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Decomposition of the relative motion about a point
Fluid motion near a point (Taylor series to linear order) = uniform

translation + linearly varying field

u™(x) = u®(xp)+ Vu™(xo) - (x —xo)
= U®+Q°° . x+E*®- -x

Antisymmetric rate-of-rotation tensor

g1 [aufo ~ 8uj€’°:|
U

aXJ aX,'
can be expressed as rotation vector: w® = —%e,-jkﬂj‘?o = %(V X u®); = %CJ,‘X’
Symmetric rate-of-strain tensor
ES° = 1 |:8u:90 + 8uj€’°:|
Y 2 | Ox; Ix;
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Disturbance problem for the sphere in a rotational field

Disturbance fields=velocity and pressure differences from those
existing in the imposed flow in the absence of the body

u(x) — uactual(x)_uoo(x)

p(x) _ pactual(x) _ pm(x)

Homogeneous Stokes equations for the disturbance fields

V-u = 0
pVu = Vp
Boundary conditions
u=—-w>xx at r=|x|=a
uand p—0 as r=|x| = o0

Elisabeth Guazzelli and Jeffrey F. Morris with illustrations by Sylvie Pic

A Physical Introduction to Suspension Dynamics
One sphere in Stokes flow



Three single sphere flows
0000000000000 000000000
Rotation

Hydrodynamic force moments Faxén laws Sphere in shear flow
0000000000

Solution for the pressure

p = Y decaying harmonics

: : : 1 . .
spherical solid harmonics: — and its gradients,
r

Xi O 3XiX; 0jiXk + dikxj + (5ij,’ 5 Xj Xk
r3’ r3 r5 ) r5

7 nooc

p = scalar and linear in —w*°

But w®° pseudo-vector whereas p frame independent

p=0
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Rotation

Sphere in shear flow

Solution for the velocity

u = > decaying harmonics

1 X (S,J 3X,'XJ' (S;J'Xk aF 5ika aF 5kJ'X,' B 5X,'X_,'Xk

3 )

s 7

PRI

5 =
u = vector and linear in —w°

u(x) = A\ w™ x x

r3
Velocity boundary condition = \; = —a3
u(x) = —w> x x (—)
r
Elisabeth Guazzelli and Jeffrey F. Morris with illustrations by Sylvie Pic A Physical Introduction to Suspension Dynamics

One sphere in Stokes flow



Three single sphere flows
[ele]e]ele] Jelelelelelelelelololololojolole}
Rotation

Hydrodynamic force moments Faxén laws Sphere in shear flow
0000000000

Sphere in a rotational field and sphere rotating

Sphere in a rotational field w

o No pressure induced by the presence of the sphere
o Disturbance velocity:

u(x) = —w™ x x <E>3

r

decays as r=2 and retains the symmetry of the boundary condition
on the sphere

Sphere rotating at wP

o No induced pressure
o Velocity:

u(x) = wP x x (;)3
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Disturbance problem for the sphere fixed in the uniform
stream u™® = U>®

Homogeneous Stokes equations for the disturbance fields

V-u = 0
uVu = Vp
Boundary conditions
u=-U® at r=|x|=a
uand p—0 as r=|x| = oo
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Translation

Sphere in shear flow

Solution for the velocity

Particular solution

ALXX
uP) = px/2u = TR U

Homogeneous solution
o uM =" decaying harmonics:

1 x; 0j  3xix; Ojixi + X + Oijxi  Bxixjxx
r7r37r3 5! 5 g 9ooo

o u™ = vector and linear in —U>

h 1 . I 3xx .
u® = 3 e ot -y
r r r
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Translation

Determination of constants
Continuity: V - u = 0 yields (after some work)

8u,- - )\1 U-x o
ox; <2/,L )\2> r3 =0

= A\ = )\1/(2u)
Boundary condition u = —U* at r = a
A AsUpe

= \; = —3pa/2 and \3 = —a3/4

[05 — 3ninj] = —U;*

Boundary conditions at co

Automatically satisfied by decaying harmonics
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Translation

Disturbance velocity and pressure

Disturbance velocity

r r3

3a, 0 (0if = XiXj 3a%
U,:—IUJ <—+ >__U

Disturbance pressure

3ua UJ('X’Xj
P=Pm=""5 "

Disturbance solution

Faxén laws

Oi X%
3r3 ro

Sphere in shear flow

= velocity induced by a sphere translating in otherwise quiescent

fluid at UP = —U*>®

Elisabeth Guazzelli and Jeffrey F. Morris with illustrations by Sylvie Pic A Physical Introduction to Suspension Dynamics

One sphere in Stokes flow



2

BN

v

AR RN RN R P R
SO
v W

o ey

N R R SRR

R RN
AN NN s

IR
e

]




Three single sphere flows Hydrodynamic force moments Faxén laws Sphere in shear flow
0000000000000 0e0000000 0000000000

Translation

Three features of this Stokes flow field

o Slow decay of disturbance fields away from the translating
sphere, as r~2 for the pressure and as r—! for the dominant
portion of the velocity

o Fore-aft symmetry: instantaneous streamlines of the
disturbance velocity field converging above the particle and
diverging below

o Disturbance twice as large at a point on the axis of symmetry
~ 3UPa/2r as at a point at an equal distance in the
transverse direction ~ 3UPa/4r (due to the pressure field
maintaining the flow as divergent-free)
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Disturbance problem for the sphere at the origin in the
straining flow E* - x

Homogeneous Stokes equations for the disturbance fields

V-u = 0
uVu = Vp
Boundary conditions
u=—E* x at r=Ix|=a
uand p—0 as r=|x| = oo
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Straining

Solution for the pressure

p = >_ decaying harmonics

1 x; 6J B 3X,'XJ' (S;J'Xk aF 5ika aF 5kJ'X,' . 5X,'Xij

r’r3’r3 rs r> o

p = scalar and linear in second-rank tensor E>

O0j 2 X%\ oo
J S <ﬁ i By

because §;;E;° = EZ° = V - u* = 0 (continuity)
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Straining

Solution for the velocity

Particular solution
P _ P A XXk

i Xi = i

C2u 21 ro

Homogeneous solution
o ulM = > decaying harmonics:

1 x 5,J . 3X,'Xj 5UXk aF 5,-ka- aF 5ij,- B 5X,'XJ'Xk

Sphere in shear flow

f’ r3’ r3 rd ’ rd 7
o u™ = vector and linear in E>®
(h) _ A Eooﬁ + A 00 5ink ¢ 6,’ka B 5X,’XJ'Xk
i = A2k r3 35jk 75 7
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Hydrodynamic force moments
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Sphere in shear flow

Disturbance velocity and pressure

Determination of constants
o Continuity: V-u=0= X =0

o Boundary conditions: = A\; = —5ua® and A3 = —a®/2

Disturbance velocity: dominant portion decays as r—2

n By =ie ]
i — _583 XI(XJ Ejk Xk) @ (SiJ'Xk + 5,-ka B 5 Xj Xk
' 2 7o 2 Ik 7 i

Disturbance pressure: decays as r—2 and ‘quadrupolar’ form
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Force
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Hydrodynamic drag force

Hydrodynamic force on the particle

Fh:/ ondS
8

Force balance for inertialess motion
F'+Fe =0
F¢ = external force (e.g. due to gravity or an interparticle force)
Stokes drag law (sphere held fixed in a uniform stream U>°)
F" = 6rpal™
linear in U and in a
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Torque

Hydrodynamic torque
Hydrodynamic torque on the particle

Th:/ X X o -ndS
Sp

Torque balance for inertialess motion

T+ Te=0

T€ = external torque

Stokes law (sphere held fixed in rotational flow w®™ X x)

Th = 8rpadw™

linear in w® and in a3
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Stresslet

Stresslet

First moment of the surface traction over the surface

M,'j = x,-ajknde
5

Symmetric portion = stresslet

1
5,'j = 5/ [O','ka aF O'J'kX,']nde
Sp

Antisymmetric portion = same information as torque

A,'J' = 5 / (X,'O‘jk — XJ'O','k)nde = _Eeijk Tk
S
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linear in E* and in a3
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Computing the hydrodynamic force
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Direct computation of the hydrodynamic force from the
velocity field due to a sphere fixed in a uniform stream

Total traction on the sphere surface = constant

3p
— Py
n 2a

Hydrodynamic force
Fh — / [3—’LLU°°]d5 = 3—’uUOO X 41’ = 6mpal™>
r=a 2a 2a

Stokes drag force for a particle moving with velocity UP in an
otherwise static fluid bath

F'" = —6rualP
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O Divergence theorem applied to the Stokes
momentum equations

0o
i gy :/ a,-jnj‘-’”tds-i-/ on?*tdS =0
v Ox; Sp Seo
/ O Drag force
sg;w v
Fh —
Soo

i

P

/a;jnjds = _/s o,-jnj’”tds

P

= / ajj nj’”t ds
Soo

= /5 o,(j_z) nj’"t ds

Computation of dominant
stress decaying as R—2
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Faxén laws

Hydrodynamic force and force moments for a sphere in a general
ambient flow field

6
T = 8mua’ [w™®(x =0)— wP]

2 2
- ?Owua3 <1 + i—ovz) E>(x = 0)

F = 67wa[<1—|—a—2v2> um(x:O)—Up}

Additional pieces owing to the curvature of the flow V2u® (evaluated at
the position x = 0 occupied by the center of the particle) for the force
and stresslet but not for the torque!
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o Force-free suspended sphere at r;

32
Us = [1+ gvz]”go(rS)

2 22
= ugo(rS)_gﬁUmax

o Torque-free sphere in this situation has
rotation vector of wP = w™

wh = rUpmax/R?

(along the azimuthal coordinate 6)
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Freely mobile sphere in simple shear flow

Homogeneous Stokes equations

V-u = 0
uVu = Vp
Boundary conditions
u=wk xx at r=|x| =
u—u>*—=0 as r=|x| — oo

Faxen laws
o Force-free: = UP = u*>(x = 0)
o Torque-free: = wP = w™>(x =0)
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Flow caused by a sphere held fixed in linearly varying
ambient flow field u™ = (yy,0,0) = (E* + Q°°)-x

Total velocity field

( v. [FOO
u 5a3 X/(Xj Ejk Xk) z° o 5,'J'Xk aF (5,‘;@(] B 5Xj Xj X
i 2 r° 2 Tk ro i

o Disturbance flow generated by the sphere only due to its resistance
to the straining component of the shearing flow because no
disturbance created by a freely-rotating sphere embedded in a
solid-body rotation

O Rotationally dominated motion in the vicinity of the rotating sphere
= closed streamlines
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