Chapter 10: Time Domain Analysis of DT Systems

Problem 10.1

(a)

y
y[5]=2y[4]+2=190
(b) and (c) The zero-state and zero-input responses are calculated below
Zero state response Zero input response
2y, [k-1 k<1 [k]=2y_[k—1] with y[-1]=2
=] et S I
2y [k-11+2 k=1
Iterating with respect to k, we get Iterating with respect to k, we get
y,[0]=2y.[-1]=0 y[0]=2y[-1]=4
v [1]=2y_[0]+2=2 v, [11=2y.[0]1=8
y.[2]=2y_[1]+2=6 y,[21=2y_[1]1=16
v.[3]=2y_[2]+2=14 v,[3]1=2y.[2]=32
y.[4]1=2y.[3]1+2=30 v.[4]1=2y.[3]=64
v, [5]=2y [4]+2=062 v.[5]=2y.[4]1=128

(d)

Expressing the difference equation as

yIk]=2ylk -1]+ x[k -1]

= 29[k — 1]+ 2u(k — 1)
—1] k<1

] 2ylk
B 2ylk —

11+2 k=1

Starting from & = 0, we iterate to calculate the output as

y[0]=2y[-1]=4
y[1]=2y[0]+2=10
y[2]1=2y[1]+2=22
y3]=2y
[
[

{ x[k]= 2u[k]}

It can be easily verified that y[k] = y.i[k] + y.s[k].

Problem 10.2

(a)

Expressing the difference equation as

or, y[k]={

VIk]=ylk —1]-0.5y[k = 2]+ x|k — 2]

Wk —1]1-0.5y[k — 2],
[k —=1]1-0.5y[k — 2] +0.5%2

k<2
k>2.
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Starting from & = 0, we iterate to calculate the output as
M0]=y[-1]-0.5y[-2] =0-0.5(1) =-0.5
y[1]= 0] - 0.5)[~1]=~0.5 - 0.5(0) = 0.5
y[2]=y[1]1-0.5y[0]+1=-0.5—0.5(-0.5) +1=0.75
V[31=3[2]-0.5)[1]+0.5=0.75-0.5(=0.5) + 0.5=1.5
y[4]1=[3]-0.5)[2]+0.5° =1.5-0.5(0.75) + 0.25 =1.375
y[51=1[4]-0.5)[3]+0.5° =1.375-0.5(1.5) + 0.125=0.75.

(b) and (c) The zero-state and zero-input responses are calculated below

Zero state response Zero input response
k)= Y[k —1]1-0.5y[k - 2], k<2 YIk]=ylk =1]-0.5y[k - 2]
M=V == 05k =214 052 k>2.
with y[-1]=y[-2] =0. with y[-1]=0 and y[-2] = 1.
Iterating with respect to &, we get Iterating with respect to k, we get
yZS[O]ZO yzi[o]zyzi[_l]_o'syzi[_z]z_o's
., [1]1=0 v, [11=».,[0]-0.5y_[-1]1=-0.5
yZS [2] = yZS [1] - O'SyZS [0] + 1 = 1 yZS [2] = yZS [1] - O'SyZS [O] = _0'25
v [3]1=».[2]-05y_[1]1+0.5=1.5 .. [31=y.,[2]-0.5y,[1]1=0
y..[4]=y_[3]1-0.5y_[2]+0.5* =1.25 v [4]=y.[3]1-0.5y_,[2]=0.125
y.[51=y.[4]-0.5y_[3]+0.5° =0.625. V. [5]=y.[4]-0.5y_[3]=0.125.

(d) By adding the zero-state and zero input responses obtained in parts (b) and (¢) and comparing with
the output in (a), it is verified that y[k] = y.[k] + y.s[k].

Problem 10.3
(a) Expressing the difference equation as

W[k]=0.75y[k —1] = 0.125y[k — 2] + x[k — 2]

0.75 )k — 17— 0.125[k — 2], k<2

o Y= {0.75y[k ~1]=0.125y[k = 2]+ (-D)*? k=2,

Starting from k = 0, we iterate to calculate the output as
y[0]=0.75y[-1] - 0.125)[-2] = 0.75 - 0.125(-1) = 0.875
y[1]=0.75y[0] - 0.125y[-1] = 0.75(0.875) — 0.125(1) = 0.53125
¥[2]=0.75y[1]1 - 0.125y[0] +1=10.75(0.53125) — 0.125(0.875) + 1 =1.28906
Y[3]1=0.75)[2] - 0.125y[1] —1=0.75(1.28906) — 0.125(0.53125) — 1 =—-0.09961
y[4]=0.75y[3] - 0.125y[2] +1=0.75(-0.09961) — 0.125(1.28906) + 1 =0.76416
V[51=0.75y[4] - 0.125y[3] = 1=10.75(0.76416) — 0.125(-0.09961) — 1 = —0.41443.

(b) and (c) The zero-state and zero-input responses are calculated below
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Zero state response Zero input response
0.75y [k —1]1-0.125y_ [k - 2], k<2 v, [k1=0.75y [k —1]-0.125y [k — 2]
yalk1= {0.75 y.[k—=11-0.125y_ [k —2]+(-D)*2 k=2
with y;,[-1] =y, [-2] = 0. with y.[-1]=1 and y.; [-2] = 1.
Iterating with respect to &, we get Iterating with respect to k, we get
y[0]1=0 y.,[01=0.75y_[-1]-0.125y_[-2] = 0.875
Vi[1]=0 y_[11=0.75y_,[0]-0.125y_,[~-1]=0.53125
y:[2]=0.75y [1]-0.125y [0] + 1 =1 y..[2]1=0.75y_[1]1-0.125y_[0] = 0.28906
Y,[31=0.75y_[2]-0.125y ([1] -1=-0.25 y..[31=0.75y_.[2]-0.125y_[1]=0.15039
y.[4]1=0.75y[3]-0.125y [2] +1=0.6875 y_[4]1=0.75y_[3]-0.125y_[2]=0.07869
V[5]1=0.75y ,[4] - 0.125y  [3] -1=-0.45312. y.[51=0.75y_[4]-0.125y_[3] = 0.03988.

(d) By adding the zero-state and zero input responses obtained in parts (b) and (c¢) and comparing with
the output in (a), it is verified that y[k] = y.,[k] + y.[k].

Problem 10.4

a‘u[k]*b"ulk]= i a"u[m]xb* "ulk —m] = i a" xb""ulk —m]=b" i (a/b)"ulk—m]

m=—ow m=0 m=0
Noting that u[k — m] = u[—(m — k)] = 0 for m > k, we obtain

(k+1)b* a=b

k 1-(a/b)"!
b 1-(a/b)

_{(kﬂ)a" a=b_{(k+1)a" a=bh

B i+ e/ PG

b—a
{m+n¢ a=b
ak+1 _bk+l

e—=— a=#b

a#b

a‘u[k]*b"u[k]=b"* Zk: (a/b)" = {

a#b - a+b

Problem 10.5

(a) The graphical approach is illustrated in Fig. 10.5(a).
Case (k <-6), Fig. S10.5(a) subplot (v): x,[k]*x,[k]=0.
Case (-6 <k <2), Fig. S10.5(b) subplot (vi):

k+4

x[k]*x,[k]= D 1=(k+7).

m=-2

Case (2 <k <6), Fig. S10.5(b) subplot (vii):
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i1=(6—k).

m=k—4

X [k]* x,[k] =

Case (k> 6), Fig. $10.5(b) subplot (viii): x,[k]*x,[k]=0

The convolution sum is plotted as a function of & in subplot (ix) of Fig. S10.5(a).

x[m]=u[m+2]—u[m—3]

AT

X,[m]=u[m+4]—u[m-5]

LTI

-5-4-3-2-1 01 23 45
(1) Sequence x[m]

Xy[-m]=u[m+4]-u[m-5]

LT

5-4-3-2-1 01 2345
(i1) Sequence x,[m]
X[k —m] = x,[~(m - k)]

|11

v
3

54-32-101 23435
(iii) Sequence x;[—m]

x[m]- x,[k —m]

bl

€ —e
Y —e
1% —e
[ M E—
v+ T/

(iv) Sequence x,[k—m]

x[m]-x, [k —m]

II T

° o1 1 1 11 o« » m
> -2-1 01 23 45
T

w s

(vi) Convolution x[m] * x;[m] for (-6 <k <2)

x[m]-x,[k —m]

(v) Convolution x[m] * x,[m] for k < 6.

x[m]-x,[k —m]

IITITE IIZT
-2-1 01 2 3 45 -2-1 01 2 3 4 5

(viii) Convolution x[m] * x;[m] for (2 <k < 6) (viii) Convolution x,[m] * x,[m] for k > 6.

x,[k]*x, k]
43S

4
sxanniiiisEy
-7-6-5-4-3-2-1 01 2 3 4 56

[m] as a function of k.

»
>

7
(ix) Convolution x{[m] * x,

Fig. S10.5(a) Convolution sum for part (a) in Problem 10.5.

(b)  From Problem 10.4, we know that
“ulk ] b ulk] = 5 (a"! =" yulk] .

Setting a = 0.8 and b = 0.5, we get

0.8 u[k]*0.5" u[k]=12(0.8"" — 0.5 u[k].
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Using the time shifting property,
0.8 ulk —51%0.5* u[k] =2(0.8" " - 0.5 Y[k - 5],

or, 0.8 ulk —51%0.5* u[k]="2(0.8""* 0.5 )u[k - 5],

which implies 0.8 u[k —5]%0.5* u[k]=0.8" x2(0.8"* — 0.5 *")u[k - 5],

or, 0.8" u[k — 5% 0.5 u[k] =1.09227(0.8"* —0.5* " )u[k - 5].
(¢)  The graphical approach is illustrated in Fig. S10.5(c).
Case (k <-6), Fig. S10.5(c) subplot (v):
k—4 0 16
xlkl*x[k]= 045" x7" =045 > (2/35)" = -x 78
m=—o0 m=—(k—4) 33x35
Case (2 <k <6), Fig. S10.5(b) subplot (vii):
S’ kN 35° k
x[k]*x,[k]= 04" x7" =04 2/35)" ===—x0.4".
[k * x, K] Zw mZZ( =15
The convolution sum is plotted as a function of & in subplot (viii) of Fig. S10.5(c).
x,[m]=7"u[-m +2] x,[m]=0.4"u[m - 4]
1!
"'o?TIIIITl-- -~ » m o L T e
6-54-3-2-10123 456 7 6-54-3-2-10 1234567
(i) Sequence x;[m] (i1) Sequence x,[m]
x)[-m]=0.4""u[-m — 4] X [k—m]= 0.4%m ulk—m-4]
o ¢ 7 e oo ccce ? ? N " Y
| | —ab PO D G G WP § > m g
-6-5-4-3-2-10 1234567 ZEIIIT*‘;EEEEEE
(iii) Sequence x;[—m] (iv) Sequence x,[k—m]
xi[m]x xy[m] x[m]x xy[m]
r! 1L
--°..9.1'.-IT]':III| —ad o m Au_n_t._L_L_L_L_I._L_J_.!_._._._.
6-54-3-2-10123 456 7 6-5-4-3-2-10123 4567
ITTT T ITTITTTTRIT T
P N v b oo =S o e N N
(v) Convolution x[m] * x;[m] for k<6 (vi) Convolution x[m] * x;[m] for k> 6

R(LI TN
0.53

0.19

0.0: co e
e ...0-0.04.2:“ o
-6 -5-4-3-2-1012 34 5 6 7
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(vii) Convolution x[m] * x,[m] as a function of .

Fig. S10.5(c) Convolution sum for part (c) in Problem 10.5.

(d) The graphical approach is illustrated in Fig. S10.5(d).
Case (k< -1), Fig. S10.5(d) subplot (v):

x,[k]% x5 [k]= D" 0.6" sin(0.5m(k — m)) = % D°0.6" x /O3 ]1—2 D0.6" x e /O
m=0 =

m=0

which reduces to

1 = , 1 ) » )
x: [k1% x, Tk :_ejO.S‘rck 0.66_10'571- m __e—]O.ST:k 0.6€j0'5n m ,
1Lk]* x5 k] 2 N ) 7 > )

m=0 m=0

or, xi[k]* x, [k] = Lgjosme b 1 josme 1
Jj2 1-0.6e /" j2 1= 0607057

x,[m]=0.6"um] X, [m] = sin(0.5m)u[—m]

11y, S S DU
345

5-4-3-2-1 01 2 I—4—3—2i012345

(i) Sequence x;[m] (ii) Sequence x,[m]
X[-m] =—sin(0.5nm)u[m] Xy[k—m]
? ¢ i

1 ' 546 ' i,

T i T » m *~—o- *—er L T L—p m
54-3-2-10, 234, TTTTOEET TR

° ° W N - RS o O =

(iii) Sequence x,[—m] (iv) Sequence x,[k—m]
xi[m]x x,y[k —m] Xy [m]x x,y[k —m]

il : :

L | . AT
54-32-101 2 345 5-4-3-2-1 01 2345
TTI™"RE% 1% TITTIT "R R

(v) Convolution x{[m] * x,[m] for k < -1 (vi) Convolution x[m] * x;[m] for k>0
Ld
050]6
- - 345
| ERETO
3-2

(vii) Convolution x[m] * x,[m] as a function of k.

Fig. S10.5(d) Convolution sum for part (d) in Problem 10.5.

Simplifying, we get



(e)

Solutions

x,[k]* x,[k] = Le—jo.Snk oI 11 .
J2 1+ 0.6 1-;0.6
If k is even, exp(jnk) = 1, therefore,
x[k]* x,[k] =ie‘j°'5"k 1 1 —_0.6e~ 05Tk
J2 1+ 0.6 1-;0.6
If k is odd, exp(jnk) = —1, therefore,
X [k]*x2 [k]:ie—jO.Snk _ 1 B 1 :].e—jO.Snk )
J2 1+ 0.6 1-;0.6

Case (k> 0), Fig. S10.5(d) subplot (vi):

J m=k
which reduces to

ejO.STEk i(O6€_JOSH)m

1
xi[k]* xy[k]=—
]2 m=k

5 ”;{0.6’" xe

]OST[k 06ke ]OSTEk _L

—j0.5n(k—m)
b

_Lze—jO.STEk i(066105n)m ,

m=k

k _jO.5mk
o057k 0.6"¢

1-0.6¢/057

k
} 0.6 x (—1.2jsin(0.5m)),
J2

or, k]1*x,[k
x [K] % 0, [k] = Syt
0.6* 1 1
0.6 . k+1
or, x[k]%* x,[k]= 5 x(—=1.2sin(0.57)) =—-0.6""".
J

The convolution sum is plotted as a function of & in subplot (vii) of Fig. S10.5(d). Note that the

result of convolution sum is always real as two real valued sequences are being convolved.

The graphical approach is illustrated in Fig. 10.5(e).
Case (k< 0), Fig. S10.5(e) subplot (v):

k-1
x[k]* x, [k
m=—o0 m=k

which reduces to

k-1

Zos " % 0.8 m>+205 M % 0.8~k ’")+205mx08 (k=m)

m=1

0 ©
x,[k]% x,[k]=0.8% > (0.4)™ +0.875>10.6257" +0.87 > 04",

m=k

m=—o0

or,

m=—(k—-1) m=0

m=l

0 -k 0
xi[k]*x,[k]=0.8% 704" +087>70.625" +0.87 > 04",

m=1
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—(k-1) _ —k+1
o, x,[k]* x,[k]=0.8 04 7 7 L gg #1062 ) gk 04
1-0.4 1-0.625 1-0.4
2 [k —k k4l —k
o, xl[k]*xz[k]=§x[2 +4x0.87%(1-0.6257"1)+0.8 ]

Case (k> 0), Fig. S10.5(e) subplot (v):

-1 k ©
x[k]*x,[k]= D 057" x0.8%7 + 305" x0.8% + H"0.5" x0.8 "™,

m=—0 m=0 m=k+1
which reduces to

-1 k 0
xi[k]% x,[k]=0.8" > 047" +0.85 > 0.625" +0.87° > 04",

m=—00 m=0 m=k+1
0 k 0
or, xi[k]% x,[k]=0.8° 0.4 +0.85 > 0.625" +0.87° > 04",
m=l1 m=0 m=k+1
x,[m]=0.5" o xml=xl-m=08"
L[] L]
Vo
I I ® 0 1 0 ®
ao ! 1o oaneee, m LN S S I SR LR R
6-5-4-3-2-10123 456 6-5-4-3-2-1 0123 456
(i) Sequence x;[m] (i1) Sequence x,[m]
—.
o xml=xl-ml=08" s, wlk-m=0g"
T Tt
1 1 1 ' ' |
: : : [
RS I A L I SR L I PRRPI - Y WP L R
6-5-4-3-2-1 0123 456 TTITTTIT"ZETT1IZ

(iii) Sequence x;[—m] (iv) Sequence x,[k—m]

xi[m]x %[k —m]

. xi[m]x x,[k —m] .
o ! o ! o
1 1 1 1 1 1
1 1 1 1
L 2 T:‘VI | B 4
ot ol il rwan, , ol [ e o,
6-5-4-3-2-10123 456 6-5-4-3-2-10123 456
TITTITEEZITER TLETIITITERZER
(v) Convolution x[m] * x,[m] for k< 0. (vi) Convolution x[m] * x,[m] for k>0
3 k
88Ty M A
61.061'3(}. 1130 o6
0.698 I I N l I I°~3(069
1] TN
7-6-5-4-32-10 1234567

(vii) Convolution x[m] * x,[m] as a function of k.

Fig. S10.5(e): Convolution sum for part (e) in Problem 10.5.



Solutions

_ k+1 k+1
or, k] # xy[k] = 0.8F —04 40 gk (06257 ) ook 047
1-0.4 1-0.625 1-0.4

or, xl[k]*xz[k]=§X[0.8k +4%0.85(1-0.6251) +27F|.

The convolution sum is plotted as a function of & in subplot (vii) of Fig. S10.5(e).

Problem 10.6
(a) Direct Convolution Approach:

Expressing x[k]=0[k —1]+ 29[k — 2]+ 30[k — 3]

and h[k]=28[k +1]+20[k]+ 28[k —1]+28[k - 2],
the convolution is given by

x[k]*hlk]=(8[k —1]+208[k — 2]+ 38[k —3]) * (20[ k + 1]+ 28[ k] + 28[k — 1]+ 29[k - 2]),
which reduces to

X[k % B[k] = (28[k]+ 28[k — 1]+ 28[k — 2]+ 28[k — 3]) + (43[k — 1]+ 48[k — 2]
+ 48[k — 3]+ 48[k — 4]) + (6[k — 2]+ 68[k — 3] + 63[k — 4]+ 63[k —5])”

or,  x[k]*h[k]=28[k]+ 68[k —1]+128[k — 2]+ 128[k — 3]+ 108[k — 4]+ 63[k — 5].

Sliding tape method: The convolution using the sliding tape method is shown in Table S10.6(a).

Table S10.6(a): Convolution of x[k] and A[k] using the sliding tape method Problem 10.6(a).

S| 4| 3210|1234 5|6]|7]|..|Fk]|yk
x[m] 1|23
h[m] 2 12122
h[—m] 212122
h[—1—m] 2 21212 -1 0
h[0 —m] 2 121212 0 2
h[1 —m] 2 12122 1 6
h[2 — m] 212122 2| 12
h[3 — m] 212122 3| 12
h[4 —m] 212122 41 10
W[5 — m) 212122 5 6
h[6 — m] 212122 6 0

The results from the two approaches are the same.

(b) Direct Convolution Approach:
x[k]=28[k + 2]+ [k + 1]+ 0[k —1]+ 29[k — 2]
hk]=0[k]+0.58[k —1]+0.256[k — 2]+ 0.1258[k - 3],

The convolution of x[k] and A[k] is given by
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k] B[k] = STk + 2]+ STk + 1]+ STk — 1]+ 28Tk — 2]) * (S[k] + 0.5k — 1]+ 0.258k — 2]+ 0.1255[k — 3])
= 20Tk + 2]+ 5[k +1]+0.55[k]+0.255Tk —1])
+(STk +1]+0.58[k]+0.258k — 1]+ 0.1258[k — 2])

+(STk —1]+0.58Tk — 2]+ 0.255[k — 3]+ 0.1255[k —4])
+(25[k — 2]+ 0Lk —3]+0.50]k — 4]+ 0.255[k — 5])
= 28Tk + 2]+ 20Tk + 1]+ OTk] + 1.5k — 1]+ 2.6255[k — 2]+ 1.255[k — 3]+ 0.6255[k — 4]

+0.258[k - 5]

OF, x[k]*h[k]=28[k + 2]+ 28k + 1]+ 8[k]+ 1.58[k — 1]+ 2.6258[k — 2] +1.258[k — 3]+ 0.6258[k — 4]+ 0.258[k — 5]

Sliding tape method: The convolution using the sliding tape method is shown in Table S10.6(b).

The results from the two approaches are the same.

Table S10.6(a): Convolution of x[k] and A[k] using the sliding tape method Problem 10.6(b).

—6 =5 —4 -3 -2 =1 0 1 2 3 4 5 6 k | ylk]
x[m] 2 1 0 1 2
h[m] 1 | 05 ]025]0.125
h[-m] 0.125] 025 | 0.5 | 1
h[-3—m] 0.125| 0.25 | 0.5 1 -3 0
h[-2 — m] 0125/ 025 05 | 1 -2 2
h[—1 — m] 0125025 | 05 | 1 -1 2
h[0 —m] 0.125] 0.25 | 0.5 1 0 1
h[l —m] 0.125] 0.25 | 0.5 1 1 1.5
h[2 —m] 0.125] 0.25 | 0.5 1 2| 2.625
h[3 —m] 0.125] 0.25 | 0.5 1 3] 1.25
h[4 —m] 0.125] 0.25 | 0.5 1 4| 0.625
h[5 —m] 0.1251 025 1 0.5 | 1 5| 0.25
h[6 —m] 0.12510.25{ 0.5 | 1 6 0
Problem 10.7
The convolution using the sliding tape method is shown in Table S10.7.
Table S10.7: Convolution of x[£] and /[k] using the sliding tape method Problem 10.7.
S| 4|3|=2|-1|]0|1|2|3]4|S5|6]|7 k | ylk]
h[m] 112131415
x[m] 21212
x[-m] 2 2|2
x[—=1—m] 2 12 2 =I 0
x[0 —m] 2 |22 0 2
x[1 —m] 2 122 1 6
x[2 —m] 21212 210 12
x[3 —m] 21212 3 18
x[4 —m] 212 |2 4| 24
x[5 —m] 2122 5| 18
x[6 — m] 2122 6| 10
x[7 —m] 2 122 7 0
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The result matches with that obtained in Example 10.8. I

Problem 10.8
The convolution using the sliding tape method is shown in Table S10.8.

Table S10.8: Convolution of x[k] and A[k] using the sliding tape method Problem 10.8.

6] 5] 4] 3] 2170 1 2 3 [ 456 .. k| vk
x[m] -1 1 2
h[m] 3 1 -2 3 -2
h[-m] 2 3 2 1 3
h[-3— m] 2| 3 2 1 3 -3 0
h[-2 — m] 2| 3 2 1 3 2 3
W[-1 —m] 2 3 2 1 3 1 2
[0 — m] 2 3 2 1 3 0 9
h[l —m] -2 3 -2 1 3 1 -3
A2 — m] 2 3 2 1 3 2 1
h[3 —m] -2 3 -2 1 3 3 4
h[4 — m] 2 3 2 [ 13 i 4
h[S —m] -2 3 2 1 3 5 0
The result matches with that obtained in Example 10.9. I

Direct Convolution Approach:
x[k]=-0[k+1]+0[k]+20[k —1]
W k]=30[k+1]+0[k]—20[k —1]+30[k —2]—208[k — 3],

The convolution is given by
xk]*hlk] =(-0lk+1]+O[k]+20[k —1])* (3I[k +1]+ O] k]—20[k — 1]+ 30[k —2]—20[k —3])
=(-30[k +2]-0[k +1]+20[k]-30[k —1]+20[k - 2])
+(30[k +1]+0[k]—-20[k —1]+30[k —2]—-20[k —-3])
+(60[k]+20[k —1]—40[k —2]+ 60k —3]—40[k —4])
=-30[k+2]+ 20k +1]+90[k]—30[k —1]+ o[k —2]+ 40k —3]— 4]k —4].

Problem 10.9

The periodic convolution with Ky = 10 is shown in Table S10.9(a).
Table S10.9(a): Periodic convolution of x,[k] and 4,[k] in Problem 10.9 with K| set to 10.

ol 1 [2]3]4]5]6[7]8]9] k |ylk
hy[k] 112 |3|4|5]0[0]0]|O0]0O
x,[k] 2(2]2]lolofoloflo]o]o
x,[—k] 2lolofloflo]olo]o]|2]2 0 2
x,[1-k] 21210l0|0[0|O0]O0|O]?2 1 6
x,[2—k] 2121210l 0jo0|0]|0|O]O 2 12
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w3k |o0]2]2]2JofoJoJoJo]o] 3] 18
x4k |olol2[2]2]ofofofo]o]| 4| 24
w54 |oJolol2]2]2]ofoo]o] 5| 18
o6k |o0JoJolol2]2]2]ofo]o] 6] 10
o7k |oJoJolofo]2]2]2]0o]o0] 7 0
o8k |oJoJo[olo]o[2]2]2]0] 8 0

The periodic convolution with Ky = 13 is shown in S10.9(b).
Table S10.9(b): Periodic convolution of x,[k] and /,[k] in Problem 10.9 with K| set to 13.

0o[1][2[3[a]s5]6 7891011 ]12] & [ ylk
h[k] 1l2]3]4][5]0fof]ofofofo]o]o0
X, [K] 22 12]ololo]o]ofofo]olo]o
x,[] 2] ofofolofolo]olofo]o[2]2] o 2
x4k |2]2Jofoflo]ofofofolo]oo|2] 1 6
o2k |222]ofofofofofofo]o]o]o] 2] 12
B34k |ol2]22]ofofofoofo]o|o]o| 3] 18
o4k Jolol2[2]2]ofofofo]o]o]o o] 4| 24
54 JoJlolo[2]2]2]ofoo]o]o|o|o] 5| 18
o6k |oloflolol2]2]2]ofofofo]o]o] 6| 10
o7k JoJofJololol2]2]2]o0o]o]o]o]o] 7 0
o8k |JoJoJo[olo]o[2]2]2]0]o]o]o] B8 0
9k JoJolo[olojolol2]2]2]0]0of0o] 9 0
104 [0[ofofofolololo|2]2]2]0]0] 10 0
o1k [oJofofofofofofo|o|2|2]2]0] 11 0
o2k JoJoJoJoloJoJofolo]o]|2]2]2]12 0

Since in both cases the fundamental period K, > K, + K, —1 (= 7), the results of periodic convolution over

one period are the same as that of linear convolution. I

Problem 10.10
The periodic convolution with Ky = 10 is shown in Table S10.10.
Table S10.10: Periodic convolution of x,[k] and /,[k] in Problem 10.10 with K| set equal to 10.

o1 [2[3[4a[5]6] 7189 k |yl
h,[k] 1|23 [4[5]0of0ofo0o]o0o]o0

X, [k] 212210l olo]o]o]o]o

X[k 2lo0lolololo]olol2]2] o 2
o1k |2]2]ofofo]lojofofo|2] 1 6
w2k |2l22[0oflo]ojofofolo] 2] 12
w34k |ol2]2]2]ofofofoo]o] 3] 18
x4k |oJol2]2]2]ofofofo]o] 4| 24
x5k |oJoJol2]2]2]ofofo]o] 5| 18
xf6k |o0]oJolo[2]2]2]ofo]o] 6] 10
o7k |oJolololo 2220 0] 7 0
o8k |o0JoJololo]o[2]2]2]0] 8 0
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Since the fundamental period K (=10)>K,+K,—1(=7) of the two sequences, the result of periodic

convolution over one period is the same as that of linear convolution. I

Problem 10.11

The periodic convolution with Ky = 15 is shown in Table S10.11.

Table S10.11: Periodic convolution of x,[k] and /,[k] in Problem 10.9 with K set to 15.

01 [2[3[a]5]6]7[8[9fto][11[2[13][14] k | yl4
h,[k] 123 [45]ofofo]ofofo[ofo]o0o]o0

x,[k] 2| 2]2olofofolo[ofo[o[ofo0o]o0]oO

x,[—k] 2] oflofolofololololo]ololo]2]2] o 2
x4k |2]2]ofJolo]oJofofo]o]jo]lo]joo]2] 1 6
w2k |2]2]2ofJo]ofofofo]olojofolo|o] 2] 12
x34k |o0]2]2[2]0o]ofofofloolo]o]o|o|o] 3] 18
Ak |olol2]2]2]ololojojo]o]olo]o]o] 4| 24
x5k |o0Jolol2]2]2]ofofo]o]ofo]o|o]o] 5] 18
o6k |o0JoJolol2]2]2]ofo]o]lo]jofololo] 6] 10
o7k |oJoJololo|2]2]2]ofo]o]o]ofo|o| 7 0
sk |oJoJoJoJolo[2]2]2]o]o]o]o]o]o] 8 0
ook |oJoJoloJolofol2]2]2]o0]o]ofo]o] 9 0
10k |0]JoJolololojo[ol2 22000010 0
11k |0]JoJololo[o]o[ofo|2]2]2]0 0o 11 0
o2k |0]oJoJolo[oJo]jo ofo]2 2200 12 0
134 |[0]JoJolololoJofoJo]o]o|[2]2]2]0o] 13 0
x4k |0]JoJolololojofoJo|oo]o]|2]2]2] 14 0

Since the fundamental period K (=15)>K,+K, -1 (=7) of the two sequences, the result of periodic

convolution over one period is the same as that of linear convolution. I

Problem 10.12
The periodic convolution with Ky = 8 is shown in Table S10.12.

Table S10.12: Periodic convolution of x,[k] and /,[k] in Problem 10.12 with K, set to 8.

0|12 |3 |4]|5]|6]|7 k | ylk]
hylk] 5/5/0[0]0|0]0]0
x,[k] 0|12 (3]0|0]O0]O0
xX,[—k] Ojo0o|JOlO]O]|3|2]1 0 0
x,[1-k] 1/0]0[0]O0]|O0]|3]2 1 5
x,[2—k] 211 [0]0]0|0]0]3 2 15
x,[3—k] 3/2|1[(0]0|0]O0]O0 3 25
x,[4-k] 0O[3[2|1]0|0]0]O0 4 15
X,[5—k] 0Ojlo|3[2]|]1|0]0]0O0 5 0
x,[6—k] 00|03 |2|1]0]0O0 6 0
x,[7-k] 00|03 |2]|]1/|0]3 7 0
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Note that the non-zero values of the periodic convolution are the same as the ones obtained in Example
10.12. Since the period has been increased, additional zeros are added.

Problem 10.13

The unit step response s[k] of the DT system is the output of the system when a unit step u[k] is applied at
the input of the system. In other words,

s[k]= hk]eulk] = Y W plulk - p)

p=—
> ip] hop=ll PSR
= ‘S u — =
Pt P P 0 otherwise
In other words, the unit step response is the running sum of the impulse response.
. \ 0 k<=7
@ s[kl= D hlpl= D (ulp+7]1-ulp—8])=1(k+8) -T<k<7
e e 15 k>17.
. 0 k<0 0 L <0
<
(b) s[k]= z 0.47u[ p]= . :{i 04N £s0
e 047 k=0 (1047 k=20,
p=0
k
) D27 k<0 St g
— <
(c) slk]= z 2Pul-pl= po :{ s 120
P D27 k=0 -
p=—00
k
. 0.6 k<0 5 506t <0
— 5x0.6”
@ sfk]= > 06 =1 7 k :{25 15X o k><0
— > 0674306 k>0 S+13x(1-067) £=0.
p=—© p=1
B 1 k=4n; 0,£4,%£8,....
€ Akl= D (-1)"S(k—-2m)=14-1 k=4n+2; +2,%6,....
" 0 otherwise

The plot of A[k] is shown in Fig. S10.13. It is observed that A[k] is a zero-mean periodic signal with

k
period 4. The running sum s[k]= z h[ p] will depend on how A[k] starts at k =—o0. If h[—o0]=1,

p=—»

the sequence s[k] will have the form { 1 ,1,0,0,1,1,0,0,1,1,......... } On the other hand, if

at k=—o0
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h[—oo] =—1, the sequence s[k] will have the form [ :Hl ,—1,0,0,-1,-1,0,0,—-1,—1,......... } As we do

at k=—o
not know if o =4n or (4n+1) or (4n+2) or (4n+3), we cannot calculate s[k] exactly. The only
observation we can make with certainty is that s[k] will have three possible values —1,0,1. I

Problem 10.14

(a)  (e[k]+28[k — 1]) * 5[k — 2] = x[k] * 5[k — 2] + 28[k — 1] * 5[k —2] [using distributive property]
= x[k— 2]+ 28[k - 3].

(b)  Using the distributive property
(x[k] +28[k—1]) * (d[k+ 1]+ 8[k—2])
=x[k] * 8[k+ 1] +28[k — 1] * 8[k + 1]+ x[k] * S[k — 2] + 28[k — 1] * 8[k — 2]
= x[k + 1]+ 28[k] + x[k — 2] + 28[k — 3]
=x[k+ 1]+ x[k— 2] + 28[k] + 28[k — 3].

() (x[k] —ulk—1]) * 8[k— 2] = x[k] * O[k—2] — ulk— 1] * S[k - 2] [using distributive property]
=x [k—2]—u[k-3].

(@) (x[k]=x[k =1]) *ulk] = (x[k]—x[k =1])* iﬂk—m]

m=0

= Z x[k—m]— Z x[k—1-m] [using distributive property]
m=0 m=0
= x[k] |

Problem 10.15

The result is straightforward to prove because zero padding ensures that there is no overlap between two
replicas of the linear convolution of x[£] and A[£].

Problem 10.16

Using the Eq. (10.25) (convolution with impulse function property), the left hand side of Eq. (10.24) can
be expressed as

3 [k =k T xy [k — by 1= O [k 8k — Ky 1) * (xy [k % 8k — ky 1)
Using the commutative and associative property, the above expression can be expressed as

nlk—k Tk — k1= ([ x,[k1) * (STk — k1) Tk — &, 1)
glk] Olk—k\—ky ]

= glk]* o[k —k —k, ]
:g[k_kl_kz]- I
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Problem 10.17
Note that the finite duration DT sequences x;[k] and x,[k] can be expressed as

x[k]=x[k o Lk =k 1+ x, [k +118[k — kg =11+ -+ X1 [k, 18[k — K,y ]
and Xo[kl=xakpa 18lk =k gy 14 xp[kyy +118[k —kyy = 1]+ -+ X5 [k, B[k — k5]

When x[k] is convolved by x,[k], the earliest sample will be the result of the convolution of the term
X[k, 18k =k, ] with x,[k,, 18[k —k,,], while the latest sample will be the result of the convolution of

the term x,[k,, 10[k — k] with x,[k,, ][k —k,,]. In other words,
Earliest term = x; [k 10[k — k1% x5 [k o 18]k — ko 1= 21 [k g 12 [k gy 18]k = gy =Ky ],
and Latest term = Xy [kul ]6[k — kul ] * Xy [kuz ]S[k - ku2 ] =X [kul ]XZ [kuz ]S[k - kul - ku2 ] )

which proves that the linear convolution y[£] is time-limited within the range (k; + kpp < k< kiy + ko). I

Problem 10.18

1 -7<k<7
(@) Hkl=ulk+T7])-ulk-8]= .
0 otherwise.
We observe that:
(1)  Alk] # 0 for all k£ # 0. Therefore, the system is NOT memoryless.
(i1) h[k] #0 for k<0, e.g., h[-1] = 1. Therefore, the system is NOT causal.

(ii1) Z|A[k]| = 15 < . Therefore, the system is bounded-input-bounded-output (BIBO) stable.

) sin(zk/8) k=0
(b)  Alk]=sin(zk/8)ulk]=
0 k <0.
We observe that:
(i)  h[k] # 0 for all k£ # 0. Therefore, the system is NOT memoryless.
(i1)  h[k] = 0 for k£ < 0. Therefore, the system is causal.

(ii1)) Z|A[k]| = . Therefore, the system is NOT stable.

(¢) h[k]=6"u[-k]= {6k k<0
0 k>0.
We observe that:
(1)  Alk] # 0 for all k£ # 0. Therefore, the system is NOT memoryless.
(i1) h[k] #0 for k<0, e.g., h[-2] = 1/36. Therefore, the system is NOT causal.

(ii1) Z|Alk]|= 1/(1 — 1/6) = 1.2 < . Therefore, the system is stable.



(d)

(e)
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Hk] = 0.9 = {W k=0
0.9* k<O.
we observe that:
(1)  Alk] # 0 for all k£ # 0. Therefore, the system is NOT memoryless.
(i1) h[k] #0 for k<0, e.g., h[-2] = 0.81. Therefore, the system is NOT causal.

(iii)) XJA[k]| = 21 < oo. Therefore, the system is BIBO stable.

. 1 k=4m
hkl= Y (-1)"S(k—2m)=4-1 k=4m+2
e 0 k = odd

we observe that:
(1)  Ahlk] # 0 for all k£ # 0. Therefore, the system is NOT memoryless.
(i1) h[k]#0 for k<0, e.g., h[-2] = —1. Therefore, the system is NOT causal.

(iii)) Since A[k] includes an infinite number of impulse functions, Z|A[k]| = . Therefore, the system
is NOT stable.

Problem 10.19

(a)

(b)

(©)

(d)

k% hy[k] = u[—k 1] (5[k —1]- 8Tk]) = u[—k —1]* STk — 1] —u[—k —1]* 5[k]
= u[—k]—u[—k —1]= 5[k]

Therefore, the pair corresponds to inverse systems.

h k1% h[k]=0.5"u[k]* (5[k]—0.56Tk —1]) = 0.5" u[k]* 6[k]—0.5x 0.5" u[k]* STk —1]
= 0.5 ulk]-0.5 u[k —1]= 5[k]

Therefore, the pair corresponds to inverse systems.
hk]*h,[k]= 0.8" ku[k]*(0.85[k —1]—25[k]+1.2558[k +1])
= 0.8 ku[k]*0.80[k —1]—2x 0.8 ku[k]* S[k]+1.25x 0.8" ku[k]* o[k +1]
=0.8"(k—Du[k —1]-2x0.8" ku[k]+1.25x 0.8 (k + Du[k +1]
=0.8"ulk —1]x((k—1) -2k + (k+1))+1.25x0.8' 5[k]
=0lk].
Therefore, the pair corresponds to inverse systems.

kT hy[k] = ku[k]* (STk +1]-20Tk]+ STk —1])
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= ku[k]*O[k +1]—2ku[k]* o[k ]+ ku[k]* [k —1]
=(k+Dulk +1]-2ku[k]+ (k—Du[k—1]
=o0[k]+ulk—-1]x((k+1)—2k+(k—1))
=90[k].

Therefore, the pair corresponds to inverse systems.

(€  h[k]*h[k]=(k+1)0.8"u[k]*(S[k]—1.65[k —1]+0.645[k —2])

= (k+1)0.8 u[k]* 5Tk]—1.6(k +1)0.8 u[k]* STk — 1]+ 0.64(k +1)0.8" u[k]* 5[k —2])
= (k +1)0.8 u[k]~1.6k x 0.8 u[k — 1]+ 0.64(k —1)0.8" *u[k — 2]
=[(k +1) = 2k + (k —1)]0.8*u[k — 2] + S[k]+ 2% 0.85[k — 1] 1.65[k —1]

=0 =0

= O[k]

Therefore, the pair corresponds to inverse systems.

Problem 10.20

The MATLAB code for computing the first 50 samples of the output response y[k] in Problems 10.1 —
10.3 is given below:

>> % Problem 10.1: y[k] - 2y[k-1] = x[k-1]

>> k1 = [0:49]; % time index k = [-1, 0, 1, .. 49]
>> x1 = 2*(kl >= 0); % Input Signal x[k] = 2*ulk]

>> Al = [1 =-2]; % Coefficients for ylkl]

>> Bl = [0 1]; % Coefficients for x[k]

o\

>> zil = filtic(B1l,Al,[2]); Initial Conditions

>> yl = filter(B1l,Al,x1,zil); Calculate output

>> subplot(3,1,1); stem(kl,yl,'fill'"); title('Problem 10.1'); xlabel('k"');
>> axis tight; grid on

o\°

>>

>> ¢ Problem 10.2: y[k] - y[k-1] + 0.5y[k-2] = x[k-2]

>> k2 = [0:49]; % time index k = [-1, 0, 1, .. 49]
>> x2 = (0.5.7k2).*(k2 >= 0); % Input Signal x[k] = 0.5k ulk]
>> A2 = [1 -1 0.5]; % Coefficients for ylkl]

>> B2 = [0 0 1]; % Coefficients for x[k]

>> zi2 = filtic(B2,A2,[0 1]); Initial Conditions

>> y2 = filter(B2,A2,x2,2z1i2); Calculate output

>> subplot(3,1,2); stem(k2,y2,'fill'"); title('Problem 10.2'); xlabel ('k');
>> axis tight; grid on

o\

o\°

>>

>> % Problem 10.3: y[k] - 0.75y[k-1] + 0.125y[k-2] = x[k-2]

>> k3 = [0:49]; % time index k = [-1, 0, 1, .. 49]
>> x3 = ((-1).7k3).*(k3 >= 0); % Input Signal x[k] = (-1)"k ulk]
>> A3 = [1 -0.75 0.125]; % Coefficients for ylk]

>> B3 = [0 0 1]; % Coefficients for x[k]

>> z1i3 = filtic(B3,A3,[1 -11); Initial Conditions

>> y3 = filter(B3,A3,x3,z1i3); Calculate output

>> subplot(3,1,3); stem(k3,y3,'fill'); title('Problem 10.3"); xlabel('k');
>> axis tight; grid on

o\

o\°

The stem plots for the three outputs are shown in Fig. S10.20.
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x 10" Problem 10.1

Fig. S10.20: Stem plots for the outputs of the DT systems in Problem 10.20.

Problem 10.21

The MATLAB code for computing the convolution sums in Problem 10.5 is given below:

>> % Problem 10.5(a)

>> kx1l = [-2:2]; % time indices where x1 1s nonzero
>> x1 = l*ones(length(kxl),1); % Sample values for DT sequence x1
>> kx2 = [-4:4]; % time indices where x2 1s nonzero

oo

>> x2 = l*ones(length (kx2),1); Sample values for DT sequence x2

>> yl = conv(xl,x2); Convolve x1 with x2

>> kyl = kx1(1)+kx2 (1) :kx1 (length (kx1l))+kx2 (length(kx2));% kyl=indices for yl
>> subplot(5,1,1); stem(kyl,yl,'£fill'); title('Problem 10.5(a)"');

>> xlabel ('k'); axis tight; grid on

>> % Problem 10.5 (b)

o\

>> kx1l = [0:ceil(log(0.001)/10og(0.5))]; % time indices where x1 is nonzero
>> x1 = 0.5.7kx1.*(kx1>=0); % Sample values for DT sequence x1
>> kx2 = [0:ceil(log(0.001)/1log(0.8))]; % time indices where x2 is nonzero

oe

>> x2 = 0.8.%kx2.* (kx2>=0) ; Sample values for DT sequence x2

>> y2 = conv(xl,x2); Convolve x1 with x2

>> ky2 = kx1(1)+kx2 (1) :kx1l (length (kx1l))+kx2 (length(kx2)) ;% ky2=indices for y2
>> subplot (5,1,2); stem(ky2,y2,'fill'"); title('Problem 10.5(b)");

>> xlabel ('k'); axis tight; grid on

oe
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% Problem 10.5(c)

kx1 = [floor (log(0.049)/log(7)):2]; % time indices where x1 is nonzero
x1l = 7.7kx1l.* (kx1<=2); % Sample values for DT sequence x1
kx2 = [4:ceil(log(0.001*0.4"4)/1og(0.4))1;
% time indices where x2 1s nonzero
x2 = 0.4."kx2.* (kx2>=4); % Sample values for DT sequence x2
y3 = conv (x1l,x2); % Convolve x1 with x2
ky3 = kx1(1)+kx2 (1) :kx1l(length (kxl))+kx2 (length (kx2));% ky3=indices for y3

subplot (5,1,3); stem(ky3,y3,'fill"); title('Problem 10.5(c)"'");
xlabel ('k'); axis tight; grid on
% Problem 10.5(d)

kx1 = [0:ceil(log(0.001)/1log(0.6))]; % time indices where x1 is nonzero

x1l = 0.6."kx1.* (kx1>=0); % Sample values for DT sequence x1
kx2 = [-30:0]; % time indices where x2 is nonzero

X2 = sin(pi*kx2/2) .* (kx2<=0); % Sample values for DT sequence x2

y4 = conv(x1l,x2); % Convolve x1 with x2

ky4d = kx1 (1)+kx2 (1) :kx1 (length (kx1))+kx2 (length(kx2));% kyd=indices for y4

subplot (5,1,4); stem(kyé4,y4,'fill'); title('Problem 10.5(d)");

xlabel ('k'"); axis tight; grid on

% Problem 10.5(e)

kx1l = [-floor(log(0.001)/1og(0.5)):ceil(log(0.001)/1log(0.5))1;

time indices where x1 is nonzero
x1l = 0.5.%abs (kx1); Sample values for DT sequence x1
kx2 = [-floor (log(0.001)/10g(0.8)):ceil(log(0.001)/1log(0.8))1;

time indices where x2 is nonzero
Sample values for DT sequence X2
Convolve x1 with x2

o° o

o

x2 = 0.8.%abs (kx2) ;
y5 conv (x1,x2);

o° o oo

ky5 = kx1(1)+kx2 (1) :kx1 (length (kx1))+kx2 (length (kx2));% ky5=indices for y5

subplot (5,1,5); stem(ky5,y5,'fill"); title('Problem 10.5(e)");
xlabel ('k'); axis tight; grid on

The stem plots for the five convolution sums are shown in Fig. S10.21.
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Problem 10.5(a)

o
=~

hh*hhﬁmmmﬁhT.:,...H.,,
O S e R SRR

-30 -25 -20 -15 -1

k
Problem 10.5(e)

Fig. S10.21: Stem plots for the results of convolution sums in Problem 10.21.

Problem 10.22

The MATLAB code for determining the impulse responses of the systems specified in Problem 10.1 —
10.3 is as follows:

>> ¢ Problem 10.1: y[k] - 2y[k-1] = x[k-1]
>> Al = [1 =-271; % Coefficients for yl[k]
>> Bl = [0 1]; % Coefficients for x[k]

>> [hl,k1] = impz (B1,Al,50);

>> subplot(3,1,1); stem(kl,hl,'fill");

>> title('Problem 10.1"'); xlabel('k');

>> axis tight; grid on

>> % Problem 10.2: y[k] - y[k-1] + 0.5y[k-2] = x[k-2]
>> A2 = [1 -1 0.5]; % Coefficients for yl[k]
>> B2 = [0 0 17; % Coefficients for x[k]
>> [h2,k2] = impz (B2,A2,50);

>> subplot(3,1,2); stem(k2,h2,'fill");

>> title('Problem 10.2"'); xlabel('k');

>> axis tight; grid on

>> % Problem 10.3: y[k] - 0.75y[k-1] + 0.125y[k-2] = x[k-2]
>> A3 = [1 -0.75 0.125]; % Coefficients for ylk]

>> B3 = [0 0 17; % Coefficients for x[k]

oo

Calculate impulse response

o\

Calculate impulse response
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>>
>>
>>
>>

Chapter 10

[h3,k3] = impz (B3,A3,50); % Calculate impulse response
subplot(3,1,3); stem(k3,h3,'fill");

title ('Problem 10.3"); xlabel('k'):;

axis tight; grid on

The impulse responses of the DT systems are shown in Fig. S10.22.
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Fig. S10.22: Impulse responses for systems defined using difference equations in Problem 10.22.



