Chapter 11 Solution Set

Problems
G

11.1 Derive Eqgs.(11.15) using Green function techniques.

We use the two equations satisfied by the E field and the Green function

dyadic
Vi X Vi X <a>(r,r’,w) - kga(r,r’,w) = <T>6(r -1,
Vo x Vo x E(r)) = KSE(r) = iwpe I (r').

If we now take the dot product from the right of the top equation with the E
field and the dot product of the bottom equation from the left with the Green
function dyadic and subtract the two resulting equations we obtain

Vo x Vo x G (1,1, w)] - E') — G (r,1,w) - [V x Vo x E(r))]
> L d
= Id6(r—1) E()—iwu G(r,r',w) - J(x)
We now integrate over a volume 7 to obtain

I.(r)

/ &' [V x Vo x G (1,1, 0)] - B(t') — G (1,1, w) - [V x Voo x E(r)]}
— E(r) — iwpto / &' G (r,r,w) - I(r)

where we assume that the field point r € 7. We now show that the quantity
I (r) vanishes in the limit where 7 becomes infinite and the Green function
dyadic and E field are outgoing at infinity (satisfy the Sommerfeld radiation
condition). This then yields the desired result showing that the E field is given
in terms of the Green function dyadic by Eqs.(11.15a). A similar calculation
yields the equation for the H field.

There are a number of approaches that can be employed to evaluate I (r)
two of the best being in Chew’s book (Chew, 1990). Perhaps the easiest is the
use of the vector identity (Chew, 1990)

Vo x Vo x G(r,r,w)] Er) — Gr,r,w) - [V, x Vo x Br)]
= -V -{E(r) x V,» x <a>(r,r’,w) + Vo x E(r') x <a>(r,r’,w)}
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to convert the volume integral to a surface integral using Gauss’ divergence
theorem. Using this identity we find that

L d L d
I(r) = —/ dS'n’ - {E(r') xV,» x G (r,r',w) + V,» x E(r') x G (r,1",w)},
or

where 1’ is the unit vector along r’.

We now have to make use of the radiation conditions satisfied by the field
and Green function dyadic. The E and H fields satisfy Eqgs.(11.16) while the
Green function dyadic satisfies the far field condition

1 o, ikor
Ger,w) = [T+ 5V VlGar — ')~ — [T — i)oo' =C
kg 47 r!
as v’ — oo. We then find that
ik o, ikor k ,
Vo x G (1,1, w) ~ — 2/ [T —i/fethod' v C = 047 T gikod’
47 r! 47
so that
Zko . — oik n/.r 62“907’/
E()XVT/XG(I'I' U})N—Ef( )X[HXI]G 0 TT
— _’Lk_of( /) / 721k0n x€ QikoT/
= —a

since i’ - f.(n’) = 0 and where we have used the vector identity a x [b x c] =
(a-c)b — (a-b)c. We also find that

- iko R - o Coiken’ r€2ikgr/
Ve X E(r') x G(r,r,w) ~ —E[n’ x f.(n')] x [T —f/n/]e"2ko -
o ’Lk_of ( /) / 721k0n xr€ 21km“
= 2

where we have again used the above vector identity and the fact that n’ -
f.(n’) = 0. Using the above two results gives

Er') x Vo x G(r,r',w) + Vo x E(t') x G (r,1,w)

ik . . L, e2ikoer’
~ =200, ()R — f(n)i)e 2o .
4 r!
The integrand of the surface integral is thus zero to order 7/? with the result
that the surface integral is zero in the limit ' — oo which establishes the

desired result.

11.2 Compute the radiation pattern of the Green function dyadic.

See solution to preceding problem.

11.3 Derive Eqgs.(11.23).

The easiest approach is to use the Maxwell equation relating the E and H
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fields and the angular spectrum expansion for the E field given in Eq.(11.22a).
Using the Maxwell equation we have that

—1
H,(r) = W—MOV x E4(r)

which then yields

-, ko [T _
H (r)= —V x {20 / d3 [ sinada A.(kos)e*osT}
Who 27 —7 Cy
k 4 .
- / ag sinada V x A, (kos)e*osT
27”")#0 —7 Cy

7{:2 T )
] / d3 | sinadas x A.(kgs)elkos

B 27”")#0 —7 Cy
Ah(kos)
ko [T 2 .
;—0 df [ sinada —2s x A (kos)ekosT
™

- Cy Wwo

where the last line follows from Eq.(11.24).

11.4 Derive Eqgs.(11.26) from Eqs.(11.22b) and (11.23b). These derivations are
easily accomplished.

11.5 Prove the identities:

L-[sxLl=[sxL]-L=0, [sxL]-[sxL]=L

To prove these identities we make use of the definition of the angular mo-
mentum operator in terms of the derivatives w.r.t. @ and § given in the book

) . 10 450
L= —’LkoS X ngs = ’L[am% — Ba—a],

and the fact that the spherical coordinate system with unit vectors s, &, B isa
right-handed orthogonal system and that the unit vectors satisfy the equations

ad . 0 -
8_O[a__s, 8_0116_0’

& = cos a,é, %B = —cosa& — sinas.
(11.1)
We will only prove the first the identity L - [s x L] = 0 since the proof of
the others follows entirely parallel lines. We have that

0 . 0 oy 100 .0
sina%_'g(?—a]:d'gsina%—i_aa_a]

9
op

sxL=1isx [&

We then find that
1 0 40 N

sina%_ a_a].['gsinaaﬁ aa]

sina 0F " sina df sina 0 O«

g , 1 0

90 P

L [sxL]=—[a

= {a&

+{B

sina% o
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We now carry out the various differentiations and make use of the identities
given in Eq.(11.1) to find that

& 1 i B 1 ii_cosai
sinadB Tsinadf  sin?adp
1 ﬂ .0 1 02

sina 03 . aa_a " sina oadf

Bﬂﬁlii_cosai_i_l 02
da "sinadf  sinadf  sina dadf
~ 0 .0

We then obtain

cosa 0 1 02 cosai_i_ 1 0%
sin2adf  sinadadf  sin®adf  sinadadf
11.6 Derive Eqgs.(11.30) from Egs.(11.29).

This follows directly by making use of the identities given in the derivation.
11.7 Prove that an EM non-radiating source must have zero total charge.

0

L-[sxL]=

From the first Maxwell equation we have
€0V - E(r) = p(r)

which yields

60/ d?’rV~E(r):eo/a dS’n~E(r):/ rp(r) =Q

where @ is the total charge inclosed in the source volume 7y and d7y is the
boundary of 79 and n the outward directed normal to d19. An NR source
generates zero field outside the source region from which it follows that the
surface integral vanishes! and the total charge has to be zero.

11.8 Derive a general expression for a non-radiating EM source supported within
a spherical region.

From Example 11.5 we can express the transverse current in the Debye

representation

Jr(r) =V xrQé(r) + VXV x rQd(r)
weQ

where the two scalar source components Q¢ (r) and Q%(r) have spatial Fourier
transforms that satisfy the equations

—4m1

WHo

d —4m1 d

Qg(kos) = fl?(S% Qe (kOS) = e (S)a
WHto

where fi(s) and f¢(s) are the magnetic and electric scalar radiation pat-
terns of the Debye representation of the magnetic and electric field radiation
patterns defined in Egs.(11.42). An NR source has to have zero electric and

1 We assume at least a piecewise continuous source so that the field is continuous.
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magnetic field radiation patterns from which it follows that the two boundary
values of the scalar source components Qf (kos) and Q%(kgs) must also van-
ish. This, in turn, requires these two scalar sources to be classical NR scalar
sources that are reviewed extensively in Chapter 1 and 2.

11.9 Derive the most general form of an EM surface source supported over a plane

surface.
Here we use the Whittaker representation of a 3D transverse current pre-
sented in Example 11.3:

Jr(r) =V x2Q} (r) + wLEOV x V x zQY ().

We now assume that both scalar source components are supported on the
plane z = 0 and can then be expressed in terms of singlet and doublet com-
ponents in the form (cf., Sections 1.8 and 2.12 and Problem 5.8)

Qr(r) = Q1 (p)d(2) + Qra(p)d'(2),  QL(r) = QL(P)I(2) + Qeal(p)d'(2)

where p is the position vector on the z = 0 plane and we have labeled the
“singlet” and “doublet” components with the subscripts s and d, respectively.
We then find that

Qi ()
Jr(r) =V x 2[Q}(p)(2) + Qia(p)d' ()]
QU ()

+w%0v % V x 21Q% (p)0(2) + Quu(p)0'(2)]

as the most general form of a transverse current supported on the plane z = 0.

11.10 Determine the relationship between the components of the surface source

found in the previous problem for it to be NR throughout one of the two
half-spaces bounded by the source plane.

If we take the 3D spatial Fourier transform of the surface current found in
the preceding problem we obtain

Jr(K) = iK x 2[Q¥,(K,) +iK. Q¥ (K,)]

[ Ny . Aw
K K X 2[QU(K,) + iK.QU K,
The requirement that a source not radiate into a given half-space z > 0 or
2 < 0 is that J7(ki) = 0 which using the above result and the fact that the
two vectors K x z and K x K x z are orthogonal to each other translates into
(cf., solution to Problem 5.8)

Q;IUS (Kp) + iVQZJd (Kp) =0, Q}aus(Kp) + iV@Zd(Kp) =0,

where k(jf = K, + vz and the plus sign results in a source NR in the r.h.s.
and the minus sign in the Lh.s.
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11.11 Derive the most general form of an EM surface source supported over a
sphere centered at the origin.
Here we employ the Debye representation to represent the transverse part
of the current as developed in Example 11.5 in the form

Jr(r) =V xrQi(r) + XV x rQd(r).
weQ

We now employ the same general method used in Problem 11.9 to express
the two scalar source components as a sum of singlet and doublet components
(cf., Sections 1.8 and 2.12 and the solution to Problem 5.9)

2

Qi (r) = Q1(60.6)3(r — a) + = Q4l4(6.6)3'(r — ),
2

QUr) = QL(6,8)3(r — a) + = Qly(6,0)8'(r - a),

where (7,0, ¢) are the polar coordinates of r and we have taken the sphere
to have a radius » = a and we have labeled the “singlet” and “doublet”
components with the subscripts s and d, respectively. We then find that

Qi (r)

2
Ir(x) = V x x[Q1,(6,0)3(r — a) + 5Q14(0, ) (r = a)]
Q2 (r)

) 2
LT Q0,080 )+ Q0,009 )

as the most general form of a transverse current supported on the surface of
a sphere having radius r = a.

11.12 Determine the relationship between the components of the surface source
found in the previous problem for it to be NR, throughout the interior (exte-
rior) of the sphere.

This is the vector equivalent of Problem 5.9 of Chapter 5 where these con-
ditions were determined for a scalar source and field. The vector relationship
is easy to obtain for the source to NR throughout the exterior since it is re-
quires that the electric and magnetic radiation patterns both vanish which
then yields a solution completely parallel to that employed to solve Prob-
lem 11.10. In particular, we showed in Example 11.5 that

—4m1 —4m1

fils),  Ql(kos) = f(s),

WHto WHo

Q4 (kos) =

so that the field will vanish outside the exterior of the sphere if Q% (kos) and
Q%(kos) both vanish.
We found in the preceding problem that the two scalar components of the



113 Problems

Debye representation of the transverse current of a surface source on a sphere
are given by

2

Qi (r) = Q1L (6,0)5(r — @) + Q1l4(0,6)3'(r — a),
2

QUx) = QL8 9)5(r — a) + 5 Qly(6,0)8 (r — a),

where (r, 0, ¢) are the polar coordinates of r and we have taken the sphere to
have a radius r = a and where the subscripts s and d, respectively, denote
“singlet” and “doublet” components of the scalar source. Taking the Fourier
transform of either of the above two Debye components we obtain

Qphos) = [ drQimre = Y gty (s).
lm
where p is either h or e and

qi(l,m) = 4mi’ / d*r Q4 (r)ji(kor)Y;™ (6, ¢),

and where we have employed the scalar multipole expansion of exp(—ikgs - )
derived in Example 3.4 of Chapter 3 in deriving the result. For the surface
source we then find that

Qi(r)

2
aftm) =i [ @1 1QAO.600 ~ a) + S Q0.5 ¢~ )l ihor)V" (0.0
= qzs(la m) + qzd(la m)

with
diultm) = drit [ &1 Q1 (6,9)5(r — ailhr) Y™ 6.0)
= 4ri'a®jy (koa) / dQ QL. (6,9)Y,"* (6, ¢)
dfattm) =t [ @ Q10,0 — a)ilhor) ¥ 0,9)
— —trila?huji(koa) [ ARQL6.6)Y™(6,0)

The NR conditions then yield
Qi (kos)

> gl m)Y;"(s) = 0
Im

which require that

qz(lv m) = q;gs(lv m) + qzd(lv m) =0,
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where, again, p can be h or e. This then leads to the requirements
a1 (koa) / 40 QL (0, $)Y™ (0, 8) — ok} (ko) / 02 QL (6. )Y (6. 6) = 0,
o ji(koa) / 42 QL(0, )Y (0, 9) — akojl (koa) / 42 Q% (0, 6)Y™ (8, ) = 0.

These conditions are completely analogous to those found in Problem 11.10
that are satisfied by the Fourier transforms of the two scalar components
of a surface source that is NR throughout a half-space. However, the above
conditions only guarantee that the spherical surface source is NR throughout
the exterior of the sphere.

The conditions required for the spherical shell source to be NR throughout
the interior are much more difficult to derive since the angular spectrum ex-
pansion cannot be employed. However, they can be derived after a great deal
of work from the scalar Green function representations of the vector fields
given in Eqs.(11.13). Either of the the fields can be used since the vanishing
of either throughout the interior also guarantees the vanishing of the other.
We will use the magnetic field here which yields the condition

H,(r)= —/ Pr' V. x J(r)Gy(r—1') =0, remn
To

where 7( is the interior of the surface source. If we now use the multipole
expansion of the Green function derived in Section 3.4 of Chapter 3 in the
above we obtain the NR condition

G (r—1")

0o l
[ @V x 3 =k Y 37 ko (o) Y@V () =0, x €
To =0 m=—1

where we have explicitly assumed that the source is confined to the surface of
the sphere of radius 7’ = a so that the field point r lies inside the source point
r’; i.e., r <1’ = a. Using the above and integration by parts and making use
of the Debye representation of the transverse current given in the preceding
problem then yields conditions similar to the exterior NR conditions where,
however, j;(koa) and jj(koa) are replaced by h;(koa) and hj(koa). This result
can also be arrived at intuitively from the results of Problem 5.9.

11.13 Use the results from Example 11.4 to solve the 2D EM ISP for a source
compactly supported between two parallel planes in terms of the tangential
components of the electric field specified over two bounding parallel planes.

11.14 Fill in the missing steps in the derivation of Eqs.(11.39).

The reader should need no help in solving this problem.

11.15 Derive the expressions for the EM scattering amplitudes given in Egs.(11.61)
from Egs.(11.60).

We have from Eq.(11.60a) that the scattered electric field vector is given
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by
1
E®) (r,v) = _/ 31’ [iwpod (v, V) — =Vpe(r',v) = V x I (r', )]G (r — 1)
To €0

1 1 ) , ikor
~— | & [iwped(r,v) — =Vpe(r',v) — V x I (r/, v)]e~thosT S
ar [ €0 r

eik(ﬂ’

1 ~ ik ~
= —[iwpode(kos, v) — —2sp, (kos, v) — ikos x In(kos, V)]
47 €0

which after simplification and using the fact that sxJy, (kos, v) = sxJp, 7 (kos, v)
yields the required result

Wy = ik —~
£.(s,v) = ;‘)JBT(/@OS, v) = o8 x Jup(kos, ).

The scattering amplitude for the magnetic field vector is obtained in an en-
tirely analogous manner.

11.16 Derive Eqgs.(11.62).
The Born induced currents and charge distributions are given by

PP (r,v) = =V - [Be@ B, 0)], T(r, ) = —iwbe(r)ET(x, ),
o (r,v) = —V - B HOD (e, )], 3B (r, ) = —itobp(r)HI(x),
We then find that
pB (kos, v) = —ikos - B (kos, 1), JB(kos, v) = —iwdeEG™ (kqs, v),

PB (kos, v) = —ikos - SpEM (kos, v)], TP (kos, v) = —iwduHE™ (kos).

Writing the E field scattering amplitude in the form

1 - & ~
£(s,v) = liwpode(kos,v) - Ze—oosﬁe(kos, V) — ikos x Ip(kos, )]

then yields

.ﬁc(kgs,u) ﬁ? (kos,v)

1 - ik v
£5(s,v) = T |wno [—iwdeE(m) (kos, v)] AU [—ikos - 6eE(™) (kgs, V)]
™ €0

35 (kos,v)

k -
—i-2s x [—iwspH) (kos)]
47

which after simplification yields the required result

£8(s,v) = —k—gs X 8 X 52]—53\(1'/")% s) — w—kos X 5:&1\@1)0@ s)
e Tey 0 47 0=/
The magnetic field scattering amplitude is similarly obtained.
11.17 Verify that the EM scattering amplitudes satisfy Eqs.(11.18).

The reader should need no help on this problem.
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11.18 Compute f7™ and £ within the Born approximation in terms of de and
op.
This parallels the computation of £/ th M

and presented in the book.

11.19 Express the TE and TM scattering amplitudes within the Born approxi-
mation in terms of scattered field data specified over a spherical surface sur-
rounding the scattering volume.

This problem is solved using the multipole expansions of the electric and
magnetic field vectors given in Eqs.(11.49) and the fact that the multipole
fields can be shown to satisfy the equations (cf., Jackson (1998))

/ dQ Effjn(r) . Ef%ym, (r) = UL+ 1) |k (kor)|* 61,1 Smyme
/ AH, (r) - H (1) = 10+ DB (kor) 2600 6o

/ IQE], (r) - Ef, () = / JQHY, (x) - Hlep i () = 0,

where the integrals are over the unit sphere. On making use of the above
orthogonality conditions we find from the multipole expansions that

B = .
B4 1) | (Kor)
. 1
T = T 1)y (kor) 2

; [ a9El,6) B,

[aong, @ B,

where the integral is over any sphere outside the support of the scatterer.
The final step is to express the scattering amplitude in terms of the multipole
moments via Eqgs.(11.53) which holds both within the Born approximation
and in general.

11.20 Derive a general expression for non-scattering material parameters de and
o within the Born approximation for plane wave incidence.

This can be done immediately using the expressions given in Egs.(11.64) for
the Fourier transforms of the two material parameters in terms of the TE and
TM scattering amplitudes. It follows from these equations that the material
parameters are non-scattering they must both have transforms that vanish
over an Ewald sphere; i.e.,

56[[€0(S - So)] = 0, 5,UJU€0(S - So)] =0.

This then requires that they both be classical scalar non-scattering potentials.

We can also derive the above results directly from the TE scattering am-
plitude alone. The Born scattering amplitude for the TE case is given in
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Eq.(11.63a) which we can write in the form

2 p—
£ (s,80) = R ex AO(SO)M
47 .
2 S p—
—Es X S¢ X AO(SO)M
am Ho
v
2 e — S p—
= _fz_os X [s % AO(SO)M — 8¢ X AO(SO)M]_
§ 0 Ho

For the scattering amplitude to vanish for all scattering directions s either the
vector V must be in the direction s Vs or the vector itself must vanish. The
first option is clearly not possible while the second yields

dclko(s —s0)) _ AO(SO)SL[ko@—sO)]
€0 Ho

V =sx Ao(SQ) — O’ Vs
Taking the dot product with so then requires that Se[ko(s — so)] vanish which
then requires that du[ko(s — so)] also vanish. Thus we conclude that the two
material parameters must be classical scalar NR potentials.



