Chapter A

Appendix

A.1 Technical results for Theorem 3.12

We next prove the inequality (3.30) under the hypotheses of Theorem 3.12.
Let n' = (1 —aq)p, n* = an(1 — aw)v, ° = aqask, thus

=0+t

Also note that, for every ¢ in I, n} = (1 — ay)us, 17 = a1(l — as)y; and
n? = ayask;. Then

n=m,.n) =+ 07 +n07, .. + 00 +10).

Since p* is a SUP in the set C, Jy(u3,7-1) > J1(n1,m-1). Then using the
notation in (2.3) we have the following implications

I(m,nz,ns,..-,nn)Ul > I(mmzms,.--mn)Ul

)Ul + I(M1777§77757777TL)U1 +I(M17n37n577nn)U1
> I(n%m%ns,.-.,nn)Ul + I(n%m%mwmn)Ul + I(nim%ms,umn)Ul

I(N/lvnévniir"vnn

+I(77%777%77737"'777n)U1 + I(nfvngvnf}v”'vn’ﬂ)Ul + I(n%:n%:n?)V"':nn)Ul
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L yUr + 1 U + 1

H1,03 M35 H1,m3,M35 m,ng’,ns,...,nn)Ul

> (1-a) [I(um%ms,.--mn)Ul + I(ul,nina,--.,nn)Ul + I(mm%ns,-..,nn)Ul]
+ al(l - a2) |:Z(V1777%7773)"'777N)U1 + Z(V1ﬂ7%ﬂ73r~ﬂ7n)U1 + I(V1777%77737"'777H)U1i|

_I_ 1oz |:I(’i1777%77737-"777n)U1 _I_ I(’ﬂ»ﬁ%ﬂ?&---ﬂ?n)Ul + I(Hlﬂlgﬂliiv---ﬂln)Ul]

I(m,n%mm---,nn)Ul + I(u1,n§,n37---,nn)U1 + I(u1m§’m37---,nn)U1
> (1 - a2) |:I(V1777%7773 7777 ’Wn)Ul + I(Vlvngvn?l 7777 ’Wn)Ul + I(Vlvngvn?n'"vnn)Ul]

+ @2 [I(”h??%ﬂ?&-uﬂ?n)Ul + I(Hlvngvn&'”vn’n)Ul + I(’ilvngvniiv"wnn)Ul]

I(m,n%,né,--w%)Ul + I(u1m%m§--~,77%)U1 T I(m,n%mé‘,-~-ﬂ7%)U1 + -
+Z(u1,n§m§,--~ﬂ7}b)U1 +eet I(m,n%m%,um%)Ul +-- +I(/-’“1777§777§7“-777%)U1 +o
TL (g ety Ur + -+ 1 ) U1

3,1 3 3
5125735 H157M5,5M3 500y

Ui

1,3 3
V1:772:773:'~~77]3)

> (1 —a) [I(Vlyn%m%mnk)Ul ot I
+ :Z:(Vlvn%v,r]?):"'v’r]n)Ul + I(V17W37W37-~~Jln)U1]
+ Q2 |:I(’€1777%777§7“'777*}L)U1 + T + I(”ilv"]%vngvmun%)Ul

+ I("ilﬂ?%ﬂ?&---vﬂn)Ul + I(’{177752377737"'77771)U1i|

I(Mlvnévnév"wnrlz)Ul + I(M17n§7n§7"'777727,)U1 _|_ I(M17ng7ng7"'7772)U1
> (1= a2) L, ynd ey Ut + 2Ly i g oty U + Ol
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(1 - al)nilz(m,m,us 77777 #n)Ul
+ 0‘3—1(1 - al)n_lz(m,uz,l/s,.--,vn)Ul + ag_la?_lz(m,m,ns ----- H%)Ul
> (1 - a2)(1 - a1>n711-(V17M27/t3 Mn)Ul

-----

.....

-----
------

77777

-----

and (3.30) follows. The inequality (3.32) is obtained similarly. O

A.2 Technical issues for metrics on P(A)

Proposition A.1. Let (A,r) be a separable metric space. Then the Prokhorov
metric v, and the bounded Lipschitz metric vy metrize the weak convergence,
i.e., for any sequence {u,} C P(A), the following statements are equivalent;

i) pn converges in the weak topology,
7’7') Tp(:unnu) — 07
1) 7oy (fn, ) — 0.
Moreover, for any p and v in P(A)

1

§[7“p(ﬂa V) < rulp,v) < 2ry(p,v).

Proof. See Shiryaev (1996) chapter 3. O

Proposition A.2. Let (A,r) be a Polish space and 1 < p < oo. The L,-
Wasserstein metric r,,, metrizes the weak convergence on P,(A), i.e., for
any sequence {p,} C P,(A) and {u} C P(A), the following conditions are
equivalent



104 CHAPTER A. APPENDIX

i) W converges in the weak topology,

it) T, (fn, pt) — 0.

Moreover, if A is bounded, then the L,- Wasserstein metric r,,, the Prokhorov
metric v, , the bounded Lipschitz metric ry and the Kantorovich-Rubinstein
metric T, all metrize the weak convergence of probability measures in P(A).
Moreover, if p=1 then

1

3rolu, )2 < ra(p,v) < ree(p,v) = ro(p,v).

Proof. See Shiryaev (1996) chapter 3, and Givens and Shortt (1984). O

Proposition A.3. Let A be a separable metric space. Let pn and v in P(A),
with v < . Then .
[ — vl < 2[K(p,v)]z.

Moreover, if A is a bounded (with diameter C' > 0) Polish space, then
ro(p,v) < Cllp —v|| < 201K (u,v)]>.
Proof. See Reiss (1989) chapter 3, and Villani (2008) chapter 6. O

Proposition A.4. Let (A,r) a separable metric space and 1 < p < oco. If p
and v are in P(A), then

1 1

) <2 | [ ol vi@n)] " Tl

In particular, if A is bounded with diameter C' > 0, then

ruw(p,v) < Cllp = vl
Proof. Villani (2008) chapter 6. O

A.3 Proof of Lemmas 5.1, 5.2, and 5.9

For the proof of Lemmas 5.2 and 5.9, it is convenient to rewrite (2.1) as in
(2.3), that is

/ Uslar, .., an)pin(dan)... i (day). (A1)
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Hence (2.2) becomes

Ji(ag, ;) :/ Ui(ai,a_;)p—i(da_;) (A.2)

—1

= I(M17~-~7Mi—l7ﬂi+l ----- Mn)Ui<ai>'

A.3.1 Proof of Lemma 5.1

We have the following inequalities

Weee & e 1)1
= tim e+ 1) — ma )
<ty [l lte + 91 = (0]
<ty [maellnte + 0 1]

= max [lim

el e—0 €

pi(t + €) — pa(t) ‘H

= max || (t)]]
= W@l =

A.3.2 Proof of Lemma 5.2

For any 7 in I and p,v in P(A;) x ... x P(4,), using (A.1) we obtain
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Ui(a)v(da)
S ‘I(ﬁl 31125000y T)n) UZ I(Vl 125000y Wn) UZ ’
+|I(V1777277737~"77771)Ui - I(V17V277]37'~~7T]n)Ui|
+ ...

+‘I(Vly-~~:1/n72»77n71»7]n)Ui - I(Vl7~~~7Vn72,V7L7177]n)Ui’
+|I(I/1,...,l/n_1,77n)Ui - Z(Vl,..,,un_l,yn)Ui

< NUilllmz < oo X nallllm = vl
HUil[llve x m3 x oo X nal[[|n2 — ve|
+ ...
HUillllvr x .. X vp—a X al[[97-1 — Vi1 |
HUillllvr x oo X v |[[|1 = vall
<l max|ln; — v (A.3)

Similarly, using (A.2),

’J (aiv

pi) = Jilai, v—i)| < (n = DUl = vl oo (A.4)

Using (A.3) and (A.4) we have

1F:(p) — Fi()[lo =

<

IN

where H := max ||U;]|.
il

wp/fazz Fi(v))(day)

1<t

wy/ﬂ@%@wﬂmrwww

Irl<t

+ sup / fla)|Ji(as, pi) — Ji(ai, v_;)|vi(da)
IFlI<1

+-Supt/‘fﬁuﬂjxumu»DHVi—l%Kda)

lr<t

-+wp/faquw_> (15, o) v (da)
IflI<1

[Uillll i = vill + (0 = D[Uil[ll 12 = vlloo[ 14
+ Uil = will + nll Uil = vlloo|24]
Hi|pp = v]loo + (n = DH|lpp = vlloo + Hllpp = vlloo + nH|pp = vl
2n+1DH|p = v,
O
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A.3.3 Proof of Lemma 5.9

For any ¢ and j in / and a_; in A_; let

’Ui(aj,bej) - Ui(ija*j)’
Ui(-,a_; = sup
1T )l a;,b;€A; 0 ((a;,a-5), (bj, a—;))

< ||Ui||r, and

yi - Uilag,a-5)
UG as))l

Then for any 7 in I and p,v in P(A;) X ... x P(A;), using (A.1) we see that

| et - [ viapptaa

A

< ||Ui('7 a—1)||L|I(771,n2 ,,,,, nn)Uil - I(VM)Q ----- nn)Ui1|
+HUZ(7 a—2> ||L|I(V1777277737---777n)Ui2 - I(V1,V2m3,---,nn)Ui2‘
+ ...
+||Ui('7 a*(nfl))||L|I(V17--‘7Vn—2777n—1777n)Uin_l - I(V17‘~~7Vn—2,7/n—177]n)Uzjn/_l|

HIU G an) 2120, 1m) Uit = L1 ) Ui

< |Uillcllnz x oo X nallllm — valler
H\Uillllvr x mg x oo X ma[ |02 = val[kr
+ ...
HNUillLllvr X oo X vnma X | [170-1 = Vit [l
HNUillLllvr X oo X vt 190 = Vallker
< nllUillelln; = vl (A.5)

Similary, using (A.2),
| i(ai, ) = Jilas,v=i)| < (n = DIUil| i = v (A.6)
Using (A.5) and (A.6) we have

1E: (1) = Ex()[kr
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— s b%;tf&n)UQ(u)—-lﬂ(Vﬂ(d@D

Ifllp <1
f(ap)=0
< swp / F(a) il o) [ — 3] (da)
Ifllp <1 A;
f(ag)=0
+ sup / Fla)| i, i) — Jilas, v_s)|wi(da)
HfHL<1
+ sup / F(a) i i ) s — pia] (da)
HfHL<1
-%wp/fmUme T (i, 1) |s(da)
HfHL<1
f(ag)=0
< NUilllps = viller + (0 = DUl |l — v |2 Hflulzl/ f(a;)v;(da;)
Flagi=o0 ~
+ | Uillll i = villr + 0l Ul Lllpe = w15 sup / flai)vi(day)
s

2H | — v||& + 2n — 1) H | — v||5C;
= [2H+ (2n — 1)CH]||p — v||0o-

where H := max ||U;||, HL := max ||U;]|1, and C' := max C;. O
iel iel iel



