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LATTICE VIBRATIONS:
PHONON SCATTERING



LATTICE VIBRATIONS. PHONONS

Inarea crystal atoms are not fixed at rigid sites on alattice, but are vibrating.
In aperiodic structure the vibrations have a waveform (just like electronic
wavefunctions) with a spatial and temporal part:

u(r,t) = uy exp(iker) exp(—wt)

_2n
k= A
wVs. kisthe dispersion relation.

;how represents a“ quantum” of vibration energy.

QUESTIONS:
* What controlsthe wvs. k relation?

» What is the amplitude of vibrations and how does it depend upon
temperature?

» What are the issues involved in second quantization?
What are phonons?
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LATTICE VIBRATIONS. RESTORING FORCE

5 A typical (rigid) lattice

Ro: Equilibrium
spacing

Typical binding energy
Versus interatomic
distance.

Energy U

Ro

Interatomic separationR —>

RESTORING FORCE

UR) = U(R,) + (3_%) AR+ 1 @)RO AR2 + ..
Ro

2 \dr?2
=U(Ry) + 5C(AR)?
_ 2

Force= —CAR
R2

Problem similar to that of coupled harmonic oscillators.
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LATTICE VIBRATIONS. RESTORING FORCE

Vibrationsin acrystal with two atoms per unit cell with masses M1, M,
connected by force constant C between adjacent planes.

Unit cell Unit cell Unit cell
s-1 S s+1
r\l\;\/\ M —~A— —~A—
1 2
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Tul v T W el e | wmee
EQUATIONS OF MOTION:
Unitcell s
d2ug
M7 —— = C(vg+ Vg1 —2Ug)
dt
d2v,
_° = + —

We look for solutions of the traveling waveform, but with different amplitudes
u and v on alternating planes

Us = U exp(iska)exp(—wt)
Vg = Vv exp(iska)exp(—iwt)
We note that a is the distance between nearest identical planes and not nearest
planes, i.e., it is the minimum distance of periodicity in the crystal.
—w? Mqu = Cv[1+ exp(-ika)] —2Cu
—w? Mov = Cu [exp(-ika) + 1] —2Cv
These are coupled eigenval ue equations which can be solved by the matrix
method. The equations can be written as the matrix vector product
-w? Mj +2C —C[1+exp(-ka)]| |u
—Clexp(-ika) +1] —w?My+ 2C v
Equating the determinant to zero, we get
|2C—Mj6?2 —C[1 + exp(-ika)] <C [1 + exp(ika)] —2C — M,u?| = 0

or

=0

MlewA' — ZC(Ml + Mz)(,k)z + 2C2(1 - COSka.) =0

This gives the solution
W2 = 2C(M1+ M) [4CZ(M]_+ M2)2—8CZ(1—coska)M1 Mz]:l'/2
2M;M,
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LATTICE VIBRATIONS:
ACOUSTIC AND OPTICAL BRANCHES

Solutions for a simple diatomic lattice model
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Ml > Mz :
(2CIMy)V2
w |
|
|
ACOUSTICAL |
VIBRATION BRANCH !
|
0 K l;
Near k=0
~ 1,1 Optica branch
w2~ 2C (M1 + M ) Y
W2~ G2 k2a2 Acoustic branch
M1+M;

Group velocity for acoustic branch (sound velocity)

Near k = 0 for acoustic branch
u=v . vibration in the same direction.
for optical branch
u= —Mva . two atoms vibrate in opposition.
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LATTICE VIBRATIONS:
ACOUSTIC AND OPTICAL VIBRATIONS

EQUILIBRIUM POSITIONS
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2 € > < < > < > OPTICAL VIBRATION:
| © | :0 ! 0: | © | | The two atoms on the
unit cell vibratein
@ opposing motion.
16
4 0.06
14
~N
(:l_-l 10 4 004 ~
% o s
> 8 ol —— 003 3
5 6 )t B
Z
0 1 oo &
g 4 LA
= 5 / 4 0.01
TA
0 0
0 [100] 1.0
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(a) The difference between an acoustical mode and an optical mode is shown. (b)
Phonon dispersion relation in GaAs. The longitudinal (LO, LA) and transverse (TO,
TA) optical and acoustical modes are shown.
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PHONONS:. QUANTIZATION OF LATTICE VIBRATIONS

SECOND QUANTIZATION

Classical wave of | quantization | wave hasn quanta

frequency nand each of energy hn.

intensity | The number of quanta
is determined by
intensity |

Particle nature is manifested when either/or:

» wave intensity isvery low so that the number of
guanta approaches ~1

* Interactions with matter involve exchange of
single quantum.

A conceptual picture of second quantization.

CLassicaL WAVES ASSOCIATED PARTICLES

Electromagnetic waves <—>| photons
Vibration of atomsinacrysta [<—> phonons
Spin waves in magnetic <> magnons
materials

Polarization waves in systems

with free electrons and <—>| plasmons
background positive charge

Some important classical waves and the particles that result after
second guantization.
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PHONONS: SECOND QUANTIZATION OF
LATTICE VIBRATIONS

Analogy with the harmonic oscillator problem:

. - P
Problem: H 2m+2c;X2

Solutions: g, = (n+—1) ho: w=\/§
2 m

n = number of quanta (0,1,2...)

* In each allowed mode of vibration with frequency w there are n(w)
guanta or phonons.

» What is the number of phonons at Temperature T?

Bose Einstein statistics

(@) = —F
exp kT -1
4
PHonON 3
OCCUPATION hw <kgT
kgT
2 ~ el
<y oo
<
1
0
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PHONON NUMBER;
ACOUSTIC AND OPTICAL PHONONS

Phonons are an important source of scattering in charge
transport. Electrons scatter from phonons by creating or
destroying a phonon. These processes are strongly dependent
on phonon occupation.

Acousric PHONONS: Near k = 0, acoustic phonon energies are
small

KgT

n(w) o

— Even at low temperatures acoustic phonons are important.

OpTicAL PHONONS: Near k = 0, optical phonon energies are
quite large (~30-60 meV). At low temperatures, phonon
number is negligible.

1 1 12
[2(ii )] o e sy
(2CIM4) V2

My > M,
(2C/Mp) V2

ACOUSTICAL
VIBRATION BRANCH

wIg----—----

k——>
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OPTICAL VIBRATIONS IN POLAR MATERIALS:
POLAR OPTICAL PHONONS

In optical vibrations the two atomsin the unit cell vibrate
against each other. This can produce polarization effects.

Optical modes of vibration of anionic crystal. During
transverse modes, (), the vibrations do not produce any
polarization effects, while long range electric fields due to
polarization are produced in longitudinal modes, (b).

IP S S S
¢ 9 9 —
ASIS:
° ﬁ ¢ 1 ° —k) O Cation
O 9 9 9 O ° Anion
f ¢ 1 Cation ane(fjfani on
° ° carry an effective
@ O ¢ ¢ ¢ © char)éee*
O <07 <07 7O
L] o> o> o> L] —k)

For longitudinal optical vibrations there is an additional
restoring force due to the polarization field generated by the

vibration.
P = ne* u, ; nisthe unit cell density
u, isthe relative displacement
Electric field
F = -4mP = —4mme* u, (in cgs units)
_ P
S (MKS)
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Atk=0

OPTICAL VIBRATIONS:
L ONGITUDINAL AND TRANSVERSE

TRANSVERSE MODES: U, = relative vector for the two atoms on
the unit cell

MU, + th?ur =0: M reduced mass

LONGITUDINAL MODES: Additional restoring force
—oo|2Mur = —(*)tzMur + Fie*

_ 4mne*2
__Q)IZ_ T"'\‘/l
2
of = wf+ T (ogy)
_ .2, ner2
of=wf+ o (Mks)
It can aso be shown that:
= %o
€00

€, Static dielectric constant (eg., 13.18 for GaAs)

€00+ Nigh frequency dielectric constant (11.0 for GaAs)

PoLAR MATERIAL: GaAs
Atk=0

NON-POLAR MATERIAL: Si
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ELECTRON-PHONON SCATTERING:
SOME CONSIDERATIONS

Phonons have to be treated within second quantization

= Energy states: (n +—%) hw = (a+a +% ) how

Displacement: Written in terms of creation and destruction operators
Creation operator: (@) an =(+1)2n+D

Destruction operator: (a) an> =n’2n-»

Bp: displacement of normal coordinates

B =, /2rr:oqb (g +ag)

SCATTERING PROBLEM

R

INITIAL STATE: FINAL STATE:
electron; k ool '
phonons: | ngp) phonons: | n'gp)

ABSORPTION OF PHONON: N' = n -1
EMISSION OF PHONONS: N' = n +1
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ELECTRON-PHONON SCATTERING:
SOME IMPORTANT ISSUES

q Phonon vector

Energy has to be conserved:
E(K) = E (k) +hw @)
Momentum has to be conserved (within areciprocal lattice vector):

K=k+qg=k2=k2+q2=* 2kqcos0

Assuming parabolic bands:
h2k2_ hZ2

2m* T 2m*
= P%, P°q?,  h2qcose
2m* 2mF m*

h292 _ _ h2kq cos®

— _ 20m*
hg = hk [+2 cos 0 + kg ]

_ 2w hk :
= hk [+2 cos0 + W] V(K) 1 » €lectron velocity
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ELECTRON-PHONON SCATTERING:
PHONON ENERGIES AND VECTORS

Intravalley acoustic phonon scattering

Sound velocity: vg = %)

V.
Ph tor: hq = 2hk|+ 0+—3
onon vector: hq [ cos v (k)]

Maximum phonon vector: hggy = 2hk[1 * %ﬁ’)]

Maximum phonon energy:  AE, 5 = NKmax
~ 2hk vg

Intravalley optical phonon scattering

hay
Phonon vector: hg=hk|—cos® +./cos? 0+ EK)

Maximum vector: (cos8 =-1)

- I+ ey
hqmax—hk[1+ 1+ ?k)}

Intravalley phonon scattering

[001]

E

A

—hwy ~~ 7 Sadlitevall
AL T Sl

AEr =029 eV

Centrd valey7" =~~~ ~~~—~
k111
Si: g scattering: GaAs:
Ag=0.3-21a (1,0,0) M — L scattering
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PHONON SCATTERING RATES
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