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Chapter 11

In[1]:= Needs["Graphics PlotField "]

In[2]:= Clear[y, B]

a Question 1

(@)

In[3]:= sol = Simplify[DSolve[{y'[t] ==B f[u] -B (1 -&) y[t], y[0] ==y0}, y[t], t]]

etB (-1+8) yO (=1 + &) + (-1 + B (-1+8)) flu] }}

out[37= {{y[t] - T T

In[4]:= Simplify[Solve[0 == £f[u] -8B (1 - &) ystar, ystar]]

Out[4]= Hystar—>— _fl[lj]é_}}
In[5]:= x[t_] :=s0l[[1, 1, 2]]
In[6]:= x[t]

t B (-1+&) _ _ tB (-1+&)
out[6]= e v0 ( l+§_)1++(§l+ce ) £lu]
In[7]:= x2[t_] :=Collect[x[t], {E*F (-1*%) y0}]
In[8]:= x2[t]

_ flu] tB (-1+€) flu]
Out[8]= ‘_1+§+e yO+_1+§

Using the algebraic manipulations palette, namely the simplify command, we readily obtain the following

expression:

£[u]

In[9]:= x3[t 1=
n(9] [t_1] T-¢

L6 (18) (y0+ £lu] )

-1+¢§

In[10]:= x3[t]

out[10]= i[iué + et B (-1+8) (y0+ 7f1[i]§)

(i)

Note that this expression is,
W)=y + EPID1(y0 — )

where

y = 1-¢

and is asymptotically stable so long as §(1-¢) < 1.
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a Question 2

For the system,
Y=1=9+020G - pi-1)
=af242)

we can solve for p;.

In[11]:= Simplify[Solve[P_Pl ==a ( (9+ (279 (5-pl)) _6), p]]

pl 6
2

{{poprs 255 - B

Out[11]

We can solve for p as follows,

2pa ap
3 30

In[12]:= Solve[p ==p+

out[12]= {{p—>0}, {p~>20}}

which is independent of a.
The difference equation in terms of p and a is given by,
pe=fpie) =+ 55 piot = (55) Pl

whose stability we can investigate by considering,

2pla pl?a

In[13]:= slope=D|pl + - , Pl
n pe =D[p 3 55 P
B 2a  pla
Out[13]= l+T— 15
In[14]:= eqgslope = slope /. pl -> 20
2a
out[14]= 1 - —/
3
2a
In[15]: Plot[l-T, {a, 0, 6}];
1
1 3 4 5 6
_1,
_2,
_3,
Solve[1 2% o |
In[16]:= olve -—==0, a
3

out[16]= {{a- %}}
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2a
In[17]:= Solve[l -5 =T -1, a]

out[17]= {{o— 3}}

Solve|[l 2% a1 |
In[18]:= Solve|l- — ==1, a
! 3
out(18]= {{a—0}}

Thus, the system is asymptotically stable if 0 < @ < 3. The system converges steadily on p* =20, if
0 < @ <3/2 and oscillates to equilibrium if 3/2 < @ < 3. Beyond @ = 3 the system gives rise to an explosive
oscillation. To see these alternatives, let @ = {1.2, 2, 3.5}.

In[19]:= Clear[f]

2pa ap?

3 30

In[20]:= f£[p_] :=p+

In[21]:= pathpl = NestList[f, 10, 10] /. a->1.2;

In[22]:= ListPlot[pathpl, PlotJoined -> True,
AxesLabel -> {"t", "p(t)"}, PlotLabel -> "a=1.2"];

p(t) a=1.2
20

18

16

14

4 6 8 10

In[23]:= pathp2 = N[NestList[f, 10, 10]] /. a->2;

In[24]:= ListPlot[pathp2, PlotJoined -> True,
AxesLabel -> {"t", "p(t)"}, PlotLabel -> "a=2"];

p(t) oa=2
20

18

4 6 8 10

In[25]:= pathp3 = N[NestList[£f, 10, 10]] /. a->3.5;
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In[26]:= ListPlot[pathp3, PlotJoined -> True,

AxesLabel -> {"t", "p(t)"}, PlotLabel -> "a=3.5"];

p(t) a=3.5
24

22

20

a Question 3

Let

In[27]:

out[27]

In[28]:

out[28]

In[29]:

out[29]

In[30]:

Oout[30]

In[31]:

Out[31]

In[32]:

Out[32]

-1.85 -10
)

matrixA = ( 0.3 0

{{-1.85, -10}, {0.3, 0}}

sol = Eigenvalues[matrixA]

{-0.925+1.464371, -0.925-1.46437 1}

Re[sol[[1]]]

-0.925

Im[ sol[[1]] ]

1.46437

Re[sol[[2]] ]

-0.925

Im[ sol[[2]] ]

-1.46437

Clear that the real part of the complex conjugate roots is @ = —0.925.

a Question 4

In[33]:

In[34]:

Out[34]

Clear([rhs, p, pe]
pel = Solve[pe[t+1] ==pe[t] + (1 -A) (p[t] -pe[t]), pe[t+1]]

{{pell+t] >p[t] -Ap[t] + Ape[t]}}
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In[35]:= newpel = Collect[pel[[1, 1, 2]], p[t]]
out[35]= (1-A) p[t] + Ape[t]
In[36]:= rhs[i_] := (1-A) p[t-i] + Ape[t-1i]
In[37]:= rhs[i]
out([37]= (1-A)p[-i+t] +Ape[-1+t]
In[38]:= Table[rhs[i], {i, 0, 3}] // TableForm
Out [38]//TableForm=
(1-A) plt] + Apelt]
(L-A) p[-1+t] +Ape[-1+t]
(1-X) p[-2+t] +Ape[-2+t]
(1-X) p[-3+t] +Ape[-3+t]
In[39]:= Collect][
Simplify[(1-2) p[t] +A ((1-A) p[-1+t] +Ape[-1+t])], {p[t], p[t-1]}]
out[39]= (1-X) Ap[-1+t]+ (1-X)p[t] + X2 pe[-1+t]
In[40] := Collect[
Simplify[(1-2A) Ap[-1+t]+ (1-2A)p[t] +A% ((1-2A) p[-2+t] +Ape[-2+t])],
{plt]l, plt-1], pl[t-2]}]
out[40]= (1-2X) XPp[-2+t]+(1-X) Ap[-1+t]+ (1-X)p[t] + X3 pe[-2+t]
In[41]:= Collect[ Simplify[ (1 -2A) )sz[—2+t] + (1-A) Ap[-1+t] +(1-A) p[t] +
A ((1-2) p[-3+t] +Ape[-3+t])], {p[t], P[t-1], p[t-2], p[t-3]}]
out[41]= (1-2) Xp[-3+t]+(1-X) X2p[-2+t] +

(1-2) Ap[-1+t]+ (1-X)p[t] + X pe[-3+t]

This is the same as the expression,

In[42] :=

Out[42]=

3
(1-2) Z)Lkp[t—k] + 2% pe[t - 3]
k=0

(1-2) (BPp[-3+t] +X%p[-2+t] +Ap[-1+t] +p[t]) + ¥ pe[-3+t]

Taking the series to the limit, we have
E; Py =(1=2) ZiZoA* Pl — k]

In[43]:=

Out[43]=

In[44]:=

Out[44]=

Solve[b (2 —1) ==a- E, P]
P P

{{e- 22257}

bep+M

—— /- P> (1-2 ZAkp[t-k]

k=0

M+b (1-A) 55, Apl[t-k]
a+b
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Therefore,
Pr= 2 ()1 =) TR Py

a+b

a Question 5
()

Setting ¥ = ¥ = y, and solving for y; and p, under the assumption of fixed expectations. In what follows we
let ep denote the expression E,_; p;.

In[45]:= solpy = Simplify[Solve[{y==a0+al (m-p), y==yn+bl (p-ep)}, {y, P}]11]

a0bl+al (bl (-ep+m) +yn a0+blep+alm-yn
(bl (-ep+m) +yn) o> P y }}

out45]= {{y - al + bl ’ al +bl

Next we impose the money supply following a systematic component m = 0.
In[46]:= solpy /. {m->pu0}

0bl 1 bl (- 0 0+bl - 1u0
out [46]= {{yﬁa +al (yn+ (-ep+u0)) p%a + ep-yn+alu }}

al +bl ! al + bl
Since,
_ a0-yn al u0 bl E,_ p
Pr= 051 T At al+bl
then

_ a0-yn al u0 bl E,_ p;
Eiv po=2rmr + atebr T atend

a0 +blep-yn+alul

In[47]:= Simplify[Solve[ep == 21251 , ep]]
out[47]= {{ep- aO—yr;+1uOH
or

Eiypi= (%)"'ﬂo
Substituting this into the solution for y, we obtain
Tn[48]:= Simplify|

Solve[{ . a0bl +al (3:;-:1;];-(—ep+u0)) , ep == aO—yr;i-aluO }, v, ep}]]

Oout[48]= Hy%yn, ep - W}}
(i)
In[49]:= solpy /. {m->pu0+z}
Out[49]= {{y N a0bl+al (yna+1b+1b(1—ep +z+u0)) oo a0 +blep ;lyilglal (z +u0) }}

E, | p; is as before since E;_| z; = 0.
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Tn[50]:= Simplify|

a0bl +al (yn+bl (-ep+ 2z +u0)) a0 -yn+alpu0

Solve[{y== 21 :b1 ,eP==T—}, {y, eP]’]]

alyn+blyn+alblz a0 -yn+al u0
Yy Yy ep > Y H }}

out [507= {{y- 2l + bl ’ al

Or,

alblz

Ye=ynt St
Income deviates from its natural level only in so far as changes in the money supply are unexpected.

a Question 6
1)

Since,
rq= m?x {x(e)—a)t—w—sq+q'}
and
w=b+(r+s+h(g, e)(b/A)
then
rg=x(e)—b—-sq+qg-—miny{ad+ (r+s+h(g,e)(b/A)}
Consequently the value of A which maximises r g is that which minimises the expression in curly braces. Let
this be denoted z. Then,

b
In[51]:= z=aA+ (r+s+h[qg, e]) —i-

b(r+s+h[qg, e])
A

out[51]= a A+

In[52]:= D[z, A]

b(r+s+h[qg, e])
2

Out[52]= a -

In[53]:= D[z, {A, 2}]

2b (r+s+h[qg, e])
3

Out[53]=

This last expression is positive. So the result of setting the first derivative to zero gives a minimum.

In[54]:= Simplify[Solve[D[z, A] ==0, A]]

outrsaj= {{ao o (rrsshlayel) 3, Vo (r+s:hig el) y)

Va

Ignoring the negative value of A, then
1

A= () [r+s+hig, o)

(i)
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] ] b /b
In(55]:= Simplify[Solve[ {w==b+ (r+s+h[q, e]) S 2= T Vr+s+h[q, e] }oogw, 23] ]

Out[55]= {{w»b+a l% Vr+s+h[qg, e], A> l% Vvr+s+h[qg, e]}}

Or,

1

w=b+@b)[r+s+hq, el

To solve for profit (g, e) we note that,
1

n(q, e) =MRPL—w:x(e)—al—b—(ab)%[r+s+h(q, e)]7

In[56]:= Clear([x]

’b
In[57]:= Simplify[x[e] —a[ — Vr+s+hlq, e]
a
[ b
a = +vab
1

(g, e)=x(e)—b-2(a b)%[r+s + h(q, e)]T.

Vr+s+h[qg, e] +x[e]

Out[57]= -b -

Hence,

a Question 7
Q)
In[58]:= Clear[m, u, v, e, q, h, c]

In[59]:= Solve[{m:: ‘Vauv, % ==c}, {m, v}]

4/3 ,4/3 | 1/4 4/3 ,1/3
_ 9 u 9 u
out[59]= {{m- (404/3 ) PV S H
1/4 1/3 44/3 ,1/3
(~1)1/3 g4/3 u4/3 (=1) q?/3u
{m- {’ c4/3 P Vo c4/3 b
1/4 2/3 L4/3 ,1/3
(*l>2/3 q4/3 u4/3 (71) q u
{m% { ca/3 0 RYYE H
Taking only the postive value for v, we have
EA
v= (L)% us.
(i1)
Since,
11 31 4
h(q,e)z@z(uTvT)/uzuTvT, vz(%)"u?, u=1-e

then 4(q, e) is equal to

-b-+Yab Vr+s+h[qg, el ]
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In[60]:= h[q, e] = Simplify[(1-e) 3/ (q/c)3 (1 -e)/*?]
<&)1/3

out[60]= m

(iii)

In(6l]:= D[h[q, e], q]

1

Out[61]=
3c(l-e)?? (4)

2/3

In[62]:= D[h[q, e], e]

2 (2)l3
Oout[62]= ——E&————
u 3(1-¢)°°

which are both positive.
(iv)

Since,
e=(1-eh(g,e)—se
then

In[63]:= edot = (1-e) h[g, e] -se

1/3
Out[63]= (1fe)1/3(%) -es

In[64]:= Simplify[Solve[edot ==0, q]]

ceds?

out[64]= {{q%— - }}

a Question 8
In[65]:= Clear[m, u, v, e, ¢, q]
(1)

Given,
m=vuv and (Z)g=c

and noting that u = 1 — e, then

In[66]:= Simplify[Solve[{(Vuv /u) g==c, u== l—e}, {v, u}]]

c? (-1 +e)

out [66]= {{Va— 7

, uel—e}}

Hence,
v=(1-¢e) (%)2

(i)
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In[67]:= Simplify[Solve[{h == ,ﬁ ,v==(1-e) (E) }, {h, v}]]
2 2 (-1
Oout[67]= {{h% l% , v%—%}}

Thus, A(q, €) = (c¢/q) and is independent of e.

a Qu
In[68]:

In[69]:

estion 9
= Clear[a, s, 8, A, 6, n, x]
- kdot=sakP- (n+6)k

General::spelll
Possible spelling error: new symbol name "kdot" is similar to existing symbol "edot".

out[69]= akPs-k (n+06)
In[70]:= kdotO =kdot /. {a->2,s->0.2, 3->0.25, A ->0.05, 6§6->0.03, n->0.02}
out[70]= 0.4%k°?°-0.05k
In[71]:= NSolve[kdotO == 0, k]
out[71]= {{k->0.}, {k>16.}}
Since,
x:yr%, y:f(k):akﬁ f’(k):ﬁakﬁ‘1
then
-1
In[72]:= Solve[x == akB r7, r]
at k4B
out(72]= {{r-> =—73—1}}
a4 k4[3
In[73]:= xdot = (ﬁak3'1+l—6—n——4] x
X

Oout[73]

In([74]:

Out[74]

In[75]:

Out[75]

General::spell :

Possible spelling error: new symbol name "xdot" is similar to existing symbols {edot, kdot}.

4148

por +ak’1*/3/3—6+)t)

= xdotO0 =xdot /. {2a->2,s->0.2, 3->0.25, A ->0.05,6->0.03, n->0.02}

General::spelll
Possible spelling error: new symbol name "xdotO" is similar to existing symbol "kdotO".

0.5 16 k-
= [0y - )
0.5 16 k!-
= NSolve[— - — ==0, x]
k0.75 x4

= {{x->-2.37841k7/**}, {x—> (0. -2.378411) k'/t°},
{x> (0.+2.378411) k"/*®}, {x—>2.37841k"/'%}}
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The only positive real solution for x is x = 2.37841 k”/1¢ = 2.37841 k04375,

In[76]:= NSolve[{x ==2.37841k°% 3>, k ==16}, {k, x}]

out[76]= {{k—->16., x=>7.99999}}

Equilibrium k is shown by the intersection of s f (k) and (n + 0) k.

In[77]:= initdiag = Plot[{0.05k, 0.4k° 25}, {k, 0, 30}, AxesLabel -> {"k", "y"}1;

y

k

5 10 15 20 25 30

The dynamics are shown by the direction-field diagram. In plotting this we first derive the isoclines and plot

these along with the equilibrium point. These are then superimposed on the direction-field diagram. It is

important when displaying the direction field to include the option ScaleFunction->(1&). What this does is

make all vectors of equal length.

In[78]:= xdot0 = Plot[2.37841k°*375, {k, 0, 40}];

12+

10+

In[79]:= lineptO =

Graphics[{Line[{{16, 0}, {16, 12}}], PointSize[0.02], Point[{16, 8}1}1]";
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In[80]:= isoclinesO = Show[linept0O, xdot0, Axes -> True, AxesLabel -> {"k", "x"}];

X

12
10
8
6
2
10 20 30 40k
. . 0.5 16k
Tn[81]:= f£ield0 = PlotVectorField[{0.4k%?°-0.05k, (k—O;S- - —4—) x}, {k, 0.1, 40},
{x, 0.1, 12}, Frame -> True, ScaleFunction -> (1 &), AspectRatio -> .8] ;
N N
1R IR IR IR IR A O SN I
A T
210 S A A S T S B
gl ;;;;1\'///////
T T S S S A A
SO S T T T S S S A A
- vy R I A
/ vy Yooy
4 . r Y vYoy i
2ty g
f
..
0 10 20 30 40

In[82]:= Show[isoclinesO, fieldO];

X

T N
R A N NN -
A NN S
A N N S
8;;;;*\';r/rr/r
T Y OF F F F F F F ¥
N A
L S S A AR AR A
4 \
Jy RIS
L T e s T S A T P A B

(i) Rise in s from 0.2 to 0.3

In[83]:= kdotl =kdot /. {a->2,s->0.3, 3->0.25, A ->0.05, 6->0.03, n->0.02}

out[83]= 0.6k%2>-0.05%k

In[84]:= NSolve[kdotl == 0, k]

out[84]= {{k->0.}, {k>27.4731}}
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In[85]:= xdotl =xdot /. {a->2,s->0.3, 3->0.25, A ->0.05, 6->0.03, n->0.02}

General::spelll
Possible spelling error: new symbol name "xdotl" is similar to existing symbol "kdotl".

u = . 0. - X
Out[85] (O + > 16k )

k0.75 ~ T x4
0.5 16 k-
In[86]:~ NSolve[—— - o =20, x|
k0-75 x4

out[86]= {{x—--2.37841k"/1%}, (x> (0.-2.378411) k'/*°},
{x— (0.+2.378411) k7/'®}, {x—>2.37841k"/1°}}

Which is the same isocline for x = 0.

In[87]:= NSolve[{x == 2.37841k° %375, k == 27.4731}, {k, x}]

out[87]= {{k—->27.4731, x—>10.1347}}

In[88]:= diagl = Plot[{0.05k, 0.4k%2?5, 0.6k% 2%}, {k, 0, 40}, AxesLabel -> {"k", "y"}]:

y
2

10 20 30 40

In[89]:= lineptl =
Graphics[{Line[{{16, 0}, {16, 12}}], Line[{{27.4731, 0}, {27.4731, 12}}],
PointSize[0.02], Point[{16, 8}], Point[{27.4731, 10.1347}1}1:

In[90]:= isoclinesl = Show[lineptO, lineptl, xdotO,
Axes -> True, AxesLabel -> {"k", "x"}, PlotLabel -> "Rise in s"];

X Rise in s
12

10 r/////////Ar///////////
8

10 20 30 40
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0.5 l6k

Tn[91]:= fieldl = PlotVectorField[{0.6k%?°-0.05k, (k—O;S- -—
. X

)x}, {k, 0.1, 40},

{x, 0.1, 12}, Frame -> True, ScaleFunction -> (1 &), AspectRatio -> .8] ;

l2fffffffff%\\v<
R RARESS
A I

SR S N B N PR £
AR A 2N AN T A A A4

8'ff//, \% ‘%‘/
f//,\‘\¥% voror

NI Uy Yoot
i AR TR T vy
Y AN T T oo

RSERRER *

2l vy ]
B

Ow ]
0 10 20 30 40

In[92] := Show[isoclinesl, fieldl];

X Rise in s

12**ffffff**\\‘

SRERRE AR RS
ff;ii%&fﬂrr
TRV i SN L A
LR AR [ A A/
RSt R IARRE
i AT R T AT Y
VYN

il

VOV gt T S B T T

Note that a rise in s shifts only s (k) in (k,y)-space and only the & = 0 isocline in (k,x)-space.
(i1) A rise in n from 0.02 to 0.03

In[93]:= kdot2 =kdot /. {a->2,s->0.2, 3->0.25, A ->0.05, 6->0.03, n->0.03}

out[93]= 0.4%k°?°-0.06%k

In[94] := NSolve[kdot2 == 0, k]

out[94]= {{k->0.}, {k>12.5471}}

In[95]:= xdot2 =xdot /. {a->2,s->0.2, 3->0.25, A->0.05,6->0.03, n->0.03}

General::spelll :

Possible spelling error: new symbol name "xdot2" is similar to existing symbol "kdot2".

0.5 16 k!

out(95]= (-0.01+ 1555 - —g—) x
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0.5 16 k!
In[96] := NSolve[ —0.01+W—_4 x==0, x]
. X

{{X% (4.47214 +4.47214 1) k7/16 {X% (4.47214 -4.47214 1) k7/16
B ’ B 1/4
(-50. + 1. k3/4) /4 (=50. + 1. k3/%)
{X% (4.47214-4.47214 1) k7/16 } {X% (4.47214 + 4.47214 1) k7/16 }
(=50. + 1. k3/4)1/% ’ (-50. + 1. k3/4)/4

Out[96]=

14

(4.47214 + 4.47214 1) k7/16
In[97]:= NSolve[{x == , k== 12.5471}, {k, x}]
(-50 + k3/4)1/4

. 7/16
out[97]= NSolveHx == (4‘472:4554':37/5)13/3) K , k==12.5471}, {k, x} |
- +

In[98]:= diag2 = Plot[{0.05k, 0.06k, 0.4k° 2%}, {k, 0, 40}, AxesLabel -> {"k", "y"}1;

y

k
10 20 30 40

(4.47214 + 4.47214 I) k04375

In[99]:= xdot2 = Plot| , {k, 0, 40}];

(-50 + k0-75)0-25

10 20 30 40

In[100]:= linept2 = Graphics[{
Line[{{16, 0}, {16, 12}}],
Line[{{12.5471, 0}, {12.5471, 12}}], PointSize[0.02],
Point[{16, 8}], Point[{12.5471, 7.45483}]
H
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In[101]:= isoclines2 = Show[lineptO, linept2, xdotO, xdot2,
Axes -> True, AxesLabel -> {"k", "x"}, PlotLabel -> "Rise in n"];

Rise in n

12
. Y/////////////////////
: =
6
4
2
k
10 20 30 40

In[102]:= field2 =

0.5 l6k

PlotVectorField[{0.4k%?*-0.06k, (-0.01 e
. X

)x}, {k, 0.1, 40},

{x, 0.1, 12}, Frame -> True, ScaleFunction -> (1 &), AspectRatio -> 0.8] ;

12+

10+

-V A T v _ e

e
- A e
- % % 4 o v v
- w—w_ % M 4 4 7

—-
B e A e o

- e, e
- - - - - % M A 4 4
-~ - ww_ v % % b A 4
- - - % % W b A
- - - ~_w_ T % % W b A

- - - - - % % M b
| - < v % % % M b

o
L -

w L
o
IS
o

20

= L
o

0
In[103]:= Show[isoclines2, field2];

X Rise in n

4 Yoy - -
SERRR =
o S TR IR IR N NS R
SR AR A
b4 blr v or
Pl HIRRERRRRY
V]
4 AR vorot oo o
i} ]w SRR
a8 BERES
VOV o g V¥ dggr ¥t g F

Note that a rise in # shifts only (n + 0) k in (k,y)-space but shifts both isoclines in (k,x)-space.

(iii) A rise in technology (a rise in a from 2 to 5)
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In[104]:

kdot3 =kdot /. {a->5,s->0.2, 3->0.25, A ->0.05, 6§6->0.03, n->0.02}

out[104]= 1.%k%?5-0.05k

In[105]:= NSolve[kdot3 ==0, k]

out[105]= {{k—>0.}, {k—>54.2884}}

In[106]:= xdot3 =xdot /. {a->5,s->0.2, 8->0.25, A ->0.05, 6§6->0.03, n->0.02}

General::spelll :
Possible spelling error: new symbol name "xdot3" is similar to existing symbol "kdot3".

1.
Out[106]= (O.+ 1.25 ﬁ)x

k0.75 %4
1.25 625k
In[107]:= NSolve[—— - —— ==0, x]
kO0.75 x4

out[107]= {{x->-4.72871k"*%}, {x—> (0.-4.728711) k7/*%},
{x-> (0.+4.728711) k"/*®}, {x—>4.72871k"/'¢}}

In[108]:= NSolve[{x ==4.72871k"/% k == 54.2884}, {k, x}]

Out[108]= NSolve[{x ==4.72871k"/%%, k==54.2884}, {k, x}]

In[109]:= diag3 = Plot[{0.05k, 0.4k°25, k°23}, {k, 0, 60}, AxesLabel -> {"k", "y"}];

k

10 20 30 40 50 60

In[110]:= xdot3 = Plot[4.72871k° 375, {k, 0, 60}];

10 20 30 40 50 60

In[111]:= linept3 = Graphics[{
Line[{{16, 0}, {16, 30}}],
Line[{{54.2884, 0}, {54.2884, 30}}], PointSize[0.02],
Point[{16, 8}], Point[{54.2884, 27.1442}]
1
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In[112]:= isoclines3 = Show[lineptO, linept3, xdot0, xdot3, Axes -> True,
AxesLabel -> {"k", "x"}, PlotLabel -> "Rise in technology"]:;

Rise in technology
30

25
20
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- —

10 20 30 40

Tn[113]:= field3 = PlotVectorField[{k’?°-0.05k, (

{x, 0.1, 30}, Frame -> True, ScaleFunction-> (1 &), AspectRatio -> 0.8] ;

50
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In[114]:= Show[isoclines3, field3];

X Rise in technology
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Note that a rise in technology shifts only s f'(k) in (k,y)-space but shifts both isoclines in (k,x)-space.

a Question 10

This is a continuation of the previous question and we shall identify all plots with the number 4.
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In[115]:= kdotd =kdot /. {a->2,s->0.2, 3->0.25, A ->0.06, §->0.03, n->0.02}

out[115]= 0.4k%°?>-0.05k

In[116]:= NSolve[kdotd == 0, k]

out[116]= {{k—>0.}, {k>16.}}

In[117]:= xdot4d =xdot /. {a->2,s->0.2, 3->0.25, A ->0.06, 6->0.03, n->0.02}

General::spelll :
Possible spelling error: new symbol name "xdot4" is similar to existing symbol "kdot4".

0.5 16 k!
out[117]= (0.01+ 5o - =g — | x
0.5 16k
In[118]:~ NSolve[0.01+ ——— - —— == 0, x|
k0.75 x4

{{Xﬁ 6.32456}{7/16} {X% (0. +6.32456 1) k7/16

out[118]= B - ,
(50. + k3/4) /4 (50. + k3/4) /4
(0. +6.324561) k7/® 6.32456 k7/16
{x- 173 o {xo )
(50. + k3/4) (50. + k3/4)

6.32456 k04375
Tn[119]:= NSolve[{x== —————— k == 16}, {k, x}]
(50 +k0-75)0-25

out(119]= {{k—>16., x> 7.70861}}

Since a change in A affects neither (n + 0) k nor s f(k), then there is no change to equilibrium %, and the
diagram in (k,y)-space remains unaffected. However, we do note that the x = 0 isocline shifts.

6.32456 k04375

Tn[120] := xdotd = Plot| ————————
(50 + k0-75)0-25

, {k, 0, 30}];

10

5 10 15 20 25 30

In[121]:= linept4 = Graphics[{
Line[{{16, 0}, {16, 12}}],
PointSize[0.02], Point[{16, 8}], Point[{16, 7.70861}]
I
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In[122]:= isoclines4 = Show[lineptO, linept4, xdotO, xdot4,
Axes -> True, AxesLabel -> {"k", "x"}, PlotLabel -> "Rise in A"];

X Rise in A
12
10
8
6
4
2
k
10 20 30 40
In[123]:= field4 =
PlotVectorField[{0.4k%?-0.05k, (o.o1+ 95 ﬁ) x}, {k, 0.1, 40},
k0.75 x4
{x, 0.1, 12}, Frame -> True, ScaleFunction -> (1 &), AspectRatio-> 0. 8] ;
bttt A
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In[124]:= Show[isoclines4, field4];
X Rise in X
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The rise in A shifts the x = 0 isocline down, equilibrium % remains at 16 while equilibrium x falls from 8 to 7.7.
The economy's trajectory, therefore, is vertically down from one equilibrium to the other.
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a Question 11

In[125]:= Clear[AA, BB, CC, DD, EE, FF, G, H, J]

= (i) and (ii)

-a (a+i0+gqg)
In[126]:= AA = +ayn
1-b(1-t) + (kh/u)
(a+g+10) a
Out[l126]= - a
uelize] 1-b(1-t)+ 22 ¥
-a (h/u)
In[127]:= BB =
1-b(l-t)+ (kh/u)
ha
out[127]= - -
(L-b(1-t)+2k)y
-ah
In[128]:= CC = -1

1-b(1-t)+ (kh/u)
ha
1-b(1-t)+ 2k

u

Out[128]= -1 -

In[129]:= parameters = {a-» 100, b->0.8, i0 > 600, yn-» 3000,
g-»525,t-»0.25, k-»0.25, h-»> 2.5, u»5, a-»0.2, 8-50.05}
Oout[129]= {a—->100, b->0.8, i0 > 600, yn—> 3000, g-> 525,
t—->0.25, k>0.25, h->2.5, u>5, a->0.2, 3->0.05}
In[130]:= AA /. parameters

Out[130]= 133.333

In[131]:= BB /. parameters

Out[131]= -0.190476

In[132]:= CC /. parameters
Out[132]= -1.95238
In[133]:= Simplify[Solve[0 ==133.333-0.190476ms -1.95238pie, pie]]
out[133]= {{pie > 68.2925-0.0975609ms}}
a a+1i0+
In[134]:= DD = B 9) -afyn
1-b(1-t)+ (kh/u)
(a+g+10) af
Out[134]= - a
e N RS g T P
ap (h/u)

In[135]:= EE =
1-b(1-t)+ (kh/u)
hap
(1-b (1-t)+2E)yqy

u

Out[135]
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afSh
In[136]:= =
1-b(1-t)+ (kh/u)
out[136]= hoB -
1-b(1-t)+ 2L
In[137]:= DD /. parameters

Out[137]= -6.66667

In[138]:= EE /. parameters

Oout[138]= 0.00952381

In[139]:= FF /. parameters

Oout[139]= 0.047619

In[140]:= Simplify[Solve[0 = -6.66667 +0.00952381ms + 0.047619 pie, pie]]

Oout[140]= {{pie—->140.-0.2ms}}

In[141]:= Solve[{0 ==133.333-0.190476ms -1.95238pie,
== -6.666670+0.00952381ms + 0.047619 pie}, {ms, pie}]

out(141]= {{ms - 700.002, pie »-0.00026}}
i.e., equilibrium values are (ms*, 7¢) = (700, 0).

In[142]:= mA = {{-0.190476, -1.95238}, {0.00952381, 0.047619}}

out[142]= {{-0.190476, -1.95238}, {0.00952381, 0.047619}}

In[143]:= Tr[mA]

out[143]= -0.142857

In[144]:= Det[mA]

Out[144]= 0.00952382

In[145]:= Eigenvalues[mA]

Oout[145]= {-0.0714285+0.06649651, -0.0714285-0.06649651}

In[146]:= Eigenvectors[mA]

out[146]= {{0.99757+0.1i, -0.0608274-0.03397641},
{0.99757+0.1, -0.0608274+0.03397641}}

m (iii)

(k/u) (a+i0+gqg)

In[147]: G =
1-b(1-t)+(kh/u)

(a+g+10) k
(1-b(1-t)+8E)qy

u

Out[147]=
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(h/u) (k/u) 1
In[148]:= = -
1-b(l1-t)+ (kh/u) u
out[148]= hk L
(1-b (1-t)+2Eyuz u

u

(kh/u)

In[149]: J =
1-b(1-t)+ (kh/u)

h k
(1-b (1-t)+2E)q

u

Out[149]=

In[150]:= G /. parameters

Out[150]= 116.667

In[151]:= H /. parameters

Out[151]= -0.152381

In[152]:= J /. parameters

Out[152]= 0.238095

In[153]:= Simplify[Solve[0 = 116.667 - 0.152381ms + 0.238095 pie, pie]]

out(153]= {{pie —»-490.002+0.640001ms}}

In[154]:= dfield = PlotVectorField[{133.333-0.190476ms -1.95238pie,
-6.66667 +0.00952381ms + 0.047619 pie}, {ms, 600, 800},
{pie, -5, 5}, Frame -» True, PlotPoints » 20, AspectRatio-» 1,
DisplayFunction » Identity, ScaleFunction- (1&)];
In[155]:= sol = NDSolve[{ms'[t] ==133.333-0.190476ms[t] -1.95238pie[t],

pie'[t] == -6.66667 + 0.00952381 ms[t] + 0.047619pie[t],
ms[0] == 625, pie[0] == 0}, {ms, pie}, {t, O, 100}]

Out[155]= {{ms - InterpolatingFunction[{{0., 100.}}, <>],
pie -» InterpolatingFunction[{{0., 100.}}, <>]}}

In[156]:

traj = ParametricPlot[Evaluate[{ms[t], pie[t] } /. sol,
{t, 0, 100}, PlotPoints -» 500] , DisplayFunction -» Identity,
PlotStyle » {RGBColor[l, 0, 0], Thickness[0.01]}];

In[157]:= lines = Plot[{68.2925-0.0975609ms, 140-0.2ms},
{ms, 600, 800}, PlotRange » {-5, 5}, DisplayFunction -» Identity,
PlotStyle » {{RGBColor[0, O, 1], Thickness[0.007]},
{RGBColor[0, 0, 1], Thickness[0.007]}}];
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In[158] := Show[dfield, traj, lines, AxesLabel -» {"ms", "n®"},
PlotRange -» {-5, 5}, DisplayFunction - $DisplayFunction] ;
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a Question 12

= (i)

Since
Szﬂ—ﬂﬁ—/l%then

P M P
Ln(S)=Ln(Q))+m—p
=LnA)—an
since n° =1
Hence
Ln(S) = Ln(A)) —a A

m (i)
In[159]:= Solve[D[Log[A] -~a A, A] =0, A]

1
out[159]= {{A% EH



