
(Wa(t) = W) [W(t) = W(tt)=W(tt")WE"t)
Next,

1= (W (t) | (1)) = (Wslto) | Wt t)W(t to) | Ts(to)) = (Ts(to) | Ws(to))
= Wit to)W(t,tg) =1 = Wi(t, tg) = WL(t, 1)
Finally,
1= W(t,t) = W(t,to)W (to,t)

= W(to,t) = WL(t,t0)

Problem 3.

Qs(t) = Z P, |\I/ns (t)> <\I/ns (t)|
Trios(t)As] = %: (Wi, ()] 05(t) As [V, (1))

= 2 P (W, (8) [ W, () (W, ()] As [, (2))



Problem 4.

The relation

[Wr(t)) = S(t to) [Wr(to))

is similar to the corresponding relation

I‘Ils(t» = W(tvtO) |\Ijs(t0)>

This relation in the Schrédinger picture was used in Problem 2. to de-
rive the properties of W (¢,ty). The S(¢,1y) satisfies the same properties
satisfied by W(t,ty). The proof of Eq. (13.26) is obtained by follow-
ing the same steps used to derive Eq. (13.8): simply |¥,) — |¥)),
W — S.

Problem 5.

GT(1,1) = —i@(t—t’)<\IJH(1)\I!L(1’)> F it — 1) <qf},(1’)\1/H(1)>
We add and subtract the term —if(t' — ) <po(1)\1/;,(1')>,
GT(1,1) = —i@(tft’)<\IJH(1)\IIL(1’)> F it — 1) <¢L(1/)\1,H(1)>
it — 1) <\I/H(1)\I/L(1’)> a0t —t) <qu(1)\pL(1')>
= —i[0(t — ') + 0(t' — 1)] <qu<1)\1/},(1')>
ot — 1) (wn ()7 F W 0)wa(1))

= =i (W ()} )) +io(t — 1) ((r(1), 05 (1))5)

=G> (1,1) + GA(1,1)



If, instead, we add and subtract —if(t — ') <\I/L(1’)\IIH(1)>, we obtain
GT(1,1) = —w(t—t')<po(1)qu(1')> ¥ iG(t/—t)<\I!L(1’)\IJH(1)>

=it — ) (Wl Wa (1) + 0t~ ¢) (W (1) 0w (1))
For Fermions, combine the first and third terms.
GT = —if(t— 1) ([ (1), W5 (1] ) + 00 =)+ 00— )] (¥},(1)Pu(1))
=GR +i<\IIL(1’)\IIH(1)>
=GR+ G<
For Bosons,
GT(1,1) = —if(t —t') <qu(1)\1/}1(1/) - xIJL(1')\pH(1)>
—ilo = 1) + 0t = )] (¥, (1w (1))
= GR(1,1) — i (W], %u(1))
=GR, 1)+ G<(1,1)
In both cases (fermions and bosons), we have
GT =GR+ G<
To obtain the corresponding expression for GT, we us Eq. (13.44),
GT+GT =G> +G<
Thus
GT =G> +G<-GT

Since GT = G® + G<, we obtain GT = G> — G



Using GT = G> + G4, we obtain GT = G< — G4

Problem 6.

Now the contour looks like

Cy Cs

A

to t/

C3
iG(1,17) = + <\1/}{(1’)\1/H(1)>
—+ <S(t0, T ANS @, 1) (1)S(E, t0)>

Where the —(+) sign refers to fermions (bosons).

We can rewrite Eq.(13.49) as

iGe(1,1) = <Tc[efi Jo f”<ﬂ>dﬁ¢/(1)¢ﬂ(1’)]>

=+ <TC[6% Jo H'<ﬁ>dﬁ¢ﬁ(1')\i/(1)}> =+ (D)

D is identical to B introduced in deriving Eq. (13.49) for the case
7> 7' except for the interchange of U(1) and ¥i(1").

Thus D = P¥t(1)Q¥(1)P

Now C; extends from t; to t, Cy from t to t/, and C3 from t' to tg;
hence



D = S(to, )Y WUH(1)S(t,t)T(1)S(t, to)

This proves the validity of Eq. (13.49) for the case 7 <7
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