Chapter 11: Discrete-Time Fourier Series and Transform

Problem 11.1:
2 2
() xk]=k, for0<k<5 and x[k+6]=xKk]. Q="2="L=2
K, 6 3
5

D, = 1 D xkle " = lz ke~ Jnek
K 6=

0 k=0

= %(e‘jm“ 207120 | 3713 | 4o i4n% y 5amiSn )
= é[cos(nQO) +2co0s(2n€,) +3cos(3n€)) +4cos(4nQ, )+ 5cos(5 nQO)]
—% J [sin(nQO) +2sin(2n€)) +3sin(3nQ,) ) +4sin(4n€ ) + 5sin(5nQ, )]

: j M M +1 M +2
Expressing D, =12k(e”"9")k and using the series sum formula $ kr* = r—-(M+Dr/" +Mr7= e
T 6

pany (1-ry

can also represent D in a compact form as follows:

D =lik(ej”g°)k=lemo_6ejﬁn.go+sejm° with Q =2
" o6& 6 (1—e "%)? ’ 3

The magnitude and phase spectra for —10 <N <10 are shown below.

;2 i “.Il ||.M il'” l
ullplfollg 25" |m
(ii) X[k] —i:(% 2%% E ggg and X[k +9]=x[k]
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8

. 8 ,
Dn = LZ X[k]e_lngok — lz ke—]nQOk
KO k=0 9 k=0
= —(1+e M 4@ % 40.5e7 1% 40.5e714% 1.0.5¢7 1" )
- l[l + e*anO + e*iZHQO 4 0'5e713n§20 (1 n e—anO " eszngo )}
9

= é(1+0.5ej3“"° )(1+e7 i)

The magnitude and phase spectra for —10 <N <10 are shown below.
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(iii) As solved in Example 11.5, the DTFS coefficients are obtained as (see Eq. 11.19):
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The magnitude and phase spectra for —7 < n <12 are shown below.
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(iv) Because

27 _ 2w — 6 _ H
&= =3= rational ,

r_27 _ T

Q="

K, 6

3

Solutions

The function X[K] can be expressed in terms of complex exponential functions as follows.

57/3
K, = 27 m= 6. =6 (for m=5). Therefore,
° 57/3 5
]
[Slk-v-z) Jl 5” Kol
x[k]=2e =2e* - z:De
From the above equation, we can state that
ir
D, ={2€ 4 n=>5
0 0<n<4
2 n=>5 /4
Note that |p |= and 4p -
o { 0<n<4 " 0

jnyk

n=>5

0<n<4

The amplitude and phase spectrums for —6 <N <11 are shown below.
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The magnitude and phase spectra for =5 <N <10 are shown below.

and D, =D, (since D, is periodic with period 6).

. s s s .

X[k] is a periodic function with a fundamental period
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(vi) Xk]= cos(lonkjcos(zﬂk) = cos(47rk _ 27K jcos(zﬂk j = cos[zﬂk jcos(znkj
3 5 3 5 3 5

1 (167rk] 1 (47zkj
=—cos| —— |+—cos| —
2 15 2 15

period=15 period=15
period=15
2 2
© K, 15
1 lozk ) 1 47k 1 147k ) 1 47k
X[k]=—=cos| —— |[+—cos| — |=—cos| 27Kk ———— |+—cos| ——
2 15 2 15 2 15 2 15
L cos[ 147K L L[ 47K =lcos(790k)+lcos(290k)
2 15 2 15 2 2

=_l[engw_+efngw_+ep9ﬁ_+efp9¢]
4

7

_ jnQk

- > De
n=—7

1/4 n=+2,17

where p = )
" 0 otherwise

The magnitude and phase spectra for —8 < n <14 are shown below.
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i) X[K]= 27k/3)| = d Xk+3]=x[K].
(vid) X[K] =[cos (27k/3) {0.5 (1 W XK
X[K] is a periodic function with fundamental period of 3.
2
K, 3°
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The magnitude and phase spectra for —5 <n <7 are shown below. I
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% MATLAB program for plotting Fourier spectra in problem 11.1
% part(i)

omega = pi/3 ;

%n = [-10:10] ;

n = [-4:4] ;

Dn = (1/6)*(exp(-J*n*omega)+2* exp(-j*2*n*omega)+3* exp(-j*3*n*omega)+4*
exp(-j*4*n*omega)+5* exp(-j*5*n*omega));

mag_Dn abs(Dn);
phase_Dn angle(Dn)
%pha_Dn = unwrap(phase_Dn)

stem(n, mag_Dn, *filled"),grid
xlabel("n");

ylabel (*Magnitude Spectrum®)
axis([-11 11 0 3D

print -dtiff plot_tiff

stem(n, phase_Dn, “filled"),grid
xlabel ("n");

ylabel ("Phase Spectrum™)
Yaxis([-11 11 -pi pil)

print -dtiff plot_tiff

%

% part(ii)
omega = 2*pi/9 ;
%n = [-10:10] ;
n = [-4:4] ;

Dn = (1/9)*(1+0.5*exp(-j*3*n*omega)) - *(1+exp(-j*n*omega)+exp(-
J*2*n*omega));

mag_Dn
phase_Dn

abs(Dn);
angle(Dn)

stem(n, mag_Dn, *filled"),grid
xlabel("n");

ylabel (*"Magnitude Spectrum®)
axis([-11 11 0 0.6])

print -dtiff plot._tiff

stem(n, phase_Dn, “filled"),grid
xlabel("n");

ylabel ("Phase Spectrum®)
axis([-11 11 -pi pi])

print -dtiff plot_tiff

% part(iii)
%omega = 2*pi/7 ;
n = [-7:14] ;

g=-J*1.5%exp(J*pi/4);
h=j*1.5*exp(-j*pi/4);
Dn=[0g 0 0 0 Oh O g 0 O O O hO g O 0O0OHhDO]

mag_Dn = abs(Dn);
phase_Dn = angle(Dn) ;




Solutions 7

stem(n, mag_Dn, "filled"),grid
xlabel("n");

ylabel (*Magnitude Spectrum®)
axis([-7 12 -0.2 2.2D)
print -dtiff plot_tiff

stem(n, phase _Dn, “filled"),grid
xlabel("n");

ylabel ("Phase Spectrum®)
axis([-7 12 -pi pi])

print -dtiff plot_tiff

% part(iv)
omega = pi/3 ;
n = [-6:11] ;

magDbDnh=[0 O O O O2 0 0O OO O 2 0O0O0O0O0 27:
phase bn = [0 0 0O O O pi/4 0O 0O O O O pi/4a O O O O O
pi/Z4] ;

stem(n, mag_Dn, “filled"),grid
xlabel ("n");

ylabel ("Magnitude Spectrum®)
axis([-7 12 -0.2 2.2D
print -dtiff plot_tiff

stem(n, phase _Dn, “filled"),grid
xlabel("n");

ylabel ("Phase Spectrum®)
axis([-7 12 -pi pi])

print -dtiff plot_tiff

% part(v)
n = [-5:10] ;

mag_Dn = (1/5)*ones(1,16) ;
phase_Dn = zeros(1,16) ;

stem(n, mag_Dn, "filled"),grid
xlabel ("n");

ylabel ("Magnitude Spectrum®)
axis([-6 11 -0.2 0.3])
print -dtiff plot_tiff

stem(n, phase_Dn, "filled"),grid
xlabel ("n");

ylabel ("Phase Spectrum®)
axis([-6 11 -pi pi])

print -dtiff plot_tiff

% part(vi)
n = [-8:14] ;

mag_Dn = [0 0.25 00 000.25 0 0 O 0.25 0 O O O 0.25 0 O O
0O 0 0.25 0] ;
phase _Dn = zeros(1,23) ;

stem(n, mag_Dn, *filled"),grid
xlabel("n");

ylabel (*"Magnitude Spectrum®)
axis([-9 15 -0.05 0.3D
print -dtiff plot_tiff
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stem(n, phase Dn, "filled"),grid
xlabel("n");

ylabel ("Phase Spectrum®)
axis([-9 15 -1 1D

print -dtiff plot.tiff

% part(vii)
n=[-5:7] ;

a=2/3; b=1/6;
mag. Dn = [b ba b babbabbab];
phase_Dn = zeros(1,13) ;

stem(n, mag_Dn, “filled"),grid
xlabel("n");

ylabel ("Magnitude Spectrum®)
axis([-6 8 -0.05 0.75])
print -dtiff plot.tiff

stem(n, phase_Dn, "filled"),grid
xlabel ("n");

ylabel ("Phase Spectrum®)
axis([-6 8 -1 1]

print -dtiff plot_tiff




Solutions

Problem 11.2
1 (0<k<2)

(i) D,=40.5 (3<k<5) and D,,=D,
0 (6<k<g)

2
X[K] is periodic with period 9. Therefore, Q, = ?ﬂ .

8 2 s
H 2z 2z )k
x[k]= > De" =>"e" + 0.5y Y
n=0 n=0 n=3
i(2%)k i(4z)\k j(8Z)k (32 )k j(LozyK
=1+e! 4l +0.5[e’(") +el +e'(‘))J
i(25)k i(4z)\k i(8Z)k i(22)k (42 )k
=1+e' 7 !5 0.5 [1+e‘(9) +e‘(9)J

j(ez (2 4z
:(1+0.5e’(9)k)(1+e’(9)k +e’(9)k)

1-j0.5  (n=-1)

3 1 (n=0)
(i) D, = . and D, ,,=D
1+j0.5  (n=1)

0 (2<n<j)

n

2
X[K] is periodic with period 7. Therefore, Q, = 77[ .

x[k]= Y D,e" =(1-jo.5)e ™ + (1+ j0.5)e!™
n=-1
= (e 4 )4 jO.5 (eI —e M)
=2 cos(Q,k) —sin(Q k) = /5 cos(Q k — tan™'(0.5))

~/5cos(3k —0.4636)

Substituting, different values of k, we obtain one period of X[K] (0 <k < 6) as follows:

x[k] = [2.0000, 2.0288, 0.5298, -1.3681, -2.2358, -1.4199, 0.4653]

(iii) D, =1+3sin(£*), (0<n<6) and D, ,=D

2
X[k] is periodic with period 7. Therefore, Q, = 77[ .

n

6

x[k]= 26: D,e" ™ ="(1+ %sin(%n))e]n(%”)k
n=0

n=0
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For k =0, x[k]= Z(1+ sin(42))=7+3 Zsm (%)~ 7+3%4.6447 =10.4835 .

For kK #0, X[K] is obtamed as follows:

X[k]zi(lvt%sin(”” ) InGk Z:em(“)kvL Zsm ”T ”2 w
n=0

=0

—

1 iGRkT 6 Ly 1 j27k 6 N2k 1 inz(2k_1
_1-e +1'LZ[ iz JM%)JeJn(%)k _1-€ +iz|:ejn7z(7+§) _e]nﬂ'(7—§):|
- j(22)k 4 2] - 122k j8

1- eJ 7 n=0 1-e"” n=0

_1 _ el g7 | —ei®/8 |—gi77/8
=3 — =3 -

Bl _e &+ gt Bl _e &+ it

=]

Q

e in(Eh e

1-e 5

[1.9239 - J0.3827 1.9239 + 0. 3827} 0.1435+ j0.7215 0.1435-j0.7215

ir(2ky 1
1-e 1—el7™®) 1—-e

(o.1435+j0.7215)[1—e"”<%‘%)} (0. 1435—107215)[1 J”W)J

[l_ej”(%+§):||:1 el”(%*% j|

0.2870— (04087 + j0.6117)e™7 — (0.4087 + j0.6117)e"
1—1.847827/7 4 gl4mk/7
0.2870 —0.8174e>™"7
1—1.8478127/7 4 @l4xki/7

~ —
~

~ —
~

Substituting, different values of k, we obtain one period of X[k] (0 <k < 6) as follows:

x[K] = [10.4835, -1.0626-j0.3735, -0.3844-j0.1220, -0.2948-j0.0341,
~0.2948+j0.0341, -0.3844+j0.1220, -1.0626+j0.3735].

(ivy D,=(-1)", (0<n<7) and D, =D

n

X[K] is periodic with period 8. Therefore, Q, = ?ﬂ. =

1— (_ejzzk/4 )8

z
e

X[k ZD g Ik :Z(;( ejzrk/4)": o [k¢4]
1—e12”k __ 0

= 1+ej;rk/4 l+e T”k
For k =4, x[4] = Z(—ej’“‘“‘)n - i(—el'”)n = 27:(1)” =8,
n=0 n=0 n=0

Combining, the above result, we obtain,

0 k=0-3,5-7
x[k]:{8 k:; , and X[k +8]=x[K].



Solutions
(v) D, =e™"*, (0<n<7) and D,, =D,
T T
X[K] is periodic with period 8. Therefore, Q, = Y = T
y JnQok y jnz/44n(z/4)k y jn(z/4)(k+1) 1 B ej8(7r/4)(k+1)
X[k]:ZDne 0 :Ze € :Ze :W [k¢7]

_ l_ej2ﬂ'(k+l) _ 0 _0
- l_ej(zr/4)(k+1) - l_ej(ﬂ/4)(k+1) -

7

For k =7, X[7] Zejﬂ(ﬁ/4)(7+l) Zeﬂn,, 21 _
n=0

n=0

Combining, the above result, we obtain,

0 0<k<6
X[k]:{S K7 , and X[k +8]= x[K].

11

% Problem 11.2, MATLAB Calculation and Verification

% Part (ii)
k = 0:6
x = sqrt(5)*cos(2*pi*k/7-0.4636);
= [2.0000, 2.0288, 0.5298, -1.3681, -2.2358, -1.4199, 0.4653]

% Part (iiil)

x3_1= zeros(1,7);
x3_2= zeros(1,7);
x3_2(1)= 10.4835;

for k = 0:6
n = 0:6;
a =1+(3/4)*sin(n*pi/8);
b = exp(*n*2*pi*k/7);
x3_1(k+1) = sum(a.*b);
end
x3_1
%
for k = 1:6
a = exp(J*2*pi*k/7);
b = 0.2870 - 0.8174*a;
c = 1-1.8478*%a + a.*a;
x3_2(k+1) = -b./c ;
end
x3_2

x3 = 10.4835, -1.0626-j0.3735, -0.3844-j0.1220, -0.2948-j0.0341,
-0.2948+j0.0341, -0.3844+j0.1220, -1.0626+j0.3735

% Part (iv)

x4= zeros(1,8);

for k =

O

- eXp(J*pl*k/4)) ~n o
x4(k+1) = sum(b);

end

% x4 = [0 00080 0 0]
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% Part (v)

x5= zeros(1,8);

for k = 0:7
n=0:7;
b = exp(*n*pi*(k+1)/74) ;
x5(k+1) = sum(b);

end

X5

% x5 = [0000O0O0O0 8] ;

Problem 11.3

i) i IX[K]| = i 2| = i 2=2+ lim 2&2 =2+ lim 4M = - The DTFT does not exist.
k=—c0 k=—c0 7 ke o

k=—00

(ii) i|x[k]|: i(3—|k|)=1+2+3+2+1=9<oo = The DTFT exists
k=-0

= k=-2

(i) > [x[k] = zw:‘k3“k“=2i‘k3“k“=2ik3*k —2x S k(1/3) =2x—B 3y
K=o K=o vt k=1 k=1 k=1 (1-1/3) 2

=even

Therefore, the DTFT exists.

(iv) i IX[K]| = i ‘ak cos(a)ok)u[k]‘ = i‘ak cos(a)ok)‘
k=—0 k=—0 k=0

< i‘ak Hcos(a)ok)‘ [ Using Schwartz's inequality |
k=0
< i|0:|k [ ‘cos(a)ok)‘ < l]
k=0
1
:1——M<OO [ |0(|<1]

Therefore, the DTFT exists.

v) i IX[k]| = i ‘ak sin (@pk + ¢)u[k]‘ = i‘ak sin (@pk + ¢)‘ < i‘akHsin(a)ok + ¢)‘
o o 0 k=0 <1

:_;<oo [ |a|<1]

Therefore, the DTFT exists.
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(vi) Z|x[k]|— Z‘Sm Jsin(7 %=|x[0]|+22|x[k|

7’k?
Note that X[0] = sm( ;Zilzn ( ’ )| = Smgss ?Tks Hig - )| :%, Therefore,

‘sin(%k)Hsin(%k)‘

= 7Z'2k2 ~ 7Z'2k2
<1y Zi ! sin ()|, [sin(2)| <1
S35 22 s )| 7 )=
k=1 T
=L +Lii < o0
T35 g2 k2
k=1

(vii) X[K]= Z o[k —5m — 3] is a periodic function with period 5. The sum in any one period,

m=—0o

Z|X[k]| = 1. Therefore Z |X[k]| is infinite, and hence the DTFT does not exist.

<5> k=—o0

(viii) X[K] is a periodic function with period 7. The sum in any one period, Z|X[k]| =9 . Therefore

<7>

z |X[k | is infinite, and hence the DTFT does not exist.

—00

(ix) z |X[k]| Z z 1 = o0 =» The DTFT does not exist.

[ k=—o0

e j(0.27k+45%)

(x) X[k]=k3 ™ u[k]+ e'(o'z”k+45 ). Although, the aperiodic component decays very quickly, the periodic
%/_/ v

=aperiodic = periodic
component oscillates forever. Therefore »_ [X[k]| is infinite, and hence the DTFT does not exist. I
k=-00
Problem 11.4

(a)
(i) x[k]=2 is a periodic signal with period K =1. Therefore, we first need to calculate the DTFS
coefficients, and then use Eq. (11.36a) to obtain the DTFT.

From Table 11.2, we obtain D, =2. Using, Eq. (11.36a), the DTFT is obtained as
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x(Q)=273 D,5(Q-22)= 47y 5(Q-27n)

N=—o0 N=—o0

(i) X (02)= i x[k]-e 1% = Z X[K]- cos(QK)— j Z ]-sin(QK)
A7 ARIEOR __,_4

k== _aven k=-2 =2

=even function =odd function

= x[0]+ 222: x[K]- cos(Qk) =3 + 222:(3 —k)-cos(QK)
k=1 k=1

=3+4cos(Q)+2cos(2Q)
(i) X(Q) = Z X[k] p ik _ Z k3 \k\e jok _ z kske—JQk+zk3 kg iok
oY k3 He ™ 4 Y k3 e = Yk (1) - Sk (2e)’
k=1 k=1 k=1

_ e el |:"Ookk: , }
(1-1e) (1-1e?) B2l
te i (1-1e®) —1e(1-te )

(1-1e ) (1-1e)

te®(1-7e” +ie"m)—%e’n(1—%e“'Q +e )

) 2
(1-te?—1e+))
_H(EP ") | cgisine) _ -gisin®)
(% %COS(Q)) ( 10 _2 COS(Q)) 18%0 - ;‘—g COS(Q) + %COS2 (Q)
_ —35 18in(Q) B — 16 jsin(Q)
100 _ cos(Q) +2[1+ cos(2Q)] 18 40 005(Q) + 2 cos(292)
(iv) X(Q)= > x[k]-e¥ = Z a“ cos(w,k)ulk]e ™ =" a* cos(w,k)e
k=—00 k=0
%iak[ej%k 4ok ]e—ij :%iak [e—j(gmo)k +e—j(Q—a)0)k:|
k=0 k=0
- - 1/2 1/2
_1 i(Qtay) 1(Q-ay)
2 kZ_(;(dE ) *2 kzo(ae ) 1—ae” i(Qtay) 1— ae—j(g—%)
1— (e j@tay) 4 a-i(@- wo>) |— oo cos(@,)

- (l—ae J(mwo))(l_ae Q- wo)) B (1_ae—J(mwo))(l_ae—jm—wo))
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v) X(Q)= i x[k]-e 1 = Zw: a*sin(a,k ++¢)ulk]e ™ =iak sin(w,k +¢)e "

k=—o0 k=0

k=—
_%Za [g(@ksd) _ e—(1w0k+¢>]efjﬂk —%Z [e—j(mwo)kew_e—j(sz—wo)ke—w]
k=0 k=0

— L eJ¢Z< a-i@ta) ) —L-e_mi(ae*j(gf%))k _ %je-W B zijefm
=" I—ge 1@ |- ge @)
_sin(@)+ 5 e i@ e”'“””’“ﬂ sin(g) — & 12 [el(?) _giae)]
(1 ae J(m“’“)(l—ae_“g_“’“’) - (l—ae ‘(Q“"O))(l—ae j(Q“"O))

_ sin(¢)—ae ¥ sin(w, + @)
= (1 B ae,j(gmo) )(1 _ a,efj(Q—wo) )

15

; <
(vi) Using the DTFT pair sin(Wk) DT ! |Q| W , we obtain the following:
K 0 W<|Q<z
o (Z 1 1Ql<z in(z 1 |Q<Z
Sln(5 k) < DTFT X1(Q) _ |” | 5 : SlIl(7 k) DTFT N Xz(Q) _ |,, | 7
k 0 g<|Q|S7z 7k 0 7<|Q|S7z

Using the frequency convolution property of the DTFT, we obtain

X(Q)stSm(?k)}x{sm(’?k)H:Lf X,(0)X,(@~6)d0
27

7k 7k

Using the graphical convolution method, it can easily be shown that

QriF —Er<Q<-i
n 127 _2_”£Q<2_”
[ X)X, @-60)do = 3512 235 1235
e Q-2 ZcQ<lz
0 otherwise

Therefore, the DTFT X (L) is obtained as:

L (Q+ 127[) Lz Q<21

35 = 35
7 —E<Q< .
X, =1 with X (Q) = X (Q+27)

_(Q_U_ﬂ) 27 < Q< 2z 1271-

2z 35 35 =

0 otherwise

The DTFT X (L) is plotted below.
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0.15F

0.1F

Magnitude Spectrum

0.051

% MATLAB program for plotting Fourier spectra in problem 11.4(vi)
X=zeros(1, length([-pi:0.01:pi]));
k = 1:10000 ;

ind=1;
c=2*pi*pi;
for w = -pi:0.01:pi
X(ind)=1/35;
wl=w+2*pi/35; w2=w-2*pi/35; w3=w+12*pi/35; wi=w-12*pi/35;
for k = 1:10000
X(ind)=X(ind)+(cos(wl*k)+cos(w2*k)-cos(w3*k)-cos(wd*k))/(c*k*k) ;

end
ind = ind+1;

end

%

mag_X = abs(X);
phase_X = angle(X)

%pha_X = unwrap(phase_X)

Omega = -pi:0.01:pi
plot(Omega, mag_X),grid
xlabel ("Omega™);

ylabel ("Magnitude Spectrum®)
Yaxis([-pi pi 0 3])

print -dtiff plot_tiff

plot(Omega, phase_X),grid
xlabel ("Omega™);

ylabel ("Phase Spectrum™)
Yaxis([-pi pi -pi pil)
print -dtiff plot_tiff

(vii) X[kK]= z o[k —5m — 3] is a periodic function with period 5. Therefore, we first need to calculate

the DTFS coefficients, and then use Eq. (11.36a) to obtain the DTFT.
_2r_ 27
K, 5°
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I | 13 | . | —ions
D, =—> x[kJe " ==% 5[k —3]e " =—e PN =g
TR > k] 5; [k =3] 5 5

0 k=0

Using, Eq. (11.36a), the DTFT is obtained as

X (Q)=27 Y D,s(Q-22)= 27:2 e 5 (Q-2mn) 25”2e’3“”59 27n)

n=

(viii) x[k]:{3_k k<3 and x[k + 7] = x[k]
0 otherwise

X[k] is a periodic (and even) function. Fundamental period = 7. Therefore, _Qozzl. The DTFS
7

coefficients are calculated as follows.

3 ) 3 P4 3
D, = 1 D x[k]-e T = 1 > x[k]-cos(rszok)—i > x[k]-sin(rQgk) = 1 > (3—|k|)-cos(r£20k)
= [ ey e ]
=0
1 3 3 2
—3+2) (3-k)-cos(rQuk) |= = +=[2cos(rQ,) + cos(2rQ, )]
7 = 77
3 4 (272‘[‘ 2 47xr
=—+—cos8| — |+—cos| —
77 7)1 7
=l 3+4cos(2”rj+20 5(4 r]
7 7 7
with ¢ _2r,
7

The DTFT is then given by the following expression.

X(Q) 2”ZD5( ~3)= 27ri{%+§cos(¥j+%cos(g)}5(g—#)

r=—c0

(ix) X[k] _ ej(0.27zk+45°)

Q=027,and K, = 27 _ 27 _ 10. In other words, X[K]is a periodic signal with periodicity 10, and
Q 02r
_2r 27 02
" K, 10

; 9
L 02ak+4s) _ jrranjorsk Lt ) joaek _ irQok
x[k]=e = el ———e => D'

\/E r=0

1+]
2

0 otherwise

r=1

Comparing the two left-most expressions we obtain D, ocrc0 =
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I+
— n=1+10m i oo
As D, =D, D, ={ 2 =1% > S[n—10m]
0 otherwise e

The DTFT is therefore given by the following expression.

x H_J n=1+10m
X(Q)=2x z Dné‘(Q—%’) where D, =4 2
- 0 otherwise
=\27(1+ ) Y 5(Q—22—272m)
(x) X[K]= k3 u[k]+ el
e {kyk U[k]} ~ {ejm”km{])} [applying the linearity propertY]

1 -iQ 0
=2 2r(+ )Y S(Q -2 - 27m)
(1-1e7) Mo

(b)
(i) X[k]=k, for0<k<5 and X[k+6]=XK]

1e—jnzz/3_6e—j6n7r/3+se—j7n7r/3
D, =~ “jnz/3z2
6 (1—e D)

Using, Eq. (11.36a), the DTFT is obtained as, X (Q) =2 Z D

N=-x

5(Q-2m).

n

1 0<k<2
(i) x[k]=40.5 (3<k<5) and Xk +9]=x[k]
0 (6<k<8
2z o
K, 9°

D =l(1+0.5e—j6nﬂ/9)(1+e—j2n7z/9+e—j4n7z/9)

n

Using, Eq. (11.36a), the DTFT is obtained as, X (Q) =2r Z D

N=-x

5(Q-20).

n

(iif) x[k]=3sin(Zzk + )



0 elsewhere.

Using, Eq. (11.36a), the DTFT is obtained as,

(iv) x[k] = 2¢ 15%+3)

iz
D, ={2&* n=5 and D, =D,
0 0<n<4

Using, Eq. (11.36a), the DTFT is obtained as,

(v) x[k]= i8(k—5m)

m=—oo

o, -
5

Using, Eq. (11.36a), the DTFT is obtained as,

(vi) x[k]=cos(10mk/3)cos(2mk/5)

D - 1/4 n=i2,'|_.‘7 ,Dn=D
" 0 otherwise

n+15

Using, Eq. (11.36a), the DTFT is obtained as,

(vii) X[k]= |cos(2nk/3] .
2/3 n=0
D, = > Dn = Dn+
" {1/6 n=1,2 ’
Using, Eq. (11.36a), the DTFT is obtained as,
X(Q)=2x Z D, 5 2””)

0

259 27rm

m=—o0

w|h1

m=—

Solutio

X(Q)=27) D,5(Q-2).

> s

00

n=-o

-

Q- 27m- 4%

)

ns

19
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Extras — Spectrum Plots for DTFTs in Problem 11.4
114(a)(i1) X(£2)=3+4cos(Q)+2cos(2Q)

|X(£2)|=[3+4cos(Q) +2cos(2Q)|

0 3+4cos(2)+2cos(22) =0
AX(02)=
V4 3+4cos(Q)+2cos(2Q)<0
10
S e
g 4
g .
<L
0- 1
“ 4
E 2
& 2
4 3 2 A 0 1 2 3 P

s 025 2 o) 2t

r=—ow

3+4cos E +2cos ﬂ
7 7

0 Q22
AX(02)=50 3+4cos(Q)+2cos(2Q)>0,Q=22
7 3+4cos(Q)+2cos(2Q) <0,Q=22

\x(g)\:%’fri




Solutions

forvpli e Specty

i O "lg @i/‘_:‘
_ ~ Y RS -~
,.g:w_»f—ir‘*‘““’ ~ 4R 4/}\7\ 1)
P A T
E 2
3
& o
£ 2 ]
4 —1; 2 1 1] 1 2 3 4
Omega
(%) X (Q)=+27(1+ ) > 5(Q-22-27m)
X (Q)|=27 Y 5(Q-2-27xm)
m=—w
T
— Q=Z-2rm,meZ
£X(Q)=12 ’
0 otherwise
The DTFT spectrum for one period is shown below.
Amplitude 27
Spectrum T
' >
- 0 =z T Q
Phase
Spectrum 7%/2 T
; ; |
—7 o =z T

21
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-jQ 0
x) X(Q)= le”! — + \/57;(1+j)z S(Q—22—27m)

(=1e7)

Note that there are two components of X (€). At Q=32 —27m, the Diract delta function will have

infinite value, and the first component can be ignored. At other values of €2, the second component will
have zero magnitude, and value of X (€2) will be equal to the first component.

1a-iQ ‘ 1a-1Q 1
Notethat‘ 3 € | = 3€ 2|: 5 _ 3 .
‘(1_%@9) ‘ (1—1cos(Q) + jLsin(Q)) | (1-1cos(Q)) +1sin’(Q) 10-6cos(Q)

276 (Q-2%-27m) Q=2-27m

Therefore, | X (Q)| =
erefore, ( )‘ 3 otherwise
10—6c0s(QQ)
Le‘jﬂ
AX(Q)= | | + £[V2m(l+ (235 ~22m) |
(1-4e7?)
3
T —24tan” _sin(2) N=2_-2rmmeZ
> 3—cos(£2)
3—cos(£2)

The DTFT spectrum for one period is shown below.

1
E
308
8
%0.6-
Q
So4
£
E0.2-
< 1
04 I-“I’: % 4
- Omega 5
4 ' T
1
1
R
o 1
@ |
& of
@ |
H] ]
g2
1
4 W i 1
-4 -3 2 1 1] P | 2 4
- Omega 5 K
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Problem 11.5:
X (Q) =D x[k]-e '™ and X,(Q)= D x,[k]-e
k=—o0 k=—c0

(i) X(Q) = Z XK]-e 7% = 37 (<1, TkJe ™ = 3 x k] (~e %)’
= Z Kl(e ™) = X,(@-)

(i) X,[K]«=— X,(Q)

Applying the time shifting property, we obtain, h[K] = X,[k —4]«221— X, (Q)e ** = H(Q).

LALLEEN j d)ég)) , we obtain the following two DTFT pairs:

Using the DTFT pair KX[K]<

S{kh[k]} _ J dré(!_zo) _ J d{xz(.:!))e’“”} _ j[e j40 dxz(g) j4X (Q)e 14.0]

=g[k]

=[ J4X,(2)+ %2 [e 17 = G(42)

d{[14xz(g)+dX2 2 J'“”}

S{kg[k]} = 3{k*h[k]} = S22 = | 1

_ 1[149 40 dX, (Q)+16x () e | o j4_Qd;<(.Q) jae j40 dxc?})g)}

[16]X (Q)+Jd xz(fz)}e j4a2 _ J[d X2(0)+16X (Q)Je j40

Using the above results, the DTFT of the given signal is now obtained as follows:
3{(k=5)"x,[k —4]} = 3{(k - 5)*h[k]} = 3{(k* — 10k +25)h[k]}
= { [k1} — 103 {kh[k1} + 253 {h[k]}

(S

SELD 1 16X,(42) e ~10[ [4X,(2)+ %352 Je 12 25X, ()¢ 1

=[ 1529 1 j16X,(42) - 40X, (2)~ 10242 1 25X (Q)}e 42

=] 102560 1 (25— [24) X, (2) [
(i) X, [K]«—— X,(Q)

Applying the time shifting property, we obtain, h[k]= X [k — 3]« X (Q)e’jSQ =H(Q).

Applying the time inversion property, we obtain, g[k]= x,[3 - k]« H(-Q) = X,(-Q)e”*? = G(Q).
Applying the time multiplication property, we obtain,

el o 12 ] DTFT -dG(Q)_-d{xl(—Q)ejm}_{.dX](—Q)
p[k]=kg[k] = kx,[3-K] gRrral 90 =i 4a

—3X1<—9)}e”9 =P(Q).-
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Now applying the frequency shifting property, we obtain

S{ke X [3-K]} = 3{e  plk]} = P(2+4) = { dX,(=(£2+4))

dao

—3X,(—(2+ 4))}"3(9*4)

(iv) w{ 3 [xl[k—4m]+x2[k—6m]]}={ 3 xl[k—4m]}+$§{ 3 xz[k—6m]}

m=—o0 m=—c0 m=—owo

‘Z 3{x [k- 4m}+miw3{x2[k—6m]}

- Z X, (£2)e7 M+ 37 X, (£2)e7"?

m=—oo m=—o0
= X,(Q) Z e 1M 4 X, () Z g lome
m=—ow m=—w
In order to calculate the infinite series sum, we will take help of the DTFT pair
J{lj= > et = > et =2r > 5(Q-2mr)
k=—00 m=-o0 m=-o0
Substituting the Q=4Q)' in the above expression, we obtain the following identity:

S e 07 S 540 - 2mr) = 2;[25( o) ”?T”j:%ia(g'—%j

Mm=—o0 M=—oco m=-—oo Mm=—oco

Similarly, we obtain, » e " =27 Z 5(6Q —2mr) =" Z 5(9'——).

m=—o0 m=—oo 3

Using the above results, we obtain:

S{ i [ X[k —4m]+ Xz[k—6m]]} = X,(2) i e 1™ X () i g-i6m2

£X,(@)Y) 5(2-%)+ 5 X, @) Y, 5(2-)

Mm=—o0 m=—o

=7ix](g 1) (02 - 1) %ZX(Q nz)5 (2 -12).

(v) Using the time-shifting and time-inversion properties, we
Applying the time shifting property, we obtain, h[k] = x [k —5]«22" 5 X, (Q)e *? = H(Q).
Applying the time inversion property, we obtain,
glk]=x[5—k]=h[-k]«ZT 5 H(-Q) = X,(-Q)e** =G(Q).
Similarly, we obtain the pair, p[k]= X,[7 -k]«22— X,(-Q)e'® = P(Q)

Applying the frequency convolution property, the DTFT of the given signal is obtained as:
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(27)
:ﬁj‘ Xl(—g)eijz(g_Q)ejug_y)de
(27)
:iEjNZJ‘ Xl(_g)xz(g_g)e—jzedg

(27)

Problem 11.6
-iQ - jQ
i) X(Q)= 74_2 = de _ A,-n n B,-Q
1-5e7 + 607" (1-2e72)(1-3¢77) 1-2¢7"%  1-3e”’
-iQ -jQ
where A= ae " =£=_4, Bsz :4/3;=4
-3¢ ., 1-15 -2 o, 1-3
Substituting the values of A and B, we get
4 4
Q)=— —_— :
(@) -2 1-3¢7*
Using the DTFT pair —g*u[—k — 1]« 215 1 || > 1, the sequence X[K] is obtained as follows.

e~ 12

X[k]=4x2 u[—k —1]—4x 3 u[-k —1]=4(2* - 3*)u[—-k —1]

. 207129 A B C
(i) X (Q): = — = —=+ — + —5
(1-4e7®) (1-2e7) 1-4e™ (1-4¢7) 1-2¢
-j20 —j
where B = 2e17'ﬂ = 1/8 :l,C:Lmz - 1/2221
1-2e7| T 1-1/2 4 (1-4e) o (1-2)7 2

Substituting B = % and C = % in X(Q) expression and comparing the numerators, we get A = _%.

Substituting the values of A and B and C, we get
-3/4 1/4 1/2

X(Q)= — + + _
(@) 1-4e? (1—4671-9)2 1-2e7
Using the DTFT pairs
—afu[-k 1]« 1 2| > 1, and —(k + a*u[-k - 2]« 2T 1 |g|>1,

l-ae™ 12 (1-ae )

the sequence X[K] is obtained as follows:
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x[k]= ( 12 )u[—k — 1] =% (k + 1)4*u[-k - 2]
k+1]+{% 12" — L (k+ 14 fu[-k - 2]

= —%5[k +1]-4{2 = (1 -k /2)4* fu[-k - 2].

(iii) X (Q)=8sin(7Q)cos(9Q) = 4sin(16Q) —4sin(2Q) = — j2| 162 4 ¥ _g 122 _g7il62
J
Using the DTFT pair §[k —k, 1«22 e ", the sequence X[K] is obtained as:

X[k] = — j2{STk +16]+ [k +2] - 5[k — 2] - Tk — 16]}

-j4Q -j4Q _Ap-isQ _Ap-isQ
(iv) X(Q): i = 4e'Q TN i‘eg “ia T —'ge ~io
10-6¢cosQ  10-3(e™ +e ™) 3-10e " +3e”’ B-e")[1-3e")
— _gpis —1/8 N 3/8. }:l e 1% . 3 e_jSQ.
3-e7 1-3e7| 6 1-(1/3)7 2 1-3¢7°
Using the DTFT pairs p*y[k]«22T 5 1 ‘p‘<1, _a"u[_k_l](%l 1_jQ \a\>l and the
—ae

1-pe~1¢

time shifting property of the Fourier transform, the sequence X[K] is obtained as follows.

X[K]= {5 Uk T+3B) -k =11} =+ ulk—=5]+3(3) Fu[-k +4]

4 V4

(v) X[K] —L j X (Q)e*de = j X (©)cos(@k)dO2+ j X (@)sin(@k)d0
_even T oven =even - _odd
=0
” 3z/4 . 37/4
= ij' X (Q)cos(Qk)dQ = L I cos(Qk)dQ = l{sm(Qk)}
ad 0 7 x4 a 0257

= Lk[sin(377k / 4) —sin(zk /4)]
T

Alternative Solution:
X(Q): X](Q)_Xz(g)

whete X, ()= 1 12<0.757 and X, (2)= 1 [2)<025z
0 0.757 <|Q|<x 0 0257<|@Q<x
Therefore,
: 1. :
x[k]=3"{ I(Q)—Xz(Q)}=S"{X1(Q)}—S1{XZ(Q)}=%[s1n(37rk/4)—sm(7rk/4)] |
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Problem 11.7:

(a) Assuming X[K] is a real-valued function, the Hermitian symmetry property can be proved as follows.

*
[’e]

X'(Q)=[x(Q)] = { > x[kle'ﬂ = 3 [xikle ™ ]

k=—00 k=—o0
= i x[k][e’jgk]* [ X[K] is real-valued function]
k=—0
= i X[k e

=~

()

(b)
. 4e®
O X(-Q)=—-—— .
(-2) 1-5e* + 6el*?
. 4e@
X Q =~ .
(@) 1-5e +6e1*?

Since X' (Q) =X (-Q), the DT sequence is real-valued.

20 20
'jez iQ P X (Q) - 'jez iQ
(1—4e‘ ) (1—2e’ ) (1—4e’ ) (1—2e’ )

(i) X (-) =

Since X~ (Q) =X (-Q), the DT sequence is real-valued.
(1) X (—Q) = SSin(—7Q)cos(—9Q) =— 85in(7Q)cos(9Q) ; X© (Q) = 8sin(7Q)cos(9Q) .
Since X (Q) =X (-Q), the DT sequence is not real-valued.

4ej4Q 4ej4Q *( ) 4ej4Q

() X ()= 10-6c0s(—2) 10— 6cos(Q)” T 10-6c0s(@)

Since X~ (Q) =X (-Q), the DT sequence is real-valued.

(V) X (-Q)=X(Q)=X"(Q), and therefore the DT sequence is real valued. I
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Problem 11.8:

dX (Q) _
do

S - jok S jQk d - JQk
[Zx[k]e j } > dQ{ [kle '™} = Zx[k]d—Q{e jad

k=—o0 =—00 k=—00

s %‘Q_

X[k1(= jk)e™ ™ = Z (— jkx[kDe ™

7\‘
I‘I

00

= 3{- jkx[k]}
H DTFT dx
In other words, — jkx [k](—)E. I
Problem 11.9
I{x[k]*h[k]} = > {x[k]*h[k]}e ' = Z(Z x[m]h[k—m]je‘jgk Z Z mJh[k —m]e
k=—o0 k=—00 \ m=— k=—00 m=—c0
= > > x[mlh[k -mj~* = Zx[m]th ml
m=—o0 k=—o0 m=-o
=3{h[k-m])
= > x[MHQ)e " =H(Q) D x[mle "
N — =X(Q)
= X(Q)H(Q)
I
Problem 11.10
I{x[k -k, 1} = i X[k —k,Je % = i X[k — k, Je S HlgmI%
k=—00 k=—o0
=g % i X[m]e " [substituting k —k, =m|
=e X (Q)
I
Problem 11.11:
1 K, K, K,

DH@- (1=03¢ ®)(1-05 #)(1-0.76 ®)  1-03e ™  1-05¢ "  1-0.7¢ "

where the partial fraction coefficients are calculated as
1 | 1 9

T(-)-%) 8

3e7 1=

k= (1-0.5¢2)(1-0.7e )|



Solutions
- ! I
T(1-03e ) (1-07e )| L (-EDA-5D) 4
 _ 1 - 1 49
T(1-03e M) (1-05e7 )| L A-81-63) 8
In other words, H(Q) = 9/8 __ 4 _25/4_ + 49/8_
1-03e7 1-0571 1-0.7¢7
Calculating the inverse DTFT of each partial fractions, h[K] is obtained as
h[k]=[2(0.3)" =2:(0.5)* +4(0.7)" Ju[k]
(i) H(Q) = _ L ___ _ L _
) (1-03e77)(1-0.5¢ ) (1-0.7e7%)  (1-0.8¢ 7 +0.15e *)(1-0.7¢ 1)
1 _Y(Q)

T1-15e @ 40716 2220105 ° X(Q)

Or, (1 —1.5e7 40,7171 —0.105e’j39)Y(Q) = X(Q)
Calculating the inverse DTFT of both sides, the input-output relationship is obtained as
y[k]1-1.5y[k +1]+0.71y[Kk +2]-0.105y[k + 3] = X[K]

1
(i)  X(Q) oler = mo(Q)+ e
1
H(Q)= : : :
)= T ome ™)(—0se ™) (1=07 )
1 1

Y (@l = XQOHE@) = {”5(9) e } g (1-03e77)(1-0.5e72)(1-0.7 %)

_ 75(Q) . 1

(1—0.3e”“)(1—0.5e’19)(1—0.7e’j9) (1—0.3e”“)(1—O.Se’jﬂ)(1—0.7e’j9)(l—e’jQ)
=A(Q) =B(®)

Using the properties of continuous impulse function §(-), A(Q) can be simplified as:

) 5(Q) e
A = om—osyi—oyy 2 ©¢

The function B(Q) can be decomposed into four partial fractions as follows.
1
(1-0.3e7)(1-0.5¢ ) (1-0.7¢ ) (1-e77)
k, k, K, k,
= — + — + — + _
1-03e7° 1-0.5¢7% 1-0.7¢7'¢ 1-e

B(Q) =

where the partial fraction coefficients are calculated as
1 | ! _z
(1-3)0-5Hd-55 56

k= (l—O.Se’j“)(1—0.7e’j“)(l—e"'g)‘

0.3e” 91

29
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K, = ! | ! _»

? (1—0.3e*"“)(1—0.7e*1'9)(1—e*10)O_Sem:1 (1-2H)(1-91)1--L) 4
‘- 1 | _ 1 _ 343
To(1-03e ) (1-0se ) (1 )| A=$DA-§D0-¢) 24
1 | 1 200

k“:(1—0.3e-1'ﬂ)(1—0.5e-1'9)(1—0.7e‘J'Q)L]_Q_I (1-03)(1-0.5)(1-07) 21

-27/56 . 25/4 +—343/24+200/21
1-0.3e7?  1-0.5e7¢  1-0.7e71¢ 1-¢7©

1 —27/56 25/4 —343/24
= 75(Q) + — | + — + — + :
2 { © —elﬂ} 1-03e7%  1-0.5e7%  1-0.7¢7

.= W 75(Q2) +

yIk]=[ 22 -2 (0.3) +2(0.5)" —3£(0.7)" Ju[k]

k+1)ulk b=
(iv) Note that {u[k]}*{bku[k]}z (k+ k] !
5[ 1-0" Juk] b=1
Therefore,
y[k] = x[k]*h[k]
= ulk]*{[3(03) —2(0.5)" +£(0.7)" Julk]}
= 2{ulk]*(0.3)*u[k]} - 2 {ulk]*(0.5) u[k]} + 4 {u[k]* (0.7)"u[k 1}
1-(03) 25 1-(0.5)" 49 1-(0.D)"" uIk]
8§ 1-03 4 1-05 8 1-07

-7
{?(1 0.3))-2( )+ 22(1- (07)”‘)} K]
=
{

1 0 5 k+1
5 (0.5)
45 25 245 245

Y e _j__(o 3)k+1 (0.5)k+1

- © 7)k“}u[k]

200 45x0.3 4 2505 4 245x0.7
21 28 2 12

(20— 2(0.3) + 2(0.5) - 22(0.7)* JulK]

0.7k}u[k]

Note that the results obtained in parts (iii) and (iv) are identical.
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Problem 11.12:

(i) YIK]+ y[k =17+ 7 y[k — 2]=x[k] - x[k - 2]

Calculating the DTFT of both sides and rearranging the terms (see section 11.6), the transfer function can
be expressed as

_ a-i20 _ a-i20 )
H(Q) l1-e _ l1-e _ 1 1 ey

ke Ta05e (1+3e) (1405 °)  (1+0.5e )

(i1) Rearranging the terms, the transfer function H (Q) can be expressed as

_gTi2 _
H (Q) _ 1 e ‘ ~ _ 1 : _— 1 : . X -j2Q .
(1+3e7?)" (1+0.5e77)" (1+0.5¢7°)
Using Entry 7 of Table 11.2, we get the following DTFT pair
1

k+1)(=0.5) uk] > ————
(e 1) )[]H(1+0.5ejg)

Applying the DTFT time shifting property (see Eq. 11.42) on the above DTFT pair, we get

, 1 .
K'+1)(-0.5)ulk’] —-—— .
(k1) ‘k:“ (1+0.5e"“)2

Or, (k—1)(-0.5)ulk —2] > % -
(1+0.5¢77)
By calculating the inverse DTFT of H (Q) , the impulse response h[K] is given by
h[k] = (k +1)(=0.5) u[k]— (k —=1)(=0.5)*u[k — 2]
=—46[k]- (3k —5)(—=0.5)u[Kk]
(iif) y[k]= y[k]*h[k]={-48[k] - (3k - 5)(=0.5)"u[k]} *{0.5* u[K]}

= —4x0.5"u[k] - {(3k — 5)(<0.5)*u[k]} *{0.5*u[k]}
= —4x0.5"u[k] - 3{k(-0.5) u[k]} *{0.5* u[k]} + 5{(-0.5) u[k]} *{0.5* u[k]}
Using the following two known convolution results

(ka*u[k]) * (b*urk]) = 5 aulk] a=b
L[kakﬂ _(k +1)akb+bk+1:|u[k] a=b.

(a-b)’
ey o (i | (KFDUKD o a=b
(a U[k]) (b U[k]) - {;(akﬂ _bk+1)u[k] a# b,

a-b
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the sequence Y[K] is obtained as follows

y[k]=—4x 0.5 U[k] - 3{k(~0.5) u[k]} *{0.5 u[k]} + 5{(0.5) u[k]} #{0.5*u[k1}
=—4x0.5U[K]+1.5 K(<0.5)"" = 0.5(k +1)(=0.5)" +0.5"" Ju[k]+5[ 0.5 —(<0.5)"" |u[k]
= {-4%0.5* +[1.5k(=0.5)" =0.75(k + 1)(~0.5)" +1.5% 0.5 ]+ 5% 0.5 = 5x(=0.5)" J}u[K]
={(=4+0.75+2.5)0.5* + (=0.75k = 0.75k — 0.75 +2.5)(0.5)" }u[K]
={-0.75x0.5" +(1.75 1.5k +)(=0.5)" u[K]

1 - 122

(1+§e‘j“)2

[_g 20 A B ¢
(l—ée‘jg)(H%e"Q)z_1—%6_10 1+4e (1+%e"'9)2

g lme |3 e |3
_ _ 3o -2

(1+e @) | 4 (1-e )|

Substituting A= 3 and C = 3 in X (Q) expression and comparing the numerators, we get B = E
4 2 4

Substituting the values of A and B and C, we get

-3/4 13/4 3/2

X(Q)= . o :
(@) 1—§e“g+1+§e“9 (l_i_%e—jg)z

Using the DTFT pairs in Table 11.2, the sequence Y[K] is obtained as follows.
YIK]= {3 (D" + £ (D =3 (k+ D= fulk] = {-3 D) +[F - 1.5K) | (—D* fulk].

Note that the results obtained in parts (iii) and (iv) are identical.
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% Problem 11.12

%The MATLAB code to plot the magnitude frequency response in Problem 11.12.
omega = [-pi:0.01l:pi] ;

H = (1-exp(-j*2*omega))./(1+ exp(-j*omega) + 0.5%exp(-j*2*omega));

abs H = abs(H):

plot(omega, abs H), grid

xlabel ("Frequency (in rad/s)") % Label of X-axis
ylabel ("Magnitude Spectrum®) % Label of Y-axis %
axis([-4 4 0 5]

print -dtiff plot.tiff

3.5

L]

=]

Magnitude Spectrum
R
wn

-4 -3 -2 -1 0 1 2 3 4
Frequency (in rad/s)
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Problem 11.13:
(i) x[k]=u[k] and hk]=47"

To solve this problem, we will use the following DTFT pairs

. 1
pkU[—k]Hm [p[<1
1
f— k — f— —
p“u[—k 1]<—>1_pe_m p|>1

The impulse response can be expressed as
hik]= 4" = 47*u[k]+4*u[-k —1]=0.25*u[k]+ 0.25 *u[-k] - STK]

The transfer function H (Q) can be expressed as:

1 1 1 —4e™ ¢
(©) 1-0.25e7 1 1-0.25e 1-0.25e7 ¢  1-4e
B -3.75¢71°
(1-0.25¢72)(1-4e )
On the other hand,
1
X (Q) \Q\S;z = 7[5(9) +m
Therefore, Y (Q) can be expressed as
Y(Q)|,. = X(QH(Q)= {7[5((2) 1 :|>< —3.75e
s 1-e ] (1-0.25¢ ) (1-4e )
-3.75¢7 12 -3.75¢71°
=710(Q) x - — + - . -
© (1-025¢7?)(1-4e7)  (1-e7)(1-0.25¢ 1) (1—-4e )
-3.75 -3.75¢7 ¢
=710 (Q) x + - - .
@ (1-025)(1-4) (1-e7*)(1-025¢72)(1-4e*)
k k k
=376(Q)+——+ T i
OO T T 005e @ T 12 P
The partial fraction coefficients can be calculated as i = é,kz = _l, k, = _4
3 3 3
1/3 4/3

5 1
Y(Q == 76(Q = |~ o -
( )|\0\£” 3[”( Hl—e”} 1-0.25¢7% 1-4e

Using the DTFT pairs mentioned above, Y[K] can be expressed as



y[k]=3u[k]—1x0.25 u[k]+ 4 x4 u[-k —1] = (%—%x 0.25")u[k] +4x0.25 u[-k —1]

3-1x025¢ k>0
4%0.25 k<0

(ii) x[k]=2"u[k] and h[k]=2"u[-k —1]

Using the DTFT pairs
1
1
_pku[—k—l](—)m |p|>1

the DTFT X (Q) and H (Q) are obtained as:

X (@)

Therefore, the DTFT Y (Q) can be expressed as

1 1
1-0.5e7° (©) 1-2e ¢

1 k k
Y(Q)=X(Q)H(Q)=- - —— = L4 2 -
(2)= X(ORE) (1-0.5e2)(1-2¢7%) 1-0.5e7% 1-2¢7
The partial fraction coefficients can be calculated as = l,kz __4
3 3

Using the DTFT pairs mentioned above, Y[K] can be calculated as

-1/3 —4/3
k]=3" S .
VIK] L—elﬂ 1-2e 1

}:%xzku[k]—gxf‘u[—k—l].

.. 1 0<k<8 )
(iii) X[k]=u[k]—u[k —9]= ~and h[k]=3"u[-k +4]
0 otherwise

0 8
X(Q)=> xkle¥™=>"1.e1%=
k=0

k=—o0

1-e
1-e

1
1- pe

Using the DTFT pair, —p“u[-k —1] <> = |p|>l,we get

1

Uk -1l ———
[ ] -3¢

gi50

1-3e7 ¢
g 150

1-3e7 ¢

Or, -3*u[-(k=5)-1]

Or, 3“u[-k +4] <> -3°

Solutions

35
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g-i50

In other words, H(Q) = -3’ ———
v ©) 1-3e7

Using the convolution property of DTFT, Y (Q) can be expressed as

Y(Q) = X(QH@) =3 lliee:jff x 1_‘*;;,-9 IR e_lj; )e(ljg_:e-m)
B G
Noting that i —e‘iQ)E1—3e-iﬂ) _ 0'5ejQ|:l—3lejQ _ 1—1191'9} Y (Q) can be expressed as
Y(Q)=3[e " —e P ]x0.5¢" L —31e’j9 T ;JQ}

i ; 1 1
_ 5 —j3Q _ 4-j4Q _
=0.5x3[e e ]{1—39”9 l—e‘j"}

=0.5x3 [ e e 1] ! +e”'49—1_e.

1-3e73¢ l-g
=Q(Q) =X(Q)
1

Using the DTFT pair, q[k]=-3"u[-k-1]«< =Q(Q), and the linearity and time shifting

1-3e ¢

property of the DTFT, we obtain

yIk]=0.5%x3 {q[k —13]—q[k — 4]+ X[k — 4]}
=0.5x3° {3 x37u[—k +12]+ 3" x 37 u[—k + 3] + u[k — 4] - u[k — 13]}

=0.5x3 {0.5 x 3 u[—k + 31— 0.5 x 3 *u[—k +12]+ u[k —4]—u[k — 13]}

(iv) x[k]=k5 u[k] and h[k]=5"u[-k]

X (Q) = 3{k5 ™ u[k]} = 3{k0.2u[k]} = 3{(k +1)0.2"u[k]} - 3{0.2" u[K]}
1 1 0.2¢

_ ~fgk — X k = 1 = _Seijg
H (Q) = 3{s*u[-k]} = 3{o[k]+5 ”[‘k_l]}‘l_l_se*iﬂ 15

Therefore, the DTFT Y (Q) can be expressed as

_g i k, k, K,
Y(Q)=X()YH(Q) = : — = —+ — + — -
(1-5e57)(1-0.2e77)" 1-3€ ! (1-0.2e7)  1-0.2e J
The first two partial fraction coefficients can be calculated as g = =25 k, = 25,
576 24

=575

Substituting k, = ;ng’kz = ii in Y (Q) expression and comparing the numerators, we get k, = 6



Solutions 37

Substituting the values of A and B and C, we get
-25/576 25/24 —575/576
(Q) = o T 2t T
1-5e™! (1_0‘29-19) 1-0.2e™!

Using the DTFT pairs mentioned above, Y[K] can be calculated as

u[-k —1]+ 2 (k +1)x 0.2 u[k] -3 x 0.2 u[k]

ylk]= 52756 x 5" 24
=2 x S“U[-k —1]+ 2 (k +5) x 0.2 u[K].

(v) In the textbook, there are typos in the X[K] and h[K] expressions. The correct expressions are as

follows:
1 -2<k<2

X[K]=u[k +2]—-u[k =3]= . and h[k]=u[k —5]—u[k —6]= o[k —5]
0 otherwise
1_ (e—jQ)S B ejzg 1_ e—jSQ

a 1—g i@

0 2
Q)= xkle ¥ => 1.e M =eh? —
k=—o0 k=—2 1-e™

H(Q) = 3{o[k-5]} =&
Therefore, Y (Q) can be expressed as

ol—e’’ _e sze ko _ Zle ke |

V(@)= X(QH(©@Q)=e

resulting in the following output.

1 3<k<7
ylk]= _=ulk—3]-ufk-8]-
0 otherwise

Problem 11.14:
1+ 3cos(Q) + j3sin(Q)

1 1+3e”
H(Q) = _ = . __ =
©) 1+3e7 (1+3e7)(1+3e!) 10+ 6.cos(Q)
, 1+3cos(Q2)
() Re{H ()} =17~ 6cos(Q)
. 3sin(Q
(i) Im{H(@)} =7~ 6c(os()Q)
1

et 1 _ 1 -
1+3e772] " [1+3cos(Q) — j3sin(Q)| \/(1 +3c0s(Q)) +9sin’(@Q)  V10+6c0s(Q)

(iii) [H(Q)|

| it 35
(iv) <H(Q) = tan (1+ 3 COS(Q)j



38 Chapter 11

The frequency responses Re{H(Q)}, Im{H(Q)}, |H(Q)|, and <H(Q), for —7 <Q <7, are shown in
Fig. S11.14. i

04

0.2

Re(H)

-0.2

04

-0.6 -0.
<4 -2 0 2 4 <4 -2 0 2 4

Omega (in rad/s) Omega (in rad/s)

0.5}

Phase(H)
[=)

4 -2 0 2 4 4 -2 1] 2 4
Omega (in rad/s) Omega (in rad/s)

Fig. S11.14: Frequency response plots of H(Q) in Problem 11.14.

% Problem 11.14

%The MATLAB code to plot the frequency responses in Problem 11.14.
omega = [-pi:0.01l:pi] ;

ReH = (1+3*cos(omega)) ./ (10+6*cos(omega));

ImH = 3*sin(omega) ./ (10+6*cos(omega));

MagH = 1./sqrt(10+6*cos(omega));

PhaseH = atan(3*sin(omega)./(1+3*cos(omega)));

subplot(2,2,1), plot(omega, ReH), grid

xlabel("Omega (in rad/s)") % Label of X-axis
%axis([-4 4 0 5])

ylabel ("Re(H) ") % Label of Y-axis

%

subplot(2,2,2), plot(omega, ImH), grid

xlabel ("Omega (in rad/s)") % Label of X-axis
ylabel ("Im(H) ") % Label of Y-axis %

%

subplot(2,2,3), plot(omega, MagH), grid

xlabel ("Omega (in rad/s)") % Label of X-axis
ylabel ("Mag(H) ") % Label of Y-axis %

subplot(2,2,4), plot(omega, PhaseH), grid

xlabel ("Omega (in rad/s)") % Label of X-axis
ylabel ("Phase(H) ") % Label of Y-axis %

print -dtiff plot.tiff % Save the figure as a TIFF file
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Problem 11.15:

-3.75¢71° o 3a7se -3.75¢71°
(1-025e7)(1-4e712)  1-4.25¢% +e % e[} —425+¢

M) H ()=

B =3.75 B 3.75 ‘
2cos(Q2)—4.25 4.25-2cos(QQ)

Note that [4,25 — 2cos(Q)] is a positive real-valued function. Therefore,

3.75 3.75
H(Q) =] 555 cos(Q)| ~ 425-2cos(Q)

;and <H, (Q)=0.

The magnitude and phase response plots are shown in Fig. S11.15(i).

(ii) HZ(Q):—ﬁ
. (2)- 1 W Gerrreroy
? 1-2cos(Q) + j2sin(Q)|  /5—4cos(Q)
o 4 2sin(Q)
<H, (Q) =< (-1)—<x(1-2cos(Q) + j2sin(Q)) = 7 — tan m
—2cos

The magnitude and phase response plots are shown in Fig. S11.15(ii).

(i) H,(Q)=-3" ——

3 243

H, (Q)|= =
. () [1-3cos(Q) + j3sin(Q)| /10— 6c0s(Q)

s _isa o B S 3sin(Q)
<H,(Q) =< (-3")+<(e*) = <(1-3cos(Q) + j3sin(Q)) = 7 —5Q  tan (1_%05(9)]

The magnitude and phase response plots are shown in Fig. S11.15(iii).

—5e719

(iv) H,(Q)= o

M (@)= >
1=5cos(Q)+ j5sin(Q)|  /26—10cos(Q)

o e [ 5sin(QY)
<):H4(Q):<):(—5)+<):(eJ )—<[(1—SCOS(Q)+jSSIIl(Q))Zﬂ'—Q—tan [1_21:08(@)

The magnitude and phase response plots are shown in Fig. S11.15(iv).
(v) H, (Q)=e7* [Assuming h[k]=u[k —5]—u[k —6]=J[k —5]]

‘Hs (Q)‘ =1

39
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H,(Q)=«e ) =-5Q

The magnitude and phase response plots are shown in Fig. S11.15(v).

2 T T T T
1L
= 15 i S
z E=
S =]
g \ % )
1L 4
05 1 i i i L i 0.2 Il 1 L L 1 i
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3
Frequency (in rad/s) Frequency (in rad/s)
1 T 4
0.5 2
T S
g 1F o
& z
05 26
Kl 1 L L L L 1 4 i i i i
4 3 -2 - 0 1 2 3 4 4 -3 -2 -1 0 1 2 3
Frequency (in radls) Frequency (in rad/s)
(@) (i)
140 . . . . : 14 ! ! ! ! ! )

Mag(H3)
g 8

Mag(H4)
5

1L ; ;
80 4
60 | ; I i \ 08 T i i i . | T
4 3 2 A 0 1 2 3 4 4 -3 2 - o 1 2 3
Frequency (in rad/s) Frequency (in rad/s)
0.3

N
T
i i
Phase(H4)
o
T

Phase(H3)
o
;

2+ 4
4 i i i i i i i 03 i i | | i i i
4 -3 2 -1 0 1 2 3 4 4 -3 -2 -1 0 1 2 3
Frequency (in rad/s) Frequency (in rad/s)
(iii) (iv)
1.2 T T T T T
)
T
5 1r a
©
=
08 Il Il i i 1 1 Il
-4 -3 -2 -1 0 1 2 3 4
Frequency (in rad/s)
4
2+ -
)
T
20
©
<
o
2+ 4
4 i i i i i i i
-4 -3 -2 -1 0 1 2 3 4

Frequency (in rad/s)

)
Fig. S11.15: Magnitude and Phase response plots for Problem 11.15.
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% Problem 11.15
%The MATLAB code to plot the amplitude and phase responses in Problem 11.15.
omega = [-pi:0.01l:pi] ;

Y%part(i)

NumH=3.75;

DenH=(4.25-2*cos(omega)) ;

H1 = NumH./(DenH+eps);

MagH1 = H1;

PhaseH1l = O*omega;

subplot(2,1,1), plot(omega, MagHl), grid

xlabel (" Frequency (in rad/s)*®) % Label of X-axis
ylabel ("Mag(H1) ") % Label of Y-axis %
subplot(2,1,2), plot(omega, PhaseHl), grid

xlabel (" Frequency (in rad/s)") % Label of X-axis
ylabel ("Phase(H1) ") % Label of Y-axis %

print -dtiff plot.tiff % Save the figure as a TIFF file

%

Ypart(ii)

NumH=-1;

DenH=1-2*exp(-j*omega) ;

H2 = NumH./(DenH+eps);

MagH2 = abs(H2);

PhaseH2 = phase(H2);

subplot(2,1,1), plot(omega, MagH2), grid

xlabel (" Frequency (in rad/s)") % Label of X-axis
ylabel ("Mag(H2) ") % Label of Y-axis %
axis([-4 4 0.2 1.2])

subplot(2,1,2), plot(omega, PhaseH2), grid

xlabel ("Frequency (in rad/s)") % Label of X-axis
ylabel ("Phase(H2) ") % Label of Y-axis %
print -dtiff plot.tiff % Save the figure as a TIFF file

Ypart(iii)

omega = [-pi:0.01:pi] ;

NumH=(-3"5)*exp(-j*5*omega) ;

DenH=1-3*exp(-j*omega) ;

H3 = NumH./(DenH+eps);

MagH3 = abs(H3);

PhaseH3 = phase(H3);

%Unwrapping phase over [-pi,pi] %P=unwrap(PhaseH3,pi);
bin = round(PhaseH3/(2*pi));

PhaseH3 = PhaseH3-bin*2*pi; %mod(PhaseH3, pi)
subplot(2,1,1), plot(omega, MagH3), grid

xlabel (" Frequency (in rad/s)") % Label of X-axis
ylabel ("Mag(H3) ") % Label of Y-axis %
%axis([-4 4 0.2 1.2])

subplot(2,1,2), plot(omega, PhaseH3), grid

xlabel (" Frequency (in rad/s)") % Label of X-axis
ylabel ("Phase(H3) ") % Label of Y-axis %

print -dtiff plot.tiff % Save the figure as a TIFF file
%

Y%part(iv)

omega = [-pi:0.01:pi] ;
NumH=-5*exp(-j*omega) ;
DenH=1+NumH;

H4 = NumH./(DenH+eps);

MagH4 = abs(H4);

PhaseH4 = phase(H4);

%Unwrapping phase over [-pi,pi]
%bin = round(PhaseH4/(2*pi));
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%PhaseH4 = PhaseH4-bin*2*pi;

subplot(2,1,1), plot(omega, MagH4), grid

xlabel (" Frequency (in rad/s)") % Label of X-axis
ylabel ("Mag(H4) ") % Label of Y-axis %

axis([-4 4 0.8 1.4]D

subplot(2,1,2), plot(omega, PhaseH4), grid

xlabel (" Frequency (in rad/s)") % Label of X-axis
ylabel ("Phase(H4) ") % Label of Y-axis %

axis([-4 4 -0.3 0.3D

print -dtiff plot.tiff % Save the figure as a TIFF file
%

Y%part(v)

omega = [-pi:0.01l:pi] ;

H5=exp(-j*5*omega) ;

MagH5 = abs(H5);

PhaseH5 = phase(H5);

%Unwrapping phase over [-pi,pi]

bin = round(PhaseH5/(2*pi));

PhaseH5 = PhaseH5-bin*2*pi;

subplot(2,1,1), plot(omega, MagH5), grid

xlabel (" Frequency (in rad/s)") % Label of X-axis
ylabel ("Mag(H5) ") % Label of Y-axis %
axis([-4 4 0.8 1.2])

subplot(2,1,2), plot(omega, PhaseH5), grid

xlabel ("Frequency (in rad/s)") % Label of X-axis
ylabel ("Phase(H5) ") % Label of Y-axis %
print -dtiff plot.tiff % Save the figure as a TIFF file

Problem 11.16:
h[k]=38[k + 3]—28[k + 2]+ [k + 1]+ 58[k]— [k —1] — 28[k — 2] —38[k — 3] + 49[k — 4]

H(Q) = i h[k]-e ¥
k=—o0

i) HQ| = D hk]=3-2+1+5-1-2-3+4=5
k=—00

(ii) H(Q)LH = i h[k]-e ™ = ...+ h[-2]-h[-1]+h[0] = h[1]+ h[2] - h[3] +...

_ i hikl= 3 h[k] = (=2+5-2+4)—(3+1-1-3)=5

k=—0 k=—c0
k=even k=odd

(iii) It is difficult to calculate the <CH (£2) without calculating the DTFT. The DTFT can be calculated as
follows:
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H(Q)=3e"" —2e*? +e¥ +5-e71% —2e717% 3¢ 13 1 g¢ 1%
=(3e”? —3e P (281 4267 1) + (e —e )+ 5+ 471
= ]6sin(3Q) —4cos(2Q) + j2sin(Q) +5+4cos(4Q) — j4sin(4Q)
=[5—4cos(2Q) +4cos(4Q) |+ j[2sin(Q) + 6sin(3Q2) — 4sin(4Q)|

=>0

Therefore, <H (Q) = tan ( 2sin(€2) + 6sin(3Q) — 4sin(4Q) j

5—4cos(2Q) + 4 cos(4Q)
The phase <CH (€2) is sketched in Fig. S11.16(a).

(iv) From Eq. 11.28b), we know h[k]=3-| "H (Q)eij dQ
In other words, h[0] :% (Q)eJXOXQ dQ= %JL” H (Q)dQ

Therefore, r

-

H(Q)dQ=27h[0]=10z .

=7

v) HQ) = Z h[k]-e ¥ .

k=—o0

Substituting 2=—C) on both sides of the DTFT equation, we obtain:

H(-Q)= i h[k].eij - i h[—(—k)]-e’jg(’k)

= Z h[-m]-e " [substituting m :—k]

m=—

3 h[—k]-e ¥

0
0
=—0

=

3 { h[—k]}
Therefore, the DT sequence is given by h[—K], which is sketched in Fig. S11.16(b).

0

(vi) Re{H(Q)} :Re{ > hik eiﬂk} = i h[k]cos(QK)

k=—0

1 < JQk J (015 S jQk 1< —jok
EkZ;h [k]- [ e ] Z hik]e +5k§; hikle
I~ 1< _l~ _

E\S{h[ k]}+2\s{h[k]}_2\5{h[k]+h[ k1)

Therefore, the DT sequence is given by %(h[k] + h[—k]) , which is sketched in Fig. S11.16(c).

43
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:, REx)
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Fig. S11.16: The DT sequences obtained in Problem 11.16.

% P11.16, part (iii) Phase plotting

omega = [-pi:0.01:pi] ;
R=5-4*cos(2*omega)+4*cos(4*omega) ;

I=2*sin(omega) + 6*sin(3*omega)-4*sin(4*omega);
H=R+ j*I;

PhaseH = phase(H);

%Unwrapping phase over [-pi,pi] %P=unwrap(PhaseH,pi);
bin = round(PhaseH/(2*pi));

PhaseH = PhaseH-bin*2*pi ; %mod(PhaseH3, pi)
plot(omega, PhaseH), grid

xlabel (" Frequency (\Omega)") % Label of X-axis
ylabel (" <H(\Omega) ") % Label of Y-axis %
%axis([-4 4 0.2 1.2])

print -dtiff plot_tiff

Problem 11.17:

There is a typo in the question. This question can be easily solved using the Convolution (and not
Parseval’s theorem) property of the DTFT as follows.

> = sin(Zk)sin(Z k
Note that the sum is of the form: Z X[k]= Z G ?(2 (£0)
k=—c0 k=—c0

easily calculated if the DTFT is known. Substituing =0 on both sides of the DTFT expression

. The sum of a discrete sequence can

o0

X(Q) = x[k]-e**  we obtain

k=—c0
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o0

2 XK1= X (@),

k=—c0

Noting that X[K] is a product of two sinc functions, we expect that the X (€2) will be the convolution of

two rectangular fiunctions, and in this case, it will be a trapezoidal shape. It can be shown that (see the
solution of P11.4(a)(vi))

=(Qr8F) -0
~| sin(zk)sin(z k) 2 7 Bl
> k2 =X sr 1 127 12z
= (Q-87)  F=O<ir
0 otherwise.
sin (Z¢)sin (2~ ) z’
Therefore, k;o % =X (Q)|Q:0 = - i

Problem 11.18:

h[k] = sinc (%) = sinc (%)
Using the DTFT pair (16) in Table 11.2, the transfer function H(€2) is obtained as follows.
—_— 4/3  |Q|<3x/4

3714 |0 3rla<|Q<w 1o 3rl4<|Q <7

Note that the DT system is a lowpass filter, which passes the DT frequency components below 37 /4
rad/s, and stops the frequency above it.

. B 117k 37k 1 7_ 7r_k
(i) X[k]—cos( ™ Jco( j { ( o j+cos( 5 H

X(Q)hg‘gﬂ=%[5(.Q+§)+5(.Q—%)+5(Q )+ 5(2-1)]

H(Q),., =

oo|;,'

Y(©Q)

_— (Q)hg\gﬁ xH (Q)hﬂ‘sﬁ =(27/3)[8(2+%)+5(2-%)]

Using the DTFT pair (10) in Table 11.2, the output sequence is obtained as

2 K
y[k]= Ecos (7)

(ii) The DTFT X (€2) is given by (see solution of P11.4(b)(i))
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X (Q)=27 ) D,5(Q—2m)

|t DLS(Q42)+ DL (Q+ )+ DS (Q+5)+ D05(Q)+}
B D15( ~2)+D,6(Q-%)+D,5(Q-7)+.

1 e—jnﬁ/3 6e jonz/3 + 58 j7nz/3
where D, = g a e 3) . Substituting different values of n, we obtain,
—-e
D,=%;D, =—+%jL£;D, ~-1+j0.2887.

The DTFT of the output is given by

Y (Q)hg\g =X (Q)hﬂ\s;r xH (Q)hﬂ\ﬁﬂ =(87/ 3){

D,5(2+%)+D_6(2+%)+D,5(02)+
D5(2-%)+D,5(2-%) }

Using the DTFT pair (8) in Table 11.2, the output sequence is obtained as
yIk]=(47/3)|De " +D e " +D,+De" +De™ }

(1 02287y T 4 (-1 jL)e S 4iq
:(472_/3)(2 J ) (2 Jz) 2 ]

(44 j e +(—1+j02287)e T
= (47r/3

—

= cos(#%£) — 0.4574 sin(22%) — cos(%) - NE) sin(%) + %]

=(47/3)| $—cos(%) - 3 sin(2) — cos(22) - 0.4574 sin(z—g’k)]

N—"

(iii) The DTFT X (£2) is given by (see solution of P11.4(b)(ii))

X (Q) 27IZD§ —2m)

o+ DL6(Q+3)+ D 5(Q+%)+D,5(Q+4)+D_5(Q+2) +
" D,6(Q)+D,6(Q—-2%)+D,5(Q-4)+D,6(Q—%)+D,5(Q-)+...

1 _ _ _
where D, = 6(1 + 0.5€_J6n”/9)(1 fe iy e"‘“"”‘”) . Substituting different values of n, we obtain,

D, =0.5;D,, = 0.0833F j0.2290;D,, = 0.0833 ¥ j0.0993,D,, =0.
The DTFT of the output is given by
Y (Q) =X (Q)hﬂ\éﬂ xH(Q)

‘Q‘Sﬂ ‘Q‘Sﬂ
D,6(02+%%)+D,5(02+4)+D_5(2+%)+D,5(2)+
Dlé‘(Q—%”)-ﬁ-Dzé‘( )+D5( —T”)

= (87z/3)[D,25(Q+4T”)+ D_5(2+%)+D,5(2)+Ds(2-2)+ Dzs(g—%ﬂ)]

=(87/3)
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Using the DTFT pair (8) in Table 11.2, the output sequence is obtained as

j4 7k j27k j27k jark

VK] = (47z/3)[D_2e"9 1De " +D,+De" + Dzeg}

z (4ﬂ/3)[(0.0833 ; j0.0993)e‘j:i’k +(0.0833+ jo.2290)<?;':5’k 105 +]

(0.0833— j0.2290)e " +(0.0833— j0.0993)e "
=(47/3)[0.1666 cos(#2£) + 0.1986 sin(42) + 0.1666 cos(22) + 0.1986 sin(22X) + 0.5]
= (27/3)[1+0.3332 cos(42%) + 0.3972sin(425) + 0.3332 cos(2) + 0.3972in( %) .

(iv) The DTFT X(£2) is given by (see solution of P11.4(b)(v))

X (@)=Y s(a-2¢)

:2?7[[....+5((2+47”)+5(Q+27”)+5(Q)+5(Q—27”)+5(9—%)+...]

N=—o0

The DTFT of the output is given by
Y (@), = X Q)] xH(Q),, = (87/15)[6(R+%)+5(R)+5(2-%)]
= (%) x278(2)+(&) xz[ 6(2+%)+5(2-%) ]
Using the DTFT pairs (1) and (10) in Table 11.2, the output sequence is obtained as
y[k] =&+ Ecos(3K).

(v) X[k]=sinc (%) =sinc (@) . The DTFT X () is given by.

~ (1 |Q<x/3 3 |Q<x/3
— X —

/3 10 7/3<|Q|<x 0 z/3<|Q<z
The DTFT of the output is given by

Y (Q)hg\sﬂ =X (Q)hg\sﬂ xH (Q)hﬂ\sfr = {

X(Q)y, =

4 |Q<z/3
0 7/3<[Q|<x

Calculating the inverse DTFT, the output sequence is obtained as

y[k]=£x[k] =4sinc(%). i

=($)X(Q)

‘Q‘Sﬂ'

Problem 11.19:

_ = fgk okl =L 1 2(1-de)
X (Q)=3{4"u[k]+3 u[k]}_l—;e-i“l—;e-iﬂ e ) (imie )

~ k k B 2 4 B _2(1+%e719)
Y(Q)_‘S{Z(%) U[k]_4(%) u[k]}_l—;e‘jg _1_%e—j9 - (1_%9—19)(1_%(3—19)'

(1) The transfer function of the system is calculated as follows.
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H (Q B Y(Q) B —(l-i-%e*ig)(l—%e’ig) ) _1+ﬁe—jﬂ+éeszg
)_ X(Q)_ (1_%9_“))(1—%9_]9) - 1_%e—j9+%e_pg

(i1) Using the partial fraction approach, the impulse response can be obtained.

_i —j 8 25~ | 7 A-I2Q 8 1 25\a— IQ
_—1+Le P4 Le ’m_ﬁ(l—ﬁe +5e ) (14 5+ (+ B)e

H(Q) - = . _
25 @10 4 7 o720 25 0=IQ | 7 a—i20
1-53e " +4e 1-2e 24 Te
29 4 121 o~ IQ
— 84 ot ant s, Kk
A (1= @)1 200 CUNR T e SR B AP &
—at BN 4 24
9 L 121 4 20 4 121 24
—artap x5 40 B+Uxy 13
where kK, =—2L-22°3 = — and k, =222 7 —_
— X3 3 1-3x2 77

Substituting the values of K, and K, , we get

H(Q):L_ 40/33 13/77

Aose e
Calculating the inverse DTFT of H (Q) , the impulse response h[k] is obtained as follows.
h[k] =4 0TK]—[ 4% (3/4) + 45 x(7/24)" Ju[K].

Y(Q) _-l+pe+he

i) H(Q)= . :
(i) H(©) X(Q) 1-Fe P4 Le

By cross-multiplication, we obtain:
(156 + 5o (@)= (-1 e 4 ko)X (0)

By calculating the inverse DTFT of both sides, we obtain the following difference equation:
y[k]—=33 yIk =1]+35 y[k = 2] = =x[k]+ 35 X[k = 1]+ x[k - 2].

(iv) In part (ii), the impulse response was obtained as

h[K] =% 5TK]—[ 4 x(3/4) +4x(7/24)" JuK]

Because, h[k]=0 forall k <0, the system is causal.

Problem 11.20:

The three LTID systems have the transfer functions as follows.

2
H,(Q)= — .
: 1-3e71% 4 Lg%
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U=t
HZ(Q)_{O z<of<m.

<=z
%<|Q|Sn.

H3(Q):{?

The problem includes several CT sinusoidal functions which are discretized using a sampling frequency
of 8000 Hz. Let us assume that a sinusoidal signal with frequency f, Hz is passed through the three
systems. After sampling the CT sinusoid, the corresponding DT frequency of the DT signal is
27 f,

givenby Q =

H, (Q)| = 2

=0, 1_%e*iﬂo +%e*1290 ’
H,(Q), . = b Q=7
Q=0 0 otherwise

0 Q<=

H, (Q =
o )|Q:90 {1 otherwise
(i) x,(t)=2 +3cos(400nt)+ 7 cos(800mt)

The DT sequence is given by, X [k]=xX(KT,) =X (z&55)= 2 + 3cos( )+ 5005(”—0)

QO=0

(a) The gains of the system at {2 = 0,35, are given by:
2 16 .

HI(Q)|Q=0 = 1_%_'_% 2?’
2 2 .
H, (Q)| = = _ ~5.0698 — j1.0552 = 5.1784<x —0.2052
% J-3emile B 03781+ j0.0787
H(Q) . = 2 ~ 2 ~4.4205 - j1.8042 = 4.7745<x - 0.3875

o= 1-3g 71 1e7  0.3878+ j0.1583
The output signal can then be expressed as:
Yomi[K]=2x18+3%5.1784 cos (2 —0.2052) + 5% 4.7745 cos (2 —0.3875)
= 2+15.5352 cos (2 —0.2052) +23.8725 cos (£ —0.3875).

(b) The gains of the system at €2 =0, , 7% are given by:
H2 (Q)|Q=0 =1 H2 (Q)L}:% =1 H2 (Q)|Q:% =1

As all three components will pass with a gain of 1, the output signal can then be expressed as:

Yina[K1=2+3cos(2£)+5cos ().
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(c) The gains of the system at Q =0, 5,7
H,(Q)| _ =0; H, (Q)|, . =0; H,(Q)| . =0.

Q=0 0=z

are given by:

As all three components will pass with a gain of 0, the output signal can then be expressed as:

Yinslk]=0.
(i) X, (t)=2cos(4000xt)+ 5cos(6000xt)

The DT sequence is given by, X,[K]=X,(KT,) = X, (555) = 2cos(Z) + 5cos (22X ).
%f_/ H—/

Q=1 Q=3
(a) The gains of the system at Q =Z,3Z are given by:
HI(Q)| = 2 — =~ 2 - ~1.3176— j1.1294 =1.7354<«x —0.7086
o T _3e My ieTir 0.875+j0.75
H(Q) . = 2 ~ 2 ~1.1044 - j0.4729 =1.2014< - 0.4046

O 1-3e ¥ 4le)T  1.5303+0.6553
The output signal can then be expressed as:
Yo mi[k]1=2x1.7354cos (2~ 0.7086 ) +5x1.2014 cos (225 — 0.4046)
=3.4708 cos (£ —0.7086 ) + 6.007 cos (2 — 0.4046 ).

(b) The gains of the system at ) = ﬂ,%” are given by:

H,(Q), =0:  Hy(Q),. =0

As all three components will pass with a gain of 0, the output signal can then be expressed as:

yz,Hz[k] =0
(¢) The gains of the system at Q =Z,3Z are given by:
H3 (Q)|Q:% =1 ) ( )| T”

As all three components will pass with a gain of 1, the output signal can then be expressed as:

yZ,HS[k] 2COS( )+SCOS(37rk)
(iii) X, (t)="5cos(600mt)+ 9 cos(900xt)+ 2 cos(3000xt)

The DT sequence is given by, X;[K]=X;(KT,) = X, (5&5) = Scos (34_)"‘9005( )+2COS (Tk)

0= 0,22 0=
(a) The gains of the system at Q =3Z 3% 3Z are gjven by:
2 .
H(Q), . = 2 . _ ~4.7762— j1.4792 = 5 —0.3003
o |_2g % 1le % 03821+ j0.1183
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HI(Q)| .= 2 —~ 2_ ~4.2308 - j1.9284 = 4.6495<x —0.4277
=% 1-3de W ile!w 03914+ j0.1784

H(Q) . = 2 2 ~1.6533— j1.6002 = 2.3009< — 0.7691
e ¥ 117 " 0.6246+ j0.6045

The output signal can then be expressed as:
Ys[K]=5%5c0s (32 —0.3003) +9x 4.6495 cos (22— 0.4277 ) + 2% 2.3009 cos (- - 0.7691)
=25c0s (32— 0.3003) +41.8455 cos (225 — 0.4277) +4.6018 cos (22£ —0.7691)

(b) The gains of the system at €2 = 4—” 2z 37 are given by:

80 °°8
H, (Q)|Q:_ZTg =15 H,(Q) .. =1 H,(Q)| . =0.

_97 3
Q=3 Q=3

As the first two components will pass with a gain of 1, and the third component will pass with a gain of 0,
the output signal can then be expressed as:

YsnalKl= 5cos(3”k)+9cos(9”k)

3z

(¢) The gains of the system at €2 = 4—” 8_6[’? are given by:

H (Q), . =05 Hy(Q),. =0; H,(Q) , =1.

=3z —9x 3z
Q= 40 Q= 80 Q= 8

As the first two components will pass with a gain of 0 and the third component will pass with a gain of 1,
the output signal can then be expressed as:

Va3 [K]=2cos(324).
(iv) X, (t)=4cos(600xt)+ 6 cos(12000mt)
The DT sequence is given by,

X, [K] =%, (KT,) = X, (g855) = 4 cos (22) + 6 cos (22~ ) = 4 cos (22 ) + 6 cos (Z-).

H_/%K_J

Q=32 Q=2
(a) The gains of the system at (2 = 4—” 2 are given by:
H, (Q)| L= 2 =~ 2_ ~4.7762— j1.4792 = 5« —0.3003
O 1-2eW 4 leF 03821+ j0.1183
2 2 2 .
H(Q) . = = ~ ~1.3176— j1.1294 =1.7354<—0.7086

oF p_deiilel 1+3j-¢ 1+]j075
The output signal can then be expressed as:

Y m[K]=5x4cos(32—0.3003)+6x1.7354 cos (2 —0.7086)
=20cos(22£—-0.3003)+10.4124 cos (2 —0.7086).

(b) The gains of the system at Q =3Z Z are given by:



52 Chapter 11

As the first component will pass with a gain of 1, and the second component will pass with a gain of 0,
the output signal can be expressed as:

Yonolk]l= 4COS(%) .

(¢) The gains of the system at €2 = i—’g,% are given by:
H, (Q)|Q:% =0;  H,(Q) _ =1

2

As the first component will pass with a gain of 0 and the second component will pass with a gain of 1, the
output signal can be expressed as:

Y3kl =6cos(Z). i

Problem 11.21:

The three LTID systems have the transfer functions as follows.

2
H,(Q)= — —
! 1-3e71% 4 Lg%

U=t
Hz(Q)_{o z<l0<m
0 [Q<g

1 z2<|0l<m

H3(Q):{

The problem includes several CT sinusoidal functions which are discretized using a sampling frequency
of 22000 Hz. Let us assume that a sinusoidal signal with frequency f, Hz is passed through the three

systems. After sampling the CT sinusoid, the corresponding DT frequency of the DT signal is

given by Q, = 222763)0 . The gains of the three systems will be as follows.
2
H, (Q)|Q=Qn - 1_%e_j90 +%e—iZQo )
Hz(Q)| _ 1 Q S%-
=% |0 otherwise

0 Q<=

0— 6

H.(Q =
3( )|Q:QU {1 otherwise

(i) X, (t)=2+3cos(8000nt)+ 7 cos(18000mt )

The DT sequence is given by, x,[K]= X (KT,) =X (5055) = 2 +3cos(47K)+7cos(37k).
— ~— —_—

Q,=0
Q,=42 Q,=%

(a) The gains of the system at Q =0,4%,3Z are given by:
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2 16
H, (Q)| =

w0 l-gey 3
2 2 .
H, (Q)| . — — = - ~1.7005 - j1.6478 =2.3679<x—0.7696
o5t 1-3eti4letn 0.6066+ J0.5878
2 2 .
H, (Q)| o = —- - R - ~1.0852—-j0.3348 =1.1356<x—-0.2992
o= 1-3e i 4le !t 1.6829+ j0.5192
The output signal can then be expressed as
yl,Hl[k]

1852 + 3x2.3679cos(42k —0.7696) + 7x1.1356cos(2=k —0.2992)

=2+ 7.1037cos(32k —0.7696) + 7.9492cos(3=k —0.2992).
(b) The gains of the system at Q = 0,42, 2%

» > are given by:
H,(Q),_, =1 Hz(Q)|Q:% =0;  H,(Q)

0.
o=t

As the first two components will pass with a gain of 1, and the third component will pass with a gain of 0
the output signal can be expressed as:

YinalK]=2.

(¢) The gains of the system at Q =0,4%,3Z are given by:
H(Q) =0  H(Q)

au =l H (Q)|Q=% =1.
As the first component will pass with a gain of 0 and the next two components will pass with a gain of 1
the output signal can be expressed as

YinslKl= 3cos(35K) + 7cos(35K).

(i) X, (t)=2cos(10000xt)+ 5cos(30000xt)

The DT sequence is given by,

X, [K]= X%, (KT,) = X, (55555) = 2c0s(32K) + 5 cos(£22K) = 2 cos(3%

22Kk)+5cos(3xk).
%f_/
92:51—’{ Q,=1x
(a) The gains of the system at Q = 3%, IZ are given by:
H, (Q)| = _5,,2 —— 2_ ~1.4085— j1.2880=1.9086<« —0.7407
o= 1-3e T 4letm 0.7733+)0.7071
2 2 .
HI(Q)| . ——~ _ ~1.1626 - j0.7343=1.3751« - 0.5633
o= 1-3de iy lentm 1.2297 4 j0.7767
The output signal can then be expressed as
yz,Hl[k]

2x1.9086cos(3£k —0.7407) + 5x1.3751cos(Z=

Zk —0.5633)
=3.8172cos(3:k —0.7407) + 6.8755cos(4=

£ . 5633)
(b) The gains of the system at Q =3% 1z

-, are given by:
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As both the components will pass with a gain of 0, the output y, ,,[K]=0.

(c) The gains of the system at Q =3% IZ are given by:

Hi(Q)l, . =15 H(Q), =1

As both the components will pass with a gain of 1, the output

Yo m[K]= 2cos(§7k —0.7407) + Scos(§Fk —0.5633).

(iii) X, (t)=5cos(600xt)+ 9 cos(900xt) + 2 cos(3000xt)

The DT sequence is given by, X,[k]= X, (KT,) = X, (5555) = S cos(Z5K) +9cos(25 k) +2 cos(32K) .
%/_J

Q=% Q=35 Q,=3¢
(a) The gains of the system at Q =% JZ 3Z are given by:
2 2 .
HI(Q)| L= — : ~5.2520— j0.5989 = 5.2860<« —0.1135;
Ol [-2e i 41 ~ 03759+ j0.0429
2 2 .
HI(Q)| L= —= o~ _ ~5.1538— j0.8795=5.2283«—0.1690
O 1-le W ylei 03771+ j0.0643
HI(Q)| L= 2 =~ 2_ ~3.8642— j2.0992 = 4.3976<c - 0.4976
OF -3 ¥ ile T 03996+ 0.2171

The output signal can then be expressed as:

Yani[K]=5x5.2860cos(5k —0.1135) +9x5.2283cos(355k —0.1690) + 2 x4.3976 cos(35 k —0.4976)
= 26.43c0s(2& k —0.1135) +47.0547 cos(2 k —0.1690) +8.7952 cos(322 k —0.4976).

(b) The gains of the system at Q =% 2Z 3% are given by:

H, (Q)|Q:1% =1;  H,(Q )|Q Lol H (Q)|Q:% =1.
As all there components will pass with a gain of 1, the output is given by:

Y3 2lk]=X;[K]=5cos(F5K) + 9 cos(355K) + 2 cos(35 k) .

(¢) The gains of the system at €2 = —’6 Tif) —’2[ are given by:

H3(Q)|Q=]%=05 H,(Q )IQ_% ; H3(Q)|Q=%:0,

As all there components will pass with a gain of 0, the output is given by:

y3,H3[k] =0.

(iv) X, (t)=4cos(28000mt)+ 6 cos(18000xt)
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The DT sequence is given by,
X [k]= X, (KT,) = X, (55555) = 4cos(1£ k) + 9 cos(32 k) = 4 cos(32 k) + 9 cos(3=K) .
%f_/

%,_/
Q,=57 Q=97
(a) The gains of the system at Q =22 32 are given by:
2 2 . .
HI(Q)| - = — R - ~1.1130—- j0.5216 =1.2291«x - 0.4383;
95 1-3e ' yple’ 14734+ j0.6905
2 2 .
Hl(Q)| , = & _ ~1.0852 - j0.3348 =1.1356<c - 0.2992
o= 1-3e i 4let 1.6829+ j0.5192

The output signal can then be expressed as:

Yarm[K]=5%5.2860cos({%K —0.1135) +9 x 5.2283 cos(355k —0.1690) +2 x 4.3976 cos(35 k —0.4976)
= 26.43c08(3& k —0.1135) +47.0547 cos(2= k —0.1690) +8.7952 cos (322 k —0.4976).

(b) The gains of the system at () =3% 3% are given by:

Hy(Q),, =0:  H(Q),, =0
As both the components will pass with a gain of 0, the output is given by:
YirolK1=0.

(c) The gains of the system at Q =32 3% are given by:

Hy(Q),, =15 Hy(Q),., =1

1

As both the components will pass with a gain of 1, the output is given by:

Yo nslk]=X,[K]=4cos(32k) +9cos(22k) . i





