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1 Motivation 

 

Exercise 1.1.1  The distance between adjacent atomic layers in a nickel crystal is 

102.03 10d −=  meter. An electron beam is scattered from the face of the crystal at an angle, 

45o

in = . Given the electron mass, 
319 10m −=   Kg, calculate the kinetic energy for the three most 

resolved maxima in the reflected flux at 45o

out =  (see Figs. 1.1.1 and 1.1.2). 

Solution 1.1.1  

The best resolved maxima are the ones for which 1 1( ) /n n n  + +−  obtains maximal values, namely, 

1,2,3n = . Using Eqs. (1.1.2 ,1.1.3) and the momentum-energy relation, 

2

2

n
n

p
E

m
= , we obtain 

2 2 2 2

2 2 2 22 2 (2 sin( ) / ) 8 sin ( )
n

n in in

h h h n
E

m m d n md  
= = = . For 45o

out = , 
102.03 10d −=  meter, and  

319 10m −=   Kg, using 
346.626 10h −=  secJoul  , we obtain 1 18.5E = , 2 74E = , 3 166.5E =  eV. 

 

Exercise 1.1.2 In the “classical world”, the de-Broglie wavelength is typically much smaller 

than the characteristic length-scale of the system under consideration. Consider for example a tennis 

ball at a mass 0.058m =  Kg, flying at a typical serving-velocity, i.e., 50 meter/sec. What is the 

associated de-Broglie wavelength? How does it compare with the length of a tennis court (24 meter), 

or with the diameter of the ball itself (6.7 cm)?  

Solution 1.1.2 

 The particle’s de-Broglie wavelength reads / ( )h mv = . Using 0.058m =  Kg, v=50 meter/sec, 

346.626 10h −=  secJoul  , we obtain  
34 34/ (0.0 06.626 10 58 5 ) 2.28 10 − −=  =   meter, which is 

by far smaller than the length of a tennis court (24 meter) or the diameter of the ball itself (0.067 meter).  
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2 The State of a System 

 

Exercise 2.3.1 The probability density of finding a point particle along the x-axis at a certain 

time is given by 

2
0

2

( )

2( )

x x

x e  
−

−

= . (a) What is the most probable position for this particle (Does it 

depend on the value of  ?). (b) Determine the value of  for which the probability density is 

normalized, recalling that 
2ye dy 



−

−

−

= . (c) The average position associated with a probability 

density, ( )x , is defined as ( )x x x dx
−

−

  . Calculate the average position of the given point 

particle. (d) The corresponding standard deviation in the position probability distribution is defined as 

22x x x  − . Calculate the standard deviation in the position of the given point particle.   

Solution 2.3.1   

(a) The most probable place for the particle is where the probability density distribution obtains its 

maximal value. A necessary condition for a maximum read  ( ) 0
d

x
dx

 = , from which follows in the 

present case, 

2
0

2

( )

2
0 2

2
( ) 0

2

x x

x x e 




− −

− − = . This is satisfied for, x → , where the probability density 

is minimal (vanishes), as well as for 0x x= , which is the most probable place for the particle. As we 

can see, the result does not depend on  , as “most probable” is a relative term, independent of the 

wave function normalization. 

 (b) Using the given integral, we obtain 

2 2
0

2 2

( )

22 2 2

x x y

e dx e dy   
−− −

− −

− −

= =  . Setting, 

21/ 2  = a normalized distribution is obtained, namely ( ) 1x dx
−

−

= .    

(c) Using the normalized distribution, we obtain  

2 2 2
0 0 0

2 2 2

( ) ( ) ( )

2 2 2
0 0

2 2 2

1 1 1
( )

2 2 2

x x x x x x

x xe dx x x e dx x e dx  

     

− − −− − −
− − −

− − −

= = − +    
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22
0

2 2

( )

2 2
0 0

2 2

1 1

2 2

x xy

ye dy x e dx x 

   

−−− −
−

− −

= + =   . 

(d) The average value of 
2x  reads  

2 2
0 0

2 2

2 2
0 0

2 2

( ) ( )

2 2 22 2
0

2 2

( ) ( )

2 2 2
0 0

2 2

1 1
( )

2 2

1 1
2

2 2

x x x x

x x x x

x x e dx x x e dx

x e dx x xe dx

 

 

   

   

− −− −
− −

− −

− −− −
− −

− −

= = −

− +

 

 

 

2
0

2

( )

2 22
0 0

2

1
( )

2

x x

x x e dx x

 

−−
−

−

= − +    . 

Since 0x x= , we have  

2
0

2

( )
22 2 2

0
2

1
( )

2

x x

x x x x e dx

 

−−
−

−

− = − . Changing integration 

variable, 
21/ (2 )z = , we finally obtain 

  

2
0

2 z( )2

2

1

2

x xd
x x e dx

dz 

−

− −

−

−
− =   

6 2

32 2 2

1 1 1 1 1
8

2 22 2 2

d

dz z z

 
  

     

−
= = = = , 

where 
22x x x  = − = . 

 

Exercise 2.3.2 The state of a particle is described as a “superposition of wave functions”, 

namely ( ) ( )
1

n n

n

x c x 


=

= , where { nc } are given  scalar expansion coefficients, and { ( )n x } is a 

given set of “orthonormal wave functions,” namely, ( ) ( )* 0

1
m n

m n
x x dx

m n
 



−


= 

=
  . Normalize 

( )x . (Express the normalized wave function in terms of the given expansion coefficients.)  

Solution 2.3.2  
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Given, ( ) ( )
1

n n

n

x c x 


=

= , we also have ( ) ( )* * *

1

m m

m

x c x 


=

= . The normalization integral, 

( ) ( )* x x dx 


−

 ,  therefore  reads  

( ) ( ) ( ) ( )* * * * 2

1 1 1 1 1

| |m m n n m n m n m

m n m n m

c x c x dx c c x x dx c   
     

= = = = =− −

= =     , 

where in the last step we used the orthonormality of the set of functions. The normalized wave function 

is therefore: 

( ) ( )
1 2

1

| |

n
n

n

m

m

c
x x

c

 



=

=

=


. 

 

Exercise 2.3.3 An isolated hydrogen-like atom is composed of a nucleus with Z protons and a 

single electron. At the minimal energy state of the atom, the probability density for finding the electron 

at a given position reads 02 /
( )

Zr a
e  −

=r ; | |r = r , where r is the three-dimensional vector of the 

relative position between the nucleus to the electron, and 0 0.0529a =  nm is the Bohr radius. Show 

that the most probable distance between the electron and the nucleus in this state is 0 /a Z . What is the 

probability density of finding the electron at the most probable distance, r , in this state? 

Solution 2.3.3  

Since the probability density depends only on | |r = r , it is convenient to use spherical coordinates:  

2

sin( )cos( )

sin( )sin( )

sin( )sin( )

dxdydz sin( )drd

x r

y r

z r

r d

 

 

 

  

=

=

=

=

               

                                       

Notice that ( ) ( )r r  does not depend on ( , )  , while the normalization integral over the three-

dimensional space reads  

2

2 2

0 0 0 0

sin ( ) 4 ( )d d drr r r r dr

 

    
 

=    . To calculate the most 
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probable distance we must account also for the volume element, 
24 r , and search for " "r  which 

maximizes 
24 ( )r r  , namely 

0 0 02 / 2 / 2 /2 2

04 4 2 4 2 / 0
Zr a Zr a Zr ad

r e re r Z a e
dr

  − − −
= − = , 

 which yields 
2

0/r r Z a= , and therefore 0r =  or 0 /r a Z= . Clearly, 0r =  is a point of minimum, 

whereas 0 /r a Z=  is a maximum.  

To calculate the probability density of finding the electron at the most probable distance (within an 

interval dr ), we must first normalize the probability density. Using the integral,  

0 0

2
2 / 2 /2 2 2

0 2

0 0 0

2
2 3 30

0 0 02 2 3

4 ( )d 4 d d

1 1
2

Zr a Zr ad
r r r r e r a e r

dZ

ad d
a a a

dZ Z dZ Z Z

     

     

  

− −
= =

−
= = =

  

 , 

we find that the value of   for which the probability distribution is normalized, namely 

3

3

02

Z

a



= . 

Consequently, the probability density of finding the electron at the most probable distance from the 

nucleus reads 0

0

3
2 /2 2

/3

0 0

|
2 2

Zr a

r a Z

Z Z
r e e

a a 

− −

= = . 
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3 Observables and Operators 

 

Exercise 3.1.1 Write explicit expressions for the following commutators: [sin , ]
d

x
dx

, 

1
[ , ]

d

x dx
,

2

2
[ , ]

d d

dx dx
. 

Solution 3.1.1 

Operating on a generic function ( )f x , we obtain 

( ) ( ) ( )
[sin , ] ( ) sin sin ( ) sin cos( ) ( ) sin

cos( ) ( )

[sin , ] cos( )

d df x d df x df x
x f x x x f x x x f x x

dx dx dx dx dx

x f x

d
x x

dx

 

2

2

2

1 1 ( ) 1 1 ( ) ( ) 1 ( )
[ , ] ( ) ( )

( )

1 1
[ , ]

d df x d df x f x df x
f x f x

x dx x dx dx x x dx x x dx

f x

x

d

x dx x

 
=  −  =  + −  

 

=

 =

 

2 2 2 3 3

2 2 2 3 3

( ) ( ) ( ) ( )
[ , ] 0

d d d d f x d df x d f x d f x

dx dx dx dx dx dx dx dx
 

2

2
[ , ] 0

d d

dx dx
. 

 

Exercise 3.1.2 Verify the following identities for any linear operators ( Â , B̂ , Ĉ ):  

ˆ ˆˆ ˆA,B B,A   =−
     ;  ˆ ˆ ˆ ˆ ˆˆ ˆA,B+C A,B A,C     = +

       ; ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆA,BC A,B C B A,C     = +
      .   

Solution 3.1.2  

(i) 

( )ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆA,B A B BA= BA A B B,A   = − − − = −
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(ii) 

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆA,B+C A B+C B+C A AB+AC BA CA A B BA+ AC CA

ˆ ˆ ˆˆ[A,B]+[ A,C]

  = − = − − = − −
 

=

  

(iii) 

( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆA,BC A BC BCA=A BC BCA BAC BAC

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ=A BC BAC BAC BCA= A B BA C B AC CA

ˆ ˆ ˆ ˆˆ ˆA,B C B A,C

  = − − − +
 

− + − − + −

   = +
   

 

 

Exercise 3.1.3 The operators: Â ; B̂ ; Ĉ  ; D̂  are defined by the results of their operation on 

any function ( )f x :  Â ( ) ( )nf x x f x=  ; B̂ ( ) ( )
d

f x f x
dx

= ; ( )Ĉ ( ) sin ( )f x f x= ; D̂ ( ) ( )f x f x= . 

Which ones are linear?  

Solution 3.1.3 

By definition, an operator Ô  is linear if 1 1 2 2 1 1 2 2
ˆ ˆ ˆ[ ( ) ( )] ( ) ( )O a f x a f x a Of x a Of x+ = +  for any scalars 

1 2,a a  and functions 1 2( ), ( )f x f x . This trivially holds for the given Â  and B̂  but does not hold for 

Ĉ  and D̂ , which are non-linear operators,  

1 1 2 2 1 1 2 2 1 1 2 2

1 1 2 2

sin[ ( ) ( )] sin[ ( )]cos[ ( )] cos[ ( )]sin[ ( )]

sin[ ( )] sin[ ( )]

a f x a f x a f x a f x a f x a f x

a f x a f x

+ = +

 +
 

1 1 2 2 1 1 2 2( ) ( ) ( ) ( )a f x a f x a f x a f x+  + . 

 

Exercise 3.1.4 Given that Â  and B̂  are linear operators, show that ˆ ˆ ˆC AB  and 

ˆˆ ˆD A B  are also linear operators.  

Solution 3.1.4  

(i) Using first the linearity of B̂ , and then the linearity of Â , we obtain  

1 1 2 2 1 1 2 2
ˆ ˆˆ ˆ ˆ[ ( ) ( )] [ ( ) ( )]AB a f x a f x A a B f x a B f x+ = +  
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1 1 2 2
ˆ ˆˆ ˆ( ) ( )a AB f x a AB f x= +    . 

(ii) Using the linearity of B̂  and Â  independently, we obtain  

1 1 2 2

1 1 2 2 1 1 2 2

1 1 1 1 2 2 2 2

ˆ ˆ[ ] [ ( ) ( )]

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆˆ ˆ( ) ( ) ( ) ( )

A B a f x a f x

a A f x a A f x a B f x a B f x

a A f x a B f x a A f x a B f x

+ +

= + + +

= + + +

 

1 1 2 2
ˆ ˆˆ ˆ[ ] ( ) [ ] ( ))a A B f x a A B f x= + + +  . 

 

Exercise 3.1.5 D̂  is a linear differential operator, and   and   are two solutions of the 

homogeneous linear equation defined by D̂ , 

ˆ 0D =    ;        ˆ 0D = . 

Show that any linear combination of  and   (i.e., a b +  with constant scalars a and b) is also a 

solution of the homogeneous equation (the “superposition principle”). 

Solution 3.1.5 

For a linear operator, D̂ , we have by definition 1 2 1 2
ˆ ˆ ˆ[ ( ) ( )] ( ) ( )D a x a x a D x a D x   + = +  , for any 

scalars 1 2,a a  and functions ( ), ( )x x  . Given that ˆ 0D = , and ˆ 0D = , we also have 

1 2 1 2
ˆ ˆ ˆ[ ( ) ( )] ( ) ( ) 0D a x a x a D x a D x   + = + = , for any scalars 1 2,a a , which means that any linear 

combination, 1 2( ) ( ) ( )x a x a x   + , is a solution to the homogeneous equation, ˆ ( ) 0D x = . 

 

Exercise 3.2.1 Show that, ˆ ˆ[ , ] 3ir p = . 

Solution 3.2.1 

ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ[ , ]

ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ

ˆ ˆ ˆ ˆ ˆˆ[ , ] [ , ] [ , ]

3

x y z x y z

x x y y z z

x y z

xp yp zp p x p y p z

xp p x yp p y zp p z

x p y p z p

i

=  −  = + + − − −

= − + − + −

= + +

=

r p r p p r
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Exercise 3.3.1 Prove the relations in Eqs. (3.3.3, 3.3.5). 

Solution 3.3.1  

Given the definitions, ˆ ˆ ˆ ˆˆ
x z yL yp zp= − , ˆ ˆ ˆˆˆ

y x zL zp xp= − , ˆ ˆˆ ˆ ˆ
z y xL xp yp= − , we obtain 

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [( z ), ( )] [( z ), ] [( z ), ]

ˆ ˆ ˆ ˆ[ , ] [z , ]

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆz z

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆz z

ˆ ˆ ˆ ˆ[z, ] [ , ]

ˆ

x y z y x z z y x z y z

z x y z

z x x z y z z y

z x z x y z y z

y z z x

y

L L yp p zp xp yp p zp yp p xp

yp zp p xp

yp zp zp yp p xp xp p

p zyp zp yp xp p xp p

xp p z p yp

i xp

= − − = − − −

= +

= − + −

= − + −

= −

= ˆ
xi yp−

 

ˆ
zi L=   . 

Using the cyclic permutation ( , , ) ( , , )x y z y z x→ , we readily obtain 

ˆ ˆ ˆ[ , ]y z xL L i L= . 

Using the cyclic permutations ( , , ) ( , , )y z x z x y→ , we readily obtain 

ˆ ˆ ˆ[ , ]z x yL L i L= . 

Using the commutation relations: ˆ ˆ ˆ[ , ]x y zL L i L= , ˆ ˆ ˆ[ , ]y z xL L i L= , ˆ ˆ ˆ[ , ]z x yL L i L= , we obtain 

2 2 2 2

2 2

ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ]

ˆ ˆ ˆ ˆ[ , ] [ , ]

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ] [ , ]

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ( ) ( ) ]

x x y z x

y x z x

y y x y x y z z x z x z

y z z y z y y z

L L L L L L

L L L L

L L L L L L L L L L L L

i L L L L L L L L

= + +

= +

= + + +

= − + − + +

 

0=               . 

Noticing that 
2L̂  is invariant to the cyclic permutations, ( , , ) ( , , )x y z y z x→  and ( , , ) ( , , )y z x z x y→

, we obtain 
2ˆ ˆ[ , ] 0yL L =  and 

2̂ ˆ[ , ] 0zL L = . 
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Exercise 3.4.1 Show that the following function of the linear momentum operator, 

ˆ
ˆ x

i
p

M e


 = , is a displacement operator, namely, ˆ ( ) ( )M x x  = + , where   is a constant. 

Solution 3.4.1 

The exponential operator can be expressed in terms of its Taylor expansion:  

ˆ ( )

0

ˆ
!

x

i d di n n
ip

dx dx
n

n

d
M e e e

n dx






−

=

= = = = . 

Operation on a generic (analytic) function yields  

0

ˆ ( ) ( ) ( ) ( )
!

d n n

dx
n

n

d
M f x e f x f x f x

n dx










=

= = = + , 

where in the last step we identified the Taylor expansion of ( )f x + . 
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4 The Schrödinger Equation 

 

Exercise 4.3.1 Show that if 1( )f x  is an eigenfunction of a linear operator Â  with an 

eigenvalue  , so is 2 1( ) ( )f x cf x= , where c  is a constant scalar.  

Solution 4.3.1 

If 1( )f x  is an eigenfunction of an operator Â , then  1 1
ˆ ( ) ( )Af x f x= . Consequently, 

1 1
ˆ ( ) ( )cAf x c f x= . For a linear operator Â  we therefore have, 1 1

ˆ ( ) ( )Acf x cf x= , and hence,   

 2 2
ˆ ( ) ( )Af x f x= . 

 

Exercise 4.3.2 (a) Determine whether the following functions 
2

1( )f x x= , 
2 ( ) iaxf x e= , and 

3( ) sin( )f x ax=  are (independently) eigenfunctions of the operator 
d

dx
 . In cases where the answer is 

positive, determine the respective eigenvalue. (b) Repeat the exercise for the operator 

2

2

d

dx
.  

Solution 4.3.2 

( )f x  is an eigenfunction of an operator Ô , only if  ( ) ( )Ôf x f x=  for any x , where    is a scalar. 

Testing explicitly, we obtain 

2 22
d

x x x
dx

=                                 ;  

2
2 2

2
2

d
x x

dx
=   

iax iax iaxd
e i e e i

dx
   = =  =

      ; 

2
2 2

2

iax iax iaxd
e e e

dx
   = − =  = −

 

sin( ) cos( ) sin( )
d

ax a ax ax
dx

= 
  ; 

2
2 2

2
sin( ) sin( ) sin( )

d
ax a ax ax a

dx
 = − =  = −

. 

We can see that 2 ( )f x  is an eigenfunction of both 
d

dx
 and 

2

2

d

dx
, and 3( )f x  is an eigenfunction of 

2

2

d

dx
 (only). 
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Exercise  4.3.3 In section 4.2 we encountered two different solutions to the Schrödinger 

equation with a harmonic potential energy well, 
2 21

( )
2

V x m x= . The respective probability density 

was time-dependent only in one of these cases (presented in Fig. 4.2.3), whereas the other solution 

(presented in Fig. 4.2.4) was stationary. These two solutions correspond to different choices of the 

parameters 0 0( , )x p  in the initial wave function (see Eq. (4.2.1)). Check whether ( ,0)x  is an 

eigenfunction of the system Hamiltonian for these two choices and explain the observed difference 

between the two solutions.  

Solution  4.3.3 

The Hamiltonian for a harmonic oscillator reads 

2 2
2 2

2

1ˆ
2 2

d
H m x

m dx


−
= +   and the initial wave 

function (Eq. (4.2.1)) is 

2
0

2
0

1/4 (x x )

/4
2

1
( ,0)

2

ip x
x e e



− −
 

=  
 

. To find the conditions in which ( ,0)x  

is an eigenfunction of Ĥ , let us calculate ˆ ( ,0)H x . Using,   

( )
2 2 2 2

0 0 0 0

2 2 2 2
0 0 0 0

2 2 2
0 0 0

2 2 2
0

(x x ) (x x ) (x x ) (x x )2 2 2
/ / / /4 4 4 4

2 2 2

(x x ) (x x ) (x x )2 2
/ 0 04 4 4

2 4 2

2

(x x )1

2 4

ip x ip x ip x ip x

ip x i

d d d d d
e e e e e e e e

dx dx dx dx dx

p
e e e e e

   

  

 

− − − − − − − −

− − − − − −

    
   = + +        

 − −−
 = + +
 
 

0

2
0

2
0

/

(x x )

/0 04
2

(x x )
2

2

p x

ip xip
e e



− −

 
 
 

 − −  
 +     

2
0

2
0

(x x )2 2 2
/0 0 0 0 0 4

2 4 2 2

2 x (x x )1

2 4

ip xx x x p ip
e e

  

− −
 − + − − −−

= + + + 
 

, 

we obtain  

2 2 22 2
20 0 0 0 0

2 4 2 2

2 x (x x )1ˆ ( ,0) ( ,0)
2 2 4 2

x x x p ip m
H x x x

m


 

  

  − + − − −− − 
= + + + +  
   

. 

Rearranging, we see that 
2ˆ ( ,0) ( ,0)H x x x x     = + +  , namely   

ˆ ( ,0)H x

2 2 2 22 2 2
20 0 0 0 0 0

2 2 4 2 4 4
( ,0)

4 2 2 8 2 4 8 2

p p x x p x m
i x i x x

m m m m m m m




     

      
= + − − + + − −      

     
. 
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For ( ,0)x  to be an eigenfunction of Ĥ  (namely, to have ˆ ( ,0) ( ,0)H x x = ), the coefficients   

and   must vanish. In partiucular, 

2

0 0

4 2
0 0

4 2

x p
i

m m


 
=  + = , from which we conclude that both 

the real and imaginary parts must vanish, namely, 0 0x =  and 0 0p = . Additionally, 

2 2

4
0

8 2

m

m





=  = , from which we conclude that, 

2m



= . (Notice that for this choice the 

eigenvalue can be readily identified as 

2 2 22

0 0 0 0

2 2 44 2 2 8 2

p p x x
i

m m m m




  
= + − − = .) 

Testing the parameters of Figures. 4.2.3, 4.2.4, we find that only the latter corresponds to an 

eigenfunction of the system Hamiltonian. Indeed, the solution to the Schrodinger equation is stationary 

in that case, where the probability density does not change in time.  

 

Exercise 4.3.4 An N -dimensional system is associated with the spatial coordinates, 

1 2, ,...., Nx x x . Let us consider the case where the system Hamiltonian is separable, namely, it can be 

written as a sum, 
1

ˆ ˆ
j

N

x

j

H H
=

= , where ˆ
jxH is a Hamiltonian of a system associated only with the 

coordinate 
jx . The eigenfunctions and eigenvalues of the j th Hamiltonians are defined by the set of 

eigenvalue equations, ˆ ( ) ( )
j j j jx n j n n jH x E x = . Show that any product function, 

1 2 1 2, ,..., 1 2 1 2( , ,..., ) ( ) ( ) ( )
N Nn n n N n n n Nx x x x x x   = , is an eigenfunction of the full Hamiltonian, Ĥ , 

with the corresponding eigenvalue, 
1 2 1 2, ,..., N Nn n n n n nE E E E= + + + . 

Solution 4.3.4 

Introducing the product function,  
1 2 1 2, ,..., 1 2 1 2

1

ˆ ˆ( , ,..., ) ( ) ( ) ( )
N j N

N

n n n N x n n n N

j

H x x x H x x x   
=

 
=  
 


, 

we can use the linearity of each ˆ
jxH  to obtain 

1 2 1 21 2 1 2

1 1

ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )
j N j N N

N N

x n n n N n n x n N n N

j j

H x x x x x H x x      
= =

 
= 

 
  . 

Using ˆ ( ) ( )
j j j jx n j n n jH x E x = , we obtain 
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1 2 1 2

1 2 1 2

1 2

1 2 1 2

1 1

1 2 , ,..., 1 2

1 1

, ,..., 1 2

1

ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( , ,..., )

( , ,..., )

j j N j j N

j j N j N

j N

N N

n n x n j n N n n n n j n N

j j

N N

n n n n j n N n n n n N

j j

N

n n n n N

j

x x H x x x x E x x

E x x x x E x x x

E x x x

       

    



= =

= =

=

=

= =

 
=  
 

 

 



1 2 1 2, ,..., , ,..., 1 2( , ,..., )
N Nn n n n n n NE x x x= . 

 

Exercise 4.5.1 Given a Hermitian operator, Â , prove that (a) ˆ( )nA  is also Hermitian (for 

any natural n ). (b) Â  is also Hermitian (for any real valued  ); (c) ˆiA  is anti-Hermitian (namely 

†ˆ ˆ( ) ( )iA iA= − ). 

Solution 4.5.1 

By Eq. (4.5.1), if Â  is Hermitian, then for any ( )f x  and ( )g x  we have,  

*

* *ˆ ˆ( ) ( ) ( ) ( )f x Ag x dx g x Af x dx

 

− −

 
=  
 

  . 

(a) Rewriting 
1ˆ ˆ ˆn nA AA −=  and using the Hermiticity of Â , we obtain 

*
*

1 1 *ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )n n nf x A g x dx f x A A g x dx A g x Af x dx

  

− −

− − −

 
   = =     

 
  

*
* *

* 1 * 1ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )n nAf x A g x dx Af x A g x dx

 

− −

− −

 
     = =      

 
   . 

Repeating this process, we obtain 

* * *
* 1 2 * 2 *ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ... ( ) ( )n n nAf x A g x dx A f x A g x dx A f x g x dx

  

− −

− − −

     = = =
        , 

and therefore,  

*
*

* * *ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )n n nf x A g x dx A f x g x dx g x A f x dx

  

− − −

 
 = =   

 
   , 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

16 
 

which means that ˆ nA  is also Hermitian. 

(b) For ˆB̂ A=  with real-valued  , we have 

*

* *

* *

* * * *

ˆ ˆˆ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( )

f x Bg x dx f x Ag x dx g x Af x dx

g x Af x dx g x Bf x dx

 



  

− − −

 

− −

 
= =  

 

   
= =   
   

  

 
.  

Hence, B̂  is Hermitian. 

(c) For ˆB̂ iA=  we have 

*

* *ˆ ˆˆ( ) ( ) ( ) ( ) ( ) ( )f x Bg x dx i f x Ag x dx i g x Af x dx

  

− − −

 
= =  

 
  

* *

* * * *ˆ ˆ( )( ) ( ) ( ) ( )g x i Af x dx g x Bf x dx

 

− −

   
= − = −   
   
  .  

Hence, B̂  is anti-Hermitian. 

 

Exercise 4.5.2 Given two Hermitian operators, Â  and B̂ , prove that (a) ˆ ˆA B+  is also 

Hermitian; (b) if Â  and B̂  commute, ˆ ˆAB  is also Hermitian. 

Solution 4.5.2 

If Â  and B̂  are Hermitian, then for any ( )f x  and ( )g x  we have  

*

* *ˆ ˆ( ) ( ) ( ) ( )f x Ag x dx g x Af x dx

 

− −

 
=  
 

   

*

* *ˆ ˆ( ) ( ) ( ) ( )f x Bg x dx g x Bf x dx

 

− −

 
=  
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(a) For ˆ ˆA B+ : ˆ ˆˆ ˆ( ) ( ) ( ) ( ) ( ) ( )f x A B g x dx f x A g x dx f x B g x dx

  

− − −

     + = +
      

* * *

* * * * * *ˆ ˆˆ ˆ( ) ( ) ( ) ( ) ( ) ( )g x Af x dx g x Bf x dx g x A B f x dx

  

− − −

     
 = + = +      

     
   . 

Hence, ˆ ˆA B+  is Hermitian. 

(b) For ˆ ˆˆ ˆAB BA= : 

* *
* *

* *

*
* *

* * * *

ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )

f x ABg x dx Bg x Af x dx Af x Bg x dx

Af x Bg x dx Af x Bg x dx g x B Af x dx

  

− − −

  

− − −

   
    = =       

   

 
      = = =        

 

  

  

* *

* * * *ˆ ˆˆ ˆ( ) ( ) ( ) ( )g x BAf x dx g x ABf x dx

 

− −

   
= =   
   
     . 

Hence, given ˆ ˆˆ ˆAB BA= , ˆ ˆAB  is Hermitian. 

 

Exercise 4.5.3 Using the results of Exs. 4.5.1, 4.5.2, prove, independently, that the potential 

energy operator ( ˆ( )V x ), the kinetic energy operator (
2ˆ / (2 )xp m ), the Hamiltonian,  (

2ˆ ˆ ˆ/ (2 ) ( )xH p m V x= + ), and the angular momentum operators ( ˆ ˆ,x yL L , and ˆzL , as defined in Eq. 

(3.3.2)) are all Hermitian. 

Solution 4.5.3 

According to Ex. 4.5.1 (a) and (b), if Â  is Hermitian, so is ˆ( )nA   for real-valued  , and according 

to Ex. 4.5.2 (a), the sum of Hermitian operators is Hermitian. Therefore, any analytic real-valued 

function of a Hermitian operator is Hermitian. In particular, the potential energy is a real-valued 

analytic function of the position operator, 
0

ˆ ˆ ˆ( ) ( )n

n

n

V V x v x


=

= = , and since x̂  is Hermitian (see Eq. 

(4.5.4)), so is V̂ .  

Similarly, the kinetic energy is a real-valued analytic function of the linear momentum operator, 

2ˆ ˆ / (2 )xT p m= , and since ˆ xp  is Hermitian (see Eq. (4.5.5)), so is T̂ .  
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The Hamiltonian is a sum of the two Hermitian operators, ˆ ˆ ˆH T V= + , and therefore Ĥ is 

Hermitian. 

According to Ex. 4.5.2. (b), the product of two commuting Hermitian operators is Hermitian. The 

components of the angular momentum operator, as defined in Eq. (3.3.2), are sums of products of 

commuting Hermitian operators: ˆ ˆ ˆ ˆˆ
x z yL yp zp= − ;  ˆ ˆ ˆˆˆ

y x zL zp xp= −  ;  ˆ ˆˆ ˆ ˆ
z y xL xp yp= −  , and are 

therefore Hermitian. 

 

Exercise 4.5.4 An operator Û  is termed unitary if its Hermitian conjugate equals its inverse, 

namely, 
1 †ˆ ˆ( )U U −= , where, 

1ˆ ˆ ˆU U I− = . Use the Hermiticity of the Hamiltonian, to prove that the time 

evolution operator for a time-independent Hamiltonian, 0
ˆ( ) /i t t H

e
− −

 (Eq. (4.1.2)), is unitary. 

Solution 4.5.4  

We need to show that for the operator  0
ˆ( ) /ˆ i t t H

U e
− −

=  the Hermitian conjugate (
†Û ) identifies with 

the inverse operator (
1Û −
). By Eq. (4.5.2), the Hermitian conjugate of Û  is defined such that for any 

( )f x  and ( )g x  we have, 

*

† * *ˆ ˆ( ) ( ) ( ) ( )f x U g x dx g x Uf x dx

 

− −

 
=  
 

   . Starting from the right-hand 

side, we obtain  

0

*
* *

0ˆ( ) /* * * * * *

0

ˆ( ) /
ˆ( ) ( ) ( ) ( ) ( ) ( )

!

n

i t t H

n

i t t H
g x Uf x dx g x e f x dx g x f x dx

n

   
− −

=− − −

  − −      = =     
      

  

 
* *

0 * *

0

( ) / ˆ( ) ( )
!

n

n

n

i t t
g x H f x dx

n



= −

   − −
=    

    
  . 

Using the hermiticity of ˆ nH  (see Ex. 4.5.1 (a)), we have 

*

* *ˆ ˆ( ) ( ) ( ) ( )n ng x H f x dx f x H g x dx

 

− −

 
= 

 
  . 

Therefore, 
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*

0 0* *

0 0

( ) / ( ) /ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )
! !

n n

n n

n n

i t t i t t
g x Uf x dx f x H g x dx f x H g x dx

n n

   

= =− − −

  − −
= = 

 
   

0
ˆ( ) /

( ) ( )
i t t H

f x e g x dx



−

−

=   . 

Returning to the definition, 

*

* * †ˆ ˆ( ) ( ) ( ) ( )g x Uf x dx f x U g x dx

 

− −

 
= 

 
  , we identify: 0

ˆ( ) /†ˆ i t t H
U e

−
= . 

Noticing that the inverse of  Û   equals, 0 0
ˆ ˆ( ) / ( ) /1 1ˆ [ ]

i t t H i t t H
U e e

− − −− −= = , we obtain, 
1 †ˆ ˆU U− = , 

which means that Û  is unitary.    

 

Exercise 4.6.1 Let ( )ef x  and ( )of x  be any even and odd functions respectively, namely, 

( ) ( )e ef x f x− =  and ( ) ( )o of x f x− = − . Prove that ( )ef x  and ( )of x  are orthogonal according to the 

definition in Eq. (4.6.2).  

Solution 4.6.1 

Changing integration variable, we have
* *( ) ( ) ( ) ( )e o e of x f x dx f x f x dx

 

− −

= − −  . Using

( ) ( )e ef x f x− =  and ( ) ( )o of x f x− = − , we have 
* *( ) ( ) ( ) ( )e o e of x f x dx f x f x dx

 

− −

− − = −  , and 

consequently,  

* * *( ) ( ) ( ) ( ) ( ) ( ) 0e o e o e of x f x dx f x f x dx f x f x dx

  

− − −

= −  =   . 

 

Exercise 4.6.2 The parity operator is defined by its operation: ˆ ( ) ( )Pf x f x= − . (a) Prove that 

P̂  is Hermitian. (b) Show that even or odd functions of x are eigenfunctions of P̂ . What are the 

corresponding eigenvalues? (c) Explain the result of Ex. 4.6.1, using (a) and (b). 

Solution 4.6.2  

(a) For any f and g, ˆ( ) ( ) ( ) ( )f x Pg x dx f x g x dx

 

− −

= −  . 
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Similarly, 

* *

* * * *ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )g x Pf x dx g x f x dx g x f x dx g x f x dy

   

− − − −

   
= − = − = −   

   
    , 

where in the last step we changed the integration variable. Consequently,  

*

* *ˆ ˆ( ) ( ) ( ) ( )f x Pg x dx g x Pf x dx

 

− −

 
=  
 

  , namely, P̂  is Hermitian. 

(b) By definition,  

ˆ ( ) ( ) 1 ( )e e ePf x f x f x= − =  

ˆ ( ) ( ) 1 ( )o o oPf x f x f x= − = −  . 

Hence even and odd functions are eigenfunctions of the parity operator with the eigenvalues “1” and 

“-1”, respectively.  

(c) Since ( )ef x  and ( )of x  are two eigenfunctions of a Hermitian operator ( P̂ ), associated with 

different eigenvalues (1,-1), they must be orthogonal to each other.   

 

Exercise 4.6.3 Prove that if Â  is a linear operator, and if 1 2( ), ( ),..., ( )Nx x x    are 

degenerate eigenfunctions of Â , namely,  ˆ ( ) ( )n nA x x = , for 1,2,...,n N , then any linear 

combination of these functions is an eigenfunction of Â , with the eigenvalue  . 

Solution 4.6.3 

Let us consider any linear combination, 
1

( ) ( )
N

n n

n

x c x 
=

= . Since Â  is linear we have,  

1

ˆ ˆ( ) ( )
N

n n

n

A x c A x 
=

= . Using ˆ ( ) ( )n nA x x = , we have,  

1 1

ˆ ( ) ( ) ( ) ( )
N N

n n n n

n n

A x c x c x x    
= =

= = =  .  

Hence, ( )x  is an eigenfunction of Â  with the eigenvalue  . 
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Exercise 4.6.4 Given two degenerate normalized eigenfunctions of a linear operator Â , 

1 1
ˆ ( ) ( )A x x =  and 2 2

ˆ ( ) ( )A x x = , show that the following functions, 

*

1 1 2 2 1 1 2( ) ( ) ; ( ) ( ) ( ) ' ( ') ( ')x x x x x dx x x      


−

= = −  , 

are two orthogonal eigenfunctions of Â  corresponding to the same eigenvalue  . 

Solution 4.6.4  

Noticing that 1( )x  and 2 ( )x  are linear combinations of the degenerate eigenfunctions of Â  ( 1( )x

and 2 ( )x ), these functions are also eigenfunctions of Â , corresponding to the same eigenvalue,   

(see Ex. 4.6.3). To prove that 1( )x  and 2 ( )x  are orthogonal to each other, we use their definitions,  

 
* * * *

2 1 2 1 1 2 1( ) ( ) ( ) ( ) ' ( ') ( ') ( )dx x x dx x x dx x x x      
  

− − −

 
= − 

 
    

* * *

2 1 1 1 2 1( ) ( ) ( ) ( ) ' ( ') ( ')) 0dx x x dx x x dx x x     
  

− − −

= − =   , 

where in the last step we used the fact that 1( )x is normalized, namely, 
*

1 1( ) ( ) 1dx x x 


−

= .  

 

Exercise 4.6.5 
1( )x , 

2 ( )x  and 
3( )x  are eigenfunctions of a Hamiltonian ˆ xH , that is, 

ˆ ( ) ( )x n n nH x E x = , where 
1 2 3E E E = . Each ( )n x  corresponds to a stationary solution of the 

time-dependent Schrödinger equation, ( , ) ( )e
niE t

n nx t x 
−

= . Show that the following linear 

combinations of stationary solutions (
1a , 

2a , and 
3a  are non-zero scalars) are solutions to the time-

dependent Schrödinger equation. Which of these solutions is stationary (namely, associated with a time-

independent probability density function)? What is the conclusion? 

a. 
1 1 2 2( , ) ( , ) ( , )x t a x t a x t  = +             

b. 
3 3 2 2( , ) ( , ) ( , )x t a x t a x t  = +            

c. 
3 3 1 1( , ) ( , ) ( , )x t a x t a x t  = +  

Solution 4.6.5 
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First, we can see that any linear combination of stationary solutions, 

( , ) ( , ) ( , )n n m mx t a x t a x t  = + , is a solution to the time-dependent Schrödinger equation: 

 ( , ) ( , ) ( , ) ( ) e ( )e

ˆ ˆ( )e ( )e ( )e ( )e

n m

n m n m

iE t iE t

n n m m n n m m

iE t iE t iE t iE t

n n n m m m n x n m x m

i x t i a x t a x t i a x a x
t t t

a E x a E x a H x a H x

   

   

− −

− − − −

   
 = + = + 

    

   
= + = +   
   

ˆ ˆ( ) e ( )e ( , )
n miE t iE t

x n n m m xH a x a x H x t 
− − 

= + =  
 

 . 

Then, let us calculate the probability density: 

2 2

2

( )

2 2

( )

2

| ( , ) | | ( , ) ( , ) |

| ( ) e ( )e |

| ( ) e ( ) | | e |

| ( ) e ( ) |

n m

n m m

n m

n n m m

iE t iE t

n n m m

i E E t iE t

n n m m

i E E t

n n m m

x t a x t a x t

a x a x

a x a x

a x a x

 

 

 

 

− −

− − −

− −

 = +

= +

= +

= +
.       

The probability density is shown to depends on time unless 
m nE E= . This means that a superposition 

of two degenerate stationary solutions with the same energy is also a stationary solution. Therefore, 

only case (b.) corresponds to a stationary solution. 

 

Exercise 4.6.6 Show that the two Hamiltonians ˆ
xH , and ˆ

xH + , where   is a scalar 

constant, have the same eigenfunctions. What is the relation between the corresponding eigenvalues?  

Solution 4.6.6 

Let  ( )x  be an eigenfunction of ˆ xH , associated with an eigenvalue  , namely, 

ˆ ( ) ( )xH x x = . Therefore,  ˆ ( ) ( ) ( ) ( )xH x x x x       + = + = +
  . 

Consequently, ( )x  is an eigenfunction also of ˆ xH + , with a “displaced” eigenvalue,  + . 
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5  Energy Quantization 

 

Exercise 5.3.1 Prove that the solutions of the time-independent Schrödinger equation for the 

particle-in-a-box model (denoted as, ( )n x ), associated with different energy levels, are orthogonal 

to each other, as required by the Hermiticity of the Hamiltonian (Eq. (4.6.3)). 

Solution 5.3.1 

Let us consider the overlap integral, 
*( ) ( )n mS x x dx 



−

=  . Using Eq. (5.3.9) for the explicit 

expressions of the normalized  particle-in-a-box eigenfunctions, 
2

( ) sin( )n

n x
x

L L


 = , we obtain 

0

2
sin( )sin( )

L
n m

S x x dx
L L L

 
=  . 

Using the trigonometric identity:  
1

sin( )sin( ) [cos( ) cos( )]
2

     = − − + , we obtain 

0

1 ( ) ( )
[cos( ) cos( )]

L
n m x n m x

S dx
L L L

 − +
= − , where for any two integers, n m , we obtain 

0

( ) ( )
sin( ) sin( )

0
( ) ( )

L
n m x n m x

L LS
n m n m

 

 

− +

= − =
− +

. 

Hence, ( )n x  and ( )m x  with n m  are orthogonal functions.  

 

Exercise 5.4.1 (a) Use Eq. (5.4.2) and the chain rule to derive Eq. (5.4.3) from Eq. (5.4.1). (b) 

Show that the z-component of the angular momentum reads ˆzL i



= −


.  (c) Show that the kinetic 

energy operator for the particle on the ring reads 

2

2

ˆ
ˆ

2

zL
H

r
= . 

Solution 5.4.1  

(a) The derivatives of the polar coordinates with respect to the Cartesian ones read 
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2 2

2 2

2

2

r x x
x y

x x rx y

 
= + = =

  +
   

 
2 2

2 2

2

2

r y y
x y

y y rx y

 
= + = =

  +
 

2

2

2 2 22

2

1 1
cos( )

1

x
r

x y yrarc
x x r r y r rx

r


−

  − − −
= = = =

 
−

2 2 22

2

1 1
cos( )

1

y
x

x xy xrarc
y y r r y r rx

r


−

  −
= = = =

 
−

 . 

The chain rule therefore leads to 

2

r x y

x x r x r r r



 

         
= + = −   

         
 

 
2

r y x

y y r y r r r



 

         
= + = +   

         
 .       

For the second derivatives we then obtain 

2

2 2

2 2

2 2 2 2 2 2 2

3 2 2 3 4 3 4 2

2

x y

x x r r x r

x x y y

x r r r x r x r r x

y x xy yx xy y

r r r r r r r r r r



 

   

    
= −

    

          
= + − −   

          

     
= + − + − +

       

 

2

2 2

2 2

y x

y y r r y r

y y x x

y r r r y r y r r y



 

    
= +

    

          
= + + +   

          

2 2 2 2 2 2 2

3 2 2 3 4 3 4 2

2x y xy yx xy x

r r r r r r r r r r   

     
= + + − + +

       
,  

where, using 
2 2 2x y r+ = , we readily obtain,  
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2 2

2 2

2 2 2 2 2 2 2

3 2 2 3 4 3 4 2

2 2 2 2 2 2 2

3 2 2 3 4 3 4 2

2 2 2 2 2 2 2 2 2 2

3 2 2 4 2 3 2 2 4 2

2

2

x y

y x xy yx xy y

r r r r r r r r r r

x y xy yx xy x

r r r r r r r r r r

y x y x y x

r r r r r r r r r r

   

   

 

 
+

 

     
= + − + − +

       

     
+ + + − + +

       

     
= + + + + +

     

    

2 2

2 2 2

1 1

r r r r 

  
= + +
  

       . 

Therefore, the Hamiltonian transforms to: 

2 2 2 2 2 2

2 2 2 2 2

1 1ˆ [ ] ( , ) ( , )
2 2

H V x y V r
x y r r r r


  

 −   −   
= + + = + + + 

     
. 

For a constant potential energy, ( , ) 0V r  = , and a constant distance, r const=  (the “particle on a 

ring” model), the derivatives with respect to r  are null, hence, the Hamiltonian reads 

2 2

2 2
ˆ

2
H

r 

− 
=



. 

(b) By its definition, the z component of the angular momentum operator reads 

ˆ ˆˆ ˆ ˆ
z y xL xp yp i x y

y x

  
= − = − − 

  
.   

Using, 
2

x y

x r r r 

  
= −

  
 and  

2

y x

y r r r 

  
= +

  
  (see (a)), we obtain  

2 2 2 2

2 2 2 2
ˆ

z

xy x xy y x y
L i i i

r r r r r r r r    

         
= − + − + = − + = −   

         
. 

(c) Using ˆzL i



= −


 we obtain 

2 2
2

2 2 2

1 ˆ
2 2

zL
r r  

− 
=


, which identifies with the Hamiltonian 

for “a particle on a ring” (see (a)). 

 

Exercise 5.4.2 Prove that the solutions to the time-independent Schrödinger equation for the 

particle-on a ring model, defined in Eq. (5.4.7), are orthogonal to each other. Recall that the relevant 

coordinate space is, 0 2   . 
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Solution 5.4.2  

Let us consider the overlap integral, 

2

*

'

0

( ) ( )m mS d



  =   .  

Using Eq. (5.4.7) for the explicit expression of the normalized particle-on-a-ring eigenfunctions, we 

obtain   

( )
2 2

*
' ( ' )

0 0

1 1

2 2

im im i m mS e e d e d

 

   
 

−= =  , where for any two integers, 'm m , we obtain, 

( ' )21 1
0

2 ( ' )

i m me
S

i m m





− −
= =

−
. 

Hence, ( )m   and 
'( )m   with 'm m  are orthogonal functions.  
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6 Wave Function Penetration, Tunneling and Quantum Wells 

 

Exercise 6.2.1 Derive Eq. (6.2.8). 

Solution 6.2.1  

Using 1

1 1( ) ik xx b e −= ; 2 2

2 2 2( ) ik x ik xx a e b e −= + ; 3

3 3( )
ik x

x a e = , there are four continuity conditions 

(Eq. (6.2.7)) which impose the following limitations on the scalar coefficients:  

1 2 1 2 2 2 2 1(0) (0) 0b a b a b b =  = +  + − = . 

1 2 1 1 2 2 2 2 2 2 2 1 1

0 0

(x) (x) ( ) 0
x x

d d
ik b ik a b ik a ik b ik b

dx dx
 

= =

=  − = −  − + = . 

3 32 2 2 2

2 3 2 2 2 3 2 2 3( ) ( ) ( ) 0
ik L ik Lik L ik L ik L ik LL L x a e b e a e e a b e e a   − −=  = + =  + − = . 

( ) 3 32 2 2 2

2 3 2 2 2 3 3 2 2 2 2 3 3(x) (x) 0
ik L ik Lik L ik L ik L ik L

x L x L

d d
ik a e b e ik a e ik e a ik e b ik e a

dx dx
  − −

= =

=  − =  − − =

. 

These four equations can be readily rearranged as a homogeneous matrix equation, Eq. (6.2.8).  

 

Exercise 6.2.2 Show that, when 0V → , the energy levels and the stationary solutions of the 

Schrödinger equation for a finite square well potential converge to the results for an infinite box, 

obtained in chapter 5.   

Solution 6.2.2  

The solutions to the Schrodinger equation for the symmetric finite square-well potential read 

1

2 2

3

1

2 2

3

; 0

( ) ; 0

;

ik x

ik x ik x

ik x

b e x

x a e b e x L

a e x L



−

−

 


= +  
 

,  

where, 0
1 3 2

2 ( )m E V
k k

−
= =  and 2 2

2mE
k = . 
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The continuity conditions (see Ex. 6.2.1)  at  0x =  are 1 1 2 2 2( )ik b ik a b− = −  and 1 2 2b a b= + , which 

yields 2 2 1

2 2 1

a ik ik

b ik ik

−
=

+
. 

The continuity conditions at  x L=  are ( ) 32 2

2 2 2 3 3

ik Lik L ik L
ik a e b e ik a e

−
− =  and 

32 2

2 2 3

ik Lik L ik La e b e a e−+ = , which yields 22 2 32

2 2 3

ik L ik ika
e

b ik ik

− +
=

−
. Merging these results, recalling that 

1 3k k= , we obtain 2

2

22 1

2 1

ik Lik ik
e

ik ik

− −
= 

+ 
, namely 22 1

2 1

ik Lik ik
e

ik ik

−−
= 

+
. 

For 0V →  we obtain 0 0
1 3 2 2

2 ( ) 2 ( )m E V m V E
ik ik i

− −
= = = →  , whereas 2k  remains finite 

for any finite energy E . Therefore, we obtain in this limit 
1

2 1

2 1

1
ik

ik ik

ik ik →

−
⎯⎯⎯→−

+
. Consequently, 

2 1
ik L

e
−

→ , from which follows 2k L n=   for 0, 1, 2,...n =   . This reproduces the quantization 

condition obtained directly for the infinite box in chapter 5 (Eq. (5.3.8)), where the corresponding 

energy levels are 

2 2 2 2 2

2

22 2

k n
E

m mL


= =  (recalling that 0n =  is a trivial, improper solution, and that 

solutions associated with n  are linearly dependent).   

 

Exercise 6.4.1 Show that if the two linear operators, denoted Ĥ  and P̂ , commute (

ˆ ˆ[ , ] 0H P = ), and if   is an eigen function of Ĥ  that corresponds to a non-degenerate eigenvalue, 

than   is also an eigenfunctions of P̂ .  

Solution 6.4.1  

Let   be an eigen function of Ĥ  that corresponds to a non-degenerate eigenvalue  , Ĥ = , 

and let ˆ ˆ[ , ] 0H P = . Then, ˆ ˆ ˆ ˆ ˆ ˆPH P HP P    =  = . Consequently, P̂  is an eigenfunction of 

Ĥ  with the same eigenvalue  . Since the eigenvalue is nondegenerate,   and P̂  must be 

proportional to each other, namely,  P̂ = , which means that   must be an eigenfunction also of 

P̂ . 
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7  The Continuous Spectrum and Scattering States 

 

Exercise 7.1.1 A system of N  particles is associated with the Hamiltonian 

2 2 2 2

1,1 2,1 3,1 1,2 3,2 2 2
1 1, 2, 3,

ˆ ( , , , ..., )
2

N

N

n n n n n

H V x x x x x
m x x x=

 −   
= + + + 

    
 , where the n th particle is 

associated with the Cartesian coordinates, 
1, 2, 3,( , , )n n nx x x . The state of the system is represented by a 

solution to the time-dependent Schrödinger equation, 
1,1 2,1 3,1 1,2 3,( , , , ..., , )Nx x x x x t ( , )tx . Prove 

the following identity: 
3

2

,

1 1 ,

| ( , ) | ( , )
N

j n

n j j n

t J t
t x


= =

 
= −

 
x x , where 

*

,

,

( , ) Im[ ( , ) ( , )]j n

n j n

J t t t
m x

x x x 





. 

Solution 7.1.1  

The time-derivative of the probability density can be rewritten as  

2 * * * *| ( , ) | ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) 2Re ( , ) ( , )t t t t t t t t t
t t t t t
        

     
= = + =       

x x x x x x x x x

, and the Schrodinger equation with the given Hamiltonians, 

2 23

2
1 1 ,

ˆ ( )
2

N

n j n j n

H V
m x= =

− 
= +


 x , reads 

2 23

2
1 1 ,

1 1
( , ) ( , ) ( ) ( , )

2

N

n j n j n

t t V t
t i m x i
  

= =

  − 
= +    

x x x x . Consequently, we obtain  

2 23
2 * *

2
1 1 ,

1 1
| ( , ) | 2Re ( , ) ( , ) ( , ) ( ) ( , )

2

N

n j n j n

t t t t V t
t i m x i
    

= =

   − 
= +       

x x x x x x . 

Since the second term in the square brackets is purely imaginary, its real part vanishes, where the first 

term yields 

23
2 *

2
1 1 ,

| ( , ) | Im ( , ) ( , )
N

n j n j n

t t t
t m x
  

= =

  
= −  

   
x x x . 

Using the identity,  
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2
* * *

2

, , , , ,

Im[ ( , ) ( , )] Im[ ( , ) ( , ) ( ( , ))( ( , ))]
j n j n j n j n j n

t t t t t t
x x x x x

     
    

= −
    

x x x x x x

*

, ,

Im[ ( , ) ( , )]
j n j n

t t
x x

 
 

=
 

x x , 

where in the last step we used the fact that the last term in the square brackets is purely real, we obtain 

3
2 *

1 1 , ,

| ( , ) | Im[ ( , ) ( , )]
N

n j n j n j n

t t t
t m x x
  

= =

  
= −

  
x x x . 

Identifying, 
*

,

,

Im[ ( , ) ( , )] ( , )j n

n j n

t t J t
m x

 





x x x , we finally obtain 

3
2

,

1 1 ,

| ( , ) | ( , )
N

j n

n j j n

t J t
t x


= =

 
= −

 
x x . 

 

Exercise 7.2.1 A single particle in a one-dimensional coordinate space ( x ) is associated with 

a proper stationary wave function. Show that the probability flux vanishes anywhere in space in this 

case.  

Solution 7.2.1 

For a proper state the probability density vanishes at some boundaries, e.g., in one dimension,  

2| ( , ) | 0
x

x t
→

⎯⎯⎯→ . Consequently, the wave function itself must vanish (Eq. (2.2.1)),  

( , ) 0
x

x t
→

⎯⎯⎯→ , which means that the probability flux,  
*( , ) Im[ ( , ) ( , )]E E EJ x t x t x t

m x
 


=


 

must also vanish,  ( , ) 0E x
J x t

→
⎯⎯⎯→ . For a stationary state the probability flux is constant in the 

entire space (Eq. (7.2.4)). Since for a proper state it vanishes at the boundaries, the probability flux 

must vanish everywhere for any proper stationary state.  

 

Exercise 7.3.1 Given the scattering states ( )L R x →  and ( )R L x →  in Eqs. (7.3.1, 7.3.2), 

show that ( )R L x →  can be expressed as a linear combination of  ( )L R x →  and 
* ( )L R x → , and prove 

the result in Eq. (7.3.3). 

Solution 7.3.1 

Using Eq. (7.3.1), 
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1 1

1 1

1

;

( )

;N

ik x ik x

L R

ik x

N N

e b e x x

x

a e x x



−

→

−

 + 


= 
 

, 

and taking its complex conjugate, we obtain 

1 1*

1 1

*

*

1

;

( )

;N

ik x ik x

L R

ik x

N N

e b e x x

x

a e x x



−

→

−

−

 + 


= 
 

  .     

The following superposition of the two degenerate states,  

*
* 1

* *

1
( ) ( ) ( )L R L R

N N

b
x x x

a a
  → →= − , reads  

1

2

1
1*

*

1
1*

1 | |
;

( )

;N N

ik x

N

ik x ik xN
N

N

b
e x x

a

x

b a
e e x x

a



−

−

−

 −





= 

 − 


 . 

Comparing the result to ( )R L x →  in Eq. (7.3.2),  

1

1 1

1

;

( )

;N N

ik x

R L

ik x ik x

N N

a e x x

x

e b e x x



−

→

−

−

 


= 
 + 

, 

we can see that ( )R L x →
 can indeed be expressed as superposition of ( )L R x →  and 

* ( )L R x → , where 

we identify relations between the parameters 1a  and Nb  (defining the transmission and reflection 

associated with ( )R L x →
) to Na  and 1b  (defining the transmission and reflection associated with 

( )L R x →
), namely,  

*

1

*

N
N

N

b a
b

a
= −  and 

2

1
1 *

1 | |

N

b
a

a

−
= .  

Using the definitions of the reflection (Eq. (7.2.18)): 
2

1( ) | |L RR E b→ =  and 
2( ) | |R L NR E b→ = ,  we 

obtain 

*
2 21

1*
| | | |N

N N

N

b a
b b b

a
= −  = , and therefore, 

( ) ( )L R R LR E R E→ →= . 
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Using the definitions of the transmission (Eqs. (7.2.18, 7.2.19)): 
2 2

1

1

( ) | | 1 | |N
L R N

k
T E a b

k
→ = = −  and 

2 1
1( ) | |R L

N

k
T E a

k
→ = , we obtain  

 

2

22
2 2 2 21 1 1

1 1 1* * * 2

1 1 1

| |
( )1 | |

| | | | | | | |

N
N

L R N N N
N N N

N N N N

k
a

T E k k kb k k
a a a a a a

a a a k k k k

→−
= = = =  =  = , and 

therefore,  

( ) ( )R L L RT E T E→ →= . 

 

Exercise 7.3.2 Given a single potential energy step,  
1

2

0 ;
( )

0 ;

x V
V x

x V


= 


, where  2 1V V

, use Eq. (7.2.20) to show that the reflection probability equals unity in the scattering energy range, 

1 2V E V  .  

Solution 7.3.2 

For 
1

2

0 ;
( )

0 ;

x V
V x

x V


= 


, with  2 1V V ,  the wave function corresponding to a stationary flux from 

a left source at any energy, 1E V ,  reads 
1 1

2

1 1

2

; 0
( )

; 0

ik x ik x

E ik x

a e b e x
x

a e x


− + 
= 



, where, 

1
1 2

2 ( )m E V
k

−
=  and 2

2 2

2 ( )m E V
k

−
= . Using the recursion relation, Eq. (7.2.20), for this case, 

we have 1 0x =  and 2 0r = . Consequently, we obtain 2 1
1

2 1

k k
r

k k

−
=
− −

. For 2E V , 2
2 2

2 ( )m E V
k

−
=  

is purely imaginary, hence, 
2

1( ) | | 1R E r = . 

Alternatively, we can use the fact that ( ) 0L R x
x → →
⎯⎯⎯→  and therefore the asymptotic flux (see Eq. 

(7.2.3)) vanishes, 
*( ) Im[ ( ) ( )] 0E E E x

J x x x
m x

 
→


= ⎯⎯⎯→


. Since for a stationary solution the 

probability flux obtains a constant value in the entire space (Eq. (7.2.4)), the flux vanishes also in the 
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region 0x  , where we have (Eq. (7.2.3)) 
2 21

1 1(| | | | ) 0E

k
J a b

m
= − = , which means that 

2 2

1 1| | | |b a=

. Therefore, the reflection probability (see Eq. (7.2.18)) is unity, 

2

1

2

1

| |
( ) 1

| |

b
R E

a
= = . 

 

Exercise (7.4.1) Derive the result Eq. (7.4.3) for the transmission and reflection probabilities 

for particles scattering from a square potential energy barrier (or well).  

Solution (7.4.1) 

For 

0

1

0

; 0

( ) ; 0

;

V x

V x V x L

V L x




=  
 

, the wave function corresponding to a stationary flux from a left source 

at any energy, 0E V ,  reads 

1 1

2 2

1

1 1

2 2

3

; 0

( ) ; 0

;

ik x ik x

ik x ik x

ik x

a e b e x

x a e b e x L

a e L x



−

−

 + 


= +  
 

,  where 

0
1 3 2

2 ( )m E V
k k

−
=   and 1

2 2

2 ( )m E V
k

−
 . Implementing the recursion relation (Eq. (7.2.20)) 

for this case, we have 3 0r = , 22 2 1
2

2 1

ik L k k
r e

k k

−
=

+
, and 

2 2

1 2
1 2 2

2 1 1 2 22 cot( )

k k
r

k k ik k k L

−
=

+ +
. The reflection 

probability is given as, 
2

1( ) | |R E r= , where, using Eq. (7.2.19), ( ) 1 ( )T E R E= − .                                                  

For 1E V , 1
2 2

2 ( )m E V
k

−
  is real-valued, hence,   

2 2 2 2 2
2 21 2 1 2

1 2 2 2 2 2 2 2 2

2 1 1 2 2 2 1 1 2 2

( )
( ) | | | |

2 cot( ) ( ) 4 cot ( )

k k k k
R E r

k k ik k k L k k k k k L

− −
= = =

+ + + +
. 

For 1E V , 1
2 2

2 ( )m E V
k i

−
 = , is purely imaginary, hence,    

 

2 2 2 2
2 2 21 2 1

1 2 2 2 2

2 1 1 2 2 1 1

( ) | | | | | |
2 cot( ) 2 cot( )

k k k
R E r

k k ik k k L k k i L



  

− +
= = =

+ + − + −

( )

( )

2
2 22 2

121

22 2 2 2 2 2 2
1 1 1 1

| |
2 coth( ) 4 coth ( )

kk

k i k L k k L



     

++
= =
− + + − + +

  . 
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Using 
2ik = − , and the formal relations,   

2 2

2 2

222

2 22
2

2

2cos( )
coth ( ) cot ( )

2 sin( )

ik L ik LL L

ik L ik LL L

k Le e e e
L k L

e e e e i k L

 

 


−−

−−

   + +
= = = = −   

− − −     
, 

we obtain also in this case,  

( )

( )

( )

( )

2 2
2 2 2 2

1 1 2

2 2
2 2 2 2 2 2 2 2 2 2

1 1 2 1 2 1 2

( )
4 coth ( ) 4 cot ( )

k k k
R E

k k L k k k k k L



  

+ −
= =

− + + + +
. 

 

Exercise 7.5.1 Given a symmetric double barrier potential,  

0

1

0

1

0

; ( / 2)

; ( / 2) / 2

( ) ; / 2 / 2

; / 2 / 2

; / 2

V x L d

V L d x d

V x V d x d

V d x d L

V d L x

 − +


− +   −


= −  
   +


+ 

, 

obtain an equation for the scattering energies in which the transmission probability is 100%.       

Solution 7.5.1 

Given the five segments potential energy function and considering a left flux source, the reflection in 

the fifth (right most) segment vanishes by the boundary conditions (Eq. (7.2.14)), 5 0r = . The condition 

of 100% transmission means that also in the left most segment reflection should vanish, namely, 1 0r =

. A simple condition on the energies fulfilling these conditions is based on the recursion relation, Eq. 

(7.2.20). Propagating backward from 5 0r =  and forward from 1 0r =  we can obtain different 

expressions for 3r , which must match each other at the set of energies associated with full transmission.  

Using the definitions that comply with the given potential energy function, 

0

1

0

1

0

; ( / 2)

; ( / 2) / 2

( ) ; / 2 / 2

; / 2 / 2

; / 2

V x L d

V L d x d

V x V d x d

V d x d L

V d L x

 − +


− +   −


= −  
   +


+ 

    , namely 
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1

2

3

4

( / 2)

/ 2

/ 2

/ 2

x L d

x d

x d

x L d

= − +

= −

=

= +

 ;      0 0
1 3 5 2 42 2

2 ( ) 2 ( )
;

m E V m E V
k k k k k

− −
= = = = = , 

and the recursion relation (Eq. (7.2.20)), 
1 1

1 1

x x
2 x 1 1 1

x x

1 1 1

( ) ( )

( ) ( )

n n n n

n n

n n n n

ik ik
ik n n n n n

n ik ik

n n n n n

k k e k k e r
r e

k k e k k e r

+ +

+ +

−

+ + +

−

+ + +

− − +
=

− + + −
, we 

obtain 

5 0r =  4 42 x 4 3
4

4 3

ik k k
r e

k k

−
= 

+

4

3 3

4

2
2 x

3
24 3 4 3

3 4 4 3

1
ik L

ik

ik L

e
r e

k k k k
e

k k k k

−

−

−
=

+ −
+

− +

, 

and 

1 0r =  4 42 x 4 3
2

4 3

ik k k
r e

k k

− −
= 

+

4

3 2

4

2
2 x

3
24 3 4 3

3 4 4 3

1
ik L

ik

ik L

e
r e

k k k k
e

k k k k

−
=

+ −
+

− +

. 

Denoting, 4 3

3 4

k k

k k


+
=

−
, and comparing the two equations we obtain the condition for perfect 

transmission for this model, 
2 3 3 4

3 3 4

cos( ) sin( 2 )

cos( ) sin( 2 )

k d i k d k L

k d i k d k L


+ −
=

− +
. 
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8 Mechanical Vibrations and the Harmonic Oscillator Model 

 

Exercise 8.3.1 Show that the function 
2 /2( ) y ny e y = , satisfies the asymptotic equation for 

the harmonic oscillator; namely, 

2
2

2
( ) ( )

y
y y y

y
 

→


⎯⎯⎯→


, for any finite n .  

Solution 8.3.1 

( )
2 2

2 2

2
/2 1 1 /2

2

1 /2 2 /2

( )

( ) ( ( 1) )

n y n n y

n y n n y

y

y e ny y e
y y

y e n y y e
y

 − + 

+  + 

→

 
= 

 


⎯⎯⎯→  =  + +



 

( )
2 22 /2 2 /2n y n y

y
y e y y e+  

→
⎯⎯⎯→ =   . 

 

Exercise 8.3.2 Verify that 0 ( )y  and 0 , as defined in Eq. (8.3.5), are indeed an 

eigenfunction and its corresponding eigenvalue of Eq. (8.3.3). 

Solution 8.3.2 

Using Eq. (8.3.5),  
2

1/4

/2

0 ( ) ym
y e






− 
=  
 

 and 0

1

2
 = . Consequently,   

2

2 2

2 2 2

1/42 2
2 2 /2

02 2

1/4 1/4

2 /2 /2

1/4 1/4 1/4

2 /2 2 /2 /2

1 1
[ ] ( ) [ ]

2 2

1 1
y

2 2

1 1 1

2 2 2

y

y y

y y y

m
y y y e

y y

m m
y e e

y

m m m
y e y e e






 

 

  

  

−

− −

− − −

   
− = −  
   

   
= +   

   

     
= − +     

     

 

2

1/4

/2

0

1 1
( )

2 2

ym
e y






− 
= = 

 
 , 

which implies that 
2

1/4

/2

0 ( ) ym
y e






− 
=  
 

 is an eigenfunction of 

2
2

2

1
[ ]

2
y

y


−


, associated with the 

eigenvalue, 0

1

2
 = .  
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Exercise 8.3.3 Show that if ( )n y  is a solution to the eigenvalue equation for a harmonic 

oscillator, that is, 

2
2

2

1
[ ] ( ) ( )

2
n n ny y y

y
  


− =


, then: 

(a)  [ ] ( )ny y
y



−


 is also an eigenstate solution, with the respective eigenvalue, ( 1)n + , 

(b)  [ ] ( )ny y
y



+


 is also an eigenstate solution, with the respective eigenvalue, ( 1)n − . 

You can use the commutators, 

2
2

2
[( ), ( )] 2( )y y y

y y y

  
− = 
  

. 

Solution 8.3.3  

First let us verify the given commutator,  

2 2 2
2 2 2

2 2 2

2 2
2 2

2 2

2 2
2 2

2 2

[( ), ( )] ( )( ) ( )( )

2 2

y y y y y y
y y y y y y

y y y y
y y y y

y y y y y
y y y y y

     
− = − − −
     

   
= − + 

   

    
= − − +  

    

 

2( ) 2( )y y
y y

 
=  − = 

 
. 

Given ( )n y  that satisfies the equation, 

2
2

2

1
[ ] ( ) ( )

2
n n ny y y

y
  


− =


, we obtain 

(a)  
2

2

2

2 2
2 2

2 2

1
( )( ) ( )

2

1 1
( )( ) ( ) [( ), ( )] ( )

2 2

( ) ( ) ( ) ( )

n

n n

n n n

y y y
y y

y y y y y y
y y y y

y y y y
y y



 

  

 
− −
 

   
= − − + − −

   

 
= − + −

 

( 1)( ) ( )n ny y
y

 


= + −


   . 

(b)  
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2
2

2

2 2
2 2

2 2

1
( )( ) ( )

2

1 1
( )( ) ( ) [( ), ( )] ( )

2 2

( ) ( ) ( ) ( )

n

n n

n n n

y y y
y y

y y y y y y
y y y y

y y y y
y y



 

  

 
− +
 

   
= + − + − +

   

 
= + − +

 

 

( 1)( ) ( )n ny y
y

 


= − +


   . 

 

Exercise 8.3.4 Let ( )n y  be a normalized solution to the Schrödinger equation for the 

harmonic oscillator: 

2
2

2

1 1
[ ] ( ) ( ) ( )

2 2
n ny y n y

y
 


− = +


. Show that:   

)a) 1

1
( ) [ ] ( )

2( 1)
n ny y y

yn
 +


= −

+
 is also normalized. 

)b) 1

1
( ) [ ] ( )

2
n ny y y

yn
 −


= +


 is also normalized. 

Solution 8.3.4 

First, using integration by parts we can readily see that the following identity holds for any proper 

functions, ( ) 0
y

f y
→

⎯⎯⎯→  and ( ) 0
y

g y
→

⎯⎯⎯→ ,   

( ) ( ) ( ) ( )f y y g y dy g y y f y dy
y y

 

− −

    
+ = −   
    

  . 

Using the given normalization condition, 
*( ) ( ) 1n ndy y y 



−

= , we therefore obtain 

(a) 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

39 
 

* *

1 1

*

*

*
2

* 2

2

2
* 2

2

1
( ) ( ) [ ] [ ] ( )

2( 1)

1
( )[ ][ ] ( )

2( 1)

1
( )[ [ , ]] ( )

2( 1)

1 1
( )[2 [ ] 1] ( )

2( 1) 2

n n n n

n n

n n

n n

dy y y dy y y y
n y y

dy y y y y
n y y

dy y y y y
n y y

dy y y y
n y

   

 

 

 

 

+ +

− −



−



−



−

 
= − −

+  

  
= + − 

+   

  
= − + 

+   

 
= − +

+  

 







*



  

* *

* *1 1
( )[2[ ] 1] ( ) ( ) ( ) 1

2( 1) 2
n n n ndy y n y dy y y

n
   

 

− −

   
= + + = =   

+   
   . 

(b) 

* *

1 1

*

*

*
2

* 2

2

*
2

* 2

2

1
( ) ( ) [ ] [ ] ( )

2( )

1
( )[ ][ ] ( )

2( )

1
( )[ [ , ]] ( )

2( )

1 1
( )[2 [ ] 1] ( )

2( ) 2

n n n n

n n

n n

n n

dy y y dy y y y
n y y

dy y y y y
n y y

dy y y y y
n y y

dy y y y
n y

   

 

 

 

 

− −

− −



−



−



−

 
= + +

 

  
= − + 

  

  
= − − 

  

 
= − − 

 

 







* *

* *1 1
( )[2[ ] 1] ( ) ( ) ( ) 1

2( ) 2
n n n ndy y n y dy y y

n
   

 

− −

   
= + − = =   
   

   . 

 

Exercise 8.3.5 Let us denote the classical amplitude of motion for a harmonic oscillator at 

energy nE  as n . Show that the level spacing near nE  ,namely,  1n nE E+ − , is inversely proportional 

to n , namely, a larger amplitude of motion corresponds to a more dense energy spectrum (the 

quantum size effect).  

Solution 8.3.5 

Denoting by n  the classical amplitude of motion at an energy nE , we obtain 
2 21

2
n nE m=  . The 

level spacing for the harmonic oscillator reads 1n nE E + − = . Consequently, 
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1 2

2 2 1n n
n n

n n

E E
E E

m m
+ −  =

 
. 

 

Exercise 8.5.1 Use the definition of a Hermitian conjugate, Eq. (4.5.2), and show that 
†b̂  is 

the Hermitian conjugate of b̂ , using their definitions in Eqs. (8.5.5, 8.5.6).  

Solution 8.5.1  

In Ex. 8.3.4 we used the fact that for any two proper functions, ( ) 0
y

f y
→

⎯⎯⎯→  and 

( ) 0
y

g y
→

⎯⎯⎯→ ,  we have  ( ) ( ) ( ) ( )f y y g y dy g y y f y dy
y y

 

− −

    
+ = −   
    

  . Using this result, 

we readily obtain 

*

* *1 1
( ) ( ) ( ) ( )

2 2
f y y g y dy g y y f y dy

y y

 

− −

     
+ = −    
     

  . Recalling the 

definition of Hermitian conjugates, 

*

† * *ˆ ˆ( ) ( ) ( ) ( )f x A g x dx g x Af x dx

 

− −

 
=  
 

   we can conclude that  

1

2
y

y

 
+ 
 

 and 
1

2
y

y

 
− 
 

 are Hermitian conjugates in the space of proper functions. 

 Alternatively, we can use the identity, ˆ ˆ
yy y ip

y

 
 =  
 

, and the Hermiticity of  the operators ŷ  

and ˆ yp , to show that 
1

2
y

y

 
+ 
 

 and 
1

2
y

y

 
− 
 

 are Hermitian conjugates, namely    
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* *

* * * *

* * *

1ˆ( ) ( ) ( ) ( ) ( )
2

1
ˆ ˆ( ) ( ) ( )

2

1 1
ˆ ˆ( ) ( ) ( ) ( )

2 2

1 1
ˆ ˆ( ) ( ) ( ) ( )

2 2

1
ˆ ˆ( ) ( ) ( )

2

y

y

y

y

f y bg y dy f y y g y dy
y

f y y ip g y dy

f y yg y dy i f y p g y dy

g y y f y dy i g y p f y dy

g y y f y dy i g y p f

 

− −



−

 

− −

 

− −

 

− −


= +



= +

= +

   
= +   

   

= −

 



 

 

 

( )

*

*

*

* *

*

* *

( )

1
ˆ ˆ( ) ( )

2

1
( ) ( )

2

y

y dy

g y y ip f y dy

g y y f y dy
y



−



−

 
 
 

 
= − 

 

  
= −  

  



  

*

* † *1 ˆ( ) ( )
2

g y b f y dy



−

 
=  

 
   . 

 

Exercise 8.5.2 Use the definition the creation and annihilation operators (Eqs. (8.5.5, 8.5.6)), 

and show that 
†ˆ ˆ[ , ] 1b b = . 

Solution 8.5.2  

†

2 2
2 2

2 2

1ˆ ˆ[ , ] ( ) [( )( ) ( )( )] ( )
2

1
[( ) ( )] ( )

2

1
[(2 y 2 )] ( )

2

[ y ] ( )

b b f y y y y y f y
y y y y

y y y y y y f y
y y y y y y

y f y
y y

y f y
y y

   
= + − − − +

   

     
= − + − − − + −

     

 
= −

 

 
= −

 

 

( )f y=  . 
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Exercise 8.5.3 The rate of transitions between stationary states of a system via a “weak” 

external perturbation is proportional to the “perturbation matrix element” squared (see chapters 17-

20). In the case of a molecular vibration interacting with an electromagnetic field, the perturbation 

operator is the molecular dipole, which is proportional to the interatomic distance, y , and the 

stationary states are approximated as the harmonic oscillator eigenfunctions. The transition rate 

between two stationary states, ( )n y  and '( )n y , is therefore given by 

2

*

' '( ) ( )n n n nk y y y dy 


→

−

 

. (a) Use Eqs. (8.5.3, 8.5.4, 8.5.8) and the orthonormality of the stationary states to show that the 

transition is subject to a “selection rule”:   ' ', 1 ', 1( 1)n n n n n nk n n → − +
  + +  . (b) Use this result to 

show that the transition from the ground state is restricted to the first excited state.  

Solution 8.5.3 

(a) Using 
†1 ˆ ˆ( )

2
y b b= + , the transition rate can be expressed in terms of Dirac’s ladder 

operators, 

 

2 2

* * †

' ' '
ˆ ˆ( ) ( ) ( )( ) ( )n n n n n nk y y y dy y b b y dy   

 

→

− −

  +   

2

* * †

' '
ˆ ˆ( ) ( ) ( ) ( )n n n ny b y dy y b y dy   

 

− −

= +   . 

Using 1
ˆ ( ) ( )n nb y n y  −=  and 

†

1
ˆ ( ) 1 ( )n nb y n y  += + , we obtain 

2

* *

' ' 1 ' 1( ) ( ) ( ) 1 ( )n n n n n nk y n y dy y n y dy   
 

→ − +

− −

 + +   

2

* *

' 1 ' 1( ) ( ) 1 ( ) ( )n n n nn y y dy n y y dy   
 

− +

− −

= + +   . 

Using the orthonormality of the harmonic oscillator eigenstates, we finally obtain 

( )
2

' ', 1 ', 1 ', 1 ', 11 1n n n n n n n n n nk n n n n   → − + − + + + = + + . 

(b) Associating “n ” with the ground stat ( 0n = ), and recalling that the proper eigenfunctions of 

the harmonic oscillator Hamiltonian are associates with ' 0,1,2,...n = , we obtain, 

2

0 ' ',1 ',10 1n n nk  →  + = . Hence, the transition rate vanishes unless ' 1n = , which 

corresponds to the first excited state.   
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Exercise 8.5.4 Prove Eq. (8.5.12) using Eqs. (8.5.7, 8.5.10, 8.5.11). 

Solution 8.5.4 

Using the relations between ( q̂ , p̂ ) and (b̂ ,
†b̂ ), we obtain  

  

2 2
2 2 † 2 † 2

† 2 † 2

1 1ˆ ˆ ˆ ˆˆ ˆ ˆ ( ) ( )
2 2 2 2 2 2

ˆ ˆ ˆ ˆ[( ) ( ) ]
4

m m m
H q p b b b b

m m m

b b b b

  





= + = + − −

= + − −

 

† †ˆ ˆ ˆ ˆ[ ]
2

bb b b


= +   . 

Using the commutation relation, 
† † †ˆ ˆ ˆ ˆ ˆ ˆ[ , ] 1b b bb b b= − = , we obtain,  

2
2 2 † † † †1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ [ ] [2 1] [ ]

2 2 2 2 2

m
H q p bb b b b b b b

m

  
= + = + = + = + . 
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9 Two-Body Rotation and Angular Momentum 

 

Exercise 9.1.1 Use the transformation from Cartesian to spherical coordinates, 

sin( )cos( )x r  = ; sin( )sin( )y r  = ; cos( )z r = , to derive Eq.(9.1.5) from the kinetic energy 

in Cartesian coordinates, 

2 2 2 2 2

2 2 2
ˆ ( )

2 2 x y z
r

 

− −   
 = + +

  
. 

Solution 9.1.1 

The solution of this exercise is left for self-practice. 

 

Exercise 9.1.2 Using the transformation from Cartesian to spherical coordinates, 

sin( )cos( )x r  = ; sin( )sin( )y r  = ; cos( )z r = , derive (a) the explicit expressions for ˆxL  , 

ˆ
yL , ˆzL  in Eq.(9.1.7); (b) Eq. (9.1.6) by summing over the component of the angular momentum vector, 

2 2 2 2ˆ ˆ ˆ ˆ
x y zL L L L= + + . 

Solution 9.1.2  

The solution of this exercise is left for self-practice. 

 

Exercise 9.1.3 Show that any product function ( , , ) ( , ) ( )r Y R r     , where ( , )Y    

and ( )R r  are defined as solutions to  Eq. (9.1.10) and Eq. (9.1.11), respectively, is a solution to Eq. 

(9.1.9). 

Solution 9.1.3 

Let ( , , ) ( , ) ( )r Y R r     , where, 
2̂ ( , ) ( , )L Y Y    = , and  

2 2

2 2

2
[ ] ( ) [ ( ) ] ( ) ( )

2 2
R r V r R r ER r

r r r r



 

−  
+ + + =

 
. 

Substituting in the left-hand side of Eq. (9.1.9), using  
2̂ ( , ) ( , )L Y Y    = , we obtain  

2 2 2

2 2

ˆ2
[ ] ( ) ( , ) ( )

2 2

L
V r Y R r

r r r r
 

 

 −  
+ + + 
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2 2

2 2

2
[ ] ( ) ( , ) ( )

2 2
V r Y R r

r r r r


 

 

 −  
= + + + 

  
 . 

Since 

2 2

2 2

2
[ ] ( ) [ ( ) ] ( ) ( )

2 2
R r V r R r ER r

r r r r



 

−  
+ + + =

 
, we obtain  

2 2 2

2 2

ˆ2
[ ] ( ) ( , ) ( ) ( , ) ( )

2 2

L
V r Y R r EY R r

r r r r
   

 

 −  
+ + + = 

  
. 

Hence, the given product, ( , ) ( )Y R r  , is a solution of Eq. (9.1.9). 

 

Exercise 9.2.1 Recalling the definition of the parity operator: ˆ ( ) ( )Pf f = − , do the 

following. (a) Prove that P̂  commutes with the differential operator on the left-hand side of Eq. (9.2.8). 

(b) Use the result of Ex. 6.4.1 and Eq. (9.2.12) to show that the eigenfunctions of Eq. (9.2.8) must be 

either even or odd functions of  .   

Solution 9.2.1 

(a) 

2 2
2

2 2

2 2 2 2
2 2

2 2 2 2

2 2
2

2 2

2 2
2

2 2

ˆ[ ( 1) 2 , ] ( )
1

ˆ( 1) 2 ( ) ( 1) 2 ( )
1 1

( 1) ( ) 2 ( ) ( )
1

( 1) ( ) 2 ( ) ( )
1

d d m
P f

d d

d d m d d m
f P f

d d d d

d d m
f f f

d d

d d m
f f f

d d

  
  

     
     

    
  

    
  

 
− + + 

− 

   
= − + + − − − + +   

− −   

 
= − − + − + − 

− 


− − − + − + −

−


 



 

0=  .                      

(b) 

According to Eqs. (9.2.8, 9.2.12) , ( )mf   are eigenfunctions of the operator  

2 2
2

2 2
[( 1) 2 ]

1

d d m

d d
 

  
− + +

−
, whose spectrum is non-degenerate. In this case, as shown in Ex. 

6.4.1, , ( )mf   are also eigenfunctions of any operator that commutes with 
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2 2
2

2 2
[( 1) 2 ]

1

d d m

d d
 

  
− + +

−
. Specifically, using (a), they are eigenfunctions of the parity operator, 

which implies that, , , ,
ˆ ( ) ( ) ( )m m mPf f f     = − = . Since 

2ˆ ˆP I= , we must have, 
2 1 = , and hence, 

the only eigenvalues of P̂  are 1 =  . The solutions associated with 1 =  and 1 = −  correspond, 

respectively, to 
, ,( ) ( )m mf f  − =  and  

, ,( ) ( )m mf f  − = − , namely, they are either even or odd 

functions of  . 

 

Exercise 9.2.2 The angular momentum ladder operators, L̂+
 and L̂− , are defined in Eq. 

(9.2.15). Show the following:  

(a) L̂+
 and L̂−  are Hermitian conjugates of each other.  

(b) ˆ ˆ ˆ[ , ] 2 zL L L+ − = , ˆ ˆ ˆ[ , ]zL L L =  , and  
2ˆ ˆ[ , ] 0L L = . 

(c) 
2 2 1ˆ ˆ ˆ ˆ ˆ ˆ( )

2
zL L L L L L+ − − +− = + . 

Solution 9.2.2  

(a)  

Using the definition of L̂+
, for any two proper functions, ( , , )x y z  and ( , , )x y z , we obtain 

ˆ( , , )( ) ( , , )

ˆ ˆ( , , )( ) ( , , )x y

x y z L x y z dxdydz

x y z L iL x y z dxdydz

 

 

  

+

− − −

  

− − −

= +

  

  

 

ˆ ˆ( , , )( ) ( , , ) ( , , )( ) ( , , )x yx y z L x y z dxdydz i x y z L x y z dxdydz   
     

− − − − − −

= +      . 

Using the Hermiticity of ˆxL  and ˆyL  we obtain 

* *

* * * *

* * *

ˆ( , , )( ) ( , , )

ˆ ˆ( , , )( ) ( , , ) ( , , )( ) ( , , )

ˆ( , , )( ) ( , , ) ( , , )

x y

x

x y z L x y z dxdydz

x y z L x y z dxdydz i x y z L x y z dxdydz

x y z L x y z dxdydz i x y z

 

   

  

  

+

− − −

     

− − − − − −

    

− − − − − −

   
= +   
   

= −

  

     

    

*

*ˆ( ) ( , , )yL x y z dxdydz
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*

* *ˆ ˆ( , , )( ) ( , , )x yx y z L iL x y z dxdydz 
  

− − −

 
= − 
 
    . 

Recalling the definition of L̂− ,  

*

* *ˆ ˆ( , , )( ) ( , , ) ( , , )( ) ( , , )x y z L x y z dxdydz x y z L x y z dxdydz   
     

+ −

− − − − − −

 
=  
 

      , 

and the definition of a Hermitian conjugate,  

*

* † *ˆ ˆ( , , )( ) ( , , ) ( , , )( ) ( , , )x y z L x y z dxdydz x y z L x y z dxdydz   
     

+ +

− − − − − −

 
=  
 

      , 

we readily identify, 
†ˆ ˆ( )L L+ −= . 

(b)  

Using the commutation relations between the angular momentum components (Eq. (3.3.3)),  

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ] [ , ] ( ) 2x y x y x y y x z z zL L L iL L iL L iL iL L i i L i L L+ − = + − = − + = − + =  

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ] ( )( )z z x z y y x x yL L L L i L L i L i i L L i L =  =  − =  +  

ˆ ˆ ˆ( )x yL iL L=   =  . 

Using Eq. (3.3.5),  

2 2 2ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ] 0x yL L L L i L L =  = . 

(c)  

Noticing that, 
1ˆ ˆ ˆ( )
2

xL L L+ −= +  and  ˆ ˆ ˆ( )
2

y

i
L L L+ −

−
= − , we obtain 

2 2 2 2 2 21 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )
4 4

z x yL L L L L L L L+ − + −− = + = + − −  

1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ] [ ]
4 2

L L L L L L L L L L L L+ − − + + − − + + − − += + + + = +  . 

 

Exercise 9.2.3 (a) Derive Eq. (9.2.23) using Eqs. (9.1.7,9.2.15). (b) Changing variable, 

cos( ) = , show that 2

2

ˆ [ 1 ]
1

i d
L e i

d

 


 






= − +

−
. 

Solution 9.2.3 
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(a)  

Using ˆ ˆ[sin( ) cot( )cos( ) ] ; [cos( ) cot( )sin( ) ]x yL i L i     
   

   
= + = − −

   
          

and  ˆ ˆ ˆ
x yL L iL+  + ,  we obtain                              

ˆ [ sin( ) cot( )cos( ) ] [cos( ) cot( )sin( ) ]

[(cos( ) sin( )) cot( )[sin( ) cos( )] ]

[(cos( ) sin( )) cot( )[ sin( ) cos( )] ]

L i i

i i

i i i

     
   

    
 

    
 

+

   
= + + −

   

 
= + − −

 

 
= + + +

 

 

[ cot( ) ]ie i 
 

 
= +

 
 . 

Similarly (or by identifying the Hermitian conjugate of L̂+
), we obtain 

ˆ [ cot( ) ]iL e i 
 

−

−

 
= − +

 
. 

       (b) 

Let us define, cos( ) =  and ( ) ( )f  = . Using, 
2sin( ) 1

d

d


 


= − = − − , and the chain rule, 

21
d d df df

d d d d




   


= = − − , we obtain  

2

2

ˆ [ cot( ) ] [ 1 ]
1

i i d
L e i e i

d

  
 

   

 



  
=  + = − +

  −
. 

 

Exercise 9.2.4 The associated Legendre polynomials are defined in Eq. (9.2.25). (a)  Show 

that (for nonnegative m ) we have 1 2

2
( ) ( 1)[ 1 ] ( )

1

m m

l l

d m
P P

d


  

 

+ = − − +
−

. (b) Derive the 

relations in Eq. (9.2.26).  

Solution 9.2.4  

(a)  
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For 0m   we have, 
2 0( ) ( 1) ( 1 ) ( )

m
m m m

l lm

d
P P

d
  


= − − . Consequently, 

1 1 2 2 0

1 2 2 0 2 2 0

2 1 2 2 1 0

2

( ) ( 1) 1 ( 1 ) ( )

( 1) 1 ( 1 ) ( ) 1 [ ( 1 ) ] ( )

2
( 1) 1 ( ) ( 1) 1 ( 1 ) ( )

2 1

m
m m m

l lm

m m
m m m

l lm m

m
m m m

l lm

d d
P P

d d

d d d d
P P

d d d d

d d
P m P

d d

   
 

     
   


    

 

+ +

+

+ −

= − − −

 
= − − − − − − 

 

−
= − − − − − −

−

 

2

2
( 1)[ 1 ] ( )

1

m

l

d m
P

d


 

 
= − − +

−
 . 

      (b) 

Using the relation between ( )m

lP   and 
1( )m

lP +
 derived in (a), and the result of Ex. 9.2.3 (b) for L̂+

, we obtain   

2

2

2

2

2 ( 1)

2

ˆ ( )

[ 1 ] ( )
1

[ 1 ( ) ( )]
1

( 1)[ 1 ( ) ( )]
1

m im

l

i m im

l

i m m im

l l

m m i m

l l

L P e

d
e i P e

d

d m
e P P e

d

d m
P P e

d



 

 






 

 


  

 


  

 

+

+


= − − +

−

= − − −
−

= − − +
−

 

1 ( 1)m i m

lP e + +=  . 

Similarly,  

| |

2 | |

2

2 | | ( 1)

2

ˆ ( )

[ 1 ] ( )
1

| |
[ 1 ] ( )

1

m im

l

i m im

l

m i m

l

L P e

d
e i P e

d

d m
P e

d



 






 

 


 

 

−

−

−


= − +

−

= − +
−

 

| | 1 ( 1)( )m i m

lP e + −= −  . 
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Exercise 9.2.5 Let , ( , )l mY    and , 1( , )l mY    be normalized functions: 

2 2

* *

, , , 1 , 1

0 0 0 0

sin( ) ( , ) ( , ) sin( ) ( , ) ( , ) 1l m l m l m l md d Y Y d d Y Y

   

              = =    , and let 

, 1 ,
ˆ( , ) ( , )l m l mY c L Y     = . Use the results of Ex. 9.2.2, to show that (for | |m l ), 

1

( 1)( )]
c

l m l m
 =

 +
. 

Solution 9.2.5 

Given,  

, 1 ,
ˆ( , ) ( , )l m l mY c L Y     =  

2

*

, ,

0 0

sin( ) ( , ) ( , ) 1l m l md d Y Y

 

       =   

2

*

, 1 , 1

0 0

sin( ) ( , ) ( , ) 1l m l md d Y Y

 

        =  , 

we obtain  

2

*

, , 2

0 0

1ˆ ˆsin( ) [ ( , )] ( , )
| |

l m l md d L Y L Y
c

 

       



=  . 

Using ( )
†

ˆ ˆL L =   we have, 

 

*
2 2

* *

0 0 0 0

ˆ ˆ( , ) ( , )sin( ) ( , ) ( , )sin( )d d g L f d d d d f L g d d

   

                 

 
=  
 

    ,   

and therefore,  

2

*

, , 2

0 0

1ˆ ˆsin( ) ( , ) ( , )
| |

l m l md d Y L L Y
c

 

      



=   .  

Using, ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] 2 2z zL L L L L L L L  =   = , we obtain the two identities: 

2

*

, , 2

0 0

1ˆ ˆsin( ) ( , ) [ 2 ] ( , )
| |

l m z l md d Y L L L Y
c

 

      



+ =   

2

*

, , 2

0 0

2ˆ ˆ ˆ ˆsin( ) ( , ) [ 2 ] ( , )
| |

l m z l md d Y L L L L L Y
c

 

       



+ + =  .              

Using 
2 21 ˆ ˆ ˆ ˆ ˆ ˆ( )

2
zL L L L L L+ − − ++ = − , we obtain  



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

51 
 

2

* 2 2

, , 2

0 0

1ˆ ˆsin( ) ( , ) [ ] ( , )
| |

l m z z l md d Y L L L Y
c

 

      


+ − =  . 

Considering that 
, ( , )l mY    is a normalized eigenfunction of ˆzL , 

2L̂  and 
2ˆ
zL , we finally obtain  

2 2

2

1
[ ( 1) ]

| |
m l l m

c
+ + − =   

2

2

1
[ ( )( )]

| |
l m l m l m

c
+ + − = , 

and therefore (for | |m l ),  

1

( 1)( )]
c

l m l m
+ =

+ + −
                ;        

1

( )( 1)
c

l m l m
− =

+ − +
. 

 

Exercise 9.2.6 Use Eqs. (9.2.26, 9.2.28) and 
0

,0

2 1
( , ) (cos( ))

4
l l

l
Y P  



+
=  to derive Eq. 

(9.2.29). 

Solution 9.2.6 

To express , ( , )l mY    for any positive m , we can use L̂+
 recursively. Applying Eq. (9.2.28), 

, 1 ,

1 ˆ( , ) ( , )
( )( 1)

l m l mY L Y
l m l m

   + +=
− + +

, we obtain in this case,  

( ), ,0

1 1 ˆ( , ) ( , )
( )( 1) ( 1)( 2) ( 2)( 3) ( 1)( )

m
m

l m lY L Y
l l l l l l l m l m

   +

  
=     + − + − + − + +   

 

( ) ,0

1 ( )! ! ˆ ( , )
!( )!

m
m

l

l m l
L Y

l l m
 +

 − 
=     +   

  . 

Using,  
0

,0

2 1
( , ) (cos( ))

4
l l

l
Y P  



+
= , we obtain 

( ) 0

,

1 2 1 ( )! ˆ( , ) (cos( ))
4 ( )!

m
m

l m l

l l m
Y L P

l m
  


+

 + − 
=     +   

, 

and using Eq. (9.2.26) for 0m  , we obtain 

 ( ) ( )1 ( 1) 0ˆ ˆ( ) ( ) ( ) ( )
m mm im m i m m im

l l l lL P e P e L P P e     + +

+ +=  = . 
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Therefore,   

,

2 1 ( )!
( , ) ( ) ; 0

4 ( )!

m im

l m l

l l m
Y P e m

l m

  


 + −
=   + 

. 

To express 
, ( , )l mY    for any negative m , we can use L̂−  recursively. Using Eq. (9.2.28), 

, 1 ,

1 ˆ( , ) ( , )
( )( 1)

l m l mY L Y
l m l m

   − −=
+ − +

, we obtain in this case,  

( )
| |

| |

, ,0

1 1 ˆ( , ) ( , )
( )( 1) ( 1)( 2) ( 2)( 3) ( | | 1)( | |)

m
m

l m lY L Y
l l l l l l l m l m

   −

 
=  

+ − + − + − + + 
 

( )
| |

| |

,0

1 ( | |)! ! ˆ ( , )
!( | |)!

m
m

l

l m l
L Y

l l m
 −

− 
=  

+ 
 . 

Using,  
0

,0

2 1
( , ) (cos( ))

4
l l

l
Y P  



+
= , we obtain, 

( )
| |

| |
0

,

2 1 1 ( | |)! ˆ( , ) (cos( ))
4 ( | |)!

m
m

l m l

l l m
Y L P

l m
  


−

+ − 
=  

+ 
, 

and using Eq. (9.2.26) for 0m  , we obtain,  

( ) ( )
| | | || | | | 1 ( 1) 0 | | | |ˆ ˆ( ) ( ) ( ) ( )
m mm im m i m m i m

l l l lL P e P e L P P e     + − −

− −= −  = − . 

Therefore,   

( ) | |

,

2 1 ( | |)!
( , ) 1 ( ) ; 0

4 ( | |)!

m m im

l m l

l l m
Y P e m

l m

  


+ −
= − 

+
. 

We therefore reproduce Eq. (9.2.29) for any m , 

| |

,

2 1 ( | |)!
( , ) ( 1) (cos( ))

4 ( | |)!

m m im

l m l

l l m
Y P e

l m

  


+ −
= −

+
, 

where we notice that the pre-factor ( )1
m

−  is conventionally kept for any m , although it does not affect 

the wave function normalization.   
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Exercise 9.3.1 The rate of transitions between stationary states of a system via a “weak” 

external perturbation is proportional to the “perturbation matrix element” squared (see chapters 17-

20). In the case of rotation of a diatomic molecule, interacting with an electromagnetic field, the 

perturbation operator is the projection of the molecular dipole on the electric field vector ( − μ E ). 

When the direction of the electric field vector is fixed in the lab reference frame, it is convenient to 

identify it with the z  axis direction of the molecular reference frame. The perturbation operator is then 

proportional to cos( ) , where   is the polar angle of the spherical coordinate system. The rate of 

field-induced transitions between two rotational eigenfunctions,
, ( , )l mY    and 

', '( , )l mY   , reads 

2
2

*

, ', ' ', ' ,

0 0

sin( ) ( , ) cos( ) ( , )l m l m l m l mk d d Y Y

 

       →    . Use the relation of the spherical harmonics 

to the associated Legendre polynomials (Eq. (9.2.29)), a known recursive relation for associated 

Legendre polynomials, 
1(2 1)cos( ) (cos( )) ( 1) (cos( ))m m

l ll P l m P  ++ = − + 1( ) (cos( ))m

ll m P −+ +

[9.4], and the orthonormality of the spherical harmonics, Eq. (9.2.32)) to derive the “selection rule” 

for rotational transitions induced by a (weak) electromagnetic field, 
, ', ' ', ', 1l m l m m m l lk  →  . 

Solution 9.3.1 

Using the expression for the spherical harmonics in terms of the associated Legendre polynomials (Eq. 

(9.2.29)), we obtain 

| |

,

2 1 ( | |)!
cos( ) ( , ) ( 1) cos( ) (cos( ))

4 ( | |)!

m m im

l m l

l l m
Y P e

l m

    


+ −
= −

+
. 

Using the property of the associated Legendre polynomial, 

| | | | | |

1 1

1 1
cos( ) (cos( )) ( | | 1) (cos( )) ( | |) (cos( ))

(2 1) (2 1)

m m m

l l lP l m P l m P
l l

   + −= − + + +
+ +

, 

we have 

,

2 1 ( | |)!
cos( ) ( , ) ( 1)

4 ( | |)!

m

l m

l l m
Y

l m
  



+ −
= −

+
 

| | | |

1 1

1 1
( | | 1) (cos( )) ( | |) (cos( ))

(2 1) (2 1)

m im m im

l ll m P e l m P e
l l

  + −

 
 − + + + 

+ + 
 . 

Using again Eq. (9.2.29), we obtain   

| |

1 1,

4 ( 1 | |)!
(cos( )) ( 1) ( , )

2 3 ( 1 | |)!

m im m

l l m

l m
P e Y

l l m

 
  −

+ +

+ +
= −

+ + −
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| |

1 1,

4 ( 1 | |)!
(cos( )) ( 1) ( , )

2 1 ( 1 | |)!

m im m

l l m

l m
P e Y

l l m

 
  −

− −

− +
= −

− − −
 .   

Therefore,  

,

1,

1,

cos( ) ( , )

1 ( | |)!( 1 | |)!
( | | 1) ( , )

(2 1)(2 3) ( | |)!( 1 | |)!

1 ( | |)!( 1 | |)!
( | |) ( , )

(2 1)(2 1) ( | |)!( 1 | |)!

l m

l m

l m

Y

l m l m
l m Y

l l l m l m

l m l m
l m Y

l l l m l m

  

 

 

+

−

=

− + +
− +

+ + + + −

− − +
+ +

− + + − −

 

1, 1,

( 1 | |)( 1 | |) ( | |)( | |)
( , ) ( , )

(2 1)(2 3) (2 1)(2 1)
l m l m

l m l m l m l m
Y Y

l l l l
   + −

+ + + − − +
= +

+ + − +
 . 

Substitution of the last result in the expression for the transition rate,  

2
2

*

, ', ' ', ' ,

0 0

2

*

', ' 1,

0 0

sin( ) ( , ) cos( ) ( , )

( 1 | |)( 1 | |)
| sin( ) ( , ) ( , )

(2 1)(2 3)

l m l m l m l m

l m l m

k d d Y Y

l m l m
d d Y Y

l l

 

 

       

      

→

+



+ + + −
=

+ +

 

 

 

2

* 2

', ' 1,

0 0

( | |)( | |)
sin( ) ( , ) ( , ) |

(2 1)(2 1)
l m l m

l m l m
d d Y Y

l l

 

      −

− +
+

− +   ,  

using the orthonormality of the spherical harmonics (Eq. (9.2.32)), we obtain  

2

, ', ' 1, ' , ' 1, ' , '

( 1 | |)( 1 | |) ( | |)( | |)
| |

(2 1)(2 3) (2 1)(2 1)
l m l m l l m m l l m m

l m l m l m l m
k

l l l l
   → + −

+ + + − − +
 +

+ + − +

1, ' , ' 1, ' , '

( 1 | |)( 1 | |) ( | |)( | |)

(2 1)(2 3) (2 1)(2 1)
l l m m l l m m

l m l m l m l m

l l l l
   + −

+ + + − − +
= +

+ + − +
 . 

Hence, the transition rate vanishes unless 'm m= , and ' 1l l=  . 

 

Exercise 9.3.2 Use the definition of the rotational constant to show that the rotational 

constant of 
35H Cl  is larger by 0.15%  than that of 

37H Cl , and by 95%  than that of 
35D Cl . 

Solution 9.3.2 
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Given the definitions of the rotational constant, 
2

04
B

c r 
 , and of the reduced mass of two particle 

of masses 1m  and 2m ,namely  1 2

1 2

m m

m m
 =

+
 , we obtain  

35 37

37 35

37 1

37 3637 1 1.0015
35 1 35 38

35 1

H Cl H Cl

H Cl H Cl

B

B







+= = = =
 

+

. 

35 35

35 35

35 2

70 3635 2 1.946
35 1 37 35

35 1

H Cl D Cl

D Cl H Cl

B

B







+= = = =
 

+

. 

 

Exercise 9.4.1 Use the definition ( ) ( )r rR r  , and derive Eq. (9.4.4) from Eq. (9.4.3).   

Solution 9.4.1  

First let us notice that 

2

2 2 2

2
3 2 2 2

2

4 2

2
3 2 2

2

4 4

2
3 2

2

2 ( ) '( ) ( ) 2 '( ) ( )
( )

( ) ( ) ( ) 2 ( ) 2 ( ) ( ) ( )
2

( ) 2 ( ) 2 ( ) 2 ( ) 2 ( )

( ) 2 ( ) 2

r r r r r r r

r r r r r r r r

r r r r r r r r r r r r r
r r r r r

r r r

r r r r r r r r r r
r r r

r r

r r r r r
r r

    

      

    

  

   − −
+ = +

  

    
+ − − + −

    = +

  
− + −

  = +

 
− +

 =

2

4

( ) 2 ( ) 2 ( )r r r r r
r

r

 


+ −


 

2

2
( )r

r

r




=  . 

The substitution 
( )

( )
r

R r
r


=  in Eq. (9.4.3) yields,  

( )
2 2 2 2

2

02 2

2 ( ) ( 1) ( ) ( )
( ) [ ]

2 2 2

r l l r r
r r E

r r r r r r r

   

 

−   +
+ + − + =

 
. 
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Using the identity, 

2 2

2 2

2 ( ) 1
( ) ( )

r
r

r r r r r r




  
+ =

  
, we obtain the differential equation for ( )r  

(Eq. (9.4.4)),  

( )
2 2 2 2

2

02 2

( 1)
( ) [ ] ( ) ( )

2 2 2

l l
r r r r E r

r r


  

 

 +
− + − + =


. 

 

Exercise 9.4.2 Use Eqs. (9.4.12-9.4.13) to derive Eq. (9.4.11) from Eq. (9.4.10).   

Solution 9.4.2  

Starting from Eq. (9.4.10),  

2 22 2 2
2 2 0

02
( ) [ ] ( ) ( )

2 2 2

l
l

r
q q r q q E q

q


   




− + − + =


, 

we use  

2

0 2

l
lq q r




= −  (Eq. (9.4.12)), which yields  

2 4 4 2 22 2 2 2 2
2 2 2 2 0

0 0 0 02 2 4 2

4 4 2 22 2 2 2
2 2 2 0

0 02 4 2

( ) [ 2 ] ( ) ( )
2 2 2 2 2

( ) ( ) [ ] ( )
2 2 2 2

l l l l
l l l l

l l l
l

r
q q q r r r q r q E q

q

r
q q q E r r q

q

     
    

   

   
   

  


− + + + − − + =




− + = − + −



 

2 2 22 2 2
2 0

2 2
( ) ( ) [ ( 1)] ( )

2 2 2

l l
l

r
q q q E q

q

  
  

 


− + = + −


 . 

Using the relation (Eq. (9.4.13)), 

2 2 2

0

2
(1 )

2

l l
l

r 



= − , we obtain  

2 2 2
2

2
( ) ( ) [ ] ( )

2 2
l lq q q E q

q


   




− + = −


,  

and changing variables, ( ) ( )lq q = , we obtain Eq. (9.4.11), 

2 2 2
2

2
( ) ( ) ( ) ( )

2 2
l l l l l

l

q q q E q
q


   




− + = −


. 

 

Exercise 9.4.3 Use the solutions of the Schrödinger equation for the harmonic oscillator (Eqs. 

(8.3.1,8.3.7,8.3.8)), and change variables, to obtain Eqs. (9.4.14, 9.4.15).     
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Solution 9.4.3  

Eq. (9.4.11) is perfectly analogous to Eq. (8.3.1) for the harmonic oscillator,  

2 2 2
2

2
( ) ( ) ( ) ( )

2 2
l l l l l

l

q q q E q
q


   




− + = −


. 

 The energy levels (Eq. (8.3.7) therefore read, 
1

( )
2

n lE n − = +    ;    0,1,2,...n = . Eq. (9.4.14) is 

readily obtained by using Eqs. (9.4.6, 9.4.13) for l ,    

2 2 2 22

0
, 2 2 2

0

1 1 ( 1)
( ) (1 ) ( ) (1 )

2 2 2 2

l l l
n l

r l l
E n n

r

  
 

  

+
= + + − = + + − . 

The corresponding eigenfunctions are given by Eq. (8.3.8), hence,  

2
1/4

2
1

( ) [ ]
!2

l

m
q

n l n ln
q H q e

n


 




−
 

=  
 

. 

Changing variable, 

2

0 2

l
lq q r




= − , we obtain,  

2
2

0 2

1/42 2
( )

2
, 0 02 2

1
( ) ( ) [ ( )]

!2

lm
q r

l l
n l n nn

q q r H q r e
n




  

 
  

−
− 

 − = − 
 

. 

Changing again, 0q r r= −  (under the assumption that for small deviations from 0r , the radial 

variable r  can be related to the cartesian variable q  (see the text)) we obtain,  

2
2

0 2

1/4 2
( (1 ))

2
, , 0 0 2

1
( ) ( ) [ ( (1 ))]

!2

lm
r r

l
n l n l nn

r r r H r r e
n




 

 
 

−
− + 

 − = − + 
 

. 

Finally, defining the radial functions, ,

( )
( ) n

n l

r
R r

r


 , Eq. (9.4.15) is obtained, 

2
2

0 2

1/4 2
( (1 ))

2
, 0 2

1 1
( ) [ ( (1 ))]

!2

lm
r r

l
n l nn

R r H r r e
r n




 

 

−
− + 

= − + 
 

. 

 

Exercise 9.4.4 A non-rigid diatomic molecule is associated with a (normalized) stationary 

state, , , , ,( , , ) ( , ) ( )n l m l m n lr Y R r    = , where , ( )n lR r  is given by Eq. (9.4.15). Show that the average   
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interatomic distance becomes larger with increasing angular momentum quantum number,  

2 2
2 2

, , , 0 2

0 0 0

sin( ) | ( , , ) | (1 )l
n l n l mr d d dr r r r r

 


     




 =   = +   . (Notice that when the probability 

density is confined to a range where 

2

0 2
| | (1 )lr r




 + , the boundaries of the radial integral can be 

changed: 

0

dr dr

 

−

→  .) 

Solution 9.4.4 

Using the factorization of the wave function, 
, , , ,( , , ) ( , ) ( )n l m l m n lr Y R r    = , and the fact that 

, ( , )l mY    are normalized, we obtain 

2

3 2 3 2

, , , ,

0 0 0 0

sin( ) | ( , , ) | | ( ) |n l n l m n lr d d drr r drr R r

 

     
 

 = =    . 

Defining: 
, ,( ) ( )n l n lr rR r  , we obtain 

2

, ,

0

| ( ) |n l n lr drr r


 =  . Changing variables, 

2

0 2
(1 )lx r r




 − +  and 

, ,( ) ( )n l n lx r  , we obtain 

2
2

, 0 2

0

( (1 )) | ( ) |l
n l nr dx x r x








 = + + , where 

using Eq. (9.4.15), 
2

1/4

2
1

( ) ( )
!2

m
x

n nn
x H x e

n


 




−
 

=  
 

.When the probability density, 

2

,| ( ) |n l x , is significantly larger than zero only in a small region around 0x  , the integration limits 

can be extended with a negligible effect on the result, namely    

2 2
2 2 2

, 0 02 2
( (1 )) | ( ) | | ( ) | (1 ) | ( ) |l l

n l n n nr dx x r x dxx x r dx x
 

  
 

  

− − −

  + + = + +   . 

Since 
2| ( ) |n x  is normalized, and since it is an even function of x , we obtain 

2

, 0 2
(1 )l

n lr r



  + . 

Using the definition of 
2

l  (Eq. (9.4.6)) we can see that the average interatomic distance increases with 

the rotation quantum number, l  . 

 

Exercise 9.4.5 Use the definition of the rotational frequency (Eq. (9.4.6)) and Eq. (9.4.16) to 

derive Eq. (9.4.17).  
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Solution 9.4.5 

Using Eq. (9.4.16) for the absorption wavelengths, 

2

2

1
2 (1 )( 1)l

l

B l


 
= − +  and 

2

1

2

1

1
2 (1 )( 2)l

l

B l


 
+

+

= − + , we obtain ( )2 2

12

1

1 1 2
2 ( 1) ( 2)l l

l l

B
B l l 

  
+

+

− = + + − + . 

Using the definition (Eq. (9.4.6)), 
2

2

2 4

0

( 1)
l

l l

r




+
 , we have, 

2
2

1 2 4

0

( 2)( 1)
l

l l

r



+

+ +
 , and hence, 

( )

( )

2 2

2 2 4 2 4

1 0 0

2
2

2 2 4

0

2

2 2 4

0

2

2 2 4

0

1 1 2 ( 1)( 1) ( 2)( 1)( 2)
2

2
2 ( 1) ( 1) ( 2)

2
2 ( 1) 3 4

2
2 ( 1)( 2( 2))

l l

B l l l l l l
B

r r

B
B l l l l

r

B
B l l

r

B
B l l l

r

    

 

 

 

+

 + + + + +
− = + − 

 

= + + + − +

= + + − −

= − + + +

 

( )2 2

12

2
2 2l l

B
B  


+= − +  . 
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10 The Hydrogen-Like Atom 

 

Exercise 10.2.1 Use the definitions of the dimensionless variables (Eqs. (10.2.11, 10.2.13)) to 

derive Eq. (10.2.12) from Eq. (10.2.10).   

Solution 10.2.1 

Starting from Eq. (10.2.10), 

2 2 2 2

2 2

( 1)
( ) [ ] (r) (r)

2 2

KZe l l
r E

r r r
  

 

−  − +
+ + =


, we multiply by a 

constant, 

2

4 2

2

e K

−
, to obtain  

4 2 2 2 4 2

2 4 2 2 2 2 4 2 2 4 2

2 ( 1) 2
( ) [ ] (r) (r)

Z l l
r E

e K r r e K e K r e K
  

   

 +
+ − = −


. 

Changing variables in this equation, 

2

2

e K
r


   and ( ) ( )r   , we obtain Eq. (10.2.10),  

 

2 2
2

2 2

2 ( 1)
( ) [ ] ( ) ( )

Z l l
   

  

 +
 + −  = 


.                

 

Exercise 10.2.2 Show that the functions ( ) py e  =  satisfy the asymptotic radial equation 

for the hydrogen-like atom,  namely, 

2
2

2
( ) ( )


  

 →


 ⎯⎯⎯→ 


,  for any nonnegative finite power, 

p , and use it to show that ( ) , defined in Eq. (10.2.18), is a solution to this equation.   

Solution 10.2.2 

For any nonnegative and finite p  we have,  

2
1

2
(( ) ) ( )p p p pe p e e  


   

  

 −  

→

  
=  ⎯⎯⎯→ 

  
 

1 2 2( )p p pp e e 


     −  

→
=  + ⎯⎯⎯→  . 
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Therefore, for any finite order polynomial, 
0

( )
p

k

p k

k

P a 
=

= , we have 

2
2

2
( ) ( )p pP e P e 


  



 

→


⎯⎯⎯→


. Identifying the degree of the polynomial with, p s q= + , this 

relation is shown to hold for ( )  defined in Eq. (10.2.18).  

 

Exercise 10.2.3 Derive Eq. (10.2.19), using Eqs. (10.2.12, 10.2.18). 

Solution 10.2.3 

Using the definition (Eq. (10.2.18)): 
,( ) ( )q sP e   − =   with ( )

,

0

( )
q

q k s

q s k

k

P a  +

=

= ,  in Eq. 

(10.2.12), we obtain

2

, , , ,2 2

2 ( 1)
( ) 2 ( ) ( ) ( ) 0q s q s q s q s

Z l l
e P e P e P e P       

   

− − − −  +
− + − =

 
. 

Multiplying from the right by e
, we obtain the differential equation for the polynomials,  

2

, , , ,2 2

2 ( 1)
( ) 2 ( ) ( ) ( ) 0q s q s q s q s

Z l l
P P P P    

   

  +
− + − =

 
. 

Using ( )

,

0

( )
q

q k s

q s k

k

P a  +

=

= , 
( ) 1

,

0

( ) ( )
q

q k s

q s k

k

P k s a 


+ −

=


= +


  and 

2
( ) 2

,2
0

( ) ( )( 1)
q

q k s

q s k

k

P k s k s a 


+ −

=


= + + −


 , this equation yields  

( ) 2 ( ) 1

0 0

[( )( 1) ( 1)] 2[ ( )] 0
n n

q s k q s k

k k

k k

s k s k l l a Z s k a  + − + −

= =

+ + − − + + − + =  . 

Shifting the summation index in the second term, we obtain Eq. (10.2.19) 

1
2 2

1

0 1

[( )( 1) ( 1)] 2[ ( 1)] 0
n n

s k s k

k k

k k

s k s k l l a Z s k a  
+

+ − + −

−

= =

+ + − − + + − + − =  . 

 

Exercise 10.2.4 The radial wave functions for a hydrogen-like atom are of the form 

1
/ 1 ( , )

,

0

( )
n l

Z n l n l k

n l k

k

e a  
− −

− +

=

 =  . The polynomial coefficients, {
( , )n l

ka }, are defined by the recursion 
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relation, Eq. (10.2.20). Use Eqs. (10.2.21-10.2.23) and derive the explicit expression for these 

coefficients, Eq. (10.2.28). 

Solution 10.2.4 

Noticing that q  is uniquely defined by n  and l : 1q n l= − − , hence 
( ) ( , )q n l

k ka a , and using the 

relations, 1s l= + , and /Z n = , the recursion relation for the polynomial coefficients (as given in 

Eq. (10.2.20)) can be rewritten as,  

( , ) ( , )

1

( , )

1

2[ ( 1) ]

( )( 1) ( 1)

2[ ( ) ]

( 1 )( ) ( 1)

n l n l

k k

n l

k

s k Z
a a

s k s k l l

l k Z
a

l k l k l l





−

−

+ − −
=

+ + − − +

+ −
=

+ + + − +

 

( , )

1

2 ( )

(2 1 )

n l

k

Z n l k
a

n k l k
−

− − −
=

+ +
 . 

To obtain an explicit expression for the coefficients, it is convenient to define, 
( , ) ( , )( 2 )n l k n l

k k

Z
b a

n

− − , 

where,  

( , ) ( , )
1

( , ) ( , )

1 1

( ) 1
( 2 )

(2 1 ) ( )

n l n l

k k

n l n l

k k

b aZ n l k q k

b n a k l k k p k

−

− −

− − − +
= − = 

+ + +
. (In the last step we used the notations, 

1q n l= − − , and 2 1p l= + .) Using  
( , ) ( , )

1

1

( )

n l n l

k k

q k
b b

k p k
−

− +
=

+
 recursively, we obtain  

( , ) ( , )

1 0

( , ) ( , )

2 1

( , ) ( , )

3 2

( 1)

1

2( 2)

2

3( 3)

n l n l

n l n l

n l n l

q
b b

p

q
b b

p

q
b b

p

=
+

−
=

+

−
=

+

 

( , ) ( , ) ( , )

0 0

( 1)( 2) ( 1) ! !

!( 1)( 2) ( ) !( )!( )!

n l n l n l

k

q q q q k q p
b b b

k p p p k k q k p k

− − − +
= =

+ + + − +
 . 

Expressing q  and p  in terms of n  and l , and using 
( , ) ( , )( 2 )n l k n l

k k

Z
a b

n
 − , we obtain Eq. (10.2.18),  

( , ) ( , )

0

( 1)!(2 1)!
( 2 )

( 1 )!(2 1 )! !

n l k n l

k

Z n l l
a a

n n l k l k k

− − +
= −

− − − + +
. 
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Exercise 10.2.5 Use Eqs. (10.2.27, 10.2.28) for the radial wave functions of the hydrogen-like 

atom, and Eq. (10.2.29) for the associated Laguerre polynomials, to derive Eq. (10.2.30).  

Solution 10.2.5 

Identifying: 1q n l − −  and 2 1p l + , and using Eq. (10.2.28) in Eq. (10.2.27) we obtain  

( , ) / 1

, 0

0

! ! 2
( ) ( 1)

( )!( )! !

kq
n l Z n l k

n l

k

q p Z
a e

q k p k k n

  − +

=

 
 = −  

− +  
 . 

Identifying the associated Laguerre polynomials, 
0

( )!
( ) ( 1)

( )!( )! !

q
p k k

q

k

p q
L

q k p k k
 

=

+
 −

− +
 , the result 

can be rewritten as,  

( , ) / 1

, 0

! ! 2
( ) ( )

( )!

n l Z n l p

n l q

q p Z
a e L

p q n

  − + =
+

 

( , ) / 1 2 1

0 1

( 1)!(2 1)! 2
( )

( )!

n l Z n l l

n l

n l l Z
a e L

n l n

  − + +

− −

− − +
=

+
, 

which reproduced Eq. (10.2.30). 

 

Exercise 10.2.6 Use the normalization condition (Eqs. (10.2.15)) to normalize the radial 

function given by Eq. (10.2.30), and change variables to obtain , ( )n lR r  in Eq. (10.2.31).  

Solution 10.2.6 

Considering the expression for the radial function (Eq. (10.2.30)), 

/ 1 2 1

, , 1

2
( ) ( )Z n l l

n l n l n l

Z
c e L

n

  − + +

− − = , the normalization integral reads, 

2 2 2 / 2 2 2 1 2

, 1

0 0

| ( ) | [ (2 / )]Z n l l

n l n ld c e L Z n d    
 

− + +

− − =  . Changing variable, 
2Z

x
n


= , we obtain: 

2 3

2 2 2 2 2 1 2

, 1

0 0

| ( ) | [ ( )]
2

l

x l l

n l n l

n
d c e x L x dx

Z
 

+ 

− + +

− −

 
 =  

 
  . 
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Using the property of the associated Legendre Polynomials, 
1 2

0
[ ( )]x p p

qe x L x dx


− +



(2 1)( )!/ !q p q p q= + + + , we obtain 

2 3

2 2

,

0

2 ( )!
| ( ) |

2 ( 1)!

l

n l

n n n l
d c

Z n l
 

+
+ 

 =  
− − 

 . 

The normalization condition (Eq. (10.2.15)) reads, 
2

00

1
| ( ) |d

a
 



 = , which sets the pre-factors to: 

1

, 2

0

2 ( 1)!

( )!

l

n l

Z Z n l
c

n a n n l

+
− − 

=  
+ 

. Changing variables 0r a= , where 
, ,( ) ( )n l n lr =  , we obtain  

1

/ 1 2 1

, 12

0

2 ( 1)! 2
( ) ( )

( )!

l

Z n l l

n l n l

Z Z n l Z
e L

n a n n l n

  

+

− + +

− −

− − 
 =  

+ 
 

0

1

2 1

, 12

0 0 0

( 1)! 2 2
( ) ( )

( )!

lZr

na l

n l n l

Z n l Zr Z
r e L r

a n n l na na


+−

+

− −

 − −
=  

+  
 . 

Finally, dividing by r , the explicit radial wave function, Eq. (10.2.31), is obtained 

0

3
, 2 1

, 13 4

0 0 0

( ) 4 ( 1)! 2 2
( ) ( )

( )!

l Zr

n l na l

n l n l

r Z n l Zr Zr
R r e L

r a n n l na na


−

+

− −

 − −
= =  

+  
. 

 

Exercise 10.2.7 Show that the three operators, ˆ
zL , 

2L̂ , and the hydrogen-like atom 

Hamiltonian commute with each other. Prove that these three operators have a set of joint 

eigenfunctions (use Eq. 10.2.32).  

Solution 10.2.7 

In Ex. 3.3.1, we already sowed that ˆzL  and 
2L̂  commute: 

2ˆ ˆ[ , ] 0zL L = . To show that 
2ˆ ˆ[ , ] 0H L =  we 

notice that the operation of the hydrogen-like atom Hamiltonian,  

2 2 2
2

,2 2

2 1ˆ ˆ( )
2 2

KZe
H L

r r r r r
 

 

−   −
= + + +

 
, in the space of the variables   and   is limited to the 

term 
2

,2

1 ˆ
2

L
r

 


, which commutes with 
2

,L̂  : 
2 2 2 2

, , , ,2 2

1 1ˆ ˆ ˆ ˆ, , 0
2 2

L L L L
r r

       
 

 
 = =   

 
. 
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To show that ˆ ˆ[ , ] 0zH L =  we consider the explicit form of the angular momentum operator, 

2 2
2 2

, 2 2 2

1 1ˆ ( )
( ) sin ( )

L
tg

 
    

  
= − + +

  
, and we notice that the operation of the hydrogen-like 

atom Hamiltonian,  

2 2 2
2

,2 2

2 1ˆ ˆ( )
2 2

KZe
H L

r r r r r
 

 

−   −
= + + +

 
, in the space of the variable   is 

limited to the term, 

2 2
2

2 2 2 2 2

1 1 ˆ
2 sin ( ) 2 sin ( )

zL
r r    

− 
=


, which commutes with ˆ

zL : 

2 2

2 2 2 2

1 1ˆ ˆ ˆ ˆ, , 0
2 sin ( ) 2 sin ( )

z z z zL L L L
r r   

 
 = =   

 
. 

It is easy to verify that any eigenfunction of the hydrogen-like atom Hamiltonian (Eq. (10.2.32)), 

, , , ,( , , ) ( ) ( , )n l m n l l mr R r Y    =  is also an eigenfunction of 
2L̂  (using 

2 2

, ,
ˆ ( , ) ( 1) ( , )l m l mL Y l l Y   = + ) and of ˆzL  (using , ,

ˆ ( , ) ( , )z l m l mL Y m Y   = ). 

  

Exercise 10.2.8 Show that the energy levels of a hydrogen-like atom, 
2 2/n HE R Z n= − , are 

2n -fold degenerate. (Notice that, 
1

2

0

(2 1)
n

l

l n
−

=

+ = .) 

Solution 10.2.8  

For a given n , the number of orthogonal { , , ( , , )n l m r   } corresponds to all the different 

combinations of the quantum numbers, l  and m , associated with proper wave functions. Since l  

obtains the values, 0,1,..., 1n− , and since the number of different m -values for each l , is 2 1l + , the 

total number ( N ) is given by 
1

0

(2 1)
n

l

N l
−

=

= + . Summing the arithmetic series 0 1 1a ,a ,...,an−   we obtain  

1
2

0 1

0

2 1 (a a ) (1 2 1)
2 2

n

n

l

n n
N l n n

−

−

=

= + = + = + − =  . 

 

Exercise 10.3.1 Use Eqs. (10.3.3) and (10.2.31) for the radial probability distribution to show 

that (a) the most probable relative distance between the electron and the nucleus in the ground state of 

a hydrogen like atom is 0 /r a Z= ; (b) the probability for finding the electron and the nucleus at any 
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distance in the range, 00
a

r
Z

  , equals  
2 2( ) 1 (2 2 1)P e   −= − + +  (you can use the identity, 

2
2

2

y y

x x

d
dyy e dye

d

 



 

− −=  ). 

Solution 10.3.1 

Using Eq. (10.2.31) for the ground state ( 1n = , 0l = ), the radial function reads, 0

3

1,0 3

0

4
( )

Zr

aZ
R r e

a

−

=

. Using Eq. (10.3.3) for the radial probability distribution we obtain in this case, 0

23
2

1,0 3

0

4
( )

Zr

aZ
r r e

a


−

=

.  

(a)  

To obtain the most probable relative distance between the electron and the nucleus we search for the 

maximum of  
1,0 ( )r ,  0 0

2

2 /2 2

1,0 0( ) (2 2 / ) 0

Zr

a Zr ad d
r r e r Zr a e

dr dr


−

−
 = − = , which corresponds to 

0 /r a Z= . 

(b)  

The probability for finding the electron and the nucleus at any distance in the range, 00 r r   is the 

respective integral over the radial probability density, 

0

0 0

0

3 3
2 / 2 /2 2

3 3

0 00

4 4
1

r

Zr a Zr a

r

Z Z
drr e drr e

a a



− −
= −  . 

Defining, 
0

2Z

a
 = , we obtain 

0

0 0 0

0

0

3 3 3 2
2 /2 2

3 2

0

23 2 3

0 0

2 2 3

4

2 2

2 2
( )

2 2

Zr a r r

r r r

r
r

Z d
drr e drr e dre

a d

r rd e
e

d

 




 



 

    

  

− − −

−
−

= =

= = + +

  
 

0 2 2

0 0

1
( 1)
2

r
e r r

  −
= + + . 

Setting 0
0 0 2

a
r r

Z
  =  = , we obtain 

0

0

3
2 /2 2 2

3

00

4
1 (2 2 1)

r

Zr aZ
drr e e

a

  − −= − + + . 
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11 The Postulates of Quantum Mechanics 

 

Exercise 11.2.1 (a) S  is a matrix whose elements are given as  
, m nm n

 =S , where the 

sets { 1 2 3, , ...   } and { 1 2 3, , ,...   } are two different complete orthonormal sets of 

vectors, which span the Hilbert space. Use Eq. (11.2.10) to show that the matrix S  is unitary, namely 

†  = S S I  (or, 
†

,, m nm n
  = S S ).  

Solution 11.2.1  

Let us consider the matrix elements obtained by the multiplication, 
†

S S :  

     
*† †

, , ,, , k n k m k nm n m k
k k

   = =    S S S S S S . 

Using the definition  
, k nk n

 =S , we obtain   
* *

, k m m kk m
   = =S . Therefore, 

†

, m k k nm n
k

     =  S S . 

Using the expansion of the identity (Eq. (11.2.10)), ˆ
k k

k

I  = , we obtain  

†

,, m n m nm n
    = = S S . 

 

Exercise 11.2.2 Use Eqs. (11.2.11, 11.2.12, 11.2.16) and show that Eq. (11.2.17) holds for any 

states,   and  , in the Hilbert space. 

Solution 11.2.2 

Introducing the identity (Eq. (11.2.10), ˆ
k k

k

I  = ), and using the matrix representation,  

† †

' , '
ˆ [ ]n n n nA  = A  , we obtain  

† † †

' ' , ' '

, ' 1 , ' 1

ˆ ˆ [ ]n n n n n n n n

n n n n

A A           
 

= =

= =  A . 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

68 
 

Replacing 
† *

, ' ',[ ] [ ]n n n nA A  (Eq. (11.2.16)), and using Eq. (11.2.3) we obtain Eq. (11.2.17),   

† * *

', ' ' ',

, ' 1 , ' 1

*

' '

, ' 1

ˆ [ ] [ [ ] ]

ˆ[ ]

n n n n n n n n

n n n n

n n n n

n n

A

A

         

     

 

= =



=

= =

=

 



A A

    

*
Â = . 

 

Exercise 11.2.3 The Schrödinger equation for a ket reads 
1 ˆ( ) ( )t H t

t i
 


=


, where Ĥ  

is the Hamiltonian operator. Use Eq. (11.2.18) and show that the equation of motion for the 

corresponding bra reads 
1 ˆ( ) ( )t t H

t i
 

 −
=


.  

Solution 11.2.3 

The equation,  
1 ˆ( ) ( )t H t

t i
 


=


, associates the  time-derivative of a ket state,  

( ) ( )t t
t t
 

 


 
, with the ket state obtained by the Hamiltonian operation,   

1 1ˆ ˆ( ) ( )H t H t
i i

  . Consequently, the respective bra states must be equal,   

1 ˆ( ) ( )t H t
t i
 


=


. 

Using Eq. (11.2.18), we obtain 

†
1 1 1ˆ ˆ ˆ( ) ( ) ( )H t t H t H
i i i

  
− 

= = 
 

, and therefore,  

1 ˆ( ) ( )t t H
t i
 

 −
=


. 

  

Exercise 11.3.1 One of the definitions of Dirac’s delta is the limit of an infinitely narrow 

normalized Gaussian distribution, 

2

4
0

1
( ) lim

4
e




 



−

→= . Calculate the integral explicitly and 
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show that indeed 

2( ')

4
0

1
lim ( ) ( ')

4
e d

 


     



 − −

→

−

= , where ( )   is a gaussian distribution 

of a finite width, 

2
0

2

( )

2
2

1
( )

2
e

 

 


− −

= . 

Solution 11.3.1 

To demonstrate that ( ') ( ) ( ')d       


−

− =  for the specific function,  

2
0

2

( )

2
2

1
( )

2
e

 

 


− −

= , we consider the definition, 

2( ')

4
0

1
( ') lim

4
e

 


  



− −

→− = . 

Let us calculate explicitly the integral 

22
0

2

( )( ')

4 2
2

1 1

4 2
I d e e

  

 
 

− − − −

−

=  :  

Denoting 
1

1

4
a


= , 2 2

1

2
a


= , 

1 'x = , 
2 0x = , we have:  

2 2
1 1 2 2( ) ( )1 2

2

a x a xa a
I d e e 





− − − −

−

=  . 

Using,   

 
2 2 2 2 2 2

1 1 2 2 1 2 1 1 2 2 1 1 2 2( ) ( ) ( ) (2 2 )a x a x a a x a x a a x a x a b c     − + − = + − + + +  − +  

2
2( )

2 4

b b
a c

a a
= − − + , we rewrite the integrand,  

2
2( )

1 2 2 4
2

b b
a c

a a
a a

I d e






− − + −

−

=  . 

 Since for noninfinite 
2

b

a
 we have 

2( )
2

b
a

ad e
a

 



− −

−

= , we obtain  

22
2 21 1 2 2

1 1 2 2
1 2

2 2 2 2 2 2 2
1 1 2 2 1 1 2 2 2 1 1 2

1 2

21 2
1 2

1 2

( )

( )1 2 1 24

1 2

( ) ( )

( )1 2

1 2

( )
1 2

1 2

( )

( )

( )

x a x ab a x a xc
a aa

x a x a a x a x a a x x

a a

a a
x x

a a

a a a a
I e e

a a a

a a
e

a a

a a
e

a a

 





+
− −−

+

+ − − − +

+

−
−

+

= =
+

=
+

=
+
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2
02

1
( ' )

4 2
2

1

(4 2 )
e

 
 

  

−
−

+=
+

 . 

Taking the limit 0 → , we indeed obtain 

2
0

2

( ' )

2
0 2

1
( ')

2
I e

 




 
 

− −

→
⎯⎯⎯→= = . 

 

Exercise 11.4.1 Let S  =  be the inner product between two normalized proper vectors,  

1  =  and 1  = . Show that the inner product satisfies the Cauchy–Schwarz inequality, 

namely  
2| | 1S  , which is consistent with the interpretation of 2| |S as a probability. (You can use the 

identity, 
2' | ( ) ( ') ( ) ( ') | 0d d         −   , which holds for any proper functions ( )   and  

( )  .) 

Solution 11.4.1 

First, we can use different complete orthonormal systems for expanding the inner products (without 

loss of generality we shall use two continuous orthonormal sets , ' R   , such that 

2 21 | ( ) | ' | ( ') |d d       = = =  , 
2 21 | ( ) | ' | ( ') |d d       = = =  , and 

* *( ) ( ) ' ( ') ( ')d d          = =  . Then, we construct a two-dimensional nonnegative 

integral, 
2' | ( ) ( ') ( ) ( ') | 0d d         −   , which reads   

2 2' | ( ) | | ( ') |d d        

* *' ( ) ( ') ( ) ( ')d d         −   

* *' ( ') ( ) ( ') ( )d d         −   

2 2' | ( ) | | ( ') | 0d d     +      . 

Identifying the one-dimensional normalization and overlap integrals, we obtain: 22 2 | | 0S−  , and 

therefore, 20 | | 1S  . 
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Exercise 11.5.1 A local operator is a function of the position operator (e.g., the scalar potential 

energy, ˆ ˆ( )xV V x= , Eq. (3.4.1)). Show that the matrix representation of a local operator in the position 

eigenstates is a diagonal matrix, namely 
'
ˆ ( ) ( ')x xV V x x x  = − . 

Solution 11.5.1  

The position eigenstates are defined as:  ˆ
x xx x = . For ˆ ˆ( )V V x=  which is an analytic function 

of x̂  we have (see Eq. (3.4.2)), ˆ( ) ( )x xV x V x = , and therefore:  

' ' ' '
ˆ ˆ( ) ( ) ( ) ( ) ( ')x x x x x x x xV V x V x V x V x x x        = = = = − . 

 

Exercise 11.5.2 Given a state vector,  , use Eq. (11.5.4) to derive Eq. (11.5.21). 

Solution 11.5.2  

The projection of the state vector   on a momentum eigenstate reads 
xp  . Introducing the 

expansion of the identity in terms of the position operator eigenstates (Eq. (11.5.4)), we obtain 

x xp p x xdx     


−

=  . 

 

Exercise 11.5.3 The kinetic energy of a particle is a function of the momentum operator, 

21ˆ ˆ( )
2

x xT p
m

=  (Eq. (3.4.3)). Show that the matrix representation of the kinetic energy in the momentum 

eigenstates is a diagonal matrix, namely 
2

'
ˆ ( ')

2x x

x
p x p x x

p
T p p

m
  = − . 

Solution 11.5.3 

The momentum eigenstates are defined as (Eq. (11.5.12)), ˆ
x xx p x pp p = . For 

21ˆ ˆ( )
2

x xT p
m

= , 

which is an analytic function of ˆ xp  (see section 3.4), we have 
2 21 1

ˆ( )
2 2x xx p x pp p

m m
 = , and 

therefore,   

2 2
2 2

' ' ' '

1 1ˆ ˆ( ) ( ')
2 2 2 2x x x x x x x

x x
x x p p x p p x p p p x x

p p
T p p p p

m m m m
        = = = = − . 
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Exercise 11.5.4 Formulating the postulates in terms of wave functions, the linear momentum 

operator is defined as ˆ
x

d
p i

dx
= − . Use the expansions of the identity in terms of the position and 

momentum eigenstates, Eqs. (11.5.4 and 11.5.17), to show that ˆ ( )x x

d
p i x

dx
  = −   and 

2 2 2

2

ˆ
( )

2 2

x
x

p d
x

m m dx
  

−
= . 

Solution 11.5.4   

Let us consider a matrix element of a general power of the momentum operator between position and 

momentum eigenstates. Using ( ) ( )ˆ
x x

n n

x p x pp p = , and introducing identity operators we obtain 

( ) ( ) ' '
ˆ ˆ'

x x

n n

x x x x x p p x xp dx dp p       
 

− −

=    

( ) ' ''
x x

n

x x x p p x xdx dp p      
 

− −

=     . 

Recalling Eq. (11.5.16), 

/

2

x

x

ip x

x p

e
 


= , we obtain 

( ) ( )
( ' )/

'
ˆ '

2

xip x x
n n

x x x x x

e
p dx dp p   



  − −

− −

=    . 

Making use of the identity, ( ) ( ' )/ ( ' )/
( )x x

n ip x x ip x xn

x

d
p e i e

dx

− − − −
= − , we obtain 

( )
( ' )/

'
ˆ '( )

2

xip x x
n n

x x x x

d e
p dx i dp

dx
   



  − −

− −

= −   

( ' )/

'( ) '
2

xip x x
n

x x

d e
i dx dp

dx
 



  − −

− −

= −    . 

Recalling one of the standard definitions of Dirac’s delta: 
1

( )
2

ikxk e dx




−

=  , we can use 

( ' )/

( ')
2

xip x x

x

e
dp x x



 − −

−

= − , to obtain  
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( ) '
ˆ ( ) ' ( ') ( ) ( ) ( )

n n n n

x x x x

d d d
p i dx x x i i x

dx dx dx
       



−

= − − = − = − . 

Therefore, for the momentum operator we have ˆ ( )x x

d
p i x

dx
  = − , and for the kinetic energy, 

( )
2 2

2

2

1
ˆ ( )

2 2
x x

d
p x

m m dx
  

−
= . 

 

Exercise 11.5.5 Use Eqs. (11.5.12, 11.2.3, 11.5.17) to show that the momentum operator is 

Hermitian, namely 
*

ˆ ˆ
x xp p   = . 

Solution 11.5.5 

Introducing identity operators in the momentum eigenstate representation, we obtain 

' '

'

ˆ ˆ'

' ( ')

x x x x

x x

x x x p p x p p

x x p x x x p

p dp dp p

dp dp p p p

       

    

 

− −

 

− −

=

= −

 

 

 

x xx x p pdp p    


−

=   .  

Using Eq. (11.2.3), we obtain  

*

*

*

ˆ

ˆ

ˆ

x x

x x

x x

x x x p p

x p x p

x x p p

p dp p

dp p

dp p

     

   

   



−



−



−

 
=  
 

 
=  
 

 
=  
 







 

*
ˆ

xp =  . 

 

Exercise 11.6.1 Use the definitions in Eqs. (11.6.15-11.6.20) to prove the identities given in 

Eqs. (11.6.21-11.6.24).  
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Solution 11.6.1 

Using:   , ' , '( , ),( ', ') k k l lk l k l
a b A B    and  

( , ),( ', ') , ' , '[ ] k l k l k k l lc d C D , we obtain  

( )( ) ( ) ( )( , ),( ' ') , , , ' , '( , ),( , ) ( , ),( ', ')
, ,

[ ] m n m n m k n l k m l nm n k l k l m n
k l k l

a b c d  =   = A B C D A B C D . 

( , ),( ', ') , ' , ' , , ' , , ' , , ' , , '

,

[ ] [ ] [ ]m n m n m m n n m k k m n l l n m k k m n l l n

k l k l

a c b d a c b d = = =  AC BD AC BD   . 

Hence, the identity (Eq. (11.6.21)) is verified: ( )( )  = A B C D AC BD .                                         

Using:   , ' , '( , ),( ', ') k k l lk l k l
a b A B    and  

,[ ]k l k lc d c d , we obtain  

( )( ) ( ) ( )( , ) , ,( , ),( , ) ( , )
( , ) ( , )

[ ] m n m k n l k lm n k l k l
k l k l

a b c d  =   = A B c d A B c d . 

( , ) , , , ,

,

[ ] [ ] [ ]m n m n m k k n l l m k k n l l

k l k l

a c b d a c b d = = =  Ac Bd Ac Bd . 

Hence, the identity (Eq. (11.6.22)) is verified: ( )( )  = A B c d Ac Bd .                                        

Using: 
( , ), ' , ' , '[ ] k l k k k l k k li d d  =I d , we obtain 

( )( ) ( , ), ' ( , ),( , ) ( , ), ' , , , ' , ' ,

, ,

[ ] [ ] [ ]m n m m n k l k l m m k n l k m l m m n l l

k l k l l

a b d a b d  =   = =  A B I d A B I d .    

( , ), ' , ' , ' ,[ ] [ ]m n m m m n m m n l l

l

a a b d = = A Bd Bd  . 

Hence, the identity ( )( )  = A B I d A Bd  in Eq. (11.6.23) is verified. 

Using: ( , ), ' , ' , '[ ] m n n m n n m n nc i c  = =c I , we obtain 

( )( ) ( , ), ' ( , ),( , ) ( , ), ' , , , ' , , '

, ,

[ ] [ ] [ ]m n n m n k l k l n m k n l k l n m k n n k

l k l k k

a b c a b c  =   = =  A B c I A B c I . 

( , ), ' , ' , , '[ ] [ ]m n n m n n m k k n n

k

b a c b = =Ac B Ac . 

Hence, the identity ( )( )  = A B c I Ac B  in Eq. (11.6.23) is verified. 

Let  the vectors u  and v  be eigenvectors of the matrices A  and B , associated with the eigenvalues 

u  and v , respectively, = uAu u , = vBv v . Consequently,  
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( ) ( ) ( ) +   =   +  A I I B u v A I u v I B u v  

( ) ( )=  + Au v u Bv  

( ) ( ) =  + u vu v u v  

( ) = + u v u v   , 

which reproduces Eq. (11.6.24). 

 

Exercise 11.6.2 Use Eqs. (11.6.27-11.6.29) to derive Eq. (11.6.30).  

Solution 11.6.2 

From Eqs. (11.6.29, 11.6.27) we obtain 
x y zd d        = =   r r rr r , and 

using Eq. (11.6.28) we identify ( )  =r r , to obtain Eq. (11.6.30). 

 

Exercise 11.6.3 Use the position and momentum representations of   in the three-

dimensional space (Eqs. (11.6.30, 11.6.36)) and the explicit position representation of the momentum 

eigenstates (Eq. (11.5.16)) to show that the functions ( ) ( , , )x y z =r  and   ( ) ( , , )x y zp p p =p ,  

are related to each other by the three-dimensional Fourier transforms, 

3

/

3

/

1
( ) ( )

2

1
( ) ( )

2

i

i

d e

d e

 


 


− 
=  

 

 
=  

 





pr

pr

p r r

r p p

 

(Compare to the one-dimensional case, Eqs. (11.5.22, 11.5.23)).   

Solution 11.6.3 

Using Eq. (11.6.30), we obtain 

( ) ( , , )

( , , )

x y z

x y z

x y z p p p

p p p x y z

p p p

dx d y dz x y z

     

      
  

− − −

 = =  
 

   =    
    

p
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( , , )
x y zp x p y p zdx d y dz x y z      

  

− − −

=     ,   

and using the explicit position representation of the momentum eigenstates (Eq. (11.5.16)), we obtain  

3 3

// / /1 1
( ) ( , , ) ( )

2 2

yx z
ip yip x ip z idx d y dz e e e x y z d e  

 

  
−− − −

− − −

   
= =   

   
   

prp r r . 

Similarly,  

3

// /

( ) ( , , )

( , , )

( , , )

1
( , , )

2

x y z

x y z

yx z

x y z

x y z x y z p p p x y z

x y z x p y p z p x y z

ip yip x ip z

x y z x y z

x y z

d p d p d p p p p

d p d p d p p p p

d p d p d p e e e p p p

     

      

      




  

− − −

  

− − −

  

− − −

 = =  
 

  =    
   

=

 
=  

 

  

  

  

r

 

3

/1
( )

2

id e 


 
=  

 


prp p . 

 

Exercise 11.6.4 Given that ˆ ˆ( )V V= r , and ˆ( )T T= p , rederive Eq. (11.6.42) and Eq. 

(11.6.46) by using the Hermiticity of the corresponding operators.  

Solution 11.6.4 

For the potential energy: 

**

' '

* *
*

' '

ˆ ˆ ˆ( ) ( ) ' ( )

' ( ') ' ( ') ( ') ( ')

V V d V

d V d V

       

     

 = =
 

   = = −
   



 

r r r r r

r r r

r r r r

r r r r r r r

 

*
*( ) ( ) ( ) ( )V V  = = r r r r   . 

For the kinetic energy: 
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( ) ( )

*
2 2 2

*

' '

* *
2 2

*

' '

ˆ ˆ ˆ
'

2 2 2

' '
' ' ( ') ( ')

2 2

d
m m m

d d
m m

       

     

 
= =  

 

   
= = −   
      



 

p p p p p

p p p

p p p
p

p p
p p p p p

 

*
2 2

*( ) ( )
2 2m m

 
 

= = 
 

p p
p p   . 

 

Exercise 11.6.5 (a) Use Eq. (11.6.46), and the explicit position representation of the 

momentum eigenstates (Eq. (11.5.16)) to show that 

( )

2 /

3
ˆ ( )

2 2

ie
T d

m
  


= 

pr

r

p
p p . 

(b) Show that  

2 2 2
2 / 2 /

2 2 2

i ie e
x y z

   
= − + + 

   

pr prp . 

(c) Use the results of (a) and (b), as well as the Fourier expansion of ( ) r  in Ex. 11.6.3, to obtain 

Eq. (11.6.47). 

Solution 11.6.5 

(a) 

( )

2 2 /

3
ˆ ˆ ( )

2 2 2

ie
T d T d d

m m
          


= = =  

pr

r r p p r p p

p p
p p p p . 

(b) 

( )
2 2 2

2 / 2 2 2 2 / 2 /

2 2 2 2

1i i i

x y ze p p p e e
x y z

     
− + + = − − + + =   

     

pr pr prp . 

(c) 

( )
( )

( )

2 / /
2

3 3

1ˆ ˆ( ) ( )
2 22 2

i ie e
T d d

m m
   

 
= = −  

pr pr

r r

p
p p p p  

( )

2 / 2

3
ˆ ˆ( ) ( )

2 22

ie
d

m m
 



− −
=  = 

pr

r rp p r  . 
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Exercise 11.7.1 Prove that the expectation value of a Hermitian operator is real-valued.  

Solution 11.7.1  

For a Hermitian operator we have 
*ˆ ˆ( ) ( ) ( ) ( )t A t t A t   = , hence,  

* *ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )A t t A t t A t A t   = = = . 

 

Exercise 11.7.2 A system is found in a stationary state, ( )
iEt

E Et e 
−

=  (Eq. (4.3.5)). 

Show that the expectation value of any operator is time-independent.  

Solution 11.7.2  

ˆ ˆ ˆ( ) ( ) ( )
iEt iEt

E E E EA t t A t e Ae A     
−

= = = . 

 

Exercise 11.7.3 Show that the expectation value of a local operator ˆ( )V x  (see Ex. 11.5.1) in a 

system associated with the wave function ( , )x t  reads 
*( ) ( , ) ( ) ( , )V t x t V x x t dx 



−

=  . 

Solution 11.7.3 

Introducing identity operators in the position eigenstate representation,  

' '
ˆ ˆ( ) ( ) ( ) ' ( ) ( )x x x xV t t V t dx dx t V t       

 

− −

= =    

*

'
ˆ' ( , ') ( , )x xdx dx t x V t x   

 

− −

=    , 

and using 
'
ˆ ( ) ( ')x xV V x x x  = −  (Ex. 11.5.1), we obtain 

* *( ) ' ( , ') ( ) ( ') ( , ) ( , ) ( ) ( , )V t dx dx t x V x x x t x x t V x x t dx    
  

− − −

= − =   . 

 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

79 
 

Exercise 11.7.4 Prove that the expectation value of the momentum operator, ˆ xp , vanishes for 

a system in a bound stationary state, 
/( , ) ( ) iEt

E Ex t x e  −= , where 
*Im[ ( ) ( )] 0E E

d
x x

dx
  = .  

Solution 11.7.4 

The momentum expectation value reads: 

*ˆ ( ) ( )x E E

d
p i dx x x

dx
   



−

= −  . 

Recalling that for stationary proper (bound) states the probability flux (
*Im[ ( ) ( )]E E

d
x x

m dx
  ) 

vanishes in the entire space (see Ex. 7.2.1), we obtain that the real value of p̂   vanishes in this 

case. However, since ˆ xp  is Hermitian, its expectation value is purely real (Ex. 11.7.1), and hence we 

conclude that ˆ
xp   vanishes identically in this case. 

 

Exercise 11.7.5 Use the time-dependent Schrödinger equation, 

2ˆ
ˆ( ) [ ( )] ( )

2

xp
i t V x t

t m
 


= +


,  and prove the Ehrenfest theorem for a particle of mass m , in the 

presence of a one-dimensional potential energy, ( )V x : 
( )

( )
xp t

x t
t m


=


 and 

( ) ( )x

dV
p t t

t dx


= −


. Show that for a quadratic potential energy  

2( )V x x x  = + + , the 

quantum mechanical expectation values follow the Hamilton equations of classical mechanics.  

Solution 11.7.5 

First let us consider a general expectation value of a time-independent Hermitian operator Â : 

*

ˆ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( )

A t t A t
t t

t A t t A t
t t

t A t t A t
t t

 

   

   

 
=

 

 
= +

 

 
= +
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ˆ2Re ( ) ( )t A t
t

 


=


 . 

Using ˆ( ) ( )
i

t H t
t
 

 −
=


, we obtain  

*

2ˆ ˆˆ ˆ( ) 2Re ( ) ( ) Im ( ) ( )

ˆ ˆˆ ˆ( ) ( ) ( ) ( )

ˆ ˆˆ ˆ( ) ( ) ( ) ( )

i
A t t AH t t AH t

t

i
t AH t t AH t

i
t AH t t HA t

   

   

   

 −   = =     

−  = −
 

−
 = −
 

 

ˆ ˆ( ) [ , ] ( )
i

t A H t 
−

= . 

Consequently, the time-derivative of an expectation value of Â  is given as the expectation value of its 

commutator with the system Hamiltonian. Considering, 

2ˆˆ ˆ( )
2

xp
H V x

m
= + , we obtain  

2
2ˆ 1ˆˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ]

2 2

x
x x

p i
x H x x p p

m m m
= = =  , and 

 ˆˆ ˆ ˆ ˆ[ , ] [ , ( )] '( )x xp H p V x i V x= = − , where '( ) ( )
d

V x V x
dx

 . 

Hence, we obtain the Ehrenfest equations 

( )1
ˆ ˆ( ) ( ) ( ) ( ) ( )

x

x x

p ti i
x t t p t t p t

t m m m
   

 −
= = =


 

ˆˆ( ) ( ) '( ) ( ) ( ) ' ( ) '( )x

i
p t t i V x t t V t V t

t
   

 −
= − = − = −


. 

For a quadratic potential 
2( )V x x x  = + +  we obtain 

( )
( )

xp t
x t

t m


=


 and ( ) 2 ( )xp t x t

t
 


= − −


. 
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Considering the corresponding classical Hamilton’s equations for 
2 21

( , )
2

x xH x p p x x
m

  = + + +

:   ( , ) x
x

x

p
x H x p

p m


= =


  ;   ( , ) 2x xp H x p x x
x

 


= − = − −


, 

we can readily see that the quantum mechanical expectation values can be replaced in this case by the 

classical variables ( )x t  and ( )xp t .  

 

Exercise 11.7.6 Derive Eq. (11.7.2).   

Solution 11.7.6 

By definition: ˆ( ) ( ) ( )A t t A t = . Using the expansion of the state in terms of Â ’s eigenstates: 

ˆ
n n nA   = , namely, ( ) ( )n n

n

t a t =  and 
*( ) ( )n n

n

t a t = , we obtain 

*

' '

'

* *

' ' ' '

, ' , '

ˆ ˆ( ) ( ) ( ) ( ) ( )

ˆ( ) ( ) ( ) ( )

n n n n

n n

n n n n n n n n n

n n n n

A t t A t a t A a t

a t a t A a t a t

   

    

= =

= =

 

 
 

2*

' , '

, '

( ) ( ) | ( ) |n n n n n n n

n n n

a t a t a t  = =                  . 

 

Exercise 11.7.7 A system is found in a stationary state, ( )
iEt

E Et e 
−

=  (Eqs. (4.3.4, 

4.3.5)). Show that: (a) The probability of measuring the energy E  is 1. (b) The standard deviation in 

energy measurement, as defined in Eq. (11.7.2), vanishes. 

Solution 11.7.7 

For a stationary state, ( )
iEt

E Et e 
−

= , where E  is an eigenstate if the Hamiltonian, 

ˆ
E EH E = .  

(a) 

The probability of measuring the energy E  is given by the absolute square of the projection of ( )E t  

on E :  
2 / 2( ) | ( ) | | | 1iEt

E E E Ep E t e    −= = = . 
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(b) 

The standard deviation in energy measurement reads: 
22( ) ( ) ( )H t H t H t = − . For a stationary 

state: 

 ˆ( )
iEt iEt

E EH t e He E 
−

= =  

2 2 2ˆ( )
iEt iEt

E EH t e H e E 
−

= =   , 

and therefore, the standard deviation vanishes, 
22 2 2( ) ( ) ( ) 0H t H t H t E E = − = − = . 

 

Exercise 11.7.8 In order to prove Eq.(11.7.3): (a) Show that for any operator, Ô , and its 

Hermitian conjugate, †Ô , and for any state vector, the expectation value of †ˆ ˆO O  is non-negative, 

namely †ˆ ˆ 0O O   . (b) Given two Hermitian linear operators, X̂  and Ŷ , and a real valued 

scalar,  , use (a) and the definition, ˆ ˆ ˆO X i Y − , to show that, 

2 2 2ˆ ˆ ˆ ˆ[ , ] 0X Y i X Y       + −  . (c) Since (b) holds for any real  , show that 

2

2 2
ˆ ˆ[ , ] ˆ ˆ
4

X Y
X Y

 
   

−
 . (d) Let ˆ ˆX̂ A A  − , and ˆ ˆ ˆY B B  − , 

where Â  and B̂  are any linear Hermitian operators. Use (c) and the definition of the standard 

deviation (Eq. (11.7.2)) to obtain the uncertainty inequality, Eq. (11.7.3).  

Solution 11.7.8 

(a) 

Introducing an expansion of the identity, we obtain for any  : 

† † 2ˆ ˆ ˆ ˆ ˆ| | 0n n n

n n

O O O O O       = =   . 

(b) 

Defining: ˆ ˆ ˆO X i Y − , and hence, 
†ˆ ˆ ˆO X i Y +   ( X̂  and Ŷ  are Hermitian and   is real-valued), 

we obtain 

( )( )†ˆ ˆ ˆ ˆ ˆ ˆO O X i Y X i Y     = + −  
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2 2 2ˆ ˆ ˆ ˆ[ , ] 0X Y i X Y       = + −   . 

(c) 

In (b) we obtained a parabola in the parameter  : 
2a b c + + , with 0a   (why?), which should 

be non-negative for any  . This means that the discriminant must be nonpositive, namely 

2 4 0b ac−  , hence, 

2

2 2
ˆ ˆ[ , ] ˆ ˆ
4

X Y
X Y

 
   

−
 . 

(d) 

Defining: ˆ ˆX̂ A A  −  and ˆ ˆ ˆY B B  − , where Â  and B̂  are  any linear Hermitian 

operators, and using (c), we obtain ˆˆ ˆ ˆ, [ , ]X Y A B  =
 

. Consequently,  

 ( ) ( )
2

2 2ˆ ˆ[ , ] ˆ ˆ ˆ ˆ
4

A B
A A B B

 
       

−
 − − . 

Recalling the definition of the standard deviations (measurement uncertainties), 

( )
2

ˆ ˆA A A    = −  and ( )
2

ˆ ˆB B B    = − , we finally obtain for any 

proper   and Hermitian Â  and B̂ , 

( ) ( )
2

2 2
ˆ ˆ[ , ]

4

A B
A B

 −
   . 

 

Exercise 11.7.9 Show that 
2ˆ ˆ( ) [ , ] ( ) 0t A B t −   for any non-commuting Hermitian 

operators, Â  and B̂ , ˆ ˆ[ , ] 0A B  , and ( ) 0t  . (Show that ˆ ˆ( ) [ , ] ( )t A B t   is an imaginary 

number.) 

Solution 11.7.9 

Using 
† † †ˆ ˆˆ ˆ( ) ( ) ( )BA A B= , we obtain for any Hermitian Â  and B̂ : 
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*†

*

ˆ ˆ ˆˆ ˆ ˆ( ) [ , ] ( ) ( ) ( )

ˆ ˆˆ ˆ( ) ( ) ( ) ( )

ˆ ˆˆ ˆ( ) ( ) ( ) ( ) ( )

ˆ ˆˆ ˆ( ) ( ) ( ) ( )

t A B t t AB BA t

t AB t t BA t

t AB t t BA t

t AB t t AB t

   

   

   

   

= −

= −

= −

= −

 

ˆ ˆ2 Im( ( ) ( ) )i t AB t =  . 

This implies that the expectation value of the commutator of two Hermitian operator is purely 

imaginary, and hence 
2ˆ ˆ( ) [ , ] ( ) 0t A B t −    for any proper state. 

 

Exercise 11.7.10 A particle is associated at a certain time with a normalized Gaussian wave 

function, 

2

2

1/4

4
2

1
( )

2

x

x e 


−
 

=  
 

. (a) Calculate the position and momentum standard deviations as 

defined by Eq. (11.7.2) and verify that their multiplication satisfies Eq. (11.7.4). (You can use the 

following integrals: 
2xe dx 





−

−

=  ;  
2 3

2 2

2

xx e  



−

−

−

= .) (b) The Gaussian wave function is 

sometimes referred to as the minimal uncertainty state for the particle. Explain this term in view of 

the result of (a). 

Solution 11.7.10 

(a) 

Defining 
2

1

4



= , we rewrite ( )

2

1/4
2 xx e 




− 
=  
 

. 

The position uncertainty calculation: 

( )
22 22

ˆ | | 0xx dxx x dxxe 




 

−

− −

= = =  . 

( )
( )

22 2 2 2 2

3
2

2 2 1 1
ˆ | |

2 42

xx dxx x x e dx  


  

 

−

− −

= = = =  . 

22 1
ˆ ˆ

4
x x x 


 = − = = . 
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The momentum uncertainty calculation: 

( ) ( )
2 2

1/2
2

ˆ x x

x

d d
p i dx x x i dxe e

dx dx

 
 



 

− −

− −

 
= − = −  

 
   

2

1/2

22
2 0xi dxe x






−

−

 
= = 

 
  . 

( )
2 2 2

2
2 2 2 2 2 2

2

2 2
ˆ 2 4x x x

x

d
p e e dx e x dx

dx

   
 

 

 

− − −

− −

 
= − = − − + 

 
   

2
2 2 2 2

2

2 1
2 4

2 4 4

 
  

   
= − = =  . 

2
22

2
ˆ ˆ

4 2
x x xp p p

 
 = − = = . 

The product of position and momentum uncertainties therefore reads 

2 2
xp x 


  =  = , 

which complies with Eq. (11.7.4). 

(b) 

As one can see, the Gaussian wave function satisfies the lower bound of the uncertainty product, 

which generally read 
2

xp x   . Hence, the Gaussian wave function corresponds to a minimal 

uncertainty.  
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12  Approximation Methods 

 

Exercise 12.1.1 Derive Eq. (12.1.8). 

Solution 12.1.1 

Substitution of the expansions, Eq. (12.1.6) and (12.1.7), in Eq. (12.1.5) yields  

( ) ( 1) ' ( ') ( ) ( ') ( ') ( )

0 1

0 1 0 ' 0 0 ' 0

ˆ ˆl l l l l l l l l l l l

n n n n n n

l l l l l l

H H E E        
     

− +

= = = = = =

+ = =      . 

Introducing a new index, '' 'l l l + , the double summation in the right-hand side can be rewritten as,   

''
( ') ( ') ( ) '' ( ') ( '' ') ( ') ( ')

0 ' 0 '' 0 ' 0 0 ' 0

l l
l l l l l l l l l l l l

n n n n n n

l l l l l l

E E E     
   

+ − −

= = = = = =

= =      , which yields 

( ) ( 1) ( ') ( ')

0 ,0 1

0 ' 0

ˆ ˆ[ (1 ) ] 0
l

l l l l l l

n l n n n

l l

H H E    


− −

= =

+ − − =  . 

 

Exercise 12.1.2 (a) The projection of the vector 
( )

0
ˆ l

nH   , appearing in the left-hand side of 

Eq. (12.1.9), on the vector
(0)

n  is the inner product, 
(0) ( )

0
ˆ l

n nH   . Use the hermiticity of 0Ĥ  and 

Eqs. (12.1.1, 12.1.10) to show that this projection is zero. (b) Use the result obtained in (a) to show that 

projection of 
(0)

n  on the vector appearing in the right-hand side of Eq. (12.1.9) leads to Eq. (12.1.11). 

Solution 12.1.2 

(a) 

Using the Hermiticity of  0Ĥ  we obtain 
*

(0) ( ) ( ) (0)

0 0
ˆ ˆl l

n n n nH H   = . Using Eq. (12.1.1) we 

obtain 
(0) ( ) (0) ( )

0
ˆ l l

n n n n nH E   = , and using Eq. (12.1.10) we finally obtain 

(0) ( )

0
ˆ 0l

n nH  = . 

(b) 

Using Eq. (12.1.9) we obtain 
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(0) ( ) (0) ( ') ( ')

0 ',1 1

' 0

ˆ ˆ( )
l

l l l l

n n n n l n

l

H E H     −

=

= −       

(0) (0) ( ) ( ') (0) ( ') (0) ( 1)

1

' 0

ˆ
l

l l l l l

n n n n n n n n

l

E E H     − −

=

 
= − 
 
  . 

Using Eq. (12.1.10), this means  

( ) (0) ( 1) ( ) (0) ( 1)

1 1
ˆ ˆ0 l l l l

n n n n n nE H E H   − −= −  = . 

 

Exercise 12.1.3 Substitute the expansion of 
( )l

n  (Eq. (12.1.12)) into Eq. (12.1.9), and project 

the two sides of the resulting equation on 
(0)

'n  with 'n n . Derive Eq. (12.1.13) for the expansion 

coefficients, considering that 
(0)

nE  is a nondegenerate eigenvalue of 0Ĥ .  

Solution 12.1.3 

Using Eq. (12.1.9) we obtain 

( ) ( 1) ( ') ( ')

0 1

' 0

(0) ( ) (0) ( 1) ( ') (0) ( ')

' 0 ' 1 '

' 0

(0) (0) ( ) (0) ( 1) ( ') (0) ( ')

' ' ' 1 '

' 0

ˆ ˆ

ˆ ˆ

ˆ

l
l l l l l

n n n n

l

l
l l l l l

n n n n n n n

l

l
l l l l l

n n n n n n n n

l

H H E

H H E

E H E

  

     

     

− −

=

− −

=

− −

=

= − +

= − +

= − +







(0) (0) ( ) (0) ( 1) (0) (0) ( ) ( ') (0) ( ')

' ' ' 1 ' '

' 1

ˆ
l

l l l l l l

n n n n n n n n n n n

l

E H E E       − −

=

= − + +  . 

Using the expansion,  
( ) ( , ) (0)

' '

' 0

l n l

n n n

n n

a 


 =

=  , we obtain 
(0) ( ) ( , )

' '

l n l

n n na  = . Hence, 

(0) ( , ) (0) ( , ) (0) ( 1) ( ') (0) ( ')

' ' ' ' 1 '

' 1

ˆ
l

n l n l l l l l

n n n n n n n n n

l

E a E a H E   − −

=

− = − +  

(0) ( 1) ( ') (0) ( ')

' 1 '( , )

' (0) (0) (0) (0)
' 1' '

ˆ l l l l
l

n n n n nn l

n

ln n n n

H E
a

E E E E

   − −

=

= −
− −

  , 

where the last step applies only or nondegenerate states, namely for 
(0) (0)

'n nE E .    
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Exercise 12.1.4 (a) Use Eqs. (12.1.12, 12.1.13) to derive Eq. (12.1.14, 12.1.15). (b) Use the results 

of (a) and Eq. (12.1.11) to obtain Eqs. (12.1.16-12.1.18).  

Solution 12.1.4  

(a) 

For the first-order correction ( 1l = ), Eq. (12.1.13) and the orthonormality condition (Eq. (12.1.2)) 

yield  

(0) (0)

' 1( ,1)

' (0) (0)

'

ˆ
n nn

n

n n

H
a

E E

 
=

−
. Using this result in Eq. (12.1.12) we obtain Eq. (12.1.14), 

(0) (0)

' 1(1) (0)

'(0) (0)
' '

ˆ
n n

n n

n n n n

H

E E

 
 



=
−

 . 

For the second-order correction ( 2l = ), Eq. (12.1.13) and the orthonormality condition (Eq. 

(12.1.2)) yield  

(0) (1) (1)

' 1( ,2)

' (0) (0)

'

ˆ
n n nn

n

n n

H E
a

E E

 −
=

−
. Using this result in Eq. (12.1.12) we obtain Eq. 

(12.1.15): 

(0) (1) (1)

'' 1(2) (0)

''(0) (0)
'' ''

(0) (0)

' 1(0) (1) (0)

'' 1 '(0) (0)
' (0)'

''(0) (0)
'' ''

(0) (0) (0) (0)

'' 1 ' ' 1

(0) (0) (0)
'' ' '

ˆ

ˆ
ˆ( )

ˆ ˆ

( )(

n n n

n n

n n n n

n n

n n n

n n n n
n

n n n n

n n n n

n n n n n n n n

H E

E E

H
H E

E E

E E

H H

E E E E

 
 

 
 



   







 

−
=

−

−
−

=
−

=
− −






  (0)

''(0)

''

(0) (0)

' 1(0) (1) (0)

'' '(0) (0)
' (0)'

''(0) (0)
'' ''

(0) (0) (0) (0)

'' 1 ' ' 1 (0)

''(0) (0) (0) (0)
'' ' ' ''

(1) (0) (0)

'' 1

(0)
''

)

ˆ

ˆ ˆ

( )( )

ˆ

(

n

n n

n n n

n n n n
n

n n n n

n n n n

n

n n n n n n n n

n n n

n n n

H
E

E E

E E

H H

E E E E

E H

E



 
 



   


 





 



−
−

−

=
− −

−




 

 (0)

''(0) 2

''

(0) (0) (0) (0) (1) (0) (0)

'' 1 ' ' 1 '' 1 (0)

''(0) (0) (0) (0) (0) (0)
'' ' ' '' ''

(0) (0) (0) (0) (1)

'' 1 ' ' 1 '

(0) (0)
'' ' '

)

ˆ ˆ ˆ
1

[ ]

ˆ ˆ
[

n

n

n n n n n n n

n

n n n n n n n n n n

n n n n n n

n n n n n n

E

H H E H

E E E E E E

H H E

E E



     


    

 

 

−

 
 = −
 − − −
 

= −
−

 

 
(0) (0)

, '' ' 1 (0)

''(0) (0) (0) (0)

' ''

ˆ
1

]
n n n

n

n n n n

H

E E E E

 


 
 
 − −
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(0) (1) (0) (0) (0)

'' 1 ' ' 1 (0)

''(0) (0) (0) (0)
'' ' ' ''

ˆ ˆ

( )( )

n n n n n

n

n n n n n n n n

H E H

E E E E

   


 

−
=

− −
   . 

(b) 

Using Eq. (12.1.11) with 1l =  we obtain Eq. (12.1.16),  

(1) (0) (0)

1
ˆ

n n nE H = .  

For 2l = , using Eq. (12.1.14), we obtain Eq. (12.1.17),  

(0) (0)

' 1(2) (0) (1) (0) (0)

1 1 '(0) (0)
' '

ˆ
ˆ ˆn n

n n n n n

n n n n

H
E H H

E E

 
   



= =
−

  

2
(0) (0)

' 1

(0) (0)
' '

ˆ
n n

n n n n

H

E E

 



=
−

  . 

For 3l = , using Eq. (12.1.15), we obtain Eq. (12.1.18),  

(3) (0) (2)

1
ˆ

n n nE H =  

( )( )

(0) (1) (0) (0) (0) (0) (0)

'' 1 ' ' 1 1 ''

(0) (0) (0) (0)
'' ' '' '

ˆ ˆ ˆ
n n n n n n n

n n n n n n n n

H E H H

E E E E

     

 

−
=

− −
   . 

 

Exercise 12.1.5 (a) Show that projecting Eq. (12.1.21) with 1l =  on the orthonormal set of 

degenerate vectors, defined in Eq. (12.1.19), yields 
(0) (1) (0)

1
ˆ( ) 0k j jE H − = . (b) Use the 

expansion, Eq. (12.1.20), to derive Eq. (12.1.23).  

Solution 12.1.5 

(a) 

Eq. (12.2.21) with 1l =  reads 
(1) (0) (1) (1) (0)

0 1
ˆ ˆ( )j j j j jH E E H  = + − . Projecting on 

(0)

k  , 

associated with 
(0) (0) (0)

0
ˆ

k n kH E = , yields 

(0) (1) (0) (0) (1) (0) (1) (0)

0 1
ˆ ˆ( )k j k j j k j jH E E H     = + − . 

Using the orthogonality of corrections associated with different orders (Eq. (12.1.10)), we obtain 
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(0) (1) (0)

1
ˆ0 ( )k j jE H = − . 

(b) 

Using the expansion, 
(0) (0) (0)

,

1

N

j k j k

k

a 
=

= , in the result of (a) we obtain Eq. (12.1.23),  

(0) (1) (0) (0) (0) (0) (0) (1) (0)

1 ' ', 1 ' ', ,

' 1 ' 1

ˆ ˆ( ) 0
N N

k j k k j k k k j j k j

k k

E H a H a E a   
= =

− =  =  . 

   

Exercise 12.1.6 (a) Use the orthonormality of the basis states (Eq. (12.1.19)) and recall that 

the eigenvectors of any Hermitian matrix (e.g., 1H ) can be chosen orthonormal, 

(0) (0) (0) * (0)

' ' , '

1

( , ) [ ] [ ]
N

j j j k j k j j

k


=

=  =a a a a , to prove that the  vectors defined in Eq. (12.1.25) can be chosen 

orthonormal, namely (0) (0)

' , 'j j j j  = . (b) Show that for a normalized vector defined in Eq. 

(12.1.25), the first-order correction to the energy can be expressed as for a non-degenerate state (Eq. 

(12.1.16)), namely (1) (0) (0)

1
ˆ

j j jE H = .                     

Solution 12.1.6 

(a) 

Using the expansion of the corrected zero-order vectors in terms of the basis states (Eq. (12.1.25)), we 

obtain 
(0) (0) (0) * (0) (0) (0)

' ' ' '

, ' 1

[ ] [ ]
N

j j j k j k k k

k k

   
=

=  a a . Using the orthonormality of the basis states (Eq. 

(12.1.19)), we obtain 
(0) (0) (0) * (0)

' '

1

[ ] [ ]
N

j j j k j k

k

 
=

= a a . The term on the right-hand side is identified as 

the scalar product of two complex-valued vectors, 
(0) (0)

'( , )j ja a .  Since these vectors are eigenvectors of 

a Hermitian matrix (Eq. (12.1.24)), they can be chosen to be orthonormal, and therefore, 

(0) (0)

' , 'j j j j  = . 

(b) 

Using the expansion Eq. (12.1.25), we obtain 
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(0) (0) (0) * (0) (0) (0)

1 ' ' 1

, ' 1

ˆ ˆ[ ] [ ]
N

j j j k k k j k

k k

H H   
=

=  a a . 

Identifying the matrix elements of the perturbation,  (0) (0)

' 1 1 ',

ˆ
k k k k

H  = H , the result reads 

 (0) (0) (0) * (0)

1 ' 1 ',
, ' 1

ˆ [ ] [ ]
N

j j j k j kk k
k k

H 
=

=  a H a . 

Recalling the 
(0)

ja  is an eigenvector of 1H , namely   (0) (1) (0)

1 '',
1

[ ] [ ]
N

j k j j kk k
k

E
=

= H a a , we obtain 

 (0) (0) (0) * (1) (0) (1) (0) * (0) (1)

1 ' ' ' '

' 1 ' 1

ˆ [ ] [ ] [ ] [ ]
N N

j j j k j j k j j k j k j

k k

H E E E 
= =

= = = a a a a ,  

where in the last step we used the fact that the eigenvector 
(0)

ja  is normalized. 

 

Exercise 12.2.1 Derive the expressions for the eigenvalues (Eq. (12.2.6)) and the eigenvectors 

(Eq. (12.2.8)) of the TLS Hamiltonian, as defined in Eqs. (12.2.2, 12.2.3). In order to do this, express 

the eigenvectors as linear combinations of the basis vectors,   1 1 2 2a a  = + , project the 

corresponding eigenvalue equation Ĥ E =  onto the basis vectors, 1  and 2 , and obtain 

the algebraic eigenvalue equation,  
1 1 1

*

2 2 2

a a
E

a a

 

 

     
=     

     
. Then solve the equation: obtain the two 

eigenvalues, 
2 2| |E   =   + , and the corresponding eigenvector coefficients, 

( )

1

1

2
a





 
=

, 
( )

2

| | 1

2
a

 

 

 =  , where 1 2( ) / 2  = + , 1 2( ) / 2  = −  and 
2 21 | | /  +   . 

Solution 12.2.1 

For the TLS Hamiltonian, 
*

1 1 1 2 2 2 1 2 2 1Ĥ            = + + + , we seek the 

solution to the equation: Ĥ E = . Expanding in terms of the basis vectors, 

1 1 2 2a a  = + , we obtain 

*

1 1 1 2 2 2 2 1 1 2 1 1 2 2Ĥ a a a a Ea Ea          = + + + = + . 
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The algebraic equations for the expansion coefficients and the energy levels therefore read, 

1 1 2 1a a Ea + =  

*

2 2 1 2a a Ea + =  , 

and in matrix form,  

1 1

*

2 2

0

0

E a

E a

 

 

−     
=     −     

. 

Non-trivial solutions to the homogeneous equation are obtained for  

1

*

2

0
E

E

 

 

−
=

−
. 

The two solutions for the energy levels are demoted  1E  and 2E , and are given by 

2 2

1 21 2
1

( ) 4 | |

2 2
E

    − ++
= +     ;     

2 2

1 21 2
2

( ) 4 | |

2 2
E

    − ++
= − . 

Defining: 
1 2

2

 


+
  and 

1 2

2

 −
   (Eq. (12.2.5)), we obtain Eq. (12.2.6), 

2 2

1 | |E  = +  +     ;     
2 2

2 | |E  = −  + . 

To calculate the eigenvector coefficients, we define, 
2 21 | | /  +  , where, for convenience of 

notation we associate the two solutions with, 1E E  += = +  and 2E E  −= = − . Substitution 

of E  in the homogeneous equation yields the coefficient ratios,  

( )
( ) ( ) 2 1

1 1 2 ( )

1

(1 )
( ) 0

a
a a

a

   
   

 


 



− +  −
−  + =  = = .  

In the most general case,    can be complex-valued, namely: | | ie   . Using the definition of  , 

we obtain 
2| | 1 =  − , hence, 

2 1ie  =  − . Substitution in the expression for the 

coefficients we obtain 

( )

2

( ) 2 2
1

(1 ) ( 1) ( 1)( 1) ( 1)

( 1)( 1) ( 1)1 1

i i i ia
e e e e

a

       

   


− − − −



−
= =  =  = 

− + − −
. 
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 To normalize the eigenvectors, we use ( ) 2 ( ) 2

2 1

( 1)
| | | |

( 1)
a a





 =


, and therefore,  

( ) 2 ( ) 2 ( ) 2 ( ) 2

1 2 1 1

( 1) 2
1 | | | | | | 1 | |

( 1) 1
a a a a

 

 

    
= + = + = 

  
 

( ) ( )

1 2

1 1 | | 1

2 2 2

ia a e    

   

  −
 =  =  =   ,  

namely,  

( )

1

( )

2

1

2

| | 1

2

a
E

a




 

 

 



 

 
 

   =    =    
 
 

. 

 

Exercise 12.2.2 Implement perturbation theory (Eqs. (12.1.16, 12.1.17)) for the Hamiltonian 

defined in Eqs. (12.2.10-12.2.12). (a) Show that the first-order corrections to the energy vanish. (b) 

Calculate the second-order corrections to obtain Eq. (12.2.13).   

Solution 12.2.2 

Using Eq. (12.2.11) for the zero-order eigenstates, 
(0)

1 1 =  and 
(0)

2 2 = , and the 

perturbation operator (Eq. (12.2.12)), 
*

1 1 2 2 1Ĥ      = + , we obtain 

(a) 

The first-order corrections to the two energy levels (Eq. (12.1.16)) read 

(1) (0) (0)

1 1 1 1 1 1 1
ˆ ˆ 0E H H   = = =  

(1) (0) (0)

2 2 1 2 2 1 2
ˆ ˆ 0E H H   = = = . 

(b) 

The second-order corrections to the two energy levels (Eq. (12.1.17)) read 

(0) (0) 2 2 2
' 1 1 2 1 1(2)

1 (0) (0) (0) (0)
' 1 1 ' 1 2

ˆ ˆ| | | | | |

2

n

n n

H H
E

E E E E

    



= = =
− − 
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(0) (0) 2 2 2
' 1 2 1 1 2(2)

2 (0) (0) (0) (0)
' 2 2 ' 2 1

ˆ ˆ| | | | | |

2

n

n n

H H
E

E E E E

    



−
= = =

− − 
  . 

Hence, using 
(0)

1E = +  , 
(0)

2E = − , and the results of (a) and (b), we obtain Eq. (12.2.13),  

2
(0) (1) 2 (2) 2

1 1 1 1

| |

2
E E E E


    + + = + +


                  

2
(0) (1) 2 (2) 2

2 2 2 2

| |

2
E E E E


    + + = − −


     . 

                       

Exercise 12.2.3 Implement perturbation theory (Eq. (12.1.14)) for the Hamiltonian defined in 

Eqs. (12.2.10-12.2.12) to obtain the first-order corrections to the eigenstates, as given in Eq. (12.2.16).  

Solution 12.2.3   

Using Eq. (12.1.14), 

(0) (0)

' 1(1) (0)

'(0) (0)
' '

ˆ
n n

n n

n n n n

H

E E

 
 



=
−

 , implemented  for the TLS model, where,  

(0)

1 1 =  , 
(0)

2 2 = , 
(0)

1E = + , 
(0)

2E = − , and 
*

1 1 2 2 1Ĥ      = + , we 

obtain the first-order corrections 

(0) (0) (0) (0) *
' 1 1 2 1 1(1) (0) (0) (0)

1 ' 2 2(0) (0) (0) (0)
' 1 1 ' 1 2

ˆ ˆ

2

n

n

n n

H H

E E E E

    
   



= = =
− − 

  

(0) (0) (0) (0)

' 1 2 1 1 2(1) (0) (0) (0)

2 ' 1 1(0) (0) (0) (0)
' 2 2 ' 2 1

ˆ ˆ

2

n

n

n n

H H

E E E E

    
   



= = = −
− − 

  . 

Hence, restricting to  | | = − , the corrected eigenstates up to first order read (Eq. (12.2.16)) 

(0) (1)

1 1 1 1 2

| |

2


       + = −


 

(0) (1)

2 2 2 2 1

| |

2

 
      + = +


 . 
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Exercise 12.2.4 (a) Derive the expressions in Eq. (12.2.17) for the exact TLS eigenstates. (b) 

Show that the result obtained by first-order perturbation theory (Eq. (12.2.16)) is obtained by 

expanding the square root function in a first-order Taylor expansion.    

Solution 12.2.4 

(a) 

Setting | | = − , the general expressions for the TLS Hamiltonian eigenvector coefficients (obtained 

in Ex. 12.2.1) read (
2 21 | | /  +  )  

( )

1

1 ( )

2

1

2

1

2

a
E

a




 





+

+

 +
 

 
 = +   = 
 − 
− 
 

   ;   

( )

1

2 ( )

2

1

2

1

2

a
E

a




 





−

−

 −
 

 
 = −  = 
 + 
 
 

. 

Hence, 

( )

( )

1 1 2

1 1 2

2

1 2 1 22

1 1

2 2

2 1

1 1

11 | |

1 1

 
  

 

 
  

 

 
   

 

+ −
= −

−
 = −

+ +

−−
= − = −

+  −

 

1 2(1 )
| |

  



= + −  , 

2 1 2

2 1 2

1 2 1 2
2 2

1 1

2 2

2 1

1 1

1 1

1 1

 
  

 

 
  

 

 
   

 

− +
= +

−
 = +

+ +

− −
= + = +

− −

 

1 2( 1)
| |

  



= − +  . 

Replacing   by   ( R ), we obtain Eq. (12.2.17), 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

96 
 

2 2

1 1 22

| |
(1 1 )

| |

 
  

 

 
 + − + 

  

 

2 2

2 2 12

| |
( 1 1)

| |

 
  

 

 
 + + − 

  

. 

(b) 

Approximating the square root by its first-order Taylor expansion, 

2 2 2 2

2 2

| | | |
1 1

2

   
+  +

 
, we 

obtain 

2 2

1 1 2 1 22

| | | |
( )

| | 2 2

  
     

 


 + − = −

 
 

2 2

2 2 1 2 12

| | | |
( )

| | 2 2

  
     

 


 + = +

 
 ,  

which coincides with the result of first-order perturbation theory (Eq. (12.2.16)). 

 

Exercise 12.2.5 Implement perturbation theory (Eqs. (12.1.16, 12.1.17)) for the Hamiltonian 

defined in Eqs. (12.2.18-12.2.20). (a) Show that the first-order corrections to the energy vanish. (b) 

Calculate the second-order corrections to obtain Eq. (12.2.21).   

Solution 12.2.5 

Using Eq. (12.2.19) for the zero-order eigenstates, 
(0)

1 1 2

1 1

2 2
  = −  and 

(0)

2 1 2

1 1

2 2
  = + , and the perturbation operator (Eq. (12.2.20)), 

1 1 1 2 2Ĥ    =  − , we obtain 

(a) 

The first-order corrections to the two energy levels (Eq. (12.1.16)) read 

(1) (0) (0)

1 1 1 1
ˆE H =  



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

97 
 

1 2 1 1 2 2 1 2

1 1 1 1
0

2 2 2 2
       

   
= −  −  − =       
   

 . 

(1) (0) (0)

2 2 1 2
ˆE H =  

1 2 1 1 2 2 1 2

1 1 1 1
0

2 2 2 2
       

   
= +  −  + =       
   

 . 

(b) 

The second-order corrections to the two energy levels (Eq. (12.1.17)) read 

(0) (0) 2 (0) (0) 2 2
' 1 1 2 1 1(2)

1 (0) (0) (0) (0)
' 1 1 ' 1 2

ˆ ˆ| | | |

2 | |

n

n n

H H
E

E E E E

   




= = =

− −
  

(0) (0) 2 (0) (0) 2 2
' 1 2 1 1 2(2)

2 (0) (0) (0) (0)
' 2 2 ' 2 1

ˆ ˆ| | | |

2 | |

n

n n

H H
E

E E E E

   




= = =

− − −
 , 

where we used: 
(0)

1 | |E  = + , 
(0)

2 | |E  = − , and 

(0) (0)

2 1 1Ĥ   

1 2 1 1 2 2 1 2

1 1 1 1

2 2 2 2
       

   
= −  −  + =        
   

 . 

Hence, using the results of (a) and (b) we obtain Eq. (12.2.21),

2
(0) (1) 2 (2) 2

1 1 1 1 | |
2 | |

E E E E    



 + + = + +                   

2
(0) (1) 2 (2) 2

2 2 2 2 | |
2 | |

E E E E    



 + + = − −      .                       

 

Exercise 12.2.6 Implement perturbation theory (Eq. (12.1.14)) for the Hamiltonian defined in 

Eqs. (12.2.18-12.2.20) to obtain the first-order corrections to the eigenstates, as given in Eq. (12.2.24).   

Solution 12.2.6   
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Using Eq. (12.1.14), 

(0) (0)

' 1(1) (0)

'(0) (0)
' '

ˆ
n n

n n

n n n n

H

E E

 
 



=
−

 , implemented for the TLS model, where, 

(0)

1 1 2

1 1

2 2
  = −  , (0)

2 1 2

1 1

2 2
  = + , 

(0)

1 | |E  = + , 
(0)

2 | |E  = − , and  

1 1 1 2 2Ĥ    =  − , we obtain the first-order corrections (Eq. (12.2.24)),  

(0) (0) (0) (0)

' 1 1 2 1 1(1) (0) (0) (0)

1 ' 2 2(0) (0) (0) (0)
' 1 1 ' 1 2

ˆ ˆ

2 | |

n

n

n n

H H

E E E E

   
   




= = =

− −
  . 

(0) (0) (0) (0)

' 1 2 1 1 2(1) (0) (0) (0)

2 ' 1 1(0) (0) (0) (0)
' 2 2 ' 2 1

ˆ ˆ

2 | |

n

n

n n

H H

E E E E

   
   




= = =

− − −
  . 

Hence, the corrected eigenstates up to first order read 

(0) (1)

1 1 1 1 2 1 2

1 1 1 1
( )

2 2 2 | | 2 2


       




 + = − + +  

1 2

1 1
(1 ) (1 )

2 | | 2 2 | | 2

 
 

 

 
= + − − . 

(0) (1)

2 2 2 1 2 1 2

1 1 1 1
( )

2 2 2 | | 2 2


       




 + = + − −  

1 2

1 1
(1 ) (1 )

2 | | 2 2 | | 2

 
 

 

 
= − + +  . 

 

Exercise 12.2.7 (a) Derive the expressions in Eq. (12.2.25) for the exact TLS eigenstates. (b) 

Show that the result obtained by first-order perturbation theory (Eq. (12.2.24)) is obtained by 

expanding the square root function in a first-order Taylor expansion. 

Solution 12.2.7     

a) 

Setting | | = − , the general expressions for the TLS Hamiltonian eigenvector coefficients (obtained 

in Ex. 12.2.1) read (
2 21 | | /  +  ):  
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( )

1

1 ( )

2

1

2

1

2

a
E

a




 





+

+

 +
 

 
 = +   = 
 − 
− 
 

   ;   

( )

1

2 ( )

2

1

2

1

2

a
E

a




 





−

−

 −
 

 
 = −  = 
 + 
 
 

. 

Hence, 

1 1 2

1 1 2

2 2

1 22 2

2 2

1 22 2

1 1

2 2

1 1
1 1

2 2

| | 1 | | 1
1 1 1 1

2 2

| | 1 | | 1
1 1 1 1

| | 2 | | 2

 
  

 

     

 
 

 
 

 

+ −
= −

 = + − −

= + + − + −
 

 
= + + − + −

 

 

2 2

1 22 2

1 1
1 1

| | | | 2 | | | | 2
 

   

 
     + + − + −

 
 

   , 

2 1 2

2 1 2

2 2

1 22 2

2 2

1 22 2

1 1

2 2

1 1
1 1

2 2

| | 1 | | 1
1 1 1 1

2 2

| | 1 | | 1
1 1 1 1

| | 2 | | 2

 
  

 

     

 
 

 
 

 

− +
= +

 = − + +

= + − + + +
 

 
= + − + + +

 

 

2 2

1 22 2

1 1
1 1

| | | | 2 | | | | 2
 

   

 
     + − + + +

 
 

    . 

Replacing   by   ( R ), we obtain Eq. (12.2.25),  

2 2
2 2

1 1 22 2

1 1
1 1

| | | | 2 | | | | 2
      

   

 
     + + − + −
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2 2

2 2

2 1 22 2

1 1
1 1

| | | | 2 | | | | 2
      

   

 
     + − + + +

 
 

     .        

(b) 

Approximating the square root functions by their first-order Taylor expansion, 1 1
2

x
x+  + , we 

obtain 

2 2 2 2

1 1 22 2

2 2 2 2

1 22 2

1 1
1 1

2 | | | | 2 2 | | | | 2

1 1
1 1

4 | | 2 | | 2 4 | | 2 | | 2

   
  

   

   
 

   

    
 + + − + − 
 
 

       
 + + − + −     

    

    

 
2 2 2 2

2 1 22 2

1 1
1 1

2 | | | | 2 2 | | | | 2

   
  

   

    
 + − + + + 
 
 

 

2 2 2 2

1 22 2

1 1
1 1

4 | | 2 | | 2 4 | | 2 | | 2

   
 

   

       
 + − + + +     

    
 . 

Keeping only the terms which are up to first order in  , we obtain the approximations 

( ) ( )1 1 2 1 2 1 2

1 1 1 1
1 1

2 | | 2 2 | | 2 2 2 | | 2

  
      

  

      
 + − − = − + +     

    

( ) ( )2 1 2 1 2 1 2

1 1 1 1
1 1

2 | | 2 2 | | 2 2 2 | | 2

  
      

  

      
 − + + = + − −     

    

, 

which coincide with the result of first-order perturbation theory (Eq. (12.2.24)). 

 

Exercise 12.2.8 To calculate the integral 

2
2 1| ( ) |

| |

s

q

Ke q d


−
−

r
r

r R
, it is convenient to change 

variables to the elliptical coordinates, ( , , )   , defined as,   

; 1

; 1 1

q

q

q

q

r r

R

r r

R

 

 

+
   

−
 −  

, 
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where | |q qr  −r R , | |q qR  R , | |r  r , and (0,0, )q qRR .  

(a) Show that these definitions yield the following results: 

2 2 2 2sin( )cos( ) 1 cos( )
2

qR
x r       = = + − − ,

2 2 2 2sin( )sin( ) 1 sin( )
2

qR
y r       = = + − −    

and cos( ) (1 )
2

qR
z r  = = − . 

(b) Let ( , , ) ( , , )g f x y z   = . Calculate the corresponding Jacobian, 

x x x

y y y

z z z

  

  

  

  

  

  

  

  

  

, and show 

that  

32 1

2 2

0 1 1

( , , ) ( ) ( , , )
8

qR
dx dy dz f x y z d d d g



       
   

− − − −

= −      . 

 (c) Let 

2
2 1| ( ) |

( , , )
| |

s

q

f x y z Ke q


= −
−

r

r R
, with 1 ( )s r  as defined in Eq. (12.2.31) and (0,0, )q qRR . 

Derive the result for 
(1)

1E  in Eq. (12.2.32).  

(d) Show that as the distance to the point charge goes to infinity, the first-order correction to the energy 

approaches the Coulomb interaction energy between the remote charge and an effective point charge, 

in which the electron charge is subtracted from the nucleus charge, namely  

2
(1)

1 ( 1)
qR

q

Ke q
E Z

R→
⎯⎯⎯→ − .  

Solution 12.2.8 

(a)  

Using the definitions, | |q qr  −r R , | |q qR  R , | |r  r , and 

; 1 ; ; 1 1
q q

q q

r r r r

R R
   

+ −
     −   , 
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we obtain ( )
2

q

q

R
r  = +  and ( )

2

qR
r  = − . Using the relation (the law of cosines), 

2 2 2 2q q qr r R= + − R r , we obtain 

22 2 2 2 2 2( )( )
(1 )

2 2 2 2

q q q q q q q q

q

r R r R r r r r R R R


+ − − − + −
= = = = −R r . 

Setting 
qR  along the z direction in a three-dimensional cartesian coordinate system, 

(0,0, ) 0 0q q qR R  + +R i j k , and transforming to spherical coordinates, we obtain 

(0,0, ) ( , , ) cos( )q q q qR x y z R z R r =  = =R r . Consequently, 

 cos( ) (1 )
2

qR
r  = −  

2 2 2 2 2 2 2 2 2sin( ) cos ( ) ( ) (1 ) 1
2 2

q qR R
r r r        = − = − − − = + − − , 

and therefore, 

cos( ) (1 )
2

qR
z r  = = −  

2 2 2 2sin( )cos( ) 1 cos( )
2

qR
x r       = = + − −  

2 2 2 2sin( )sin( ) 1 sin( )
2

qR
y r       = = + − −  . 

(b) 

Using (a), the Jacobian reads  
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( ) ( )

( ) ( )

( ) ( )

2 22 2

2 2

2 22 2

2 2

2 22 2

2 2

cos ( ) cos ( ) tan( )
4 4

sin ( ) sin ( ) cot( )
4 4

0
2 2

cos ( ) cot( ) sin ( ) tan( )
2 4 4

2

q q

q q

q q

q q q

q q

R Rx x x x
x x

R Ry y y
y

y y

z z z R R

R R R
y x

x y

R R

     
  

  

     
  

  

 
  

     
    



− −   −
  

− −  
=

  

  
− −

  

 − −
 = +
 
 

−
( ) ( )

( ) ( )( )

2 22 2

2 2

3

2 2 2 2 2 2

cos ( ) cot( ) sin ( ) tan( )
4 4

cos ( ) sin ( )
8

q

q

R
y x

x y

R

     
   

     

 − −
 +
 
 

= − + −

 

( )
3

2 2

8

qR
 = −  . 

Therefore,  

32 1

2 2

0 1 1

( , , ) ( ) ( , , )
8

qR
dx dy dz f x y z d d d g



       
   

− − − −

= −      . 

(c) 

We are interested in calculating the integral, 

2
2 1| ( ) |

| |

s

q

Ke q d


−
r

r
r R

, for 

2 2 2
0

3
/

1 3

0

( , , )
Z x y z a

s

Z
x y z e

a




− + +
=  . Changing variables to elliptical coordinates, ( , , )   , and 

recalling that, | | ( )
2

q

q q

R
r  − = = +r R , we obtain 

0

0

2 3 2
2 /2 1

3

0

2 2 13 2
( )/2 2

3

0 0 1 1

| ( ) | 1

| | | |

1
( )

4 ( )

q

Zr as

q q

ZR aq

Z Ke q
Ke q d dr e

a

RZ Ke q
d d d e

a


 





    
  

−


− −

−

=
− −

= −
+

 

  

r
r

r R r R
 

0

2 2 13 2
( )/

3

0 0 1 1

( )
4

qZR aqRZ Ke q
d d d e

a


 

    



− −

−

= −    . 
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Defining, 
0

0

/qZR a

a
= , we obtain 

12 2 3
2 ( )1

1 1

| ( ) |

| | 2

s

q q

Ke q d
Ke q d d d e

R d

   
 





− −

−

−
=

−  
r

r
r R

 

2 3 2 2
2

3

( 1) 1
2 [( 1) 1]

2q q

Ke q e Ke q
e

R R


 




−
−− + − −

= = + −  ’ 

and finally, we obtain the first-order correction to the energy (Eq. (12.2.32)),  

22 2 2
(1) 2 21
1

| ( ) |
[( 1) 1]

| |

s

q q q q

KZqe KZqe Ke q
E Ke q d e

R R R


 −= − = + + −

−
r

r
r R

 

0

2
2

0

1 ( 1)

qZR

q a

q

ZRKqe
Z e

R a

− 
 = − + +
 
 

 . 

(d) 

Using the expression in (c) we can see that  

2
(1)

1 ( 1)
qR

q

Ke q
E Z

R→
⎯⎯⎯→ − .  

 

Exercise 12.2.9 Calculate the first-order correction to the ground state energy (Eq. (12.1.16)), 

owing to a remote point charge, using the approximation for the perturbation, Eq. (12.2.34). Compare 

the result to the exact calculation, Eq. (12.2.32), in the limit, 0
q

a
R

Z
 .  

Solution 12.2.9 

We are interested in calculating 
(0) (0)

1 1 1
ˆ

s sH   with 
2 2 2

0

3
/

1 3

0

( , , )
Z x y z a

s

Z
x y z e

a




− + +
= , for the 

approximated perturbation operator, 

2 2

1 2 2 2
ˆ (1 )

q q q

q q q q q

x x y y z zKe Zq Ke q
H

R R R R R

−
= + + + + , namely  
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. 

Since integrals of the type 
2xxe dx



−

−

  vanish, and since 
1 ( , , )s x y z  is normalized, we readily obtain 

2 2
(0) (0)

1 1 1
ˆ

s s

q q

Ke Zq Ke q
H

R R
  = − . This result is indeed consistent with the calculation of the matrix 

element for the perturbation, 
2 2

1
ˆ

| | | |q q

Ke Zq Ke q
H

−
= +

−R r R
, (Eq. (12.2.32)) in the limit 0

q

a
R

Z
 , namely  

0

0

2
2 2 2

0

1 ( 1)

q

q

ZR

q a

ZR
q q q

a

ZRKqe Ke Zq Ke q
Z e

R a R R

−

→

 
−

 − + + ⎯⎯⎯⎯→ −
 
 

. 

 

Exercise 12.2.10 Using the explicit set of degenerate wave functions (Eq. (12.2.35)), calculate 

the matrix elements of the operator 

2

| |q

Ke q−

−r R
, for (0,0, )q qRR , and verify the results given in Eqs. 

(12.2.36, 12.2.37) (including the vanishing entries). For this purpose, it is recommended to change 

variables to the elliptical coordinates, ( , , )   , following the practice of Ex. 12.2.8.  

Solution 12.2.10 

It is helpful to calculate some relevant integrals first: 

1

2

1

2
2

3

1

( 1)

2 ( 1)

e
d e

e
d e

e e
d e







 






 



 
 



 −
−

 −
−

 − −
−

=

+
=

+ +
=







 

2 2 2
0

2 3 2
2 /(0) (0)

1 1 1 3 2 2 2

0

( )ˆ (1 )
q q qZ x y z a

s s

q q q q q

x x y y z zKe Zq Z Ke q
H dx dy dz e

R a R R R R
 



  

− + +

− − −

−
= + + + +  
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1 2
( )

1 2

1 1

2

1 3

2 2 2

12 4

3 3 2 2

13 5

1

( 1) 1
2

3 (2 4 3)
2

(4 12 18 12) 12
2

e
I d d e

d e
I

d

d e
I

d

d e
I

d


  







 




 

 

 

  

 

 −
− −

−

−

−

−

−
= =

+ −
=

− + +
=

+ + + −
=

 

 

1 2 2 2

2 4

1 1

2 2 3 2 2 2 2

2 5

2 2 4 3 2 2

22 6

1 [ 2 1]

2 2 4 6 8 4

6 20 [4 16 34 40 20]

e
I d e d e

d e e e e
I

d

d e
I

d


 

   



  
 



   

 

    

 

 −
−

−

− − − −

−

− + + +
= =

− − + − − −
=

− + + + + +
=

 

 

( )
1

2 2 ( ) 2 2 2

3 6

1 1

4
( 1)(1 ) ( 2 1) 1I d d e e         





− − −

−

= − − = + + + −   

( )3 2 2 2

3 7

4
( 2 8 12 6) 4 6

d
I e

d

   
 

−= − − − − − +  . 

We now turn to the calculation of matrix elements of the perturbation operator, 
2

| |q

Ke q−

−r R
, between the 

selected basis functions for the degenerate subspace: 

2 2 2
0

3
/2(0) 2 2 2

2 2 3

0 0

1 2
( , , ) (2 )

8

x y z Z a

s s

Z Z
x y z x y z e

a a
 



− + +
= = − + +r  

2 2 2
0

5
/2(0)

2 2 5

0

1 2
( , , )

8z z

x y z Z a

p p

Z
x y z ze

a
 



− + +
= =r  

2 2 2
0

5
/2(0)

2 2 5

0

1 2
( , , )

8y y

x y z Z a

p p

Z
x y z ye

a
 



− + +
= =r  

2 2 2
0

5
/2(0)

2 2 5

0

1 2
( , , )

8x x

x y z Z a

p p

Z
x y z xe

a
 



− + +
= =r      . 

 Denoting, 
2 2 2r x y z= + + , and using, | |q qr− =r R , the relevant integrals read 
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0

0

22 2 3
/(0) (0) 0

2 2 3

0

2 2 5 2
/(0) (0)

2 2 5

0

2 2 5
(0) (0)

2 2 5

0

(2 / )

ˆ| | 32

ˆ| | 32

ˆ| | 32

z z

x x

rZ a

s s

q q

rZ a

p p

q q

p p

q

Zr aKe q Ke q Z
dx dy dz e

a r

Ke q Ke q Z z
dx dy dz e

a r

Ke q Ke q Z
dx dy dz

a

 


 


 


  

−

− − −

  

−

− − −

 

− − −

−− −
=

−

− −
=

−

− −
=

−

  

  

 

r R

r R

r R
0

0

2
/

2 2 5 2
/(0) (0)

2 2 5

0
ˆ| | 32y y

rZ a

q

rZ a

p p

q q

x
e

r

Ke q Ke q Z y
dx dy dz e

a r
 





−

  

−

− − −

− −
=

−



  r R

 

0

0

2 2 4
/(0) (0) 0

2 2 4

0

2 2 4
/(0) (0) 0

2 2 4

0

2 2 4
(0) (0)

2 2 4

0

(2 / )

ˆ| | 32

(2 / )

ˆ| | 32

ˆ| | 32

z

x

y

rZ a

s p

q q

rZ a

s p

q q

s p

q

Zr a zKe q Ke q Z
dx dy dz e

a r

Zr a xKe q Ke q Z
dx dy dz e

a r

Ke q Ke q Z
dx dy

a

 


 


 


  

−

− − −

  

−

− − −



− −

−− −
=

−

−− −
=

−

− −
=

−

  

  



r R

r R

r R
0/0(2 / ) rZ a

q

Zr a y
dz e

r

 

−

 −

−
 

 

0

0

2 2 5
/(0) (0)

2 2 5

0

2 2 5
/(0) (0)

2 2 5

0

ˆ| | 32

ˆ| | 32

x z

y z

rZ a

p p

q q

rZ a

p p

q q

Ke q Ke q Z xz
dx dy dz e

a r

Ke q Ke q Z yz
dx dy dz e

a r

 


 


  

−

− − −

  

−

− − −

− −
=

−

− −
=

−

  

  

r R

r R

      

0

2 2 5
/(0) (0)

2 2 5

0
ˆ| | 32y x

rZ a

p p

q q

Ke q Ke q Z yx
dx dy dz e

a r
 



  

−

− − −

− −
=

−   r R
  . 

Transforming to elliptical coordinates,  

32 1

2 2

0 1 1

( )
8

qR
dx dy dz d d d



    
   

− − − −

→ −      , with

2 2 2 2

cos( ) (1 )
2

sin( )cos( ) 1 cos( )
2

q

q

R
z r

R
x r

 

      

= = −

= = + − −

 

2 2 2 2sin( )sin( ) 1 sin( )
2

qR
y r       = = + − −  , 

| |q qR = R  , ( )
2

q

q

R
r  = + , ( )

2

qR
r  = − , and defining, 

02

qR Z

a
 , we obtain 
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0

0

22 2 3
/(0) (0) 0

2 2 3

0

2
32 12 3

( ) /
2 2 0 2

3

0 0 1 1

12
2 2 (

0 1 1

(2 / )

ˆ| | 32

(2 ( ))
2

( )
32 8

( )
2

( )(2 ( ))
16

q

rZ a

s s

q q

q

R
Z aq

q

Zr aKe q Ke q Z
dx dy dz e

a r

RZ

R aKe q Z
d d d e

Ra

Ke q Z
d d e

a


 

 

 


 

    


 

       

  

−

− − −


− −

−



−

−

−− −
=

−

− −
−

= −

+

−
= − − −

  

  

 

r R

)

12
2 2 2 3 ( )

0 1 1

12 2 3
2 2 ( )

2 3

0 1 1

2 2 3
2 2

1 1 12 3

0

2
2 2 2 3 5 4

3

0

[4( ) 4 ( ) ( ) ]
16

[ 4 4 ]
16

[ 4 4 ]
16

[2 [ 2 3 2 2 ]]
4

Ke q Z
d d e

a

Ke q Z d d d
d d e

a d d d

Ke q Z d d d
I I I

a d d d

Ke q Z
e

a



  

  



          

    
  

  
  

    


−



− −

−



− −

−

−

−
= − − − + −

−
= − − −

−
= − − −

−
= + − − − −

 

 

 

0

0

2 2 5 2
/(0) (0)

2 2 5

0

32 12 5
( ) /

2 2 2 2 2 2
5

0 0 1 1

2 22 12 5
2

5

0 0 1 1

ˆ| | 32

1
( )( ( ))

32 8
( )

2

( )[ ( )
32 4 4

z z

q

rZ a

p p

q q

R
Z aq

q

q q q

Ke q Ke q Z z
dx dy dz e

a r

RKe q Z
d d d r x y e

Ra

R R RKe q Z
d d d

a


 



 


    


 

      


  

−

− − −


− −

−



−

− −
=

−

−
= − − +

+

−
= − − −

  

  

  

r R

0

0

2
( ) /

2 2 2

4 2 12 5 ( )
22 2 2

5

0 0 1 1

12
4 3 2 2 ( )

0 1 1

12 3
4 (

3

0 1 1

( 1)(1 )]
4

( )[( ) ( 1)(1 )]
32 16

[( ) ( )( 1)(1 )]
16

[
16

q

q

R
Z a

R Z

q a

e

RKe q Z
d d d e

a

Ke q Z
d d e

a

Ke q Z d
d d e

a d

 

  

  

  

 

        


        

  


− −

 − −

−



− −

−



− −

−

− −

−
= − − − − −

−
= − − − − −

−
= −

  

 

 
1

) 2 2 ( )

1 1

2 3
4

1 33

0

2
5 4 3 2 2 2

3

0

( 1)(1 ) ]

[ ]
16

[( 2 6 11 14 12 6) 2 6]
4

d
d d e

d

Ke q Z d d
I I

a d d

Ke q Z
e

a

  



   



 

     




− −

−

−

+ − −

−
= − +

−
= − − − − − − + +
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0

0

2 2 5 2
/(0) (0)

2 2 5

0

3 22 12 5 ( )
22 2 2 2 2

5

0 0 1 1

4 12 5
2 2

5

0 1 1

ˆ| | 32

1
( ) ( 1)(1 ) cos ( )

32 8 4
( )

2

1
( ) (

32 16 ( )

x x

q

rZ a

p p

q q

R Z

q q a

q

q

Ke q Ke q Z x
dx dy dz e

a r

R RKe q Z
d d d e

Ra

RKe q Z
d d

a

  

 


       


 

    
 

  

−

− − −

 − −

−



−

− −
=

−

−
= − − −

+

−
= −

+

  

  

 

r R

( )

0

( )
22 2

12
4 2 2 ( )

0 1 1

12
4 2 2 ( )

0 1 1

2
4

3

0

2
3 2 2 2

3

0

1)(1 )

( )( 1)(1 )
32

( 1)(1 )
32

32

( 4 6 3) 2 3
4

qR Z

a
e

Ke q Z
d d e

a

Ke q Z d
d d e

a d

Ke q Z d
I

a d

Ke q Z
e

a

 

  

  





      

    





   


− −



− −

−



− −

−

−

− −

−
= − − −

− −
= − −

− −
=

−
= + + + + −

 

 

 

( )

2
(0) (0)

2 2

2
3 2 2 2

3

0

ˆ| |

( 4 6 3) 2 3
4

y yp p

q

Ke q

Ke q Z
e

a



 

   


−

−

−

−
= + + + + −

r R
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0

0

2 2 4
/(0) (0) 0

2 2 4

0

32 12 4
( ) /

2 2 2
4

0 00 1 1

12
3

0 1 1

(2 / )

ˆ| | 32

1
( ) (1 )(2 ( ))

32 8 2 2
( )

2

( )(1 )
16

z

q

rZ a

s p

q q

R
Z aq q q

q

Zr a zKe q Ke q Z
dx dy dz e

a r

R R RKe q Z Z
d d d e

Ra a

Ke q Z
d d

a


 

 


       


 

     

  

−

− − −


− −

−



−

−− −
=

−

−
= − − − −

+

−
= − −

  

  

 

r R

( )

0

12
3 ( ) 2 ( )

0 1 1

12 2
3 ( )

2

0 1 1

12 2 2
3 ( )

2

0 1 1

(2 ( ))
2

[( )(1 )2 (1 )( ) ]
16

[ 2 ] (1 )
16

([ 2 ] [2
16

qRZ
e

a

Ke q Z
d d e e

a

Ke q Z d d
d d e

a d d

Ke q Z d d d d
d d e

a d d d

  

     

  

  

 

         

    
 

    
  

− −



− − − −

−



− −

−



− −

−

− −

−
= − − − − −

−
= − − −

−
= − − + +

 

 

 
1

( )

2

1 1

2 2 2
3

1 1 2 22 2

0

2
5 4 3 2 2

3

0

] )

( 2 2 )
16

( 3 [2 4 6 6 3 ] )
4

d d e
d

Ke q Z d d d d
I I I I

a d d d d

Ke q Z
e

a

  



 


  
   

     




− −

−

−

−
= − − + +

−
= − + + + + +

 

 

0

2 2 4
/(0) (0) 0

2 2 4

0

32 12 4
2 2

4

0 0 1 1

(2 / )

ˆ| | 32

( ) ( , ) cos( ) 0
32 8

x

rZ a

s p

q q

q

Zr a xKe q Ke q Z
dx dy dz e

a r

RKe q Z
d d d f

a



 


       


  

−

− − −



−

−− −
=

−

−
= − =

  

  

r R
 

0

2 2 4
/(0) (0) 0

2 2 4

0

32 12 4
2 2

4

0 0 1 1

(2 / )

ˆ| | 32

( ) ( , )sin( ) 0
32 8

y

rZ a

s p

q q

q

Zr a yKe q Ke q Z
dx dy dz e

a r

RKe q Z
d d d f

a



 


       


  

−

− − −



−

−− −
=

−

−
= − =

  

  

r R
 

0

2 2 5
/(0) (0)

2 2 5

0

32 12 5
2 2

5

0 0 1 1

ˆ| | 32

( ) ( , ) cos( ) 0
32 8

x z

rZ a

p p

q q

q

Ke q Ke q Z xz
dx dy dz e

a r

RKe q Z
d d d g

a



 


       


  

−

− − −



−

− −
=

−

−
= − =

  

  

r R
 

0

2 2 5
/(0) (0)

2 2 5

0

32 12 5
2 2

5

0 0 1 1

ˆ| | 32

( ) ( , )sin( ) 0
32 8

y z

rZ a

p p

q q

q

Ke q Ke q Z yz
dx dy dz e

a r

RKe q Z
d d d g

a



 


       


  

−

− − −



−

− −
=

−

−
= − =

  

  

r R
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0

2 2 5
/(0) (0)

2 2 5

0
ˆ| | 32y x

rZ a

p p

q q

Ke q Ke q Z xy
dx dy dz e

a r
 



  

−

− − −

− −
=

−   r R
 

32 12 5
2 2

5

0 0 1 1

( ) ( , )sin(2 ) 0
32 8

qRKe q Z
d d d h

a



       




−

−
= − =    . 

 

Exercise 12.2.11 Use the explicit form of (0)

2s  and (0)

2 zp  in Eq. (12.2.35), and show that far 

from the nucleus (
02 /r a Z ) the probability density associated with (0) (0)

2 2 zs p −  is larger above 

the ( , )x y  plane, namely ( , ,| |) ( , , | |)x y z x y z  − , and the result is reversed for (0) (0)

2 2 zs p + . 

Solution 12.2.11 

Using Eq. (12.2.35) we obtain (0) (0) 2 2

2 2

0 0

| | | 2 |
zs p

Z Z
r z

a a
   =   − r r . 

For, 0/ 2Zr a  , we have 

0

2 0
Z

a r
a

 −  , hence, 2

0

| | | |
Z

a z
a

  −  . 

Consequently, 

 
2 2

0 0

(| |) | | | | || | | | | || ( | |)
Z Z

z a z a z z
a a

 + + − +  − − = −  

2 2

0 0

(| |) | | | | || | | | | || ( | |)
Z Z

z a z a z z
a a

 − − − −  − + = −  . 

 

Exercise 12.2.12 (a) Use the explicit form of the hydrogen-like orbitals (Eq. (12.2.35)) to show 

that 
(0) (0) (0) (0) (0) (0)

2 2 2 2 2 2 0
ˆ ˆˆ 3 /

z x ys p s p s pz x y a Z     = = = − . (b) Diagonalize the matrix 
1H  for 

1/41/ 3 =  to show that the eigenvalues are 
2

1/4

1 2( , ) (1 3 )
q

Ke q
C

R

−
+ +R R ; 

2
1/4 0

1 2

6
( , ) (1 3 )

q q

aKe q
C

R ZR

−
+ + R R . (c) Obtain the corresponding first-order corrected atomic 

orbitals.  

Solution 12.2.12 
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(a) 

( )

0

0

0

2 4
/(0) (0) 4 2

2 2 4

0 00 0 0

24
/2 4

4

0 00 0 0

4
/ 4

4

0 00

1 2
ˆ (2 ) cos ( )sin( )

64

1 2
cos ( )sin( ) (2 )

64

1 2 2
2 (2 )

64 3

z

Zr a

s p

Zr a

Zr a

Z rZ
z d d dr e r

a a

Z rZ
d d dr e r

a a

Z rZ
dr e r

a a

 

 

     


   







−



−



−

= −

  
= −  

  

 
= − 

 

  

  



 

Using, 
1

0

!n r

n

n
drr e 





−

+
= , we obtain 

( )
4

(0) (0) 5 50 0 0
2 2 4

0

1 2 2
ˆ 2 2 24( ) 120( ) 3

64 3zs p

a a aZ
z

a Z Z Z
  



  
=  − = −  

  
. 

(b) 

Denoting: 
1

1 a


+ = , 03

q

a
b

ZR
− =  and  0

2

3

q

a
c

ZR
− = , the matrix reads  

0 0

2

0

2

1 1 2

0

2

3 31
1 0

1 0 0 0 3 1
1 0 0

0 1 0 0
( , )

0 0 1 0 1
0 0 1 0

0 0 1

3 1
0 0 1

q q

q

q

q

a a

ZR ZR

a

Ke q ZR
C

R

c

a

ZR

 





 

 
+ − − 

 
  
 − + 

−   = +   
 + 
  
 
 − +
  

H R R  

2 2

1 2

1 0 0 0 0 1 0 /

0 1 0 0 1 0 0 0
( , )

0 0 1 0 0 0 0 0

0 0 0 1 / 0 0 0

q q

c b

Ke q Ke q
C a b

R R

c b

   
    
   = − − 

     
 

   
   

R R   . 

The first term is diagonal. To obtain the eigenvalues of the second term we solve, 

2 2 2 2

0 1 0 /

1 0 0 0
0 0,0, 1 / , 1 /

0 0 0 0

/ 0 0 0

c b

c b c b

c b

=  = + + − + . 
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Using 
1/41/ 3 = , we obtain / 3c b = , hence the eigenvalues are 0,0,2, 2 = − . Adding the 

diagonal of the first term, we obtain the first-order corrections to the energy: 

  

( ) ( )

( )

2
(1) (1) 1/4

2 2 1 2
1 2

2
(1) 1/4 0
2 1 2

3

( , ) (1 3 )

6
( , ) (1 3 )

q

q q

Ke q
E E C

R

aKe q
E C

R ZR

−
= = + +

−
= + + −

R R

R R

 

( )
2

(1) 1/4 0
2 1 2

4

6
( , ) (1 3 )

q q

aKe q
E C

R ZR

−
= + + +R R  . 

(c) Solving the secular equation for the atomic orbital coefficients,  

1 0 / 0

1 0 0 0

0 0 0 0

/ 0 0 0

z

y

x

s

p

p

p

ac b

a

a

c b a









 −   
    

−     =    −
    

−      

     , 

we obtain for 0 = :  
(0) (0)

2 2

3 1

4 2z xp p − , or 
(0)

2 yp ,  

for 2 = : 
(0) (0) (0)

2 2 2

1 1 3

82 8 z xs p p  + + , 

and for 2 = − : 
(0) (0) (0)

2 2 2

1 1 3

82 8 z xs p p  − − . 

 

Exercise 12.2.13 Use the explicit form of the particle-in-a-box eigenstates (Eq. (12.2.48)) and 

the perturbation operator, Eq. (12.2.49), to show the following: (a) For any  , ' 0n n  , 

', 2 ',2

' 1

', 2 ', 2

; 2
ˆ

; 22

n n k n k n

n n

n n k n n k

k n
H

k n

 
 

 

+ −

+ −

− 
= 

+ 
. (b) The first-order corrections to the energy vanish, 

unless n k=  (Eq. (12.2.50)). (c) The second-order correction to the energy is given in terms of Eq. 

(12.2.51). (d) The first-order correction to the function is given in terms of Eq. (12.2.52).  

Solution 12.2.13 

(a) 
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For any 0 , 'n n ,  

0

0

2 ' 2
sin( )cos( )sin( )

1 ' ( 2 ) ( 2 )
sin( ){sin[ ] sin[ ]}

L

L

n x k x n x
dx

L L L L

n x n k x n k x
dx

L L L L

  

  + −
= +





 

', 2 ',2

', 2 ', 2

2 ; ( ) / 2

2 ; ( ) / 2

n n k n k n

n n k n n k

k n

k n

 

 

+ −

+ −

 −
= 

 +
  , 

where in the last step we used the orthonormality of the particle-in-a-box eigenstates. 

(b) 

From the result (a) it follows that for 'n n=  the integral must vanish, unless 'k n n= = , where it 

obtains a finite value,  

0

2 2 1
sin( )cos( )sin( )

2

L
n x k x n x

dx
L L L L

  
= − . 

(c) 

Using Eq. (12.2.48) for the zero-order energy levels, and the result (a) for the perturbation matrix 

elements, we obtain 

 

(0) (0) 2

' 1(2)

(0) (0)
' 1 '

2 2 2 22 2

2 2

2 2

ˆ| |

1 1
( ,2 ) ;

(2 ) (2 )2

14
( ,2 ) ;

(2 )

n n

n

n n n n

H
E

E E

n k k
n k n n k nmL

n k k
n k n

 







 =

=
−


 + − + − −

= 
 =
 − +



 

2 2

2 2

1 1
; ( , 2 )

2

116
; ( , 2 )

n k k
mL k n k n

k
n k k

k n






+ −  + −

= 
 =
 +

  . 

(d) 

Using Eq. (12.2.48) for the zero-order functions, and the result (a) for the perturbation matrix elements, 

we obtain 
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(0) (0)

' 1(1) (0)

,2 '(0) (0)
' 1 '

2

2 2 2 2

2

2 2 2

2

2 2 2

ˆ

2 2 1 ( 2 )
[ sin ]

2 ( 2 )

2 2 1 ( 2 )
[ sin ]

2 4 4

2 2 1 ( 2 )
[ sin ]

2 4 4

n n

n k k n

n n n n

H
x x

E E

mL n k x

L n n k L

mL n k x

L nk k L

mL n k x

L nk k L

 
 

 



 



 





=

 =

=
−

  + 
=    

− +   

  + 
=    

− −   

  + 
=    

− −   



 

2

2 2

2 2 1 ( 2 )
[ sin ]

8

mL n k x

k L n k L

 



  − + 
=    

+   
 , 

(0) (0)

' 1(1) (0)

,2 '(0) (0)
' 1 '

2

2 2 2 2 2 2

2

2 2 2 2

ˆ

2 2 1 ( 2 ) 1 ( 2 )
[ sin sin ]

2 ( 2 ) ( 2 )

2 2 1 ( 2 ) 1 ( 2 )
[ sin sin

2 4 4 4 4

n n

n k k n

n n n n

H
x x

E E

mL n k x n k x

L n n k L n n k L

mL n k x n k x

L nk k L nk k

 
 

  



  







 =

=
−

  + −   
= +     

− + − −    

  + − 
= +   

− − −  



2

2 2 2 2

]

2 2 1 ( 2 ) 1 ( 2 )
[ sin sin ]

2 4 4 4 4

L

mL n k x n k x

L nk k L nk k L

  



 
 
 

  + −   
= +     

− − −    

 

2

2 2

2 2 1 ( 2 ) 1 ( 2 )
[ sin sin ]

8

mL n k x n k x

k L n k L n k L

  



  − + −   
= +     

+ −    
 . 

 

Exercise 12.2.14 Derive Eq. (12.2.53) from Eq. (12.2.52) in the limit  n k .  

Solution 12.2.14 

For n k  we start from the general case, , 2n k k ,  
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2
(1)

2 2

2

2 2

2 2 1 ( 2 ) 1 ( 2 )
[ sin sin ]

8

2 2 1 2 2
{ [sin cos cos sin ]

8

1 2
[sin cos cos

n

mL n k x n k x
x

k L n k L n k L

mL n x k x n x k x

k L n k L L L L

n x k x n x

n k L L L

  




    



  

  − + −   
= +     

+ −    

  −        
= +         

+         

    
+ −   

−     
2

2 2 2 2

2
sin ]}

2 2 1 2 2
{ [sin cos cos sin ]

8 1

2 2
[sin cos cos sin ]}

1

k x

L

mL k n n x k x n x k x

k L n k L L L L

k n n x k x n x k x

L L L L



    



   

  
   

  

  −        
= +         

−         

+        
+ −       

       

 

2

2 2 2 2

2 2 1 2 2
{2 sin cos 2 cos sin }

8

mL n x k x n x k x
k n

k L n k L L L L

    



         
= −         

−         
 . 

Taking the limit, n k , we obtain  

2
(1)

2 2 2

2 2 1 2
sin cos

4
n n k

mL n x k x
x

L k L L

  




 −    
⎯⎯⎯→      

    
.  

Adding the correction to the zero-order wave function, we obtain the corrected function to first-order 

in the perturbation in this limit,   

2
(0) (1)

2 2 2

2 2 2
sin [1 cos ]

4
n n

n x mL k x
x x

L L k L

  
 



    
+ = −     

    
 

(0)

2

2 2
sin [1 cos( )]

k

n x k x

L L E L

   
= − 

 
 . 

 

Exercise 12.2.15 Use the explicit form of the zero-order solutions (Eq. (12.2.54)) and the 

perturbation matrix elements, Eq. (12.2.56), to derive the results of Eqs. (12.2.59, 12.2.61).  

Solution 12.2.15 

Using the fact that the matrix elements of the perturbation are products of one-dimensional integrals 

(Eq. (12.2.56)), we can use the result of Ex. 12.2.13 (a). For the energy corrections this yields     
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22
' , 2 ' ,2 ' , 2 ' ,2(2)

, 22 2 2
' , 1 ' , 1 (0)
' ' , , '2 2

2
' , 2 ' , 2

22 2 2
' , 1 ' , 1
' ' 2 2

| ( )( ) |2

4
( )

2
(

4

x x x x x y y y y y y

x y

x y

x x y y x y

x x x y y y

x y

x x y y

n n k n k n n n k n k n

n n

n n yx
n n n n n n

x y

n n k n n k

n n yx
n n n n

x y

m
E

nn
E

L L

m

nn

L L

   



 



 
+ − + −

= =
 

 
+ +

= =
 

− −
=

+ −

=

+

 

 
' ,2 ' , 2

22
(0) (0)

, , ' , , '2 2

' , 2 ' ,2 ' ,2 ' ,2

2 22 2
(0) (0)

, , ' , , '2 2 2 2

2

22 2 2 2

2 2

( ) ( )

)

( ) ( )

2 1
(

4 ( 2 )

x x x y y y

x y x y

x x x y y y x x x y y y

x y x y

n k n n n k

yx
n n n n

x y

n n k n k n n k n n k n

y yx x
n n n n

x y x y

yx x x

x y

nn
E E

L L

n nn n
E E

L L L L

m

nn n k

L L

 

   





− +

+ − − −

+

− + −

+ +

+ − + −

=
+

+ −

2 2 22 2

2 2 2 2 2 2

2 2 2 22 2 2 2

2 2 2 2 2 2 2 2

2

22 2 2 2

2 2 2

1

( 2 ) ( 2 )( 2 )

1 1
)

( 2 ) ( 2 )( 2 ) ( 2 )

2 1 1
(

4 4 44 4 4 4 4

y y y y yx x x

x y x y x y

y y y y y yx x x x x x

x y x y x y x y

y y yx x x x x x

x y x

n k n n kn n k

L L L L L L

n n k n n kn n k n n k

L L L L L L L L

m

n k k nn k k n k k

L L L





+
+ +−

− + − −

+ +
− −+ −

+ − − + − −

= +
++ − +

− − − −

2

2

2 22 2

2 2 2 2

2

2 22 2 2 2

2 2 2 2

2 22 2

2 2 2 2

,

4

1 1
)

4 4 4 44 4 4 4

2 1 1
(

16

1 1
)

x y

y y y

y

y y y y y yx x x x x x

x y x y

y y y y y yx x x x x x

x y x y

y y y y y yx x x x x x

x y x y

n n k

k k

L

n k k n k kn k k n k k

L L L L

m

n k k n k kn k k n k k

L L L L

n k k n k kn k k n k k

L L L L







+

+ +
− + − ++ − +

− − − −

= − +
+ ++ − +

+ +

+ +
− + − ++ − +

+ +

2

2 2 2 2, 2 2 2 2 2 2

2 2 2 2 2 2 2 2

2 1 1 1 1
( )

16x yk

y y y yx x x x

x y x y x y x y

m

k k k kk k k k

L L L L L L L L




⎯⎯⎯⎯⎯→− + + +

+ + + +
 

2

22 2 2

2 2

2 1

4 yx

x y

m

kk

L L




= −

+

. 

For the first-order corrections to the wave functions we similarly obtain,    
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' , 2 ' ,2 ' , 2 ' ,2(1) (0)

, ' , '22 2 2
' , 1 ' , 1 (0)
' ' ' , '2 2

' , 2 ' , 2

2 2 2
' , 1 ' , 1
' ' 2

( )( )2

2
( )

2
(

2

x x x x x x y y y y y y

x y x y

x y

x x y y x y

x x x y y y

x y

x x y y

n n k n k n n n k n k n

n n n n

n n yx
n n n n n n

x y

n n k n n k

n n x
n n n n

x

m

nn
E

L L

m

n

L

   
 



 



 
+ − + −

= =
 

 
+ +

= =
 

− −
=

+ −

=

 

 
' ,2 ' , 2(0) (0)

' , ' ' , '2 22
(0) (0)

' , ' ' , '2 2 2

' , 2 ' ,2 ' ,2 ' ,2(0)

' , '2 22 2
(0)

' , ' ' , '2 2 2 2

( ) ( )

( ) (

x x x y y y

x y x y

x y x y

x x x y y y x x x y y y

x y

x y x y

n k n n n k

n n n n

y yx
n n n n

y x y

n n k n k n n k n n k n

n n

y yx x
n n n n

x y x y

n nn
E E

L L L

n nn n
E E

L L L L

 
 

   


− +

+ − − −

−

+ − + −

− +

+ − + −

(0)

' , '

(0)

(0)

2 22 2 2 , 22 2

2 2 2 2

(0)

2 2 2 , 22 2

2 2 2 2

(0)

2 2 2 ,22 2

2 2 2 2

)

2 1
(

( 2 )2 ( 2 )

1

( 2 )( 2 )

1 1

( 2 )( 2 )

x y

x x y y

x x y y

x x y y

n n

n k n k
y y yx x x

x y x y

k n n k
y y yx x x

x y x y

n k k n
y y yx x x

x y x y

m

n n kn n k

L L L L

n n kn n k

L L L L

n n kn n k

L L L L












+ +

− +

+ −

=
++

+ − −

−
+−

+ − −

− +
−+

+ − −

(0)

2 ,22 22 2

2 2 2 2

(0) (0)

2 22 2 2 , 2 2 , 22 2

2 2 2 2

(0)

2 2 ,22

2 2

)
( 2 )( 2 )

2 1 1
(

8

1 1

x x y y

x x y y x x y y

x x y y

k n k n

y y yx x x

x y x y

n k n k k n n k
y y y y y yx x x x x x

x y x y

n k k n
y y yx x x x

x y

n n kn n k

L L L L

m

n k k n k kn k k n k k

L L L L

n k kn k k n

L L




 





− −

+ + − +

+ −

−−
+ − −

= − −
+ ++ − +

+ +

− +
− ++ −

+

(0)

2 ,222

2 2

22
1 (0) (0) (0) (0)

2 ,2, , 2 2 2 2 2 , 2 2 , 2 2 ,2

)

2
( ) ( )

8

x x y y

x x y yx y x y x x y y x x y y x x y y

k n k n

y y yx x

x y

yx
k n k nn n k k n k n k k n n k n k k n

x y

n k kk k

L L

kkm

L L




   



− −

−

− − + + − + + −

− ++
+

⎯⎯⎯⎯⎯→− + − − +

 

, and in the position representation,  

22
(1) 1

, 2 2 2 2

22
1

2 2 2 2

2
( , ) ( )

8

( 2 ) (2 )( 2 ) (2 )2 2
sin sin sin sin

2 2 2
( ) sin

2

x y

yx
n n

x y

y y y yx x x x

x y x x y y

yx x

x y x y x

kkm
x y

L L

n k y k n yn k x k n x

L L L L L L

kk n xm

L L L L L






  





−

−

= − + 

      + −   + −
−  −                        


= − + 



22
sin cos cos

y yx

y x y

n y k yk x

L L L
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(0)

2 ,2

222 2 2
sin sin cos cos

x y

y yx x

k k x y x y x y

n y k yn x k x

E L L L L L L

         
= −          

      

 . 

Finally, 

(0) (1)

, ,( , ) ( , )
x y x yn n n nx y x y +  

(0)

2 ,2

222 2 2
sin sin [1 cos cos ]

x y

y yx x

x y x y k k x y

n y k yn x k x

L L L L E L L

        
 −         

      

 . 

 

Exercise 12.3.1 (a) Show that for d  






, the general condition for the optimal 

trial function (Eq. (12.3.4)) obtains the form ˆ 0H  



− =


. (b) Use the Hermiticity of Ĥ  to 

show that this condition leads to Ĥ    
 

 
=

 
. (c) Use the result of (b) and the 

definition of the variational energy (Eq. (12.3.1)) to obtain Eq. (12.3.6).    

Solution 12.3.1 

(a) 

Using 
d

d
d

  


 , the respective bra state reads 
*d

d
d

  


 . Hence, the general 

condition for the optimal solution reads  
*ˆ 0

d
H d

d
   


− =   for any d , namely 

ˆ 0
d

H
d

  


− . 

(b) 

The Hermiticity of the Hamiltonian means that 

*

ˆ ˆd d
H H

d d
     

 
− = − . Given the 

result (a), we have for the optimal solution, 

*

ˆ ˆ0 0
d d

H H
d d

     
 

− =  − = . 

Therefore,  
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ˆ ˆ ˆ0 0
d d d d

H H H
d d d d

          
   

− + − =  − = . 

(c) 

Using the definition of the variational energy (Eq. (12.3.1)), 
Ĥ 


 

 , the result of (b) can be 

written as 

2

ˆ
ˆ 0

ˆ ˆ

0

ˆ ˆ

0

ˆ
0

Hd d
H

d d

d d
H H

d d

d d
H H

d d

Hd

d

 
   

   

       
 

 

       
 

 

 

  

− =

−

 =

−

 =

 =

 

0
d

d



 =  . 

 

Exercise 12.3.2 A trial function is defined as 
0

N

n n

n

    
=

= − , where n  are 

all the orthonormal eigenstates of the corresponding system Hamiltonian, ˆ
n n nH E = , with 

energy smaller than 1NE +  . (a) Show that    is orthogonal to { n }, for 0,1,..,n N= . (b) Use the 

definition of the variational energy (Eq. (12.3.1)) and follow Eq. (12.3.8) to show that 
1NE + .    

Solution 12.3.2 

(a) 

Let, ' { }n n  , then  
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' ' '

0

' , '

0

N

n n n n n

n

N

n n n n

n

       

    

=

=

= −

= −




 

' ' 0n n   = − =  . 

(b) 

Given,  
0

N

n n

n

    
=

= − , we obtain 

0 0

' '

, ' 0

2 2 2 2

0 0 0 0

2 2

0 0

ˆ ˆ ˆ ˆ

ˆ

| | | | | | | |

| | | |

N N

n n n n

n n

N

n n n n

n n

N N N

n n n n n n n n

n n n n

N

n n n n

n n

H H H H

H

E E E E

E E

           

     

       

   

= =

=



= = = =



= =

= − −

+

= − − +

= −

 



   

 

 

2

1

| |n n

n N

E 


 +

=   , 

and, 

' '

0 0 , ' 0

0 0 0

2

0

]

| |

N N N

n n n n n n n n

n n n n

N N N

n n n n n n

n n n

N

n

n

                 

             

   

= = =

= = =

=

= − − +

= − − +

= −

  

  



 

2

1

| |n

n N

 


= +

=   . 

According to the definition of the variation energy (Eq. (12.3.1)), we obtain in this case 

2 2

1

1 1
1

2 2

1 1

| | | |ˆ

| | | |

n n N n

n N n N
N

n n

n N n N

E E
H

E

   
 


 

   

 

+

= + = +
+ 

= + = +

= =  =
 

 
.  
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Exercise 12.3.3 (a) Show that the exact expression for the variational energy, as defined in Eq. 

(12.3.12), reads 

2 2

0 0

2
( ) sin[2 (1 )]

2 ( ) 2

V V

m L L L


 



 
 = + + −

+ + +
.  (b) Obtain the 

approximation, Eq. (12.3.13). by expanding the result for  L  + . 

Solution 12.3.3 

(a) 

Dividing the Hamiltonian expectation value to potential end kinetic energy terms, 

ˆ ˆ ˆ( ) H T V  = = + , we obtain: 

2 2 2 2

2 2

0

2
sin( ) sin( )

2 2 ( )

L
x x

T dx
L L m x L m L

  
+

− 
 = =

+  +   +  +  . 

Using the definition of the potential energy function (Eq. (12.3.9)), and denoting b L=  and a L= +

, we obtain 

2

0 0

0

2 1 2
sin ( ) sin( )

2

1 ( )
sin[2 (1 )]

2

a

b

x a b b
V V dx V

a a a a

a b a b
V

a a

 






− 
 = = + 

 

− − 
= + − 

 


 

0

1
sin[2 (1 )]

2
V

L L




  
= + − +  + 

 . 

Hence, 

2 2

0 0

2
( ) sin[2 (1 )]

2 ( ) 2

V V

m L L L


 



 
 = + + −

+ + +
. 

(b) 

Using the Taylor expansion for 1x  , we obtain 

3
3sin[2 (1 )] 2 8

6

x
x x  −  − + . Therefore,  

( ) ( )

3 3
3 20 0 0 0

3 3

21ˆ sin[2 (1 )] 8
2 2 6 3

V V V V
V

L L L L
  

 

   
= + −   =

+  +  +  + 
, and finally,  

2 2 2 3

02 3

2
( )

2 ( ) 3 ( )
V

m L L

 



  +

+ +
. 
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Exercise 12.3.4 Obtain the optimal value of the box extension parameter, 
opt  (Eq. (12.3.14)) 

according to the variation principle. (Recall that 0  .) 

Solution 12.3.4 

The variational energy is given by Eq. (12.3.13), 

2 2 2 3

02 3

2
( )

2 ( ) 3 ( )
V

m L L

 



 = +

+ +
. 

The optimal value of the parameter   is obtained by the stationarity condition (Eq. (12.3.6)), 

2 22 2 2 3

0 0

3 3 4

2 2 3

3 3 4

0

2
2 3 3

0

2 22 3 3
0

2 ( ) 3 ( ) 3 ( )

1
0

2 ( ) ( ) ( )

( ) 0
2

V Vd

d m L L L

mV L L L

L L
mV

   −  
= + − =

 +  +  + 

−  
 + − =

+  +  + 

 − + +  +  − =

 

2 2
2

0 0

0
2 2mLV mV

 − − = . 

Defining 
2 2

02 /mL V = , we obtain 

2
2 0

L L

 
 − − = . Therefore,

2 2

2 2

1 4
1 4 (1 1 4 )

2 2 2 2 2

L L L L L L
 

     
 =  + =  + =  + , where the relevant optimal 

value is (1 1 4 )
2

L



 = + + . 

 

Exercise 12.3.5 Recall the definition of the penetration length, Eq. (6.2.4), for a particle in a 

finite potential well, 

02 ( )m V E
 =

−
, and show that when the ground-state energy is much smaller 

than 0V ,  the optimal value, opt , increases with the penetration length (as might be expected).  

Solution 12.3.5 
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For 0E V  we can approximate, 

0 02 ( ) 2m V E mV
 = 

−
. Therefore, 

2 2 2 2

0 2 / /V mL L   , and as we can see, the optimal value, 
opt , is a monotonically increasing 

function of the penetration length: 

 

2 2 2 2 2 2 2

2 2 2 2
(1 1 4 ) (1 4 ) 1

2 2 4 2 4
opt

L L

L L L L L

    

 
 = + + = + + = + + . 

 

Exercise 12.3.6 Calculate numerically the exact ground state energies for a particle in a semi-

infinite potential energy well, corresponding to  
( )

0 1/ 10,100,1000,10000V E  =   (Eq. (12.3.9)), using 

the approach described in section 6.3. Show that the respective ground state energies are   0.823310, 

0.939163, 0.980165, 0.993664, in units of 
( ) 2 2 2

1 / (2 )E mL = . 

Solution 12.3.6 

Given the potential energy function given in Eq. (12.3.9), the boundary conditions for a proper 

stationary state at energy ( 0E V ) are (0) 0 =  and ( ) 0
x

x
→

⎯⎯⎯→ , from which follows, 

1

2

0 ; 0

( ) sin( ) ; 0

;x

x

x a kx x L

a e L x


−




=  
 

, where, 
0

2

2 ( )m V E


−
  and 

2

2mE
k  . 

The continuity conditions at x L=  require,  

1

2

0sin( )

0cos( )

L

L

akL e

ak kL e





−

−

 −    
=     
   

. 

Consequently, a non-trivial solution is obtained for  
sin( )

0 ( ) 0
cos( )

L

L

kL e
tg kL k

k kL e








−

−

−
=  + = , 

which holds for a discrete set of energies, the smallest of which is the ground state energy.  

 

Exercise 12.3.7 Generalize the derivation of the optimization condition for a single variation 

parameter, Ex. 12.3.1, to the case of several variation parameters and show that Eq. (12.3.17) is 

obtained from Eq. (12.3.16). 

Solution 12.3.7 
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For a variation function that depends on a set of parameters, 1 2( , ,..., )Nc c c , the conditions for the 

optimal parameters read (Eq. (12.3.16)) 

( )

ˆ 0
optn

H
c
  


− =


c

       ;             1,2,...,n N=  . 

Using the Hermiticity of the Hamiltonian we obtain, 

*

ˆ ˆ

n n

H H
c c
     

 
− = −

 
, and 

using ˆ 0
n

H
c
  


− =


 we obtain: ˆ 0

n

H
c

  


− =


. Consequently: 

ˆ ˆ ˆ0 0
n n n n

H H H
c c c c
          

   
− + − =  − =

   
. 

Rewriting the last result, we obtain for each 1,2,...,n N , 

2

ˆ
ˆ 0

ˆ ˆ

0

ˆ ˆ

0

ˆ
0

n n

n n

n n

n

H
H

c c

H H
c c

H H
c c

H

c

 
   

 

       

 

       

 

 

 

 
− =

 

 
−

 
 =

 
−

 
 =


 =



 

0
nc



 =


 . 

 

Exercise 12.3.8 A two-dimensional coordinate system is associated with an identity operator, 

1 1 2 2

1 2

1 2
ˆ ˆ ˆ

n n n n

n n

I I I    =  =   , where {
1n } and {

2n } are complete 

orthonormal systems in the respective spaces.  A general operator in the full space reads (see Eq. 
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(11.6.14)) 
1 1 2 2 1 1 2 2

1 1 2 2

, ', , ' ' '

, ' , '

ˆ
n n n n n n n n

n n n n

A A    =   . Given two vectors in the respective one-

dimensional coordinated spaces, 
1 1

1

n n

n

  =  and 
2 2

2

n n

n

  = , show that:  

(a) ( )

1
ˆ ˆA A     = , where, 

1 1 2 2 2 2 1 1

1 1 2 2

( )

1 , ', , ' ' '

, ', , '

ˆ ˆ
n n n n n n n n

n n n n

A A A        = = .  

 (b) ( )

2
ˆ ˆA A     = , where  

1 1 2 2 1 1 2 2

1 1 2 2

( )

2 , ', , ' ' '

, ', , '

ˆ ˆ
n n n n n n n n

n n n n

A A A        = = . 

(c ) Use the results of (a) and (b) to show that ( )

1
ˆ ˆ[ ] 0H H       −  =  =  and 

( )

2
ˆ ˆ[ ] 0H H       −  =  = . 

Solution 12.3.8 

(a) 

Using 
1 1 2 2 1 1 2 2

1 1 2 2

, ', , ' ' '

, ' , '

ˆ
n n n n n n n n

n n n n

A A    =   , we obtain 

1 1 2 2 1 1 2 2

1 1 2 2

, ', , ' ' '

, ' , '

ˆ
n n n n n n n n

n n n n

A A         
 

 =   
 
   

1 1 2 2 1 1 2 2

1 1 2 2

, ', , ' ' '

, ' , '

n n n n n n n n

n n n n

A       
 

=  
 
   . 

The result can be identified as ( )

1
ˆ ˆA A      , where, 

1 1 2 2 1 1 2 2

1 1 2 2

1 1 2 2 1 1 2 2

1 1 2 2

( )

1 , ', , ' ' '

, ' , '

, ', , ' ' '

, ' , '

ˆ
n n n n n n n n

n n n n

n n n n n n n n

n n n n

A A

A

      

     

=

 
=  

 

 

 
 

Â =    . 

(b) 
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Using: 
1 1 2 2 1 1 2 2

1 1 2 2

, ', , ' ' '

, ' , '

ˆ
n n n n n n n n

n n n n

A A    =    we obtain: 

1 1 2 2 1 1 2 2

1 1 2 2

, ', , ' ' '

, ' , '

ˆ
n n n n n n n n

n n n n

A A         
 

 =   
 
   

1 1 2 2 1 1 2 2

1 1 2 2

, ', , ' ' '

, ' , '

n n n n n n n n

n n n n

A       
 

=  
 
   . 

The result can be identified as ( )

2
ˆ ˆA A     = , where,  

1 1 2 2 1 1 2 2

1 1 2 2

1 1 2 2 1 1 2 2

1 1 2 2

( )

2 , ', , ' ' '

, ' , '

, ', , ' ' '

, ' , '

ˆ
n n n n n n n n

n n n n

n n n n n n n n

n n n n

A A

A

      

     

=

 
=  

 

 

 
 

Â =   . 

(c) 

In (a) we saw that, ( )

1
ˆ ˆA A      , where, ( )

1
ˆ ˆA A  = . Therefore, 

( )

1
ˆ ˆ[ ] [ ]H H      −  = − , where, ( ) ( )

1 1
ˆ ˆ ˆ[ ] [ ]H H H     − = − = − . 

Consequently, ( )( )

1
ˆ ˆ[ ]H H      −  = − , and the requirement 

ˆ[ ] 0H   −  = , therefore means that, ( )

1Ĥ    = . 

Similarly, in (b) we saw that, ( )

2
ˆ ˆA A     = , where, ( )

2
ˆ ˆA A  = . Therefore, 

( )

2
ˆ ˆ[ ] [ ]H H      −  = − , where, ( ) ( )

2 2
ˆ ˆ ˆ[ ] [ ]H H H     − = − = − . 

Consequently, ( )( )

2
ˆ ˆ[ ]H H      −  = − , and the requirement 

ˆ[ ] 0H   −  = , therefore means that ( )

2Ĥ    = . 

  

Exercise 12.3.9 Use Eq. (12.3.41) to derive the relation in Eq. (12.3.44).  

Solution 12.3.9 

Starting from the definition of the variational energy, we obtain 
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1 2 1,2

1 2 1,2

1 2 1,2

1,2 1,2

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ

opt opt opt opt

opt opt opt opt opt opt opt opt

opt opt opt opt opt opt opt opt

opt opt opt opt opt opt opt

H H H V

H H V

H H V

V V

      

       

       

       

= = + +

= + +

= + +

+ − opt

1 1,2 2 1,2
ˆ ˆ ˆ ˆ

opt opt opt opt opt opt opt optH V H V          = + + +
   

1,2
ˆ

opt opt opt optV   −  . 

Using Eq. (12.3.41), we obtain  

1,2 1,2
ˆ ˆ

opt opt opt optopt opt opt opt opt optV V             = + − = + − . 

 

Exercise 12.3.10 Show that in the absence of coupling, namely, when 
1,2,...,
ˆ 0NV = , the 

variational energy equals the sum of independent variational energies in the one-dimensional 

coordinate subspaces, namely , , ,

1 1

ˆ
opt

N N

n opt n n opt n

n n

H   
= =

= =  . 

Solution 12.3.10  

In the absence of coupling, the different SCF equations (Eq. (12.3.47)) are decoupled, namely 

,, ,
ˆ

opt nn opt n opt nH   =  for 1,2,...,n N= . The variational energy reads 

,1 ,2 , ,1 ,1 ,

1

ˆ ˆ
N

opt opt opt N n opt opt opt N

n

H H        
=

= =        

, , , , ,

1 1 1

ˆ ˆ
opt

N N N

opt n n opt n opt n n opt n n

n n n

H H     
= = =

= = =   , 

where we notice that the product form of the multi-dimensional state becomes exact in this case.  

 

Exercise 12.3.11 (a) Use the identity operator in the full space, 

1 1 2 21 2 ' ' ' '' 'd d      r r r rr r , and the definition of 1,2V̂  according to Eq. (12.3.52) to show that 

1

2
2

1,2 2 2 1

1 2

ˆ | ( ) | ( )
| |

opt opt opt opt opt

Ke
H d       =

−r r r r
r r
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2

2
2

1,2 1 1 2

1 2

ˆ | ( ) | ( )
| |

opt opt opt opt opt

Ke
H d       =

−r r r r
r r

. 

(b) Use the definitions of 1Ĥ  and 2Ĥ  according to Eq. (12.3.52), and the coordinate representation of 

the kinetic energy operator (

2

ˆ ( )
2

T
m

  
−

= r r r ; see Ex. 11.5.4) to show that  

2 1

2 2

1 1

1

ˆ ( )
2 | |

opt opt

e

KZe
H

m
  

 − −
=  + 
 

r r r
r

 

2 2

2 2

2 2

2

ˆ ( )
2 | |

opt opt

e

KZe
H

m
  

 − −
=  + 
 

r r r
r

. 

(c) Use the results of (a) and (b) to show that the generic mean field equations translate to Eq. (12.3.54) 

in the case of the He atom Hamiltonian (Eq. (12.3.52)).  

Solution 12.3.11 

(a) 

Using 

2

1,2 1 2

1 2

ˆ ˆ ˆ( )
ˆ ˆ| |

Ke
H V= = −

−
r r

r r
, and introducing the identity, we obtain  

1

1 1 1 2 2 1 1 2 2

1 2 1 2

1,2

1 2 ' ' ' ' 1,2 1 2 '' '' '' ''

*

1 2 1 2 2 1 1 ' ' 1,2 '' '' 2

ˆ

ˆ' ' '' ''

ˆ' ' '' '' ( ') ( ') ( '') (

opt opt opt

opt opt opt

opt opt opt

H

d d H d d

d d d d H

   

           

       

 

 =    
 

= −  

   

   

r

r r r r r r r r r

r r r r

r r r r

r r r r r r r r 1

*

1 2 1 2 2 1 1 1 2 1 1 2 2 2 1

*

2 2 1 2 2 1

2

2 2 1 2 1

'')

' ' '' '' ( ') ( ') ( ' ') ( ' '') ( ' '') ( '') ( '')

' ( ') ( ') ( ') ( )

' | ( ') | ( ') ( )

opt opt opt

opt opt opt

opt opt

d d d d V

d V

d V

     

  

 

= − − − −

= −

= −

   





r

r r r r r r r r r r r r r r r

r r r r r r

r r r r r

 

2

2 1 1 2 2 1 1 2 2

1 2 1 2

1,2

1 2 ' ' ' ' 1,2 1 2 '' '' '' ''

*

1 2 1 2 1 2 2 ' ' 1,2 '' '' 2

ˆ

ˆ' ' '' ''

ˆ' ' '' '' ( ') ( ') ( '') (

opt opt opt

opt opt opt

opt opt opt

H

d d H d d

d d d d H

   

           

       

 

 =    
 

= −  

   

   

r

r r r r r r r r r

r r r r

r r r r

r r r r r r r r 1

*

1 2 1 2 1 2 2 1 2 1 1 2 2 2 1

*

1 1 1 2 2 1

2

1 1 1 2 2

'')

' ' '' '' ( ') ( ') ( ' ') ( ' '') ( ' '') ( '') ( '')

' ( ') ( ' ) ( ) ( ')

' | ( ') | ( ' ) ( )

opt opt opt

opt opt opt

opt opt

d d d d V

d V

d V

     

  

 

= − − − −

= −

= −

   





r

r r r r r r r r r r r r r r r

r r r r r r

r r r r r
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(b) 

The single particle Hamiltonian reads 

2 2
2

1 1

1

ˆ ˆ
ˆ2 | |e

KZe
H

m

− −
= +p

r
. Introducing the identity in the position 

representation, we obtain for the potential energy,  

 

1 1 1 1 1 1

1

2 2

1 1 ' ' '' ''

1 1

2

1 1 1 1 1 1 ''

1

' ''
ˆ ˆ| | | |

' '' ( ') ( ' '')
| '' |

opt opt

opt

KZe KZe
d d

KZe
d d

       

   

− −
=

−
= − −

 

 

r r r r r r

r

r r
r r

r r r r r r
r

 

2

1

1

( )
| |

opt

KZe


−
= r

r
 . 

For the kinetic energy, we use the result of Ex. 11.5.4 to obtain 

1

2 22 2 2 2 2 2

1
12 2 2 2

1 1 1

ˆˆ
( ) ( )

2 2 2 2

x
x

p d
x

m m dx m m x y z
     

 − −   
=  = + + 

   
r

p
r , 

and therefore: 
1 1

2 2

1 1

1

ˆ ( )
2 | |

opt opt

e

KZe
H

m
  

 − −
=  + 
 

r r r
r

. 

Similarly, for 

2 2
2

2 2

2

ˆ ˆ
ˆ2 | |e

KZe
H

m

− −
= +p

r
, we obtain 

 
2 2

2 2

2 2

2

ˆ ( )
2 | |

opt opt

e

KZe
H

m
  

 − −
=  + 
 

r r r
r

. 

 (c) 

The generic mean-field equations read (Eq. (12.3.41)),   

1 1,2
ˆ ˆ[ ]

optopt opt opt optH V     + =  

2 1,2
ˆ ˆ[ ]

optopt opt opt optH V     + =  . 

In the coordinate representation, these equations obtain the form,   

1 1 11 1,2
ˆ ˆ

optopt opt opt opt optH V         +   =r r r  

2 2 22 1,2
ˆ ˆ

optopt opt opt opt optH V         +   =r r r  . 
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Using the results of (a) and (b), we obtain,  

1

2 2
2

1 2 2 1 2 1 1

1

( ) | ( ) | ( ) ( ) ( )
2 | | optopt opt opt opt

e

KZe
d V

m
    

 − −
 + + − = 

 
r r r r r r r r

r
 

2

2 2
2

2 1 1 1 2 2 1

2

( ) | ( ) | ( ) ( ) ( )
2 | | optopt opt opt opt

e

KZe
d V

m
    

 − −
 + + − = 

 
r r r r r r r r

r
.  

 

Exercise 12.3.12 Let us define the permutation operator, 
1,2 1 2 2 1
ˆ ( , ) ( , )P f f=r r r r . (a)  Show 

that any eigenfunction of this operator must satisfy 2 1 1 2( , ) ( , ) =r r r r , where   is a scalar. (b) 

Show that if an eigen function of 
1,2P̂  is a product, 1 2 1 2( , ) ( ) ( )g h =r r r r , then, ( ) ( )g hr r . 

Solution 12.3.12   

(a) 

For any 1 2( , )f r r , by definition, we have 
1,2 1 2 2 1
ˆ ( , ) ( , )P f f=r r r r . If 1 2( , )f r r  is an eigenfunction of 

1,2P̂ , then 
1,2 1 2 1 2
ˆ ( , ) ( , )P f f=r r r r , where   is a scalar. Consequently, if 1 2( , )f r r  is an 

eigenfunction of 1,2P̂  we must have 2 1 1 2( , ) ( , )f f=r r r r . 

(b) 

Given an eigenfunction of 1,2P̂  which is a product, 1 2 1 2( , ) ( ) ( )g h =r r r r , then from (a) we know that 

1 2 1 2( ) ( ) ( ) ( )g h h g=r r r r . Fixing the value of one of the variables, e.g. 2r , we obtain 1 1( ) ( )g hr r  

for any 1r . 

 

Exercise 12.3.13 Calculate the exact ground state energy of the Hamiltonian,   

1 2

2 2 2 2

1 2

ˆ
2 2 | | | |e e

KZe KZe
H

m m

− − − −
=  +  + +r r

r r
, 

which corresponds to the He atom, when the electron-electron interaction is completely ignored. Refer 

as needed to Ex. 4.3.4 and to the known solution for a hydrogen-like atom (see chapter 10).  

Solution 12.3.13   
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Notice that the Hamiltonian is a sum of two operators associated with two different single-particle 

spaces. Consequently, its eigenvalues are sums of the single-particle Hamiltonian eigenvalues. The 

single-particle Hamiltonians are readily identified as hydrogen-like Hamiltonians, whose ground state 

energy equals 
2

HR Z− . The ground state energy of the two-electron Hamiltonian is therefore, 

( ) ( )2 2 22g H H HE R Z R Z R Z= − + − = − . For 2Z = , we obtain 8 13.6 108.8gE = −  = −  eV.  
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13  Many-Electron Systems  

 

Exercise 13.1.1 The spin states   and   are common eigenstates of 2Ŝ  and ˆ
zS  (see Eq. 

(13.1.8)). Denoting the common eigenstates by the respective quantum numbers,  , ss m , one can 

identify, 
1 1

,
2 2

 = ,  and 
1 1

,
2 2


−

= .   

(a) Use the definition of the spin ladder operators ( Ŝ
, Eq. (13.1.6)) and their commutation relations 

(Eq. (1.3.7)) to show that ˆ , , 1s sS s m s m   . Particularly, show that Ŝ  +  , and 

Ŝ  −  . 

(b) Use the commutation relation (Eq. (13.1.7)) to show that ˆ 0S + =  and  ˆ 0S − = . (Show that 

ˆ ˆ ˆ ˆ 0S S S S   − + + −= = .)  

(c)  Normalize the vectors Ŝ +  and Ŝ − , and show that the normalized vectors satisfy the 

relations Ŝ  + =  and Ŝ  − = . 

Solution 13.1.1  

(a) 

Using ˆ ˆ ˆ[ , ]zS S S =   and ˆ , ,z s s sS s m m s m= , we obtain 

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ( ) , ( 1) , ( 1) ,z s z s z s s s s sS S s m S S s m S S s m S m s m m S s m    = =  =  =  . 

Specifically, for 
1 1

,
2 2

 =  and 
1 1

,
2 2


−

= , we obtain 

 
1 1 1 1 1 1 1 1ˆ ˆ ˆ ˆ, ( 1) , ,
2 2 2 2 2 2 2 2

zS S S S− − −

     
= − = −     

     
 

( ) ( )1ˆ ˆ ˆ
2

zS S S − − = −  ,  

1 1 1 1 1 1 1 1ˆ ˆ ˆ ˆ, ( 1) , ,
2 2 2 2 2 2 2 2

zS S S S+ + +

     
− = − + − = −     
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( ) ( )1ˆ ˆ ˆ
2

zS S S + + =  . 

Since 
1ˆ
2

zS  =  and 
1ˆ
2

zS  = − , we must identify 

Ŝ  −   and Ŝ  +  . 

(b) 

Using ˆ ˆ ˆ[ , ] 2 zS S S+ − =  we obtain 

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2 2 2z zS S S S S S S S S S S S       − + + − − + + − − += −  = + − , 

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2 2 2z zS S S S S S S S S S S S       + − − + + − + − − += +  = + + . 

Using: 
2 2 1ˆ ˆ ˆ ˆ ˆ ˆ( )

2
zS S S S S S+ − − +− = + , we obtain 

2 2 2 2 23 1ˆ ˆ ˆ ˆ ˆ2 2 2 2 0
2 2

z zS S S S S     − + = − − = − − = , 

2 2 2 2 23 1ˆ ˆ ˆ ˆ ˆ2 2 2 2 0
2 2

z zS S S S S     + − = − + = − − = . 

Noticing that ˆ ˆS S − +
 is the norm of Ŝ +

, and ˆ ˆS S + −
 is the norm of Ŝ −

, we must 

conclude that ˆ 0S + =  and ˆ 0S − = . 

(c)   

The norms of Ŝ +  and Ŝ −  read 

2 2
2 2 23ˆ ˆ ˆ ˆ ˆ ˆ2 2 2 2 0

4 4
zS S S S S S       − + + −= − − = − − = , 

2 2
2 2 23ˆ ˆ ˆ ˆ ˆ ˆ2 2 2 2 0

4 4
zS S S S S S       + − − += − − = − − = . 

Since in (a) we saw that Ŝ  −   and Ŝ  +  , and since 1   = = , we can 

identify the proportion coefficients, namely Ŝ  + =  and Ŝ  − = . 
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Exercise 13.1.2 Use the properties of the spin eigenstates in Eqs. (13.1.8, 13.1.10) and derive 

the matrix representations of the spin operators in Eq. (13.1.16).  

Solution 13.1.2 

The orthonormal spin states   and   satisfy the following equations: 

ˆ
2

zS  =      ;     ˆ
2

zS  
−

=      ;     ˆ
2

xS  =        ;      ˆ
2

xS  =         ;

ˆ
2

yS i =          ;         ˆ
2

yS i = −    . 

Hence,  

 

,

,

,

,

ˆ
2 2

ˆ 0
2

ˆ 0
2

ˆ
2 2

z z

z z

z z

z z

S S

S S

S S

S S

 

 

 

 

   

   

   

   

= = =

= = =

= = =

− −
= = =

 

, ,

, ,

1 0

0 12

z z

z

z z

S S

S S

   

   

   
 = =   

−   

S , 

,

,

,

,

ˆ 0
2

ˆ
2 2

ˆ
2 2

ˆ 0
2

x x

x x

x x

x x

S S

S S

S S

S S

 

 

 

 

   

   

   

   

= = =

= = =

= = =

= = =

 

 
, ,

, ,

0 1

1 02

x x

x

x x

S S

S S

   

   

   
 = =   

   

S  , 
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,

,

,

,

ˆ 0
2

ˆ
2 2

ˆ
2 2

ˆ 0
2

y y

y y

y y

y y

i
S S

i i
S S

i i
S S

i
S S

 

 

 

 

   

   

   

   

= = =

= = =

− −
= = =

−
= = =

 

, ,

, ,

0

02

y y

y

y y

S S i

S S i

   

   

  − 
 = =   

   

S   . 

 

Exercise 13.1.3 (a) Verify that the commutation relations between the spin operators (Eqs. 

(13.1.5-13.1.7)) are satisfied by the spin matrices (Eqs. (13.1.16-13.1.17)). (b) Verify that the results in 

Eqs. (13.1.8, 13.1.10) are obtained by matrix-vector multiplications of the appropriate spin matrices 

(Eqs. (13.1.16-13.1.17)) on the basis vectors 
1

0

 
 
 

 and 
0

1

 
 
 

, corresponding to the states   and  , 

respectively. 

Solution 13.1.3 

(a) 

The commutation relations for the spin operators read 

ˆ ˆ ˆ[ , ]x y zS S i S=  

ˆ ˆ ˆ[ , ]z x yS S i S=  

ˆ ˆ ˆ[ , ]y z xS S i S=  

2ˆ ˆ[ , ] 0jS S =      for      , ,j x y z=  

ˆ ˆ ˆ[ , ] 2 zS S S+ − =
 

ˆ ˆ ˆ[ , ]zS S S = 
  

2ˆ ˆ[ , ] 0S S =
   . 

The respective commutation relations between the spin matrices are 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

137 
 

2 0 1 0 0 0 1
[ , ] ( )

1 0 0 0 1 04
x y

i i

i i

− −       
= −       

       
S S  

2 0 0 1 0
( )

0 0 0 14 2
z

i i
i i

i i

−     
= − = =     

− −     
S  , 

2 1 0 0 1 0 1 1 0
[ , ] ( )

0 1 1 0 1 0 0 14
z x

       
= −       

− −       
S S  

2 0 1 0 1 0
( )

1 0 1 0 04 2
y

i
i i

i

− −     
= − = =     

−     
S , 

2 0 1 0 1 0 0
[ , ] ( )

0 0 1 0 1 04
y z

i i

i i

− −       
= −       

− −       
S S  

2 0 0 0 1
( )

0 0 1 04 2
x

i i
i i

i i

−     
= − = =     

−     
S  . 

Notice that 
2

S  is proportional to an identity matrix,   

    
22 22

x y z
 = + + S S S S  

2 21 0 1 0 0 1 0 1 0 0 1 03
( )

0 1 0 1 1 0 1 0 0 0 0 14 4

i i

i i

− −             
= + + =             

− −             
 , 

and therefore, it commutes with any 2 by 2 matrix. In particular, 
2[ , ] 0j =S S ,  for , ,j x y z= . 

Defining,  

0 1 0 0 1

1 0 0 0 02 2
x y

i
i i

i
+

−     
= + = + =     

     
S S S  

0 1 0 0 0

1 0 0 1 02 2
x y

i
i i

i
−

−     
= − = − =     

     
S S S  ,   

we obtain                   

2 2 2
0 1 0 0 0 0 0 1 1 0

[ , ] 2
0 0 1 0 1 0 0 0 0 1

z+ −

         
= − = =         

−         
S S S , 

2 21 0 0 1 0 1 1 0
[ , ]

0 1 0 0 0 0 0 12 2
z +

       
= −       

− −       
S S  

2 2
2

0 1 0 1 0 1

0 0 0 0 0 02 2
+

−     
= − = =     

     
S   , 
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2 21 0 0 0 0 0 1 0
[ , ]

0 1 1 0 1 0 0 12 2
z −

       
= −       

− −       
S S  

2 2
2

0 0 0 0 0 0

1 0 1 0 1 02 2
−

     
= − = − = −     

−     
S  , 

2
2

1 03
[ , ] [ , ] 0

0 14
 

 
= = 

 
S S S .   

(b) 

Using the matrices defined in (a), and the vectors, 
1

0

 
=  
 

α    and  
0

1

 
=  
 

β ,  we obtain 

1 0 1 1

0 1 0 02 2 2
z

     
= = =    

−     
S α α       , 

1 0 0 0

0 1 1 12 2 2
z

     
= = − = −    

−     
S β β     , 

 

2 2 2
2

1 0 1 13 3 3

0 1 0 04 4 4

     
= = =    

     
S α α   , 

2 2 2
2

1 0 0 03 3 3

0 1 1 14 4 4

     
= = =    

     
S β β   , 

 
0 1 0 1

0 0 1 0
+

     
= = =    

     
S β α  , 

 
0 1 1 0

0 0 0 0
+

     
= =    

     
S α   , 

0 0 0 0

1 0 1 0
−

     
= =    

     
S β  , 

0 0 1 0

1 0 0 1
−

     
= = =    

     
S α β  , 

0 1 1 0

1 0 0 12 2 2
x

     
= = =    

     
S α β  , 

0 1 0 1

1 0 1 02 2 2
x

     
= = =    

     
S β α  , 
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0 1 0

0 0 12 2 2
y

i
i i

i

−    
= = =    

     
S α β  , 

0 0 1

0 1 02 2 2
y

i
i i

i

−    
= = − = −    

     
S β α  . 

 

Exercise 13.2.1 Consider a system of three identical particles. The three particle space is 

spanned by the complete set of products of singe particle states, 
1 2 3n n n    , associated with 

the quantum numbers 1 2 3, ,n n n , respectively for the particle indexes 1,2, and 3. The permutation 

between particles 1 and 2 is associated with the operator 1,2P̂ , defined as, 

1 2 3 2 1 31,2
ˆ

n n n n n nP        =   . Show that:  

(a) The operator 1,2P̂   is Hermitian, namely   
*

1,2 1,2
ˆ ˆP P   = , for any three-particle 

states, 
1 2 3 1 2 3

1 2 3

, ,

, ,

n n n n n n

n n n

    =   , and 

1 2 3 1 2 3

1 2 3

, ,

, ,

n n n n n n

n n n

    =   .   

(b) The operator 1,2P̂   is unitary, namely, ( )
†

1,2 1,2
ˆ ˆ ˆP P I= . 

Solution 13.2.1 

(a) 

For any two three-particle states, 
1 2 3 1 2 3

1 2 3

, ,

, ,

n n n n n n

n n n

    =   , and 

1 2 3 1 2 3

1 2 3

, ,

, ,

n n n n n n

n n n

    =   , we obtain   

( )( )

1 2 3 1 2 3 1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3 1 2 3 2 1 3

1 2 3 1 2 3

1 2 3 1 2 3 1 2 2 1

1 2 3

*

1,2 ', ', ' , , ' ' ' 1,2

', ', ' , ,

*

', ', ' , , ' ' '

', ', ' , ,

*

', ', ' , , ', ',

', ', '

ˆ ˆ
n n n n n n n n n n n n

n n n n n n

n n n n n n n n n n n n

n n n n n n

n n n n n n n n n n

n n n

P P         

       

    

=    

=    

=

 

 

 3 3

1 2 3

',

, ,

n n

n n n



 

2 1 3 1 2 3

1 2 3

*

, , , ,

, ,

n n n n n n

n n n

 =   . 
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Similarly,  

1 2 3 1 2 3 1 2 3 1 2 3

1 2 3 1 2 3

2 1 3 1 2 3 1 2 3 2 1 3

1 2 3 1 2 3

*

1,2 ', ', ' , , ' ' ' 1,2

', ', ' , ,

* *

, , , , , , , ,

, , , ,

ˆ ˆ
n n n n n n n n n n n n

n n n n n n

n n n n n n n n n n n n

n n n n n n

P P         

   

=    

= =

 

 
 

2 1 3 1 2 3

1 2 3

*

*

, , , ,

, ,

n n n n n n

n n n

 
 

=  
 
  . 

Hence, 
*

1,2 1,2
ˆ ˆP P   =  (

1,2P̂   is Hermitian) for any   and  . 

(b) 

Using (a) we obtain: ( ) ( )
† †

2

1,2 1,2 1,2 1,2 1,2
ˆ ˆ ˆ ˆ ˆ( )P P P P P=  = . One can readily see that, by definition, 

2

1,2
ˆ ˆ( )P I= , and hence ( )

†

1,2 1,2
ˆ ˆ ˆP P I= ,  

1 2 3 1 2 3 2 1 3

2

1,2 1,2 1,2 1,2
ˆ ˆ ˆ ˆ( ) n n n n n n n n nP P P P          =   =    

1 2 3

2

1,2
ˆ ˆ( )n n n P I     =  . 

 

Exercise 13.2.2 A symmetry of a many-particle observable, Ô , to exchange of particle indexes, 

1,... ,..., ,..., 1,... ,..., ,...,
ˆ ˆ

i j N j i NO O= , means that the following identity holds for any two tensor product basis 

states:  

1 1

1 1

' ' ' '

' ' ' '

ˆ

ˆ

i j N i j N

j i N j i N

n n n n n n n n

n n n n n n n n

O

O

       

       

       

=        
. 

Use the definition of the permutation operator, Eq. (13.2.13), to show that such an observable commutes 

with any permutation operator, namely , 1,... ,..., ,...,
ˆˆ[ , ] 0i j i j NP O = . 

Solution 13.2.2 

Using a generic representation of the operator,  
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1 11,... ,..., ,..., ' ' ' '
ˆ

i j N i j Ni j N n n n n n n n nO O        =         n,n'

n,n'

, 

and the definition of the permutation operator (Eq. (13.2.13)), 

1 1,
ˆ

i j N j i Ni j n n n n n n n nP            =     , we obtain 

1 1

1 1

1 1

, 1,... ,..., ,...,

, ' ' ' '

' ' ' ' ,

,..., ,..., ,... ',..., ',..., ',... '

ˆˆ[ , ]

ˆ

ˆ

i j N i j N

i j N i j N

i j N i j N

i j i j N

i j n n n n n n n n

n n n n n n n n i j

n n n n n n n n

P O

O P

O P

O

       

       

=        

−        

=







n,n'

n,n'

n,n'

n,n'

,

n,n'

1 1

1 1

' ' ' '

,..., ,..., ,... ',..., ',..., ',... '

j i N i j N

i j N i j N

n n n n n n n n

n n n n n n n nO

              

− ,

n,n'

1 1 ' ' ' 'i j N j i Nn n n n n n n n                 . 

Changing indexes in the first summation, we obtain

1 1

1 1

1 1

, 1,... ,..., ,...,

,..., ,..., ,... ',..., ',..., ',... '

' ' ' '

,..., ,..., ,... ',..., ',..., ',... '

ˆˆ[ , ]

j i N j i N

i j N j i N

i j N i j N

i j i j N

n n n n n n n n

n n n n n n n n

n n n n n n n n

P O

O

O

       

=

       

−





,

n,n'

,

n,n'

1 1 ' ' ' 'i j N j i Nn n n n n n n n                . 

Given the symmetry of 
1,... ,..., ,...,
ˆ

i j NO  with respect to permutation, namely  

1 1 1 1,..., ,..., ,... ',..., ',..., ',... ' ,..., ,..., ,... ',..., ',..., ',... 'j i N j i N i j N i j Nn n n n n n n n n n n n n n n nO O=, , , we obtain 

1 1

1 1

1 1

, 1,... ,..., ,...,

,..., ,..., ,... ',..., ',..., ',... '

' ' ' '

,..., ,..., ,... ',..., ',..., ',... '

ˆˆ[ , ]

i j N i j N

i j N j i N

i j N i j N

i j i j N

n n n n n n n n

n n n n n n n n

n n n n n n n n

P O

O

O

       

=

       

−

,

,

n,n'

1 1 ' ' ' ' 0
i j N j i Nn n n n n n n n               =  . 
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Exercise 13.2.3 The operator ( )
( )
,

,

, 1

ˆ ˆ

n
i jpN

n i j

i j i

R P
 =

=   is a sequence of permutation operators, 

defined by a specific vector of scalars ( ( ) ( ) ( )

1,2 1,3 2,3, , ,...n n np p p ) with entries 0  or 1. Each ˆ
nR  corresponds 

to one of the N! unique arrangements of the particle indexes. The symmetrizer and the anti-symmetrizer 

operators are defined as sums over all possible arrangements with appropriate coefficients, as follows: 

!

1

1ˆ ˆ
!

N

n

n

S R
N

 
=

  , and, 

( )
,

1

!

1

1ˆ ˆ( 1)
!

N N
n

i j

i j i

pN

n

n

A R
N

 = 

=


 − , respectively.  Show that  

,
ˆ ˆˆ

i jP S S   and ,
ˆ ˆˆ

i jP A A  −  by showing that the following holds for any tensor product 

basis vector:    

1 2 1 2,
ˆ ˆˆ

N Nn n n i j n n nP S S          =     

1 2 1 2,
ˆ ˆˆ

N Nn n n i j n n nP A A          = −    . 

Solution 13.2.3 

A pair permutation, 
,
ˆ
i jP , replaces each term ˆnR   by ,

ˆ ˆ
i j nP R  . Since the arrangement of the 

particle indexes associated with ,
ˆ ˆ
i j nP R   is already included in the summation over all possible 

arrangements, we have: , '
ˆ ˆ ˆ
i j n nP R R = , where ( )

( ')
,

' ,

, 1

ˆ ˆ

n
i jpN

n i j

i j i

R P
 =

=  .  

In the case of the symmetrizer, 
!

1

1ˆ ˆ
!

N

n

n

S R
N

 
=

  , the different terms in the summation over n  

are associated with the same coefficient. Since the pair permutation maps the sum over !N  

arrangements on itself, the total sum is not changed, hence we obtain: 
,
ˆ ˆˆ

i jP S S = .  

In the case of the anti-symmetrizer, 

( )
,

1

!

1

1ˆ ˆ( 1)
!

N N
n

i j

i j i

pN

n

n

A R
N

 = 

=


 − , the coefficients of the 

different terms in the summation are the same only up to their signs, determined by the vectors,

( ) ( ) ( )

1,2 1,3 2,3, , ,...n n np p p , namely: 

( )
,

1( 1)

N N
n

i j

i j i

p

= 


−  .  A permutation ,

ˆ
i jP  maps each arrangement in the 

summation onto a different arrangement: , '
ˆ ˆ ˆ
i j n nP R R = . However, the additional permutation 
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means that the number of non-zero elements in the vector ( ') ( ') ( ')

1,2 1,3 2,3, , ,...n n np p p  differs by one (can be plus 

or minus 1) from the number of non-zero elements in the vector ( ) ( ) ( )

1,2 1,3 2,3, , ,...n n np p p . Consequently, the 

coefficient associated with 
, '
ˆ ˆ ˆ
i j n nP R R = , namely 

( ')
,

1( 1)

N N
n

i j

i j i

p

= 


− , has an opposite sign from the 

coefficient associated with ˆ
nR  . Since this applies to all terms in the summation, the pair 

permutation maps the summation over the !N  arrangements onto itself, up to a global inverse sign, 

hence:  
,
ˆ ˆˆ

i jP A A = − . 

 

Exercise 13.2.4 The symmetrizer and antisymmetrizer operators applied to a generic two-

particle state, 
1 2 1 2

1 2

,

,

n n n n

n n

   =  ,  yield,  

( )

1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2 2 1

1 2

, 1,2 ,

, ,

,

,

1 1ˆ ˆ
2 2

1

2

S n n n n n n n n

n n n n

n n n n n n

n n

S P       

    

= =  + 

=  + 

 


 

and  

1 2 1 2 1 2 1 2

1 2 1 2

, 1,2 ,

, ,

1 1ˆ ˆ
2 2

A n n n n n n n n

n n n n

A P       = =  −  

( )
1 2 1 2 2 1

1 2

,

,

1

2
n n n n n n

n n

    =  −   . 

Show that Ŝ   and Â   are indeed eigenstates of the permutation operator, 1,2P̂  (Eq. (13.2.23)). 

What are the corresponding eigenvalues? 

Solution 13.2.4 

For 
1 2 1 2

1 2

,

,

n n n n

n n

   =   we have 

( )
1 2 1 2 2 1

1 2

,

,

1ˆ

2
n n n n n n

n n

S      =  +  , 

( )
1 2 1 2 2 1

1 2

,

,

1ˆ

2
n n n n n n

n n

A     =  −  . 
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Applying the permutation, 
1,2P̂ , we obtain 

( ) ( )
1 2 2 1 1 2

1 2

1,2 ,

,

1ˆ ˆˆ
2

n n n n n n

n n

P S S      =  +  = , 

( ) ( )
1 2 2 1 1 2

1 2

1,2 ,

,

1ˆˆ
2

n n n n n n

n n

P A     =  −   

( ) ( )
1 2 1 2 2 1

1 2

,

,

1 ˆ

2
n n n n n n

n n

A     
−

=  −  = −  . 

Hence, ( )1,2
ˆ ˆP̂ S S =  and ( ) ( )1,2

ˆ ˆP̂ A A = − . 

Ŝ   and Â   are eigenstates of 
1,2P̂  with the eigenvalues 1 and 1− , respectively. 

 

Exercise 13.2.5 The symmetrizer and antisymmetrizer operators applied to a generic three-

particle state, 
1 2 3 1 2 3

1 2 3

, ,

, ,

n n n n n n

n n n

    =   ,  yield 

1 2 3 1 2 3 2 1 3 1 3 2

1 2 3

3 2 1 2 3 1 3 1 2

, ,

, ,

1ˆ (
6

)

n n n n n n n n n n n n

n n n

n n n n n n n n n

S           

        

=   +   +  

+   +   +  


 

 
1 2 3 1 2 3 2 1 3 1 3 2

1 2 3

3 2 1 2 3 1 3 1 2

, ,

, ,

1ˆ (
6

)

n n n n n n n n n n n n

n n n

n n n n n n n n n

A          

        

=   −   −  

−   +   +  


. 

Show that Ŝ   and Â   are indeed eigenstates of the two particle permutation operators, 1,2P̂ , 

2,3P̂  and 1,3P̂  (Eq. (13.2.23)) . What are the corresponding eigenvalues? 

Solution 13.2.5 

For 
1 2 3 1 2 3

1 2 3

, ,

, ,

n n n n n n

n n n

    =    we have 

1 2 3 1 2 3 2 1 3 1 3 2

1 2 3

, ,

, ,

1ˆ (
6

n n n n n n n n n n n n

n n n

S           =   +   +    
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3 2 1 2 3 1 3 1 2
)n n n n n n n n n        +   +   +    , 

 
1 2 3 1 2 3 2 1 3 1 3 2

1 2 3

, ,

, ,

1ˆ (
6

n n n n n n n n n n n n

n n n

A          =   −   −    

3 2 1 2 3 1 3 1 2
)n n n n n n n n n        −   +   +   . 

Applying the permutation, 
1,2P̂  , 

2,3P̂  and 
1,3P̂ , we obtain 

( )

( )

1 2 3 2 1 3 1 2 3 3 1 2

1 2 3

2 3 1 3 2 1 1 3 2

1,2 , ,

, ,

1ˆˆ (
6

ˆ)

n n n n n n n n n n n n

n n n

n n n n n n n n n

P S

S

          

         

=   +   +  

  +   +   =


 

( )

( )

1 2 3 1 3 2 2 3 1 1 2 3

1 2 3

3 1 2 2 1 3 3 2 1

2,3 , ,

, ,

1ˆˆ (
6

ˆ)

n n n n n n n n n n n n

n n n

n n n n n n n n n

P S

S

          

         

=   +   +  

  +   +   =


 

( )

( )

1 2 3 3 2 1 3 1 2 2 3 1

1 2 3

1 2 3 1 3 2 2 1 3

1,3 , ,

, ,

1ˆˆ (
6

ˆ)

n n n n n n n n n n n n

n n n

n n n n n n n n n

P S

S

          

         

=   +   +  

+   +   +   =


 

( )

( )

1 2 3 2 1 3 1 2 3 3 1 2

1 2 3

2 3 1 3 2 1 1 3 2

1,2 , ,

, ,

1ˆˆ (
6

ˆ)

n n n n n n n n n n n n

n n n

n n n n n n n n n

P A

A

          

         

=   −   −  

−   +   +   = −


 

( )

( )

1 2 3 1 3 2 2 3 1 1 2 3

1 2 3

3 1 2 2 1 3 3 2 1

2,3 , ,

, ,

1ˆˆ (
6

ˆ)

n n n n n n n n n n n n

n n n

n n n n n n n n n

P A

A

          

         

=   −   −  

−   +   +   = −


 

( )
1 2 3 3 2 1 3 1 2 2 3 1

1 2 3

1,3 , ,

, ,

1ˆˆ (
6

n n n n n n n n n n n n

n n n

P A          =   −   −  

( )
1 2 3 1 3 2 2 1 3

ˆ)n n n n n n n n n A         −   +   +   = −  . 

As we can see, both Ŝ   and Â   are eigenstates of the permutation operators 1,2P̂ , 2,3P̂  and 
1,3P̂

, where Ŝ   and Â   are associated with the eigenvalues 1 and 1− , respectively. 
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Exercise 13.3.1 The antisymmetrizer Â  is defined in Eq. (13.2.21). (a) Show that †ˆ ˆA A= . (b) 

Given the symmetry of the many-electron Hamiltonian to permutations (Eqs. 13.2.16, 13.2.17), show 

that the antisymmetrizer commutes with the Hamiltonian, 1,... ,..., ,...,
ˆ ˆ[ , ] 0i j NA H = . (c) Show that 

2ˆ ˆ!A N A= . 

Solution 13.3.1 

(a) 

To show that 
*ˆ ˆA A   =  for any   and  , let us expand the many-particle states in 

a complete orthonormal set of tensor products of orthonormal single particle states (Eq. (13.2.12)), 

 
1 2 1 2

1 2

, ,...,

, ,...,
N N

N

n n n n n n

n n n

    =    ,  

1 2 1 2

1 2

, ,...,

, ,...,
N N

N

n n n n n n

n n n

    =    . 

In this representation,  

1 2 1 2

1 2 1 2

*

', ',..., ' , ,...,

, ,..., ', ',..., '

ˆ
N N

N N

n n n n n n

n n n n n n

A   =  

1 2 1 2' ' '
ˆ

N Nn n n n n nA            . 

By its definition, the anti-symmetrizer maps each product state, 
1 2 Nn n n     , onto a 

determinant,
1 2

ˆ
Nn n nA      , which is a normalized linear combination of !N  product 

states, each associated with a different arrangement of the single particle indexes. Using the 

orthonormality of the single-particle basis, the matrix elements of Â  obtain the form  

 

1 2 1 2' ' '
ˆ

N Nn n n n n nA          

1 2 1 2{ , ,..., },{ ', ',..., '} ;( 1)

0 ;!

N N

p
n n n n n n i ji j n n

otherwiseN

   − 
= 


. 
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Namely, the result is zero unless the indexes 
1 2, ,..., Nn n n  are all different from one another, and the 

sets of indexes {
1 2, ,..., Nn n n } and { 1 2', ',..., 'Nn n n } are identical. When these conditions hold, the 

determinant, 
1 2

ˆ
Nn n nA      , contains a product term which corresponds precisely to the 

state, 
1 2' ' 'Nn n n     . The non-zero contribution is therefore either 1/ !N  or 1/ !N−

, depending on the parity of the permutation which maps 
1 2 Nn n n      onto 

1 2' ' 'Nn n n     . Given this result, we can see that  

1 2 1 2' ' '
ˆ

N Nn n n n n nA            

1 2 1 2' ' '
ˆ

N Nn n n n n nA     =        , 

where we use the fact that the permutation operators are unitary (Ex. 13.2.1 (b)), and therefore, the 

permutation that maps 
1 2' ' 'Nn n n      onto 

1 2 Nn n n      is the Hermitian 

conjugate of the permutation that maps 
1 2 Nn n n      onto 

1 2' ' 'Nn n n       

(a reversed sequence of pair permutations), which implies that the parity of these two permutations is 

the same. Substitution in the expression for Â   we readily obtain, 

1 2 1 2

1 2 1 2

* *

', ',..., ' , ,...,

, ,..., ', ',..., '

ˆ
N N

N N

n n n n n n

n n n n n n

A   =    

1 2 1 2' ' '
ˆ ˆ

N Nn n n n n nA A             =  . 

Hence, the anti-symmetrizer ( Â ) is Hermitian.  

(b) 

Using the representation of the anti-symmetrizer as a linear combination of sequences of pair 

permutations (Eq. (13.2.21)) and the commutativity of each pair permutation with the Hamiltonian of 

a system of identical articles (Eqs. (13.2.16, 13.2.17)), , 1,... ,..., ,...,
ˆ ˆ[ , ] 0i j i j NP H = , we readily obtain 

1,... ,..., ,..., 1,... ,..., ,...,
ˆ ˆˆ ˆ

i j N i j NAH H A = , and hence, 1,... ,..., ,...,
ˆ ˆ[ , ] 0i j NA H = . 

(c) 
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Considering again a generic expansion of any many-particle state in tensor products of the single 

particle basis states (Eq. (13.2.12)): 
1 2 1 2

1 2

, ,...,

, ,...,
N N

N

n n n n n n

n n n

    =    , it is sufficient 

to consider a single product state. By its definition the anti-symmetrizer maps a product state onto a 

normalized linear combination of !N  product states, each associated with a different arrangement of 

the single particle indexes, namely 
1ˆ !

!
A N products

N
  =   . A consecutive operation of Â  onto 

each one of these !N  product states would map it onto a normalized linear combination of !N  product 

states. However, these linear combinations would be identical copies, such that the outcome of ˆ ˆAA   

reads 

1 1 1ˆ ˆ ˆ ! ! ! !
! ! !

AA A N products N N products N products
N N N


 

     = =  =      
 

. 

Comparing to Â  , we obtain the relation, ˆ ˆ ˆ!AA N A = . 

 

 

Exercise 13.3.2 Given the antisymmetrizer, Â , the single particle operators in the j th particle 

subspaces, { ˆ
jh }, and the pair interactions { , '

ˆ
j jw } in the subspace of the j th and 'j th particles, prove 

the following identities:  

(a)  

( ) ( )1 1 2

1ˆ

!
k N N k kA

N
              =    

(b)  

    

( ) ( )1 ' 1 2

' 1

' ' '

' 1
( ' )

ˆ ˆ

1 1ˆ ˆ[ ]
! !

N

j N j N

j

N

j j j j j j j j

j
j j

h A

h h
N N



 

=

=


            

=     +  




 

(c)  



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

149 
 

( ) ( )1 ', '' 1 2

' '' 1

' '' ', '' ' '' ' '' ', '' '' '

' '' 1
', ''

' , ' ' ' , ' '

' 1

ˆˆ

1
ˆ ˆ[ ]

!

1
ˆ ˆ[ ]

!

N

j N j j N

j j

N

j j j j j j j j j j j j j j

j j
j j j

N

j j j j j j j j j j j j

j j

w A

w w
N

w w
N





 

 =

 =


 =

            

=         −      

+       −      







 

Use the identities, (a), (b) and (c), and Eqs. (13.3.8, 13.3.12) to show that   

,

1

ˆ ˆ[
N

k k k k j k j k j j k k k k

j

h w   
=

   +       −    =  
  , where, 

' ' '

' 1

' '' ', '' ' '' ' '' ', '' '' '

' '' 1
', ''

ˆ

ˆ ˆ[ ]

N

k j j j

j k

N

j j j j j j j j j j j j

j j
j j k

h

w w

 
 =

 =


= −  

−       −      




 

Solution 13.3.2 

(a) 

By its definition, the anti-symmetrizer 1 2
ˆ

NA        maps the product state onto a 

normalized linear combination of !N  product states, each associated with a different arrangement of 

the single particle indexes. The orthonormality of the single-particle basis, ' , 'n n n n  =  means 

that all the arrangements have zero overlap with the state 1 k N       , except for 

the term, 
1 2

1

!
N

N
      , which yields   

   ( ) ( )1 1 2

1ˆ

!
k N N k kA

N
              =   . 

(b) 

Considering again the !N  products expansion obtained by the anti-symmetrizer operation on a product 

state, 1 2
ˆ

NA       , and the orthonormality of the single-particle basis states, 

' , 'k k k k  =  ; 
'

'
0k k

k k



  = , we notice that the only arrangement in the expansion 
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1 2
ˆ

NA        that gives non-zero overlap with the bra, 

1 '
ˆ

j N jh       , is,  
1 '

1

!
j N

N
       . 

For 'j j= , the result is  

1 1 2

1ˆ ˆˆ

!
j N j N j j jh A h

N
              =   ,  

whereas for 'j j , the result is  

1 ' 1 2 ' ' '

1ˆ ˆˆ

!
j N j N j j j j jh A h

N
              =     . 

Consequently, we obtain 

( ) ( )1 ' 1 2

' 1

ˆ ˆ
N

j N j N

j

h A
=

            

' ' '

' 1
( ' )

1 1ˆ ˆ[ ]
! !

N

j j j j j j j j

j
j j

h h
N N

 
=


=     +    . 

(c) 

Considering again the !N  products expansion obtained by the anti-symmetrizer operation 

1 2
ˆ

NA       , and the orthonormality of the single-particle basis states, 

' , 'k k k k  =  ; 
'

'
0k k

k k



  = , we notice that there are only two arrangements in the 

expansion 1 2
ˆ

NA        that give non-zero overlap with the bra 

1 ', ''
ˆ

j N j jw       . Their sum is: 

1 ' '' 1 '' '

1
( )

!
j j N j j N

N
          −            

. (Notice that these arrangements differ by a single permutation and therefore their coefficients are of 

opposite signs.)  

If  'j j  and ''j j , we obtain in this case 
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1 ', '' 1 2
ˆˆ

j N j j Nw A            

' '' ', '' ' '' ' '' ', '' '' '

1
ˆ ˆ[ ]

!
j j j j j j j j j j j j j jw w

N
        −        . 

If j  coincides with 'j , we obtain: 

1 , '' 1 2
ˆˆ

j N j j Nw A            

'' , '' '' '' , '' ''

1 1
ˆ ˆ

! !
j j j j j j j j j j j jw w

N N
 =       −        , 

and if j  coincides with ''j , we obtain: 

1 ', 1 2

' ', ' ' ', '

ˆˆ

1 1
ˆ ˆ

! !

j N j j N

j j j j j j j j j j j j

w A

w w
N N



 

            

=       −      

' , ' ' ' , ' '

1 1
ˆ ˆ

! !
j j j j j j j j j j j jw w

N N
 =       −        , 

where in the last step we changed the ordering of the two single-particle subspaces.  

Consequently, we obtain 

( ) ( )1 ', '' 1 2

'' ' 1

' '' ', '' ' '' ' '' ', '' '' '

'' ' 1
', ''

ˆˆ

1
ˆ ˆ[ ]

!

N

j N j j N

j j

N

j j j j j j j j j j j j j j

j j
j j j

w A

w w
N





 =

 =


            

=         −      





' , ' ' ' , ' '

' 1
'

1
ˆ ˆ[ ]

!

N

j j j j j j j j j j j j

j
j j

w w
N

 
=


+       −        . 

Using  
, '

1 ' 1

ˆˆ ˆ
N N

j j j

j j j

H h w
=  =

= +  , Eq. (13.3.12) yields 

( ) ( )1 , ' 1 2

1 ' 1

ˆ ˆˆ( ) 0
N N

k N j j j N

j j j

h w A 
=  =

       + −       =  .      

Using the identities, (a), (b) and (c), we obtain  
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( ) ( )

( ) ( )

( ) ( )

1 ' 1 2

' 1

1 ', '' 1 2

'' ' 1

1 1 2

' ' '

' 1
( ' )

'' ' 1
', '

ˆ ˆ

ˆˆ

ˆ

1 1ˆ ˆ[ ]
! !

1
[

!

N

j N j N

j

N

j N j j N

j j

j N N

N

j j j j j j j j

j
j j

j j

j j
j j

h A

w A

A

h h
N N

N





 

 



=

 =

=


 =

            

+             

−             

=     +  

+  







' '' ', '' ' '' ' '' ', '' '' '

'

' , ' ' ' , ' '

' 1
'

ˆ ˆ ]

1
ˆ ˆ[ ]

!

N

j j j j j j j j j j j j

j

N

j j j j j j j j j j j j

j
j j

w w

w w
N

 



=


      −      

+       −      





1
0

!
j j

N
 −   =  . 

Therefore,  

( )' ' ' ' '' ', '' ' '' '' '

' 1 '' ' 1
( ' ) ', ''

ˆ ˆ
N N

j j j j j j j j j j j j j

j j j
j j j j j

h w  
=  =
 

    
      +       −    −      
        

 

( )' , ' ' '

' 1
'

ˆ ˆ[ ] 0
N

j j j j j j j j j j j

j
j j

h w 
=


+   +       −    = . 

Defining,  ( )' ' ' ' '' ', '' ' '' '' '

' 1 '' ' 1
( ' ) ', ''

ˆ ˆ
N N

j j j j j j j j j j j j

j j j
j j j j j

h w 
=  =
 

 −   −       −     , 

we obtain 

( )' , ' ' '

' 1
'

ˆ ˆ[ ]
N

j j j j j j j j j j j j j j

j
j j

h w   
=


  +       −    =   . 

 

Exercise 13.3.3 Use the product form of each spin-orbital (Eq. (13.3.16)) to obtain Eq. 

(13.3.17) from Eq. (13.3.15). 

Solution 13.3.3 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

153 
 

Using 
,j j s jm    for the single-particle states in Eq. (13.3.17), we obtain 





,

, , , , , , ,

1

ˆ

ˆ ˆ ˆ ˆˆ ˆ[ ] [ ] [ ] [ ]

k s k k k

N

j s j k j j s j j s j k j j s j k s k

j

m h

I m w I m I m w m I m

 

    
=

−

+   −  
0= . 

 Using the fact that 
,

ˆ
k jw  does not operate in the spin space and using the orthonormality of the spin 

functions in each single particle space, we obtain 

, ,

, , , , ,

1

, , , , ,

, , , , ,

1

, ,

ˆ

ˆ ˆˆ[ ] [ ]

ˆ ˆˆ[ ] [ ] 0

ˆ

ˆ(

k s k k k k s k

N

k s k j s j k j j s j k s k

j

k s k j s j k j j s j k s k

k k k k

N

k s k j s j k j k s k j s j

j

k s k j s j

m h m

m I m w I m m

m I m w m I m

h

m m w m m

m m

  

   

   

  

   

 

=

=

−

+  

−   =



−

   +  
   

− 





, ,

, , ,

,

1

, ,

ˆ ) 0

ˆ

ˆ(

ˆ ) 0
s j s k

k j j s j k s k

k k k k

N

k j k j k j

j

m m k j k j j k

w m m

h

w

w

 

  

   

    

=

    =
   



−

   +  
   

   −   =
   



 


, ,, , ,

1

ˆ ˆ ˆ ˆ ˆˆ ˆ 0
s j s k

N

k k k j k j j m m j k j j k

j

h I w I I w I       
=

 
       − +   −   =        

 
 . 

 

Exercise 13.3.4 The operator ,
ˆ

k jw  is a two-particle operator confined to the subspace of the 

k th and j th particles, which is diagonal in the two-particle coordinate representation, namely  

2

' , '' '''
ˆ ( '') ( ' ''')

| ' |
k jk j k j

Ke
w                 = − −        −

r r r r r r r r
r r

. 
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Introducing identity operators in the corresponding single-particle subspaces, 

,
ˆ ˆ ˆ ˆˆ

k j
k j k j

I I w I I          
       r r r r

, derive Eq. (13.3.21) for 
,

ˆ
k jw . 

Solution 13.3.4 

Using the short notation  r r  for a position eigenstate, an identity in the single particle space 

reads ˆrI d=  r r r . Introducing identity operators in the single particle subspaces we obtain 

, ,

,

ˆ ˆ ˆ ˆˆ ˆ

ˆ' ' ' '' '' '' ''' ''' '''

k j k j
k j k j

k j

w I I w I I

d d w d d

       =    
       

=     

r r r r

r r r r r r r r r r r r

,
ˆ' '' ''' ' ' '' ''' '' '''k jd d d d w =        r r r r r r r r r r r r  . 

Using the representation of the Coulomb interaction in the position representation, 

2 2

,
ˆ' '' ''' ' '' ''' ( '') ( ' ''')

ˆ ˆ| ' | | ' |
k j

Ke Ke
w    =   = − −

− −
r r r r r r r r r r r r

r r r r
, 

we obtain Eq. (13.3.21),  

2 2

,
ˆ ' ' ' ' ' '

| ' | | ' |
k j

Ke Ke
w d d d d=   = 

− −   r r r r r r r r r r r r
r r r r

. 

 

Exercise 13.3.5 The single particle operators, ˆ
kJ  and ˆ

kK , are defined in Eq. (13.3.19) and 

Eq. (13.3.20), respectively. Use Eq. (13.3.21) to derive the explicit coordinate representations of these 

operators, (Eq. (13.3.22) and Eq. (13.3.23), respectively). 

Solution 13.3.5 

Using the notation,  r r , for a position eigenstate, the operator ˆ
kJ  reads 

,

1

2

1

2

1

2
2

1

ˆ ˆ ˆˆ[ ] [ ]

ˆ ˆ[ ] ' ' ' [ ]
| ' |

' ' '
| ' |

' | ( ') |
| ' |

N

k j k j j

j

N

j j

j

N

j j

j

N

j

j

J I w I

Ke
I d d I

Ke
d d

Ke
d d

 

 

 



=

=

=

=

=  

=   
−

= 
−

=
−



  

  

  

r r r r r r
r r

r r r r r r
r r

r r r r r
r r
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2
2

1

' | ( ') |
ˆ| ' |

N

j

j

Ke
d 

=

=
−

  r r
r r

. 

For the operator ˆ
kK , we obtain 

, ,

, ,

, ,

, ,

, ,

, ,

1

2

,

1

2

,

1

2
*

,

1

,

ˆ ˆ ˆˆ[ ] [ ]

ˆ ˆ[ ] ' ' ' [ ]
| ' |

' ' '
| ' |

' ( ) ( ') '
| ' |

s j s k

s j s k

s j s k

s j s k

s j s

N

k m m j k j j

j

N

m m j j

j

N

m m j j

j

N

m m j j

j

m m

K I w I

Ke
I d d I

Ke
d d

Ke
d d

  

  

  

  



=

=

=

=

=  

=   
−

= 
−

= 
−

=



  

  

  

r r r r r r
r r

r r r r r r
r r

r r r r r r
r r

2
*

1

' ( ) ( ') '
| ' |k

N

j j

j

Ke
d d  

=


−

  r r r r r r
r r

 

, ,

2
*

, '

1

' ( ') ( )
| ' |s j s k

N

m m j j

j

Ke
d d     

=

=
−

  r rr r r r
r r

 . 

Notice that this single particle operator is non-local in the single particle spaces, where it maps a single 

particle state from the j th space onto the k th space. 

 

Exercise 13.3.6 Using the properties of the antisymmetrizer (Eq. (13.3.10), and 
2ˆ ˆ!A N A=

), derive Eq. (13.3.28). 

Solution 13.3.6 

For the normalized slater determinant, 1 2
ˆ

NA =       , the variational energy 

reads 1 2 1 2
ˆ ˆˆ ˆ

N NH AHA =   =             . 

Using the properties, 
2ˆ ˆ ˆ ˆ! ; [ , ] 0A N A A H= = , we obtain 
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1 2 1 2

1 2 1 2

1 2

1 2

1

ˆ ˆˆ

ˆ ˆˆ

ˆ!

ˆ!

N N

N N

N

N

N j

j

AHA

HAA

N H

N h



=

=            

           

=       

=       

1 2 , '

' 1

ˆ!
N

N j j

j j

N w
 =

+         . 

The determinant   is a normalized linear combination of !N  product states, each corresponding to 

a unique arrangement of the spin-orbitals in the single particle spaces. Using the orthonormality of the 

single-particle states, there is only one arrangement that gives non-zero overlap with the state, 

1 2
ˆ

N jh      . Therefore, 

  

1 2

1

1 1

1

ˆ!

1 ˆ!
!

N

N j

j

N

j N j j N

j

N h

N h
N

=

=

      

=              





ˆ
j j jh=   . 

Similarly, there are only two arrangements in the expansion, 1 2
ˆ

NA       , that give 

non-zero overlap with the state, 1 2 , '
ˆ

N j jw      . Therefore,  

( )

1 2 , '

' 1

1 ' , '

' 1

1 ' 1 '

ˆ!

1
ˆ!

!

N

N j j

j j

N

j j N j j

j j

j j N j j N

N w

N w
N

 =

 =

      

=          

          −          





( )' , ' ' '

' 1

ˆ
N

j j j j j j j j

j j

w
 =

=       −    . 

Consequently,  

( )' , ' ' '

1 ' 1

ˆ ˆ[
N N

j j j j j j j j j j j

j j j

h w
=  =

=   +     −   

( )' , ' ' '

1 ', 1

1ˆ ˆ[
2

N N

j j j j j j j j j j j

j j j

h w
= =

=   +     −     , 
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where in the last step we introduced double counting of all pairs. Considering that the single particle 

states are spin-orbitals of the type, ,j j s jm =   (which differ from each either by either 

,s jm , or 
j , or both), we obtain  

 ( )
, , '' , ' ' , '

1 ', 1

1ˆ ˆ[
2 s j s j

N N

j j j j j j j j j m m j j

j j j

h w         
= =

= + −  . 

 

Exercise 13.4.1 For each determinant in Eq. (13.4.2): (a) calculate the appropriate energy 

Ĥ =    in Eq. (13.4.4) by expressing it in terms of the integrals given in Eqs. (13.4.5-13.4.7). (b) 

Calculate the orbital energy for each of the relevant spin orbitals, 1( ) ( )i i r , 2 ( ) ( )i i r , 1( ) ( )i i r  

or 2 ( ) ( )i i r , using Eq. (13.3.29). (c) Verify that the relation between the total energy and the sum 

over orbital energies (Eq. (13.3.31)) holds.  

Solution 13.4.1   

(a) 

Since the Hamiltonian ( 1 2 1,2
ˆ ˆˆ ˆH h h w= + + ) does not operate in the spin space, and since the spin 

functions are orthonormal, we only need to consider the spatial integrals. Using the definition of the 

two-electron states in Eq. (13.4.2), the orthonormality of the spatial orbitals, and the notations in Eqs. 

(13.4.5-13.4.7), we obtain 

* *

1 ,1 1 2 1 1 1 2 1 2 1,2 1 1 1 2

* *

1 1 1 1 1 1 2 1 2 2 1 2

2
2 2

1 2 1 1 1 2

1 2

ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( )

| ( ) | | ( ) |
| |

d d h h w

d h d h

Ke
d d

     

   

 

 = + +
 

   = +
   

 
+  

− 

 

 

 

r r r r r r

r r r r r r

r r r r
r r

 

1 1,12E J= +  , 

* *

2 ,2 1 2 2 1 2 2 1 2 1,2 2 1 2 2

* *

1 2 1 1 2 1 2 2 2 2 2 2

2
2 2

1 2 2 1 2 2

1 2

ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( )

| ( ) | | ( ) |
| |

d d h h w

d h d h

Ke
d d

     

   

 

 = + +
 

   = +
   

 
+  

− 

 

 

 

r r r r r r

r r r r r r

r r r r
r r

 

2 2,22E J= + , 
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* * * *

1 ,2 1 ,2 1 2 1 1 2 2 2 1 1 2 1 2 1,2 1 1 2 2 2 1 1 2

* *

1 2 1 1 2 2 1 2 1,2 1 1 2 2

* *

1 2 2 1 1 2 1 2 1,2 2 1

1 ˆ ˆ ˆ[ ( ) ( ) ( ) ( )] [ ( ) ( ) ( ) ( )]
2

1 ˆ ˆ ˆ( ) ( ) ( ) ( )
2

1 ˆ ˆ ˆ( ) ( ) (
2

d d h h w

d d h h w

d d h h w

            

   

  

 = = − + + −
 

 = + +
 

 + + +
 

 

 

 

r r r r r r r r r r

r r r r r r

r r r r r 1 2

* *

1 2 1 1 2 2 1 2 1,2 2 1 1 2

* *

1 2 2 1 1 2 1 2 1,2 1 1 2 2

) ( )

1 ˆ ˆ ˆ( ) ( ) ( ) ( )
2

1 ˆ ˆ ˆ( ) ( ) ( ) ( )
2

d d h h w

d d h h w



   

   

 − + +
 

 − + +
 

 

 

r

r r r r r r

r r r r r r

 

2
* * 2 2

1 1 1 1 1 1 2 2 2 2 2 2 1 2 1 1 2 2

1 2

2
* * 2 2

1 2 1 1 2 1 2 1 2 2 1 2 1 2 2 1 1 2

1 2

1 1 1ˆ ˆ( ) ( ) ( ) ( ) | ( ) | | ( ) |
2 2 2 | |

1 1 1ˆ ˆ( ) ( ) ( ) ( ) | ( ) | | ( ) |
2 2 2 | |

1

Ke
d h d h d d

Ke
d h d h d d

     

     

 
   = + +      − 

 
   + + +      − 

−

   

   

r r r r r r r r r r
r r

r r r r r r r r r r
r r

2
* *

1 2 1 1 2 2 2 1 1 2

1 2

2
* *

1 2 2 1 1 2 1 1 2 2

1 2

( ) ( ) ( ) ( )
2 | |

1
( ) ( ) ( ) ( )

2 | |

Ke
d d

Ke
d d

   

   

 
 

− 

 
−  

− 

 

 

r r r r r r
r r

r r r r r r
r r

1 2 1,2 1,2E E J K= + + − , 

* *

1 ,2 1 ,2 1 2 1 1 2 2 1 2 1,2 1 1 2 2

* *

1 2 2 1 1 2 1 2 1,2 2 1 1 2

* * 2

1 1 1 1 1 1 2 2 2 2 2 2 1 2 1 1 2

1 ˆ ˆ ˆ( ) ( ) ( ) ( )
2

1 ˆ ˆ ˆ( ) ( ) ( ) ( )
2

1 1 1ˆ ˆ( ) ( ) ( ) ( ) | ( ) | | (
2 2 2

d d h h w

d d h h w

d h d h d d

        

   

     

 = = + +
 

 + + +
 

   = + +
   

 

 

   

r r r r r r

r r r r r r

r r r r r r r r r r
2

2

2

1 2

2
* * 2 2

1 2 1 1 2 1 2 1 2 2 1 2 1 2 2 1 1 2

1 2

) |
| |

1 1 1ˆ ˆ( ) ( ) ( ) ( ) | ( ) | | ( ) |
2 2 2 | |

Ke

Ke
d h d h d d     

−

   + + +
    −   

r r

r r r r r r r r r r
r r

1 2 1,2E E J= + + . 

Consequently, 

1 ,1 1 1,1

2 ,2 2 2,2

1 ,2 1 ,2 1 2 1,2 1,2

2

2

E J

E J

E E J K

 

 

   





 

= +

= +

= = + + −

 

1 ,2 1 ,2 1 2 1,2E E J    = = + + . 

(b) 
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Eq. (13.3.29) for the orbital energies reads 

, ,

2

1,2 ,

1

ˆ ˆ [ ]
s j s kk k k k k j k j m m j k

j

h w         
=

= +   −  .  

For 
1 ,1  , we have, , (1 ,1 )k j   . Therefore  

1 1 1 1 1 1 1 1,2 1 1 1 1,1
ˆ ˆh w E J        = = +   = + . 

For 
2 ,2  , we have, , (2 ,2 )k j   .  Therefore,

2 2 2 2 2 2 2 1,2 2 2 2 2,2
ˆ ˆh w E J        = = +   = + . 

For 
1 ,2  , we have, , (1 ,2 )k j   . Therefore, 

1 1 1 1 1 2 1,2 1 2 2 1 1 1,2 1,2
ˆ ˆ [ ]h w E J K        = +   −  = + − , 

2 2 2 2 2 1 1,2 2 1 1 2 2 1,2 1,2
ˆ ˆ [ ]h w E J K        = +   −  = + − . 

Similarly, for 
1 ,2  ,  

1 1 1,2 1,2E J K = + − , 

2 2 1,2 1,2E J K = + − . 

For 1 ,2  , we have, , (1 ,2 )k j   . Therefore,  

1 1 1 1 1 2 1,2 1 2 1 1,2
ˆ ˆh w E J      = +   = + , 

2 2 2 2 2 1 1,2 2 1 2 1,2
ˆ ˆh w E J      = +   = + . 

Similarly, for 1 ,2  , 

1 1 1,2E J = + , 

2 2 1,2E J = + . 

(c) 

Eq. (13.3.31) for the difference between the sum of orbital energies and the HF energy (namely, for the 

over-counted interaction) reads 
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, ,

2 2 2

1,2 ,

1 1 1

1
ˆ [ ]

2 s j s kk k j k j m m j k

k k j

w        
= = =

− =   −   . 

For 
1 ,1  , we have, , (1 ,1 )k j   . Therefore,  

1 1 1 ,1 1 1 1,2 1 1 1 1 1,2 1 1 1,1

1 1
ˆ ˆ

2 2
w w J             + − =   +   = ,  

which is consistent with the results in (a) and (b).  

For 
2 ,2  , we have, , (2 ,2 )k j   .  Therefore, 

2 2 2 ,2 2 2 1,2 2 2 2 2 1,2 2 2 2,2

1 1
ˆ ˆ

2 2
w w J             + − =   +   = , 

which is consistent with the results in (a) and (b).  

For 
1 ,2  , we have, , (1 ,2 )k j   . Therefore,  

1 2 1 ,2 1 2 1,2 1 2 2 1

2 1 1,2 2 1 1 2

1
ˆ [ ]

2

1
ˆ [ ]

2

w

w

           

     

+ − =   − 

+   − 

 

( )1,2 1,2 1,2 1,2

1
2 2

2
J K J K= − = − , 

which is consistent with the result in (a) and (b).  

Similarly, for 1 ,2  ,  

1 2 1 ,2 1,2 1,2J K     + − = − , 

which is consistent with (a) and (b). 

For 1 ,2  , we have, , (1 ,2 )k j   . Therefore,    

1 2 1 ,2 1 2 1,2 1 2 2 1 1,2 2 1 1,2

1 1
ˆ ˆ

2 2
w w J             + − =   +   = , 

which is consistent with (a) and (b). 

Similarly, for 1 ,2  , 

1 2 1 ,2 1,2J     + − = ,  
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which is consistent with (a) and (b). 

 

Exercise 13.4.2 Show that the following four spin states of two electrons,  

(1) (2)

(1) (2)

(1) (2) (1) (2)

(1) (2) (1) (2)

 

 

   

   

+

−

, 

are eigenfunctions of the two-electrons spin operators:  

,1 ,2

2 2 2 2

x,1 x,2 y,1 y,2 z,1 ,2

ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

z z z

z

S S S

S S S S S S S

= +

= + + + + +
. 

What are the respective eigenvalues and spin quantum numbers for each of the spin states?  

Solution 13.4.2 

Using Eq. (13.1.8) for the single particle spin operators, ˆ
2

zS  =  and ˆ
2

zS  
−

= ,  

we obtain for ˆzS , 

,1 ,2

,1 ,2

,1 ,2

ˆ ˆ ˆ(1) (2) ( ) (1) (2) ( ) (1) (2) (1) (2)
2 2

ˆ ˆ ˆ(1) (2) ( ) (1) (2) ( ) (1) (2) (1) (2)
2 2

ˆ ˆ ˆ(1) (2) ( ) (1) (2) ( ) (1) (2) 0
2 2

z z z

z z z

z z z

S S S

S S S

S S S

       

       

     

= + = + =

− −
= + = + = −

= + = − =

,1 ,2
ˆ ˆ ˆ(1) (2) ( ) (1) (2) ( ) (1) (2) 0

2 2
z z zS S S     

−
= + = + =   . 

Therefore, 

   

   

   

ˆ (1) (2) (1) (2)

ˆ (1) (2) (1) (2)

ˆ (1) (2) (1) (2) 0 (1) (2) (1) (2)

z

z

z

S

S

S

   

   

       

=

= −

+ = +

   ˆ (1) (2) (1) (2) 0 (1) (2) (1) (2)zS        − = −  . 

To test 2Ŝ , we first rewrite it using Eq. (13.1.7),   



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

162 
 

2 2 2 2

x,1 x,2 y,1 y,2 z,1 ,2

2 2 2 2 2

x,1 y,1 x,2 y,2 x,1 x,2 y,1 y,2 z

2

,1 ,1 ,1 ,1 ,2 ,2 ,2 ,2 x,1 x,2 y,1 y,2 z

ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) 2( ) ( )

1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) 2( ) ( )
2

zS S S S S S S

S S S S S S S S S

S S S S S S S S S S S S S+ − − + + − − +

= + + + + +

= + + + + + +

= + + + + + +
. 

Using the following identities (Eq. (13.1.10)), 

ˆ
2

xS  =         ;      ˆ
2

xS  =         ;      ˆ
2

yS i =          ;         ˆ
2

yS i = −  

Ŝ  + =      ;      Ŝ  − =       ;     ˆ 0S + =     ;       ˆ 0S − =  

we obtain 

2

,1 ,1 ,1 ,1 ,2 ,2 ,2 ,2

2

x,1 x,2 y,1 y,2 z

2 2
2 2

2

ˆ (1) (2)

1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) (1) (2)
2

ˆ ˆ ˆ ˆ ˆ2( ) (1) (2) ( ) (1) (2)

(1) (2) 2 (1) (2) 2 (1) (2) (1) (2)
4 4

2 (1) (2)

S

S S S S S S S S

S S S S S

 

 

   

       

 

+ − − + + − − += + + +

+ + +

= + − +

=

 

2

2

,1 ,1 ,1 ,1 ,2 ,2 ,2 ,2 x,1 x,2 y,1 y,2 z

2 2
2 2

2

ˆ (1) (2)

1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) (1) (2) 2( ) (1) (2) ( ) (1) (2)
2

(1) (2) 2 (1) (2) 2 (1) (2) (1) (2)
4 4

2 (1) (2)

S

S S S S S S S S S S S S S

 

     

       

 

+ − − + + − − += + + + + + +

= + − +

=  

2

2

,1 ,1 ,1 ,1 ,2 ,2 ,2 ,2 x,1 x,2 y,1 y,2 z

2 2
2

ˆ (1) (2)

1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) (1) (2) 2( ) (1) (2) ( ) (1) (2)
2

(1) (2) 2 (1) (2) 2 (1) (2) 0
4 4

S

S S S S S S S S S S S S S

 

     

     

+ − − + + − − += + + + + + +

= + + +

2 ( (1) (2) (1) (2))   = +  

2

2

,1 ,1 ,1 ,1 ,2 ,2 ,2 ,2 x,1 x,2 y,1 y,2 z

2 2
2

ˆ (1) (2)

1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) (1) (2) 2( ) (1) (2) ( ) (1) (2)
2

(1) (2) 2 (1) (2) 2 (1) (2) 0
4 4

S

S S S S S S S S S S S S S

 

     

     

+ − − + + − − += + + + + + +

= + + +

2 ( (1) (2) (1) (2))   = +  . 
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Therefore,  

   

   

   

2 2

2 2

2 2

ˆ (1) (2) 2 (1) (2)

ˆ (1) (2) 2 (1) (2)

ˆ (1) (2) (1) (2) 2 (1) (2) (1) (2)

S

S

S

   

   

       

=

=

+ = +

   2ˆ (1) (2) (1) (2) 0 (1) (2) (1) (2)S        − = −    . 

These results can be summarized as follows,  

2 2

2

(1) (2) (1) (2)

ˆ (1) (2) 2 (1) (2)

(1) (2) (1) (2) (1) (2) (1) (2)

ˆ ( (1) (2) (1) (2)) 0( (1) (2) (1) (2))

S

S

   

   

       

       

 
 

= 
 + + 

− = −

 

(1) (2) 1 (1) (2)

ˆ (1) (2) 1 (1) (2)

(1) (2) (1) (2) 0( (1) (2) (1) (2))

zS

   

   

       

+ 
 

= − 
 + + 

ˆ ( (1) (2) (1) (2)) 0( (1) (2) (1) (2))zS        − = −  . 

The “triplet” states, 

(1) (2)

(1) (2)

(1) (2) (1) (2)

 

 

   

 
 
 
 + 

, are associated with the spin quantum numbers 1s =  

(the eigenvalue of 
2Ŝ  equals 2 2( 1) 2s s + = ), and 1,0,1sm = − (corresponding to the different 

eigenvalues of ˆzS , namely, ,0,− ).  

The “singlet” state, (1) (2) (1) (2)   − , is associated with 0s =  and 0sm = . 

 

Exercise 13.4.3 Substitute the relevant determinants, defined in Eq. (13.4.2), in Eq. (13.4.8) 

to derive Eq. (13.4.9).  

Solution 13.4.3 

Substituting the determinants from Eq. (13.4.2) in Eq. (13.4.8) we obtain   
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1 1 2 2 2 1 1 2

1 1 2 2 2 1 1 2

1 1 2 2 2 1 1 2

1 1 2 2 2 1 1 2

1 1 2 2

1
[ ( ) ( ) (1) (2) ( ) ( ) (1) (2)]

2

1
[ ( ) ( ) (1) (2) ( ) ( ) (1) (2)]

2

1 1
( ) ( ) (1) (2) ( ) ( ) (1) (2)

2 2

1 1
( ) ( ) (1) (2) ( ) ( ) (1) (2)

2 2

1
( ) (

2

       

       

       

       

 

 = −

 −

= −



=

r r r r

r r r r

r r r r

r r r r

r r   2 1 1 2 2 1 1 2 1 1 2 2

1
) ( ) ( ) (1) (2) ( ) ( ) ( ) ( ) (1) (2)

2
         −r r r r r r

  1 1 2 2 2 1 1 2

1
( ) ( ) ( ) ( ) (1) (2) (1) (2)

2
       = r r r r   .  

 

Exercise 13.4.4 Express the energy Ĥ =    of  +  and − , as defined in Eq.(13.4.9), 

in terms of the integrals defined in Eq. (13.4.5-13.4.7) (obtain Eq. (13.4.10)).  

Solution 13.4.4 

Since the Hamiltonian ( 1 2 1,2
ˆ ˆˆ ˆH h h w= + + ) does not operate in the spin space, and since the spin 

functions are orthonormal, we only need to consider the spatial integrals. Using the definition of the 

two-electron states   (Eq. (13.4.9)), the orthonormality of the spatial orbitals, and the notations in 

Eqs. (13.4.5-13.4.7), we obtain 

 

 

* * * *

1 2 1 1 2 2 2 1 1 2 1 2 1,2 1 1 2 2 2 1 1 2

* * * *

1 2 1 1 2 2 2 1 1 2 1 1 1 2 2 2 1 1 2

* * * *

1 2 1 1 2 2 2 1 1

1 ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

1 ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

1
( ) ( ) ( )

2

d d h h w

d d h

d d

        

       

   


  = + +   

  =    

+

 

 

 

r r r r r r r r r r

r r r r r r r r r r

r r r r r  

 

2 2 1 1 2 2 2 1 1 2

* * * *

1 2 1 1 2 2 2 1 1 2 1,2 1 1 2 2 2 1 1 2

ˆ( ) ( ) ( ) ( ) ( )

1
ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2

h

d d w

   

       

     

   +    

r r r r r

r r r r r r r r r r
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* *

1 1 1 1 1 1 1 2 1 1 2 1

* *

2 2 2 2 2 2 2 1 2 2 1 2

2
* *

1 2 1 1 2 2 1 1 2 2

1 2

2
* *

1 2 1 1 2 2 2 1

1 2

1 1ˆ ˆ( ) ( ) ( ) ( )
2 2

1 1ˆ ˆ( ) ( ) ( ) ( )
2 2

1
( ) ( ) ( ) ( )

2 | |

1
( ) ( ) ( )

2 | |

d h d h

d h d h

Ke
d d

Ke
d d

   

   

   

  

= +

+ +

 
 +    − 

 
     − 

 

 

 

 

r r r r r r

r r r r r r

r r r r r r
r r

r r r r r
r r

 

 

 

1 2

2
* *

1 2 2 1 1 2 2 1 1 2

1 2

2
* *

1 2 2 1 1 2 1 1 2 2

1 2

( )

1
( ) ( ) ( ) ( )

2 | |

1
( ) ( ) ( ) ( )

2 | |

Ke
d d

Ke
d d



   

   

 
 +    − 

 
     − 

 

 

r

r r r r r r
r r

r r r r r r
r r

 

1 2 1,2 1,2E E J K= + +  . 
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14  Many-Atom Systems  

 

Exercise 14.2.1 Obtain Eqs. (4.2.10, 4.2.11) from Eq. (4.2.9) by multiplying from the left by 

* ( , )m R r  and integrating over the electronic coordinates. Use the fact that the electronic functions, {

( , )l R r }, are the orthonormal (Eq. 14.2.7)) eigenfunctions of the electronic Hamiltonian (Eq. 14.2.6).  

Solution 14.2.1 

Starting from Eq. (14.2.9), multiplying from the left by * ( , )m R r , and integrating over the electronic 

coordinates, we obtain 

* *ˆ ˆ( , ) ( ) ( ) ( , ) ( , ) ( ) ( , )m elec l l m l l

l l

d H T d E      + =
   Rr R r R R R r r R r R R r . 

Using, ˆ ( ) ( ) ( , ) ( )elec l l lH   =R R R r R  we obtain 

* *ˆ( , ) ( ) ( ) ( , ) ( ) ( , ) ( , )m l l l l m l

l l

d T E d       + =
   Rr R r R R R r R r R r R r , 

and using the orthonormality of the electronic functions,  

* ˆ( ) ( ) ( , ) ( , ) ( ) ( )m m m l l m

l

d T E      + =
   RR R r R r R r R R . 

Therefore, 
,

ˆ ( ) ( )l m
m l

l

H E   =
  R R R , where, 

*

, ,
, ,

ˆ ˆ ˆ( ) ( , ) ( , ) ( )m m l m l m m l
m l m l

H d T T          = + = +
     R R RR r R r R r R . 

 

Exercise 14.2.2 (a) Use the definition of the gradient operator, , ,

t

x y z

  

   
   

   
R to 

show that [ ( , ) ( )] 2[ ( , )] ( )l l l l   
     =  R R R RR r R R r R ( , ) ( )l l 

 +  R RR r R

[ ( , )] ( )l l 
 +  R R R r R . 

(b) Use the definition of the nuclear kinetic energy operator in Eq. (14.2.4), the result of (a), and the 

orthonormality of the electronic functions (Eq. (14.2.7))  to show that
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2
*

,
1

ˆ ( ) [ ( , ) ( , )] ( )
n

l m l l
m l

T d
m  

 

   
=

−
  =  
   R R RR r R r R r R +

2
*

1

[ ( , ) ( , )] ( )
2

n

m l ld
m  

 

  
=

−
   R Rr R r R r R

2

,

1

( )
2

n

m l l
m  

 

 
=

−
+   R R R .  

 (c) Use the result of (b) and the definition of 
R

 to obtain Eq. (14.2.13).  

Solution 14.2.2 

(a) 

Taking the derivatives of the product functions, we obtain 

( , ) ( ) ( , ) ( )

( , ) ( ) ( , ) ( )
( , ) ( ) ( ) ( , )

( , ) ( ) ( , ) ( )

l l l l

l l l l
l l l l

l l l l

x x x

y y y

z z z



  

  

  

   

   
   

   

       
     

       
       

  = = +              
       
     

       

R

R r R R r R

R r R R r R
R r R R R r

R r R R r R

 

( , ) ( ) ( , ) ( )l l l l 
    =  +  R RR r R R r R  . 

Consequently,  

 [ ( , ) ( )] ( , ) ( ) ( , ) ( )l l l l l l    
        =    +  R R R R RR r R R r R R r R  

2[ ( , )] ( ) [ ( , )] ( ) ( , ) ( )l l l l l l     
     =   +   +  R R R R R RR r R R r R R r R  . 

(b) 

Using the definition of the nuclear kinetic energy operator, 

2

1

ˆ
2

n

T
m  

 =

−
=  R R R , in the expression 

for 
,

ˆ
m l

T 
 R  (Eq. (14.2.11)), we obtain  

*

,

ˆ ˆ( ) ( , ) ( , ) ( )l m l l
m l

T d T     =
  R RR r R r R r R

2
*

1

( , ) ( , ) ( )
2

n

m l ld
m  

 

  
=

−
=    R Rr R r R r R  . 

Using the result of (a) we obtain,  
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*

*

*

( , ) ( , ) ( )

2[ ( , ) ( , )] ( )

[ ( , ) ( , )] ( )

m l l

m l l

m l l

d

d

d

 

 

 

  

  

  

 

=  

+  







R R

R R

R R

r R r R r R

r R r R r R

r R r R r R

 

, ( )m l l 
 +  R R R . 

Hence,  

2
*

,
1

2
*

1

ˆ ( ) [ ( , ) ( , )] ( )

[ ( , ) ( , )] ( )
2

n

l m l l
m l

n

m l l

T d
m

d
m

 

 

 

 

   

  

=

=

−
  =  
 

−
+  

 

 

R R R

R R

R r R r R r R

r R r R r R

 

2

,

1

( )
2

n

m l l
m  

 

 
=

−
+   R R R . 

(c) 

Changing variables: 
2

2m
 =R R  and 

2

1 2

n

m  

 =

−
   −  R R R R

, the kinetic energy matrix 

elements are rewritten as,  

2
* *

,
1

ˆ ( , ) ( , ) ( , ) ( , )
2

n

m l m l
m l

T d d
m  

 

   
=

−
  =   = −  
   R R R R R

r R r R r r R r R r . 

Following (b), we obtain 

*

*

( , ) ( , ) ( )

2[ ( , ) ( , )] ( )

m l l

m l l

d

d

  

  

  =

 





R R

R R

r R r R r R

r R r R r R

*

,[ ( , ) ( , )] ( ) ( )m l l m l ld     +   +   R R R R
r R r R r R R , 

and hence,   

*

,

ˆ ( ) 2[ ( , ) ( , )] ( )l m l l
m l

T d     = −  
  R R R

R r R r R r R  

*[ ( , ) ( , )] ( )m l ld   −   R R
r R r R r R  

,
ˆ ( )m l lT + R R , 

from which we conclude (Eq. (14.2.13)), 
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( ) ( )* *

,
,

ˆ ˆ 2 ( , ) ( , ) ( , ) ( , )m l m l m l
m l

T T d d      = −   −  
   R R R R R R

r R r R r r R r R r

,
ˆ 2 ( ) ( ) ( ) ( )m l m l m lT     −   −  R R R R R

R R R R .     

 

Exercise 14.2.3 The non-adiabatic terms in the nuclear Hamiltonian are given by 
(1)

,

ˆ
m l

H 
 R

 

in Eq. (14.2.16). Follow (a-d) to show that a sufficient condition for the vanishing of  
(1)

,

ˆ
m l

H 
 R

 is the 

vanishing of the non-adiabatic coupling vector, 
, ( ) ( ) ( )i j i j = 

R
D R R R ,  for any i  and j .  

(a) Show that 
,( ) ( ) ( ) ( ) ( )m l m l m l      =   −    R R R R R

R R D R R R . 

(b) For any R , introduce a complete orthonormal system of electronic functions and show that  

,( ) ( ) ( ) ( ) ( )m l m k k l

k

      =  R R R
R R R R D R . 

(c) Use Eq. (14.2.7) to prove that 
,( ) ( ) ( )m k m k  = −

R
R R D R . 

(d) Show that 
(1)

, , , ,
,

ˆ 2 ( ) ( ) ( ) ( )m l m l m k k l
m l

k

H   = −  −   −    R R R
D R D R D R D R . 

Solution 14.2.3 

(a) 

The divergence of the vector 
, ( ) ( ) ( )i j i j = 

R
D R R R  reads  

, ( ) ( ) ( ) ( ) ( ) ( ) ( )m l i j m l m l       =    =    +  
R R R R R R R

D R R R R R R R . 

Therefore, 
,( ) ( ) ( ) ( ) ( )m l m l m l     =   −   

R R R R R
R R D R R R . 

(b) 

Introducing a complete orthonormal system of electronic functions, we obtain 

,

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

m l m k k l

k

m k k l

k

     

 

   =   

=  





R R R R

R

R R R R R R

R R D R

. 

(c)  

Using Eq. (14.2.7), we have 
,( ) ( )m k m k  =R R . Therefore, 
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,

( ) ( ) ( ) ( ) ( ) ( ) 0

( ) ( ) ( ) 0

m k m k m k

m k m k

     

 

 =  +  =

  + =

R R R

R

R R R R R R

R R D R

,( ) ( ) ( )m k m k   = −
R

R R D R . 

(d) 

According to Eq. (14.2.16), the non-adiabatic terms obtain the form, 

 
(1)

,

ˆ 2 ( ) ( ) ( ) ( )m l m l
m l

H      = −   −  
 R R R R R

R R R R .            

Using (a), we obtain 

(1)

, ,
,

ˆ 2 ( ) ( ) ( ) ( )m l m l m l
m l

H    = −  −  +   
 R R R R R

D R D R R R ,  

using (b) we obtain 

(1)

, , ,
,

ˆ 2 ( ) ( ) ( ) ( ) ( )m l m l m k k l
m l

k

H    = −  −  +  
  R R R R

D R D R R R D R , 

and using (c) we finally obtain  

(1)

, , , ,
,

ˆ 2 ( ) ( ) ( ) ( )m l m l m k k l
m l

k

H  = −  −  − 
  R R R

D R D R D R D R . 

 

Exercise 14.2.4 Derive Eq. (14.2.25) by calculating ˆ( ) ( ) ( )m elec lH 
R

R R R , using the 

properties of the electronic functions, Eqs. (14.2.6, 14.2.7).  

Solution 14.2.4  

The gradient of the matrix element ˆ( ) ( ) ( )m elec lH R R R  reads 

ˆ( ) ( ) ( )m elec lH 
R

R R R  

ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )m elec l m elec lH H    =  + 
 R R

R R R R R R  

ˆ( ) ( ) ( )m elec lH + 
R

R R R  . 

Using ˆ ( ) ( ) ( ) ( )elec l l lH   =R R R R , we obtain  



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

171 
 

ˆ( ) ( ) ( )m elec lH 
R

R R R  

ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )l m l m m l m elec lH        =  +  + 
 R R R

R R R R R R R R R . 

Since ' , '( ) ( )l l l l  =R R , we have 

( ) ( ) ( ) ( ) ( ) ( ) 0m l m l m l      =  +  =
R R R

R R R R R R  

( ) ( ) ( ) ( )m l m l     = − 
R R

R R R R , 

and therefore, 

ˆ( ) ( ) ( )m elec lH 
R

R R R  

  ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )m l m l m elec lH      = −  + 
 R R

R R R R R R R . 

On the other hand, since ,
ˆ( ) ( ) ( ) ( )m elec l l m lH   =R R R R , for l m  we have, 

ˆ( ) ( ) ( ) 0m elec l mH   =
R

R R R , which leads to Eq. (14.2.25), 

ˆ( ) ( ) ( )
( ) ( )

( ) ( )

m elec l

m l

l m

H 
 

 

 
  =

−

R

R

R R R
R R

R R
. 

 

Exercise 14.3.1 Solve the secular equation, Eq. (14.3.7): (a) Express the eigenvalues as 

functions of 
, ,( ), ( ), ( )H R H R S R   

 (use Eqs. (14.3.8, 14.39)) by calculating the roots of the 

determinant,  

, , , ,

, , , ,

( ) ( ) ( ) ( ) ( ) ( )
0

( ) ( ) ( ) ( ) ( ) ( )

H R R S R H R R S R

H R R S R H R R S R

       

       

 

 

− −
=

− −
. 

(b) For each eigenvalue obtain the ratio between the elements ( )c R  and ( )c R
 of the respective 

eigen vector (Eq. (14.3.11)).  

Solution 14.3.1  

(a) 

Using the simplifying assumptions, Eqs. (14.3.8, 14.39), we need to solve 
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, ,

, ,

( ) ( ) ( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) ( ) 0

H R R H R R S R c R

H R R S R H R R c R

    

    

 

 

− −     
=     − −     

. 

The equation for the eigenvalues reads 

, ,

, ,

( ) ( ) ( ) ( ) ( )
0

( ) ( ) ( ) ( ) ( )

H R R H R R S R

H R R S R H R R

   

   

 

 

− −
=

− −
, 

and the solution is 

( ) ( )
22

, ,

, ,

, ,

( ) ( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )(1 ( ))

H R R H R R S R

H R R H R R S R

H R H R R S R

   

   

   

 

 



− − − =

 − = 

 =

 

, ,( ) ( )
( )

1 ( )

H R H R
R

S R

   



 =


. 

(b) 

For each one of the two eigenvalues, ( )R , we obtain 

, ,

, ,

( ) ( ) ( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) ( ) 0

H R R H R R S R c R

H R R S R H R R c R

    

    

 

 


 


 

− −     
=    − −       

 

, , , ,

, ,

, , , ,

, ,

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) 01 ( ) 1 ( )

( )( ) ( ) ( ) ( ) 0
( ) ( ) ( )

1 ( ) 1 ( )

H R H R H R H R
H R H R S R

c RS R S R

c RH R H R H R H R
H R S R H R

S R S R

       

   



       

   





  
− −        =          − − 

  

. 

Since the two linear equations are linearly dependent, it is sufficient to consider the first row,   

( )

( )

, , , ,

, ,

, , , ,

, , , ,

, ,

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 0

1 ( ) 1 ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0

( ) ( )

H R H R H R H R
H R c R H R S R c R

S R S R

H R H R S R H R H R c R

H R H R S R H R S R H R S R c R

H R S R H

       

     

        

        

  

 





    
− + − =   

    

  −

+  − =

 ( ) ( ), ,( ) ( ) ( ) ( ) ( ) ( )R c R H R H R S R c R      

 = −

, ,

, ,

( ) ( ) ( ) ( )
1

( ) ( ) ( ) ( )

c R H R S R H R

c R H R H R S R

    

    






 = = 

−
. 
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In conclusion,  for ( )R+  we have ( ) ( )c R c R 

+ += , and for ( )R−  we have, ( ) ( )c R c R 

− −= − . 

 

Exercise 14.3.2 The variational approximations for the two lowest eigenfunctions of the 

electronic Hamiltonian are expressed as linear combinations of atomic orbitals, according to Eq. 

(14.3.6). Using the result, Eq. (14.3.11), for the corresponding relations between the expansion 

coefficients, show that the normalized wave functions, ( , )R r , are given by Eq. (14.3.12).  

Solution 14.3.2 

Using Dirac’s notations, ( ) ( ) ( )R R R    =  , the norm of ( )R  reads 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )R R R R R R R R R R                  = +   . 

For normalized atomic orbitals, ( ) ( ) ( ) ( ) 1R R R R      = = , and defining, 

( ) ( ) ( )R R S R   = , we obtain ( ) ( ) 2 2 ( )R R S R   =  . Hence, the normalized states are  

( )
1

( ) ( ) ( )
2[1 ( )]

R R R
S R

    = 


. 

 

Exercise 14.3.3 Obtain the expressions in Eqs. (14.3.13, 14.3.14) for the integrals, 
, ( )H R 

 

and 
, ( )H R 

, as defined in Eq. (14.3.8). Use Eq. (14.3.5) and Fig. 10.2.2 for the explicit form of the 

atomic orbitals, and Eq. (14.3.2) for the electronic Hamiltonian. Change integration variables to 

comply with the definitions of the integrals in Eq. (14.3.14).   

Solution 14.3.3 

The matrix elements of the electronic Hamiltonian, as defined in Eq. (14.3.8), read 

, ,
ˆ( ) ( ) ( ) ( ) ( )elecH R H R R H R R      = = , ,

ˆ( ) ( ) ( ) ( ) ( )elecH R H R R H R R      = = . 

Introducing explicitly the electronic Hamiltonian (Eq. (14.3.2)), namely, 

2 2 2 2

ˆ ( )
2 | / 2 | | / 2 |

elec

e

Ke Ke Ke
H R

m R R R
r

r rk k
, we obtain                   
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,

2 2 2 2

ˆ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
2 | / 2 | | / 2 |k k

elec

e

H R R H R R

Ke Ke Ke
R R R R R R

R m R R

   

     

 

     

=

 − −
= +  − + 

+ − 
r

r r

 

,
ˆ( ) ( ) ( ) ( )elecH R R H R R    =

2 2 2 2

( ) ( ) ( ) ( ) ( ) ( )
2 | / 2 | | / 2 |k ke

Ke Ke Ke
R R R R R R

R m R R
          

 − −
= +  − + 

+ − 
r

r r
. 

Identifying the atomic orbitals with normalized (real-valued) 
1,0,0  states, associated with the two 

nuclei (Eq. (14.3.5), Fig. 10.2.2), namely, 1,0,0( , ) ( / 2)kR R  +r r  and 

1,0,0( , ) ( / 2)kR R  −r r , we obtain  

2 2 2

, 1,0,0 1,0,0( ) ( / 2) ( / 2)
2 | / 2 |

k k
ke

Ke Ke
H R d R R

R m R
   

 −
= + +  − + 

+ 
 rr r r

r

2

1,0,0 1,0,0( / 2) ( / 2)
| / 2 |

k k
k

Ke
d R R

R
 

−
+ + +

− r r r
r

, 

2

, 1,0,0 1,0,0

2 2

1,0,0 1,0,0

( ) ( / 2) ( / 2)

( / 2) ( / 2)
2 | / 2 |

k k

k k
ke

Ke
H R d R R

R

Ke
d R R

m R

   

 

= − +

 −
+ −  − + 

+ 



 r

r r r

r r r
r

 

2

1,0,0 1,0,0( / 2) ( / 2)
| / 2 |

k k
k

Ke
d R R

R
 

−
+ − +

− r r r
r

     . 

Changing integration variables, we obtain 

2 2 2 2

, 1,0,0 1,0,0 1,0,0 1,0,0( ) ( ) ( ) ( ) ( )
2 | | | |ke

Ke Ke Ke
H R d d

R m R
     

 − −
= +  − + 

− 
 rr r r r r r

r r
, 

2 2 2

, 1,0,0 1,0,0 1,0,0 1,0,0( ) ( ) ( ) ( ) ( )
2 | |

k k
e

Ke Ke
H R d R d R

R m
     

 −
= − + −  − 

 
  rr r r r r r

r

2

1,0,0 1,0,0( ) ( )
| |

k
k

Ke
d R

R
 

−
+ −

− r r r
r

 . 

Introducing the following notations for the different integrals (Eq. (14.3.14)),   
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2 2

1 1,0,0 1,0,0

2

1,0,02

1,0,0 1,0,02

( )[ ] ( )
2 | |

| ( ) |
( )

| |

( ) ( )
( )

| |

k

k

k

s

e

Ke
E d

m

C R Ke d
R

R
A R Ke d

R

 



 

−
=  −

= −
−

−
= −

−







rr r r
r

r
r

r

r r
r

r

 

1,0,0 1,0,0( ) ( ) ( )kS R d R = − r r r , 

and using, 

2 2

1,0,0 1 1,0,0[ ] ( ) ( )
2 | |

s

e

Ke
E

m
 

−
 − =r r r

r
, we finally obtain 

2

, 1( ) ( )s

Ke
H R E C R

R
  = + +      ;     

2

, 1( ) ( ) ( )s

Ke
H R E S R A R

R
 

 
= + + 
 

  . 

 

Exercise 14.3.4 To derive the results, Eqs. (14.3.15-14.3.17), for the integrals defined in Eq. 

(14.3.14), first follow steps (a) and (b) of Ex. 12.2.8. Then:  

 (a) Set

2

1,0,02
| ( ) |

( , , )
| |

f x y z Ke
R


= −

−

r

r k
and obtain the result for ( )C R  in Eq. (14.3.16). (This amounts 

to setting the charge to 1q =  in the result of Ex. 12.2.8.) 

(b) Set 
1,0,0 1,0,02

( ) ( )
( , , )

| |

R
f x y z Ke

R

 −
= −

−

r r

r

k

k
  and obtain the result for ( )A R  in Eq. (14.3.17).  

(c) Set 
1,0,0 1,0,0( , , ) ( ) ( )f x y z R = −r rk  and obtain the result for ( )S R  in Eq. (14.3.15).  

(d) Show that 02 /0
, ( ) 2 (1 )

R a

H H

a
H R R R e

R
 

−
= − + +  

 and 
, ( )H R 

0

2
/0

2

0 0

2 7
( 1 )

3 3

R a

H

a R R
R e

R a a

−
= − − −  

(e) Show that as the interatomic distance exceeds the size of a single atom, that is, for 0R a , the 

coupling matrix element is negative, namely, 
, ,( ) | ( ) |H R H R   = − . 

Solution 14.3.4 

Following Ex. 12.2.8, we transform the integrals to elliptical coordinates, 
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2 1 3
2 2

0 1 1

( , , ) ( ) ( , , )
8

R
dx dy dz f x y z d d d g



       
   

− − − −

= −      ,  

where, 

 
2 2 2 2

cos( ) (1 )
2

sin( )cos( ) 1 cos( )
2

R
z r

R
x r

 

      

= = −

= = + − −

2 2 2 2sin( )sin( ) 1 sin( )
2

R
y r       = = + − −  . 

The elliptical coordinates are related to the inter-nuclear distance, (0,0, )R R =R k , as follows:

; 1 ; ; 1 1
q qr r r r

R R
   

+ −
     −   , where, | |qr  −r R , and | |r  r

. 

(a) 

In Ex. 12.2.8 we calculated the integral  0

22 2
2 1

0

| ( ) |
1 ( 1)

| |

ZR

as Kqe ZR
Ke q d e

R a


− 

= − + 
−   


r

r
r R

. Setting 

1q =  and 1Z = , we obtain Eq. (14.3.16),  

 0

22 2
1,0,02

0

| ( ) |
( ) 1 ( 1)

| |k

R

aKe R
C R Ke d e

R R a


− −

= − = − + 
−   


r

r
r

. 

(b) 

Using the explicit form of 1,0,0 ( ) r  (Fig. 10.2.2), we obtain 

00

3 2
/1,0,0 1,0,0 /2

3

0

( ) ( ) 1
( )

| |

qZr aZr a

q

R Z Ke
A R Ke d d e e

R a r

 



−−
− −

= − =
− 

r k r
r r

r k
. 

Changing to elliptical coordinates, we obtain 
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00

0 0

0

0

3 2
//

3

0

2 133 2
( )/ ( )/

2 2 2 2
3

0 0 1 1

2 123 2
/

3

0 0 1 1

123 2
/

3

0 1 1 1

1
( )

1
( )

8
( )

2

( )
4

2

qZr aZr a

q

ZR ZR
a a

ZR a

ZR a

Z Ke
A R d e e

a r

RZ Ke
d d d e e

Ra

RZ Ke
d d d e

a

RZ Ke
d d e d d

a


   








    
  

    


    

−−

 − −
+ −

−



−

−

 

−

−

−
=

−
= −

+

−
= −

 −
= − 

 



  

  

  

r

0

1

/

1

ZR a
e

−

−

  
  
   



0

3 2 2
/

3

0 1

ZR aZ Ke R
d e

a




−−
=    . 

Defining, 

0

ZR

a
 = , we obtain  

2 2 2
2 2

0 0 01 1

( ) ( ) (1 )
ZKe ZKe d ZKe

A R d e d e e
a a d a

      


 

− − −− − −
= = − = +   

0

2

0 0

(1 )

ZR

aZKe ZR
e

a a

−
−

= +  , 

which yields Eq. (14.3.17) for 1Z = . 

(c) 

Using the explicit form of 1,0,0 ( ) r  (Fig. 10.2.2), we obtain  

00

3
//

1,0,0 1,0,0 3

0

( ) ( ) ( )k qZr aZr aZ
S R d R d e e

a
 



−−
= − = r r r r . 

Changing to elliptical coordinates, we obtain 

00

0 0

3
//

3

0

2 133
( )/ ( )/

2 2 2 2
3

0 0 1 1

( )

( )
8

qZr aZr a

ZR ZR
a a

Z
S R d e e

a

RZ
d d d e e

a


   



    


−−

 − −
+ −

−

=

= −



  

r

0

2 133
/2 2

3

0 0 1 1

( )
8

ZR aRZ
d d d e

a


    





−

−

= −   . 
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Defining, 

0

ZR

a
 = , we obtain 

2 13
2 2

0 1 1

1 1 1

3 2 2 3 2 2

1 1 1 1 1 1

2 2
3 3

2 2

1 1

3

2

( ) ( )
8

1 1
( ) [ ]

4 4

1 2 1 2
[ 2 ] [ 2 ]

4 3 4 3

1 2 ( 1) 1
[ 2 ]

4 3 4

S R d d d e

d d e d d e d d e

d e d e
d e d e

d d

e d e

d





  

 
 

 


    



         

   
   




  



−

−

  

− − −

− − −

  − −
− −

− −

= −

−
= − = −

− −
= − = −

− + −
= + =

  

     

 
2 2

3

4

2
3 2 2

3

2 2
2

2 ( 1) 2 ( 1)
[ 2 ]
3

1 2 2 2 1 2
[ 2 ] [ 2 ( 2 2)]

4 3 4 3

1
[ ( 1)] [ 1]
6 2 3

e e e e

e
e e e

e e

   


  

 

    


 

 
   

 

 
  

− − − −

−
− − −

− −

− + + − +
+

− − − − −
= + = − + +

= − − + + = + +

0

2 2

2

0 0

[ 1]
3

ZR

a Z R ZR
e

a a

−

= + + , 

which yields Eq. (14.3.15) for 1Z = . 

(d)  

Using Eq. (14.3.13), the Rydberg constant (see Chapter 10), 

2

1

02
H s

Ke
R E

a
= = − , and the results (a-c), 

we obtain 

0

22 2

, 1

0

( ) 1 ( 1)

R

a

s

Ke Ke R
H R E e

R R a
 

− −
= + + − + 

  

 

0 0

2 2

0 0 0

0

2 2
( 1) 1 2 (1 )

R R

a a

H H H H H

a a aR
R R R e R e R

R R a R

− − 
= − + + − = + − 

  

  , 

  

2

, 1( ) ( ) ( )s

Ke
H R E S R A R

R
 

 
= + + 
 

0 0 0

2 2

0 0

2 2

0 0 0 0 0

2 27
[ 1] 2 (1 ) 1
3 3 3

R R R

a a a

H H H H

a aR R R R R
R R e R e R e

R a a a a a R

− − −
  

= − + + − + = − + + −  
   

 . 

(e)  
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Using the result of (d),  0

2

0
, 2

0 0

27
( ) 1

3 3

R

a

H

aR R
H R R e

a a R
 

−
 

= − + + − 
 

, we obtain  

2

0

2

0 0 0

27
1 1 0

3 3

aR R R

a a a R

 
  + + −  

 
, and therefore, 

0 , ( ) 0R a H R    . 

 

Exercise 14.3.5 (a) Use Eqs. (14.3.13, 14.3.15-14.3.17) to show that as the interatomic 

distance goes to zero, the electronic energies reflect the classical electrostatic repulsion between the 

nuclei, 
2

0
( )

R

Ke
R

R
 →

⎯⎯⎯→ . (show that 
20

,

2
( ) ( 3 ( ))H

a
H R R o R

R
  = − + + , 

20
,

0

2
( ) ( 3 ( ))

3
H

a R
H R R o R

R a
  = − + − + , 

2
3

2

0

( ) 1 ( )
6

R
S R o R

a
= − + ). (b) Show that as the interatomic 

distance becomes infinite, the electronic energies converge to the ground state energy of an isolated 

hydrogen atom, ( ) HR
R R →

⎯⎯⎯→− .  

Solution 14.3.5 

(a) 

Based on Eqs. (14.3.13, 14.3.15, 14.3.16, 14.3.17), and using the results of Ex. 14.3.4, we obtain 

0

2
/

2

0 0

( ) [ 1]
3

R a R R
S R e

a a

−
= + + , 0

2

0
, ( ) 2 (1 )

R

a

H H

a
H R R e R

R
 

−

= + − , and  

0

2

0
, 2

0 0

27
( ) 1

3 3

R

a

H

aR R
H R R e

a a R
 

−
 

= − − − + 
 

. 

Defining: 0/R R a= , and expanding the exponential function to the lowest orders in R , we obtain 

 
, 2 2

( ) 1 2
1 2(1 ) 1 (2 )(1 2 2 )R

H

H R
e R R

R R R

  −= − + + = − + + − +

2 2 22 2 2
1 (2 )(1 2 2 ...) 1 2 4 4 4 ( ) 3 ( )R R R R o R o R

R R R
= − + + − + + = − + − + − + + = − + +  , 

0

2 2 2
, ( ) 7 2 7 2

1 1 (1 ...)
3 3 3 3 2

R

a

H

H R R R R
R e R R

R R R

 

−
   

= − − − + = − − − + − + +   
   

22
3 ( )

3

R
o R

R
= − + − + , 
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2 2 2

( ) [ 1] [ 1] 1 ...
3 3 2

R R R R
S R e R R R−  

= + + = + + − + + 
 

  

2
31 ( )

6

R
o R= − +   . 

Consequently, the variational energy levels in the limit 0R →  reproduce the classical electrostatic 

repulsion between the nuclei,  

2
2 2

, , 0

2 0
3 0

4 4
6 ( )( ) ( ) 223( )

1 ( ) 2 2
2 ( )

6

H H HR

R
o RH R H R aKe KeR RR R R R

RS R R a R R
o R

   
+ →

− + − ++
= = ⎯⎯⎯→ = = =

+
− +

 

2
2

, ,

2 20
3

( )( ) ( ) 23 3( )
1 ( )

( )
6 6

H H HR

R R
o RH R H R Ke

R R R R
R RS R R R

o R

   
− →

+−
= = = ⎯⎯⎯→ = =

−
+

. 

 

(b) 

Considering the limit R → : 

, 2
( ) 1

1 2(1 ) 1R

R

H

H R
e

R R

  −

→
= − + + ⎯⎯⎯→−  , 

0

2
, ( ) 7 2

1 0
3 3

R

a

R

H

H R R
R e

R R

 

−

→

 
= − − − + ⎯⎯⎯→ 
 

   , 

2

( ) [ 1] 0
3

R

R

R
S R e R−

→
= + + ⎯⎯⎯→  , 

and therefore, 
, ,

0

( ) ( )

1
HR

H R H R
R

S

   

→


⎯⎯⎯→−


. 

 

Exercise 14.3.6 (a) Use Eqs. (14.3.10, 14.3.13) to show that the difference between the two 

electronic energies reads 
2

( ) ( ) ( )
( ) ( ) 2

1 ( )

A R S R C R
R R

S R
 + −

−
− =

−
. (b) Use Eqs. (14.3.15-14.3.17) to 
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show that as the internuclear distance becomes large in comparison to atomic sizes, 0R a , the 

energy splitting between the electronic states, ( ) ( )R R + −−  decays exponentially, as 0/

0

e
R aR

a

−
 , and 

becomes proportional to the exchange integral, ( )A R .   

Solution 14.3.6 

(a) 

Using 
, ,( ) ( )

( )
1 ( )

H R H R
R

S R

   



=


 (Eq. (14.3.10)), we obtain 

( )( ) ( )( )

, , , ,

, , , ,

2

( ) ( ) ( ) ( )
( ) ( )

1 ( ) 1 ( )

( ) ( ) 1 ( ) ( ) ( ) 1 ( )

1 ( )

H R H R H R H R
R R

S R S R

H R H R S R H R H R S R

S R

       

       

 + −

+ −
− = −

+ −

+ − − − +
=

−

, ,

2

( ) ( ) ( )
2

1 ( )

H R S R H R

S R

   −
=

−
 . 

Using additionally (Eq. (14.3.13)) 

2

, 1( ) ( )s

Ke
H R E C R

R
  = + +  and 

2

, 1( ) ( ) ( )s

Ke
H R E S R A R

R
 

 
= + + 
 

, we obtain  

2

( ) ( ) ( )
( ) ( ) 2

1 ( )

A R S R C R
R R

S R
 + −

−
− =

−
. 

(b) 

Introducing the Rydberg constant, 

2

1

02
H s

Ke
R E

a
= = − , and 0/R R a= , Eqs. (14.3.15-14.3.17) yield in 

the limit 1R  , 

 
2

1

1 1 2
( ) 2[ (1 ) ]R

R
C R e

R R R

−



−
= − − + ⎯⎯⎯→ , 

1
( ) 2( 1) 2R R

R
A R R e Re− −


= − + ⎯⎯⎯→− , 

2 2

1
( ) [ 1]

3 3

R R

R

R R
S R e R e− −


= + + ⎯⎯⎯→ . 
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Therefore, the difference between the variational energies in this limit reads 

2

( ) ( ) ( )
( ) ( ) 2

1 ( )

A R S R C R
R R

S R
 + −

−
− =

−

2

41
2

2 2
2 2

8 43 32 2 ( )
1 3 3

1
9

R R R

R R
R

R R
R R

RR e e e A R
R

e

− − −

 →
−

−
− − − +

−
⎯⎯⎯→ = = ⎯⎯⎯→

−

. 

 

Exercise 14.4.1 Let the operator Ĥ  commute with the Hermitian operator Â , and let 1  

and 2  be two eigenvectors of Â , associated with two different eigenvalues, 
1 1 1Â   = , 

2 2 2Â   = , 
1 2  . (a) Show that the vectors 

1Ĥ   and 
2Ĥ   are eigenvectors of Â , 

corresponding to the eigenvalue, 1  and 2 , respectively. (b) Use the Hermiticity of Â  to prove that 

1,2 2 1
ˆ 0H H = = .  

Solution 14.4.1 

(a) 

Let: 
1 1 1Â   =  and  

2 2 2Â   =  with 1 2  , and let ˆˆ , 0H A  =
 

. Consequently,  

 1 1 1 1 1 1
ˆ ˆˆ ˆ ˆ ˆA H H A H H         = = =
    

2 2 2 2 2 2
ˆ ˆˆ ˆ ˆ ˆA H H A H H         = = =
    

, 

 namely, the vectors 
1Ĥ   and 

2Ĥ   are eigenvectors of Â , corresponding to the eigenvalues 1  

and 2 , respectively. 

(b) 

Since Â  is Hermitian, its eigenvectors that correspond to different eigenvalues are orthogonal. Since 

2 2 2Â   =  (given) and 1 1 1
ˆ ˆ ˆA H H     =
     (see (a)), and since 1 2  , we obtain 

1,2 2 1
ˆ 0H H = = . 
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Exercise 14.4.2 Use the condition for “energy matching”, 
, , ,2 | |H H H      − , in Eqs. 

(14.4.9, 14.4.10) to obtain the approximations for the orbital energies and coefficients in Eqs. (14.4.12, 

14.4.13).  

Solution 14.4.2 

The condition for “energy matching” reads 
, , ,2 | |H H H      − , which means that  

( ) ( )

2 2

, ,

2 2

, , , ,

4 | | 4 | |
1

H H

H H H H

   

       

+ 
− −

. 

Consequently Eq. (14.4.9) yields 

( )

2

, , , , , , ,

1 ,2

, ,

4 | |

2 2 2

H H H H H H H
H

H H

             

 

   


+ − +

 + = +
−

( )

2

, , , , , , ,

2 ,2

, ,

4 | |

2 2 2

H H H H H H H
H

H H

             

 

   


+ − +

 − = −
−

. 

Since ( ) ( )
2 22 2

, , , , , ,1 4 | | / 4 / 1H H H H H H            = + −  −  , Eq. (14.4.10) yields 

1

1 1

2 2 2 2
   

 
    

 
 − = −

2

1 1

2 2 2 2
   

 
    

 
 + = + . 

  

Exercise 14.4.3 Use the condition for “energy mismatching”, , , ,2 | | | |H H H      − , in 

Eqs. (14.4.9, 14.4.10) to obtain the approximations for the orbital energies and coefficients in Eqs. 

(14.4.14, 14.4.15).  

Solution 14.4.3 

The condition for “energy mismatching” reads , , ,2 | | | |H H H      − , which means that  
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( ) ( )

2 2

, ,

2 2

, , , ,

4 | | 2 | |
1 1

H H

H H H H

   

       

+  +
− −

. 

Consequently, Eq. (14.4.9) yields 

( ) ( )

2 2

, , , , , ,

1 ,2

, ,, ,

2 | | | |
(1 )

2 2

H H H H H H
H

H HH H

           

 

      


+ −

 + + = +
−−

( ) ( )

2 2

, , , , , ,

2 ,2

, ,, ,

2 | | | |
(1 )

2 2

H H H H H H
H

H HH H

           

 

      


+ −

= − + = −
−−

. 

Since ( ) ( )
2 2 2 2

, , , , , ,1 4 / 1 2 /H H H H H H             + −  + − , Eq. (14.4.10) yields   

( )

( )

( )

( )

1

2 2 2 2

, , , , , ,

2 2 2 2

, , , , , ,

1 1

2 2

2 2 / 2 /

2(1 2 / ) 2(1 2 / )

H H H H H H

H H H H H H

 

           

 

           

 
  

 

 

+ −
= −

+ − −
 −

+ − + −

( )

2

, ,

2

, ,, ,

H H

H HH H

   

    

      

     − = − 
−−

   , 

( ) ( )

2

2 2 2 2

, , , , , ,

1 1

2 2

2 / 2 2 /

2 2

H H H H H H

 

           

 

 
  

 

 


− +
= +

− + −
 +

( )

2 2

, ,

2 2

, ,, ,

H H

H HH H

   

    

      

      + = + 
−−

 . 

 

Exercise 14.4.4 (a) Show that solutions to the secular equation, Eq. (14.4.16), which are 

perfectly delocalized (defined in Eq. (14.4.18)), correspond to the orbital energies,  , as given in Eq. 

(14.4.19). (b) Show that the orbital energies in Eq. (14.4.19) are not equally displaces in energy with 

respect to ,H   ( ,H  ), namely , ,| | | |H H    + −−  − .  
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Solution 14.4.4  

(a) 

Using 
( ) ( )k kc c =   in the secular equation (Eq. (14.4.16)), we obtain   

( ) ( ), ,k kH H s    − = −  

( ), ,k kH s H    − = − . 

Consequently, the corresponding eigenvalues (denoted  ) read 

, , , ,

1 1

H H H H

s s

       


 
= =

 
 .         

b)  

Using the expression in (a) for  , we obtain 

( )( ), ,, , , ,

, , 2

1

1 1 1

H sH sH H H sH
H H

s s s

          

   +
− −+ −

− = − = =
+ + −

( )( ), ,, , , ,

, , 2

1

1 1 1

H sH sH H H sH
H H

s s s

          

   −
− +− − +

− = − = = −
− − −

  . 

Since for 0 1s   we have,  
( )( ) ( )( ), , , ,

2 2

1 1

1 1

H sH s H sH s

s s

       − − − +
 −

− −
, we conclude that 

, ,H H    + −−  − . This means the  in the case of finite overlap between the two atomic orbitals, 

the molecular orbital energies (Eq. (14.4.19)) are not equally displaces in energy with respect to the 

atomic orbital energies ,H   (= ,H  ), where the “energy gain” in +  is not compensated for by the 

“energy loss” in − . 

 

Exercise 14.4.5  

(a) The secular equation for the Huckel model for a uniform linear chain reads (see Fig. 14.4.7)  
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( ) ( )

1 2

( ) ( ) ( )

1 1

( ) ( )

1

( ) 0 ; 1

( ) 0 ; 1

( ) 0 ;

k k

k

k k k

n k n n

k k

N k N

c c n

c c c n N

c c n N







  

   

  

− +

−

 − + = =


+ − + =  
 + − = =

. 

Show that the orbital energies (Eq. (14.4.25)) and coefficients (Eq. (14.4.26)) satisfy these secular 

equations. Show that ( )
2

( )

1

1
N

k

n

n

c
=

= .  

(b) The secular equation for the Huckel model for a uniform cyclic chain reads (see Fig. 14.4.7)  

( ) ( ) ( )

1 2

( ) ( ) ( )

1 1

( ) ( ) ( )

1 1

( ) 0 ; 1

( ) 0 ; 1

( ) 0 ;

k k k

k N

k k k

n k n n

k k k

N k N

c c c n

c c c n N

c c c n N







   

   

   

− +

−

 − + + = =


+ − + =  
 + + − = =

. 

Show that the orbital energies (Eq. (14.4.27)) and coefficients (Eq. (14.4.28)) satisfy these secular 

equations. Show that ( )
2

( )

1

1
N

k

n

n

c
=

= .  

Solution 14.4.5  

(a) 

Substitution of the orbital energies (Eq. (14.4.25)) and coefficients (Eq. (14.4.26)) in the secular 

equation, 

( ) ( )

1 2

( ) ( ) ( )

1 1

( ) ( )

1

( ) 0 ; 1

( ) 0 ; 1

( ) 0 ;

k k

k

k k k

n k n n

k k

N k N

c c n

c c c n N

c c n N







  

   

  

− +

−

 − + = =


+ − + =  
 + − = =

 , 

yields 

2
2 cos( )sin( ) sin( ) 0 ; 1

( 1) ( 1) ( 1)

( 1) ( 1)
sin( ) 2 cos( ) in( ) in( ) 0 ; 1

( 1) ( 1) ( 1) ( 1)

( 1)
sin( ) 2 cos( )sin( ) 0 ;

( 1) ( 1) ( 1)

k k k
n

N N N

n k k n k n k
s s n N

N N N N

N k k N k
n N

N N N

  
 

   
  

  
 


− + = =

+ + +

 − +

− + =  
+ + + +

 −
− = =

+ + + . 

Using the identity, sin( ) sin( ) 2cos( )sin( )     − + + = , these equations are shown to hold. 
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To verify the normalization,  ( )
2

( )

1

1
N

k

n

n

c
=

= , we notice that   

1 1
2 2

1 1 1

1 1 2 1
sin ( ) sin ( ) cos( )

( 1) ( 1) 2 2 ( 1) 2

N N N

n n n

n k n k N n k N

N N N

  + +

= = =

+ +
= = − =

+ + +
   . 

(b) 

Substitution of the orbital energies (Eq. (14.4.27)) and coefficients (Eq. (14.4.28)) in the secular 

equation,  

( ) ( ) ( )

1 2

( ) ( ) ( )

1 1

( ) ( ) ( )

1 1

( ) 0 ; 1

( ) 0 ; 1

( ) 0 ;

k k k

k N

k k k

n k n n

k k k

N k N

c c c n

c c c n N

c c c n N







   

   

   

− +

−

 − + + = =


+ − + =  
 + + − = =

   , 

yields 

2 2 2 2

2 ( 1) 2 2 ( 1)

2 2 ( 1) 2

2 1 1 1
2 cos( ) 0 ; 1

1 2 1 1
2 cos( ) 0 ; 1

1 1 2 1
2 cos( ) 0 ;

k k kN
i i i

N N N

k n kn k n
i i i

N N N

k k N kN
i i i

N N N

k
e e e n

N N N N

k
e e e n N

NN N N

k
e e e n N

NN N N

  

  

  


  


  


  

− − −

− +
− − −

−
− − −


− + + = =




− + =  



+ − = =


  , 

which is equivalent to: 

4 2 2

2 2

2 2

1 1 1
1 1 0 ; 1

1 2 1 1
2 cos( ) 0 ; 1

1 1 2 1
2 cos( ) 1 0 ;

k k
i i

N N

k k
i i

N N

k k
i i

N N

e e n
N N N

k
e e n N

NN N N

k
e e n N

NN N N

 

 

 

  


  


  

− −

−

−

  
− + + + = =  

 



− + =  



+ − = =


    . 

Using 2cos( ) i ie e  −= + , these equations are shown to hold. 

To verify the normalization,  ( )
2

( )

1

1
N

k

n

n

c
=

= , we notice that, 

2

2

1

| |
knN i

N

n

e N


=

= . 

 

Exercise 14.4.6 Prove the asymptotic results in Eqs. (14.4.29, 14.4.30).  
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Solution 14.4.6 

For the linear chain we obtain 

( 1) ( ) ( 1)
2 {cos[ ] cos[ ]}

( 1) ( 1)

k k k k

N N

 
  + +

− = −
+ +

(2 1)
4 sin[ ]sin[ ] 0

2( 1) 2( 1) N

k

N N

 


→

+
= − ⎯⎯⎯→

+ +
  . 

For the cyclic chain we obtain  

( 1) ( ) 2( 1) 2
2 {cos[ ] cos[ ]}

2 2 2 2 2
2 {cos[ ]cos[ ] sin[ ]sin[ ] cos[ ]}

k k k k

N N

k k k

N N N N N

 
  

    


+ +
− = −

= − −

2 2
2 {[cos[ ] 1]]cos[ ]} 0

N N

k

N N

 


→ →
⎯⎯⎯→ − ⎯⎯⎯→ . 

 

Exercise 14.5.1  

(a) Derive Eq. (14.5.4) by substituting the plane wave expansion of ( )x  in the Schrödinger 

equation with a periodic potential, Eqs. (14.5.1,14.5.2), projecting the result on the plane 

wave, 
ikxe , and using the representation of the delta function, 

1
( )

2

ikxk e dx




−

=  . 

(b) Derive Eq. (14.5.5) by substituting the plane wave expansion of ( )x  in the Schrödinger          

equation with a periodic potential, Eqs. (14.5.1,14.5.2), projecting the result on the plane 

wave,  
2

( )i k n x
ae


−

, and using the representation of the delta function, 
1

( )
2

ikxk e dx




−

=  .  

(c) Use the definition, ( ) ( )ikx

k ku x e x− , and Eq. (14.5.7) to derive Eq. (14.5.8). 

(d) Obtain Eq. (14.5.10) by substituting Eqs. (14.5.8, 14.5.9) in Eq. (14.5.6). 

(e) Use the general form of the solutions to the Schrödinger equation for a periodic potential (Eq. 

(14.5.7)) and prove Eq. (14.5.11).  

Solution 14.5.1  

(a) 

Substitution of the expansion, '1
( ) ( ') '

2

ik xx e k dk 




−

=  , in Eq. (14.5.1) with a periodic potential 

energy, (Eq. (14.5.2)) yields  
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22 2
'

2

1
( ') ' 0

2 2

i n
x

ik xa
n

n

V e E e k dk
m x








=− −

 − 
+ − = 

 
  . 

projecting on the plane wave, 
1

2

ikxe


, we obtain  

22 2
'

2

1
( ') ' 0

2 2

i n
x

ikx ik xa
n

n

dxe V e E e k dk
m x






 
−

=−− −

 − 
+ − = 

 
  . 

We now take the second derivative with respect to x , and change the order of integration to obtain   

2 2 2
( ' )

( ' )1 '
' ( ') 0

2 2

n
i k k x

i k k xa
n

n

k
dk dx V e E e k

m






   + −
−

=−− −

  
+ − =  
  

  . 

Using the definition of Dirac’s delta,  
1

( )
2

ikxk e dx




−

=  , we obtain 

2 22 '
' ( ' ) ( ' ) ( ') 0

2
n

n

n k
dk V k k E k k k

a m


  

 

=−−

  
+ − + − − =  

  
 , 

and finally, the integral over 'dk  yields 

2 22
( ) ( ) 0

2
n

n

n k
V k E k

a m


 



=−

  
− + − =  

   
 ,  

which can also be written as Eq. (14.5.4), 

2 2

,0

2
( ) 0

2
n n

n

k
V E k n

m a


 



=−

  
+ − − =  

  
 .                                  

 

(b) 

As in (a), the Schrödinger equation with a periodic potential energy can be written as 

22 2
'

2

1
( ') ' 0

2 2

i n
x

ik xa
n

n

V e E e k dk
m x








=− −

 − 
+ − = 

 
  . 

Projecting on a plane wave, 

2
( )1

2

n
i k x

ae




−

, for any n−    , and following the steps in (a) we 

obtain  

2 2 '2 2
( )

'

'2
'

1
( ') ' 0

2 2

n i n
i k x x

ik xa a
n

n

dxe V e E e k dk
m x

 




 − −

=−− −

 − 
+ − = 

 
   

2 ( ' ) 22 2
( ' ) ( ' )

'

'

'
' ( ') 0

2

n n n
i k k x i k k x

a a
n

n

k
dk dx V e E e k

m

 


  + + − − +

=−− −

  
 + − =  
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2 2

'

'

2 ( ') ' 2
' ( ' ) ( ' ) ( ') 0

2
n

n

n n k n
dk V k k E k k k

a m a

 
  

 

=−−

  +
 + − + − − + =  

  
  

2
2

'

'

2 ( ') 2 2
( ) ( ) ( ) 0

2
n

n

n n n n
V k k E k

a m a a

  
 



=−

 + 
 − + − − − =  

   
 . 

Changing the summation index, we obtain Eq. (14.5.5), 

2
2

'

'

2 ' 2 2
( ) ( ) ( ) 0

2
n n

n

n n n
V k k E k

a m a a

  
 



−

=−

  
− + − − − =  

   


2
2

' , '

'

2 2
( ) ( ') 0

2
n n n n

n

V k n E k n
m a a

 
 



−

=−

  
 + − − − =  

  
 . 

(c) 

Given, ( ) ( )ika

k kx a e x + = , and ( ) ( )ikx

k ku x e x−= , we readily obtain 

( ) ( )( ) ( ) ( ) ( ) ( )ik x a ik x a ika ikx

k k k k ku x a e x a e e x e x u x  − + − + −+ = + = = = . 

(d) 

By Eq. (14.5.6) we obtain 

2
2 1

( ) ( )
2

i nx
ikx a

k

n
k e e x dx

a




 




−

−

− =  . 

Using the Bloch theorem (Eq. (14.5.8)) we identify, ( ) ( )ikx

k ke x u x− = , and using Eq. (14.5.9), we 

obtain 

2 2
( ')

( ) ( )

'

'

2 1 1
( ) ( ) 2

2 2

i nx i n n x
k ka a

k n n

n

n
k e u x dx u e dx u

a

 


 
 

  +

−

=−− −

− = = = 

( ) 1 2
( )

2

k

n

n
u k

a





 = + . 

(e) 

Using Eqs. (14.5.7) the solutions to the Schrödinger equation with a periodic potential energy have a 

generic form, ( ) ( )ikax a e x + = . Each solution satisfying this relation is denoted by a wave vector 'k , 

where 
'

' '( ) ( )ik a

k kx a e x + = . Choosing ' 2 /k k n a= +  (for any integer n ) we obtain  

( )2 /

2 / 2 / 2 /( ) ( ) ( )
i k n a a ika

k n a k n a k n ax a e x e x


    
+

+ + ++ = = . 

On the other hand, by definition, ( ) ( )ika

k kx a e x + = . Hence, 2 / ( )k n a x +  and ( )k x  cannot be 

distinguished,  
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2 / ( ) ( )k n a kx x + = . 

Notice that the functions ( ) ( )ikx

k ku x e x−=  and 
( 2 / )

2 / 2 /( ) ( )i k n a x

k n a k n au x e x

 − +

+ +=  are both periodic, 

( 2 / )( ) ( 2 / )

2 / 2 / 2 / 2 /( ) ( ) ( ) ( )i k n a x a i k n a x

k n a k n a k n a k n au x a e x a e x u x 

    − + + − +

+ + + ++ = + = = ,  

and 
( )( ) ( ) ( ) ( )ik x a ikx

k k k ku x a e x a e x u x − + −+ = + = = . Using 2 /( ) ( )k k n ax x  += , we obtain 

2 /

2 / ( ) ( )i nx a

k n a ku x e u x



−

+ = , which compensates for the difference in the wavevector between  ( )k x  

and 2 / ( )k n a x + . 

 

Exercise 14.5.2  

(a) Defining the “unit cell” coefficient vector, 
( ) ( ) ( ) ( )

1, 2, ,( , ,..., )l l l l

n n n M nc c c=c  and using Eq. (14.5.18) for 

the matrix S  and Eq. (14.5.21) for the Hamiltonian, H , show that the secular equation (Eq. 

(14.5.17)) reads  ( ) ( ) ( )

1 1 0t l l l

n l n n− ++ − + =β c α I c βc . 

(b) Use the ansatz 
( ) ( , )l l k ikn

n e=c u , where, 
( , ) ( , ) ( , ) ( , )

1 2( , ,..., )l k l k l k l k

Mu u uu , to show that the unit cell 

vectors, 
( , ){ }l ku , are the eigenvectors of a finite dimensional Hermitian matrix, 

( , ) ( , )( )t ik ik l k l k

le e k− + + =
 
α β β u u ,  for 1,2,...,l M= .   

Solution 14.5.2 

(a) 

In block matrix form, the infinite secular equation which involves the n th unit cell and the neighboring 

cells reads 

( )

1

( )

( )

1

t l

l n

t l

l n

t l

l n

t







−

+

     
     

−
     
     =−
     

−     
          

β

β α I β c 0

β α I β c 0

β α I β c 0

β

. 

The n th row of this equation therefore reads  ( ) ( ) ( )

1 1 0t l l l

n l n n− ++ − + =β c α I c βc . 

(b) 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

192 
 

Defining 
( ) ( , )l l k ikn

n e=c u  and substituting in the equation obtained in (a), we obtain 

 ( , ) ( , ) ( , ) 0 ;t l k ikn ik l k ikn l k ikn ik

le e e e e l− + − + = −   β u α I u βu . 

This equation is still of infinite dimension since it applies to all the unit cells (any integer value of n ). 

Noticing that the equation is independent on n , (
ikne  is a common factor in all terms) we obtain an 

equation of dimension M   for a single (any) unit cell:   

( , )( ) 0 ; 1ik t ik l k

le e k l M−  + + − =  
 
α β β I u . 

 

Exercise 14.5.3 Calculate the eigenvalues, ( )l k , of the secular equation, Eq. (14.5.27), and 

obtain the results in Eq. (14.5.28).      

Solution 14.5.3 

The secular equation reads 

( , )

1

( , )

2

( ) (1 ) 0

0(1 ) ( )

ik l k

l

ik l k

l

k e u

e k u

 

 −

    − +  
=     

+ − −       

 . 

Non-trivial solutions are obtained for vanishing determinant,   

( )( ) 2

( ) (1 )
0

(1 ) ( )

( ) ( ) 2 (1 cos( )) 0

ik

l

ik

l

l l

k e

e k

k k k

 

 

  

−

 − +
=

+ − −

 − − − − + =

 

2
2 2( ) 2 (1 cos( ))l k k   =  + +  . 

Consequently, the two eigenvalues (as functions of k ) read 

2 2

1( ) 2 (1 cos( ))k k =  + +  

2 2

2 ( ) 2 (1 cos( ))k k = −  + + , 

or using, 
2cos( ) 2cos ( / 2) 1k k= − ,  

2 2 2

1( ) 4 cos ( / 2)k k =  +  
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2 2 2

2 ( ) 4 cos ( / 2)k k = −  + . 

 

Exercise 14.5.4 (a) Use Eq. (14.5.30) for the band energies (corresponding to 0 = ) in the 

secular equation for the unit cell coefficients (Eq. (14.5.27)) to obtain the relation between the 

coefficients as given in Eq. (14.5.31) (recall that / 2k k= ). (b) Use Eq. (14.5.34)  for the two band 

energies (corresponding to | |  ) in the secular equation for the unit cell coefficients (Eq. 

(14.5.27)) to obtain the relations between the coefficients, as given in Eq. (14.5.35). 

Solution 14.5.4 

(a) 

The secular equation for a single unit cell (Eq. (14.5.27)) reads  

( , )

1

( , )

2

( ) (1 ) 0

0(1 ) ( )

ik l k

l

ik l k

l

k e u

e k u

 

 −

    − +  
=     

+ − −       

. 

For 0 = , and using Eq. (14.5.30) for the eigenvalues (where 2k k ), we obtain  

2

1

2
2

2 cos( ) (1 ) 0

0(1 ) 2 cos( )

i k

i k

uk e

ue k

 

 −

 − +    
  =   
    + − 

. 

Consequently, we obtain Eq. (14.5.31),  

1 2

1 2

2 cos( ) ( )

2 cos( ) 2 cos( )

ik ik ik

ik

k u e e e u

k u e k u

 

 

−= +

 =

 

2 1

iku e u− =  . 

(b) 

The secular equation for a single unit cell (Eq. (14.5.27)) reads  

( , )

1

( , )

2

( ) (1 ) 0

0(1 ) ( )

ik l k

l

ik l k

l

k e u

e k u

 

 −

    − +  
=     

+ − −       

. 
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Using Eq. (14.5.34) for the eigenvalues in the limit | |  , namely 

2
2

2

2
( ) 1 cos ( / 2)k k




 
  + 

 
, we obtain  

2
2

2

1

2
22

2

2
1 1 cos ( / 2) (1 )

0

02
(1 ) 1 1 cos ( / 2)

ik

ik

k e
u

u
e k





 −

  
 +  

       =        
 +  − 

   

. 

For ( )k+  we obtain 

2
2

1 2

2
2 /2

1 2

2
2 /2

1 2

/2

1 2

2
cos ( / 2) (1 ) 0

2
cos ( / 2) 2 cos( / 2) 0

2
cos ( / 2) 2 cos( / 2)

cos( / 2)

ik

ik

ik

ik

k u e u

k u e k u

k u e k u

k u e u












 
− + + = 

 

 
 − + = 

 

 =


 =


 

/22

1

cos( / 2)iku
e k

u

 − =


, 

and for ( )k−  we obtain 

2
2

1 22
2 1 cos ( / 2) (1 ) 0ikk u e u




 
 + + + = 

 
,  

which can be approximated in the limit | |  , as 1 22 (1 ) 0iku e u + +  . 

Consequently,  

/2

1 2

/2

1 2

2 2 cos( / 2) 0

2 2 cos( / 2)

ik

ik

u e k u

u e k u





 + =

  = −
 

/21

2

cos( / 2)iku
e k

u


 = −


,  

hence,  
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( , )
/22

( , )

1

cos( / 2)
k

ik

k

u
e k

u

+
−

+
=


            ;          

( , )
/21

( , )

2

cos( / 2)
k

ik

k

u
e k

u

−

−
= −


       .     

 

Exercise 14.5.5 Consider a tight binding model Hamiltonian for two degenerate atomic 

orbitals coupled indirectly through a third, nondegenerate atomic orbital,  

0

0

H



 



 
 

= −
 
  

. 

In the case | |   the corrections to the energy of the two degenerate states can be calculated using 

perturbation theory, where 
0H H V= + :  

   0

0 0

0 0

0 0

H

 
 

= −
 
  

         ;         

0 0

0

0 0

V



 



 
 

=
 
  

. 

Denoting the local atomic orbitals as { n , n=1,2,3}, we chose a symmetric and an antisymmetric 

linear combinations as two degenerate zero-order vectors, (0)

1 3( ) / 2s  = + , 

(0)

1 3( ) / 2a  = − , and a third, localized  eigenvector, (0)

2 2 = .  

(a) Show that the first order corrections to the two degenerate state energies vanish. 

(b) Show that the second order correction to the antisymmetric state energy vanishes. 

(c) Show that the second order correction to the symmetric state reads 
2

(2)

sE


=


. 

(d) Show that the resulting energy splitting between (0)

s  and (0)

a , induced by the coupling 

to (0)

2  , is equivalent to the spitting induced by a direct coupling matrix element, 

2

2
eff


 =


 , within an effective two-state Hamiltonian, 

0

0

eff

eff

eff

H




 
=  
 

. 

 

Solution 14.5.5 

Considering the vector representations of the three zero-order Hamiltonian eigenstates: 

(0)

1

(0)

2

(0)

3

1/ 2

0

1/ 2

s

s

s

 

 

 

   
   
  =  
   
    

   ;    

(0)

1

(0)

2

(0)

3

1/ 2

0

1/ 2

a

a

a

 

 

 

   
   
  =  
   

−    

   ;   

(0)

1 2

(0)

2 2

(0)

3 2

0

1

0

 

 

 

 
  
   =
  
   

 

, 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

196 
 

the matrix representation of the perturbation,  

0 0

0

0 0

V



 



 
 

=
 
  

, 

and using perturbation theory (Eqs. (12.1.16, 12.1.17)), we obtain 

(a) 

The first-order corrections to the energy levels read:  

(1)

(1)

0 0 1/ 2

1/ 2 0 1/ 2 0 0 0

0 0 1/ 2

0 0 1/ 2

1/ 2 0 1/ 2 0 0 0

0 0 1/ 2

s

a

E

E



 





 



  
   = =    
     

  
   = − =    
   −   

 

 (1)

2

0 0 0

0 1 0 0 1 0

0 0 0

E



 



   
   

= =
   
      

   . 

(b)+(c) 

The second-order corrections to the energy levels read 

 

2

2
2

(2)

(0) (0)

2

2

2(2)

(0) (0)

2

(2)

2 (0) (0)

2

0 0 0
1 1

1/ 2 0 1/ 2 0 1 2
2

0 0 0

0 0 0
1 1

1/ 2 0 1/ 2 0 1 0 0
2

0 0 0

0 0 1/ 2
1

0 1 0 0 0

0 0 1/ 2

s

s

a

a

s

E
E E

E
E E

E
E E




  





 





 



   
    = = =

     −  
      

   
    = − = =

     − 
      

  
  

=   −     

2



 

 

2

2
2

(0) (0)

2

0 0 1/ 2
1 1

0 1 0 0 0 2
2

0 0 1/ 2
aE E




  



  
−  − 

+ = =  −     −   

 . 

(d) 
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Using (b) and (c), we can see that up to second order in perturbation theory, the energy splitting 

between (0)

s  and (0)

a ,  induced by the coupling to (0)

2 ,  reads 
2

(2) (2) | |
s aE E


− =


. 

This splitting is equivalent to the spitting induced by a direct coupling between two degenerate states, 

associated witan effective  two-level system Hamiltonian,   

2

2

| |
0

2

| |
0

2

effH





 
 


 =
 
   

, whose energy 

levels are, 
2| |

2
E


= 


. 
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15 Quantum Dynamics  

 

Exercise 15.1.1 A stationary solution to the time-dependent Schrödinger equation is defined as 

( ) e
ni t

n nt


 
−

= , where 
n  is an eigenstate of the system Hamiltonian, ˆ

n n nH   =  (see 

section 4.3). Show that any linear combination of stationary solutions is also a solution to the time-

dependent Shroedinger equation with the same time-independent Hamiltonian, ˆ( ) ( )i t H t
t
 


=



. 

Solution 15.1.1 

Let ( )t  be a linear combination (superposition) of stationary solutions, ( ) e
niE t

n n

n

t a 
−

= , 

where ˆ n n nH   = . Then,  

( ) e ( )e

ˆe e

n n

n n

iE t iE t

n
n n n n

n n

iE t iE t

n n n n n

n n

iE
i t i a i a

t t

a E a H

  

 

− −

− −

− 
= =

 

= =

 

 

 

ˆ ˆe ( )
niE t

n n

n

H a H t 
−

= =  , 

which means that the linear combination (superposition) of stationary solutions is also a solution to the 

equation. 

 

Exercise 15.1.2 Given a complete orthonormal system of the Hamiltonian eigenstates, 

ˆ
n n nH   = , any operator in the system’s Hilbert space can be represented according to Eq. 

(15.1.12), and any state of the system, ( )t ,  can be expended as in Eq. (15.1.6). (a) Show that the 

time-dependence of any observable obtains the form of Eq. (15.1.14) with ,n m  as defined in Eq. 

(15.1.15). (b) Show that 
*

, ,n m m n = . 

Solution 15.1.2 

(a) 
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Using Eq. (15.1.12) we obtain  
,

,

ˆ( ) ( ) ( ) ( )m n m n

n m

t O t o t t     = . Using the expansion 

of any state in terms of the Hamiltonian eigenstates (Eq. (15.1.6)), 

/
( ) (0) ( ) (0) ni t

n n n n

n n

t a t a e
  −

= =  , we obtain 

, // / ( ) /* *

, , ,

, , ,

ˆ( ) ( ) (0) (0) (0) (0) n mm n n m
i ti t i t i t

m n m n m n m n m n

n m n m n m

t O t o a e a e o a a e e
     

−− − −
= =    , 

where, 
*

, ,(0) (0)n m m n m na a o   and 
,

n m
n m

 


−
 . 

(b)  

Using the Hermiticity of the operator Ô , we obtain 

( ) ( )
** *

, ,

** * * *

,

*

,

(0) (0)

ˆ ˆ(0) (0) (0) (0) (0) (0)

(0) (0)

n m m n m n

m n m n n m m n n m n m

n m n m

a a o

a a o a a O a a O

a a o



   

=

= = =

=

 

,m n=       . 

 

Exercise 15.1.3 (a) Given the expansion of the state of a TLS, ( )t , in terms of its stationary 

states (Eq. (15.1.21)) and the expansion of the stationary states in terms of the basis states (Eq. 15.1.18), 

derive Eqs. (15.1.22, 15.1.23). (b) Use the explicit expressions for the projections of the TLS stationary 

states on the basis states in terms of the TLS Hamiltonian parameters (Eqs. (15.1.18, 15.1.19)) to derive 

Eq. (15.1.25).  

Solution 15.1.3 

(a) 

Starting from the expansion of the TLS state associated with 1(0) = ,  

1 1( ) e e
iE t iE t

t      
+ −− −

+ + − −= + ,  

and using Eq. (15.1.18), we obtain 
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( ) ( )( ) ( ) ( ) ( )

1 1 1 2 2 1 1 1 2 2( ) e e
iE t iE t

t a a a a        
+ −− −

+ + − −

+ −= + + +

( ) ( ) ( ) ( )

1 1 1 1 1 1 2 1 2 2e e e e
iE t iE t iE t iE t

a a a a         
+ − + −− − − −

+ − + −

+ − + −

   
= + + +   
   

. 

Identifying the coefficients with the projections of the stationary states on the basis states, 

( )

1 1( ) ( )

1 1 2 2 ( )

2 2

a
a a

a

 
  

 



 

 



 =
= +  

=

,  

we obtain 

1 1 1 1 1

1 2 1 2 2

2 2

1 1 1

( )

e e

e e

e e

iE t iE t

iE t iE t

iE t iE t

t

        

        

    

+ −

+ −

+ −

− −

+ + − −

− −

+ + − −

− −

+ −

 
= + 
 

 
+ + 
 

 
= + 
 

1 2 1 2 2e e
iE t iE t

        
+ −− −

+ + − −

 
+ + 
 

  ,   

which reproduces Eqs. (15.1.22, 15.1.23). 

(b) 

Starting from Eqs. (15.1.22, 15.1.23), the TLS state associated with 1(0) =  is expressed as, 

1 1 2 2( ) ( ) ( )t c t c t  = +  with 
2 2

1 1 1( ) e e
iE t iE t

c t    
+ −− −

+ −= +  and 

2 1 2 1 2( ) e e
iE t iE t

c t        
+ −− −

+ + − −= + .  

Using Eqs. (15.1.18, 15.1.19), 1

1

2


 





=  and 2

1

| | 2

 
 

 
 =  , we obtain Eq. 

(15.1.25), 

 

( )

1

1 1 1 1
( ) e e e e

2 2 2 2

iE t iE t iE t i E E t

c t
   

   

+ − + + −− − − − + − + −
= + = + 

 
,    

and, 
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2

2

| | 1 1 1 1 | | 1
( ) e e e e

2 2 2 2 2

iE t iE t iE t iE t

c t
      

      

+ − + −− − − −   + − − + −
= − = −    

  

( )2| | 1
e 1 e

2

iE t i E E t
 

 

+ + −− − −
= − 

 
. 

 

Exercise 15.1.4 Given the time-dependent expansion coefficients for the TLS state, Eqs. 

(15.1.22, 15.1.25), and the general expansion of a TLS observable, Eq. (15.1.27), show that the TLS 

observables are either time-independent, or oscillating at a single frequency, 
E E

 + −−
= .   

Solution 15.1.4 

Using the explicit expressions for 1( )c t  and 2 ( )c t , as given in Eq. (Eq. (15.1.25), and focusing on their 

time-dependence, we obtain 

( ) ( )
2

1

( ) ( )

1 1 1 1
( ) e e

2 2 2 2

1 1 1 1
e e

2 2 2 2

i E E t i E E t

i E E t i E E t

c t

A

   

   

   

   

+ − + −

+ − + −

− − −

− − −

  + − + −
= + +  
  

+ − + −
 + +

 

( )1 1
2cos( )

2 2

E E t
A

 

 
+ −−+ −

= +  , 

( ) ( )
2

2

( )
( ) 1 e 1 e 2 2 cos( )

i E E t i E E t
E E t

c t C C C
+ − + −− − −

+ −
   −

 − − = −  
  

 , 

*

1,2 1 2

( ) ( )2

1,2

( ) ( )2

1,2

2

1,2

2Re[ ( ) ( )]

1 1 | | 1
2Re[ e e e 1 e

2 2 2

| | 1 1 1
2Re[ e 1 e ]

2 2 2

| | 1 1 1
2Re[ e

2 2 2

iE t i E E t iE t i E E t

i E E t i E E t

o c t c t

o

o

o

   

   

   

   

   

   

+ + − + + −

+ − + −

− − − −

− − −

−

   + − −
= + −   

   

  − + −
= + −  

  

− + −
= +

( ) ( )
1 1

e ]
2 2

i E E t i E E t
 

 

+ − + −− − + −
− − 
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( ) ( )

( ) ( ) ( ) ( )

1 1
e e

2 2

1
e e e e

2 2

( ) ( )
sin( ) cos( )

i E E t i E E t

i E E t i E E t i E E t i E E t

A B

A B B

E E t E E tB
A iB

 

 



 



+ − + −

+ − + − + − + −

− − −

− − − − − −

+ − + −

 − +
 + − 

 

   −
= + − + +   

   

− −
= − −

  . 

Substitution of these expressions in Eq. (15.1.27) shows that any TLS observable, ( )O t , is either time-

independent, or oscillating at a single frequency, 
E E

 + −−
= .   

 

Exercise 15.1.5 Use Eq. (15.1.25) for 1( )c t , and the definition 
2 21 | | /  +   to derive 

Eq. (15.1.30).   

Solution 15.1.5 

Using the explicit expressions for 1( )c t , as given in Eq. (15.1.25), we obtain 

( ) ( )
2

1

2 2 ( ) ( )

( ) ( )2 2 2 2

2 2 2 2

1 1 1 1
( ) e e

2 2 2 2

1 1 1 1 1 1
e e

2 2 2 2 2 2

1 1 1 1
e e cos

2 4 2 2

i E E t i E E t

i E E t i E E t

i E E t i E E t

c t
   

   

     

     

   

   

+ − + −

+ − + −

+ − + −

− − −

− − −

− − −

  + − + −
= + +  
  

+ − + − + −   
= + + +   
   

 + − + −
= + + = + 

 
2 2 2 2 2

2 2

2 2 2 2 2

( )
( )

( ) ( )1 1 1 1 1
[1 2sin ( )] 2 sin ( )

2 2 2 2 2 2 2

E E t

E E t E E t    

    

+ −

+ − + −

−

− −+ − + − −
= + − = + −

2
2

2

( )1
1 sin ( )

2

E E t


+ −−−

= −  . 

Recalling the definition of   in terms of the TLS Hamiltonian parameters, 
2 21 | | /  +  , where 

1 2( ) / 2   −  (see Eq. (15.1.17)), and the expressions for the TLS Hamiltonian eigenvalues in terms 

of these parameters (Eq. (15.1.18)), we obtain Eq. (15.1.30),  
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2 2
2 2

1 2 2

( )| | /
( ) ( ) 1 sin ( )

1 | | / 2

E E t
P t c t




+ −−

= = −
+ 

2 22
1 22

2 2

1 2

( ) 4 | |4 | |
1 sin ( )

( ) 4 | | 2

t   

  

− +
= −

− +
. 

 

Exercise 15.1.6 Use Eqs. (15.1.18, 15.1.19) for the stationary states of the TLS to show that in 

the strong interaction limit, 1 2| | | |   − , the states are approximated as  

1 2

1 | | 1

2 2


  


    (recall the definition, 

2 2

1 21 4 | | /( )    + − ).  

Solution 15.1.6 

Using 
2 2

1 21 4 | | /( )    + −  in the limit 1 2| | | |   − , we obtain 

1 2

2 2

1 2 | | | |

1 2

2 | |
1 4 | | /( ) 1

| |  


   

  −
= + − ⎯⎯⎯⎯→ 

−
. 

Using 1   in Eq. (15.1.19) for the coefficients we obtain 

( ) ( )

1 2

1 1 | | 1 | | | | 1
;

2 2 2 2 2 2
a a

      

      

 
=  = =    =  , and using 

these results in Eq. (15.1.18), we finally obtain 1 2

1 | | 1

2 2


  


   . 

 

Exercise 15.1.7 Use Eqs. (15.1.18, 15.1.19) for the stationary states of the TLS and show that 

in the weak interaction limit, 1 2| | | |   − , the states are approximated as 1 +   and 

2 −   (recall the definition, 
2 2

1 21 4 | | /( )    + − ).  

Solution 15.1.7 

Using 
2 2

1 21 4 | | /( )    + −  in the limit 1 2| | | |   − , we obtain 

1 2

2 2

1 2 | | | |
1 4 | | /( ) 1

  
   

 −
= + − ⎯⎯⎯⎯→ . 

Using 1   in Eq. (15.1.19) for the coefficients, we obtain 
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( ) ( )

1 2

1 2 | | 1 | | 0
1 ; 0

2 2 2 2
a a

   

   

+ ++ −
=  = =  =

( ) ( )

1 2

1 0 | | 1 | | 2 | |
0 ;

2 2 2 2
a a

    

    

− −− +
=  = = −  − = − ,  

and using these results in Eq. (15.1.18), we finally obtain 

1 +    and 2 2

| |
  


−  −  . 

 

Exercise 15.2.1 Use Eqs. (15.2.4, 15.2.7) for the time-derivative of the time evolution operator 

to show that 
†ˆ ˆ( , ') ( , ') 0U t t U t t

t


=


.  

Solution 15.2.1 

Using Eqs. (15.2.4, 15.2.7),  

ˆ ˆ ˆ( , ') ( ) ( , ')
i

U t t H t U t t
t

 −
=


     ;      † †ˆ ˆ ˆ( , ') ( , ') ( )

i
U t t U t t H t

t


=


, 

we readily obtain 

† † †ˆ ˆ ˆ ˆ ˆ ˆ( ,0) ( ,0) ( ,0)[ ( ,0)] [ ( ,0)] ( ,0)U t U t U t U t U t U t
t t t

  
= +

  

† †ˆ ˆ ˆ ˆ ˆ ˆ[ ( ,0) ( ,0) ( ,0) ( ,0)] 0
i

U t HU t U t HU t
−

= − =  . 

 

Exercise 15.3.1 The state of the system, ( )t , is associated with a solution to the time-

dependent Schrödinger equation, ˆ( ) ( ) ( )i t H t t
t
 


=


. A transformed state, ( )t , is related to 

( )t  via a unitary transformation, as defined in Eq. (15.3.1). Express the time-derivative of ( )t  

in terms of the operation of a transformed Hamiltonian on ( )t , as defined in Eq. (15.3.2). 

Solution 15.3.1 

Using the definition, ˆ( ) ( ) ( )t S t t = , the time-derivative of ( )t  reads  
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ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )i t i S t t i S t t i S t t
t t t t
   

    
= = + 

    
. 

Since ˆ( ) ( ) ( )i t H t t
t
 


=


, we obtain ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )i t i S t t S t H t t

t t
  

  
= + 

  
. 

Using the unitarity of ˆ( )S t , namely 
†ˆ ˆ ˆ( ) ( )S t S t I= , we obtain 

1
†ˆ ˆ( ) ( ) ( ) ( ) ( )t S t t S t t  

−

 = =
 

, and  

† † †ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) 0 ( ) ( ) ( ) ( )S t S t S t S t S t S t
t t t

     
=  = −        

. 

Consequently, 

† †

† †

† †

ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆˆ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆˆ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆˆ( ) ( ) ( ) ( ) ( ) ( )

i t i S t t S t H t t
t t

i S t S t t S t H t S t t
t

i S t S t t S t H t S t t
t

i S t S t S t H t S t t
t

  

 

 



  
= + 

  

 
= + 

 

 
= − + 

 

   
= − +    

 

ˆ
( ) ( )H t t  . 

 

Exercise 15.3.2 The state of the system, ( )t , is associated with a solution to the time-

dependent Schrödinger equation, ˆ( ) ( ) ( )i t H t t
t
 


=


, where 0

ˆ ˆ ˆ( ) ( )H t H V t= + . A 

transformed state, ( )I t , is related to ( )t  via a unitary transformation, as defined in Eq. (15.3.7). 

Express the time-derivative of ( )I t  in terms of the operation of the transformed interaction 

operator, as defined in Eq. (15.3.8). 

Solution 15.3.2 

Starting from the result for a general unitary transformation (Ex. 15.3.1),   
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† †

0
ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )i t i S t S t S t H V t S t t

t t
 

      = − + +      
, 

and specifying, ( ) ( )It t =  and 
0
ˆ

ˆ( )
i

H t

S t e= , we obtain the interaction picture representation of 

the Schrödinger equation, 

0 0 0 0
ˆ ˆ ˆ ˆ

0
ˆ ˆ( ) ( ) ( )

i i i i
H t H t H t H t

I Ii t i e e e H V t e t
t t
 

− −   
 = − + +        

. 

Using, 
0 0
ˆ ˆ

0
ˆ

i i
H t H ti

e H e
t

− −
 −

=


, we readily obtain Eq. (15.3.8),  

0 0
ˆ ˆ

0 0
ˆ ˆ ˆ( ) ( ) ( )

i i
H t H t

I Ii t H H e V t e t
t
 

− 
= − + + 

  

0 0
ˆ ˆ
ˆ( ) ( ) ( )

i i
H t H t

I Ii t e V t e t
t
 

− 
 =  

  
. 

 

Exercise 15.3.3 Use Eqs. (15.2.4,15.2.7) to derive Eq. (15.3.17) from Eq. (15.3.16). 

Solution 15.3.3 

Starting from the definition of the Heisenberg operator (Eq. (15.3.16)) and using Eqs. (15.2.4, 

15.2.7), we obtain 

†

† † †

† † †

ˆ ˆˆ ˆ( ) ( ,0) ( ) ( ,0)

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0)

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ( ,0) ( ) ( ) ( ,0) ( ,0) ( ) ( ) ( ,0) ( ,0

HO t U t O t U t
t t

U t O t U t U t O t U t U t O t U t
t t t

i i
U t H t O t U t U t O t H t U t U t

 
=

 

       
= + +            

−   
= + +   
   

ˆ ˆ) ( ) ( ,0)O t U t
t

 
  

† †ˆ ˆˆ ˆ ˆ ˆ ˆ( ,0)[ ( ), ( )] ( ,0) ( ,0) ( ) ( ,0)
i

U t H t O t U t U t O t U t
t

 
= +   

 . 

Using the unitarity of the time evolution operator (
†ˆ ˆ ˆ( ,0) ( ,0)U t U t I= , see Eq. (15.2.5)), we obtain 
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( )

† †

† † † †

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( ) ( ,0)[ ( ), ( )] ( ,0) ( ,0) ( ) ( ,0)

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0)

H

i
O t U t H t O t U t U t O t U t

t t

i
U t H t U t U t O t U t U t O t U t U t H t U t

  
= +    

= −

† ˆˆ ˆ( ,0) ( ) ( ,0)U t O t U t
t

 
+   

, 

which can be rewritten in terms of the Heisenberg operator definitions, 

( )ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) [ ( ), ( )] ( )H H H H H H H

H H

i i
O t H t O t O t H t O t H t O t O t

t t t

     
= − + = +        

. 

 

Exercise 15.4.1 (a) Given the commutation relation, ˆ[ , ] 1x
x


= −


, prove that, 

1ˆ ˆ[ , ]n nx nx
x

−
= −


. (b) Given the definitions of the canonical position and momentum operators, Eqs. 

(3.2.1, 3.2.2), and using the solution to (a), derive the results in Eq. (15.4.3).  

Solution 15.4.1 

(a) 

For 1n =  we have,  

0ˆ ˆ[ , ] 1 1x x
x


= − = − 


. 

For 2n =  we have,  

 
2 2 1ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] 2 2x x xx xx x x x x x x x x

x x x x x x

     
= − = − − = − = − = −

     
. 

If we assume that 
1ˆ ˆ[ , ]n nx nx

x

−
= −


 holds for a given n , we obtain that it holds also for 1n+  ,  

1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ]n n n n n n n n n nx x x x x x x x x x x x x x x
x x x x x x x x

+ + +       
= − = − = − − = −

       

1ˆ ˆ ˆ ˆ( 1)n n nnx x x n x−= − − = − +   . 

Therefore, we conclude by induction that the identity 
1ˆ ˆ[ , ]n nx nx

x

−
= −


 holds for any n . 
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(b) 

For the Hamiltonian, 

2ˆˆ ˆ( )
2

p
H V x

m
= +  with 

0

ˆ ˆ( ) n

n

n

V x a x


=

= , we have  

ˆ ˆ[ ( ), ] 0V x x = , and 

2ˆ
ˆ[ , ] 0

2

p
p

m
= .  

Using also 

 
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ ] [ , ]
i i i i i i i i i i

Ht Ht Ht Ht Ht Ht Ht Ht Ht Ht

H HH x e He e xe e xe e He e Hx xH e H x
− − − − −

= − = − = ,  

and 

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ ] [ , ]

i i i i i i i i i i
Ht Ht Ht Ht Ht Ht Ht Ht Ht Ht

H HH p e He e pe e pe e He e Hp pH e H p
− − − − −

= − = − = , 

we obtain 

( ) ( )

2
2ˆˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ[ , ] [ , ] [ , ] [ , ] [ ]

2 2 2

1 1
ˆ ˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ] [ , ] [ , ] 2

2 2 2

H H H H H H

H HH H

i i i p i i
x H x H x x p x ppx xpp

m m m

i i
ppx pxp pxp xpp p p x p x p p p

m m m m

= = = = = −

= − + − = + = =

 

0

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ ( ), ] [ , ]n

H H H H n H

n

i i i i
p H p H p V x p a x p



=

= = = = 

1

0 0

ˆ ˆ ˆ ˆ[ , ] [ ] [ '( )] '( )n n

n H n H H H

n n

a x a n x V x V x
x

 
−

= =


= = − = − = −


  , 

where in the last step we used the identity  

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ] [ ]
i i i i i i i i

Ht Ht Ht Ht Ht Ht Ht Ht
n n

H H

n times n times

x e x x x e e xe e xe e xe x
− − − −

=  =  =  , 

which means that for any analytic function we have, ˆ ˆ[ ( )] ( )H Hf x f x=  . 

 

Exercise 15.4.2 In Eq. (15.4.19) the time-dependent Heisenberg operators, ˆ ( )Hx t  and ˆ ( )Hp t

, are expressed in terms of the operators, 
2x̂ , 

2p̂ , ˆˆxp  and ˆ ˆpx .  (a) Express the expectation values of 

2x̂ , 2p̂ , ˆˆxp  and ˆ ˆpx  in terms of the parameters 
0x , 

0p ,   of the Gaussian wave packet (Eq. (15.4.11)). 
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(b) Obtain the expressions for the quantum mechanical expectation values, 
2 2

0 0
ˆ( ) ( )Hx t x t =  

and 
2 2

0 0
ˆ( ) ( )Hp t p t = , in Eq. (15.4.20). 

Solution 15.4.2 

(a) 

Using the Gaussian integrals,  

 
2ye dy 





−

−

=   ;  
22 1 0n yy e dy



+ −

−

=    ;   
22

n

n yy e dy 

 



−

−

 
= − 

 
 ,  

we obtain for the Gaussian wave packet (Eq. (15.4.11)),  

0x̂ x=  ; 0p̂ p=  ; 
2 2 2

0x̂ x = +  ; 

2
2 2

0 2
ˆ

4
p p


= +  ; 

0 0
ˆˆ

2

i
xp p x= +  ; 

0 0
ˆ ˆ

2

i
px p x= −  

(see the following  calculations),  

( )

2
0

2

2 2
0 0

2 2

1/2 (x x )

2
0 0 2

1/2 1/2(x x ) (x x )

2 2
0 02 2

1/2
1/2

2

0 02

1
ˆ ˆ

2

1 1
( )

2 2

1
0 2

2

x x xe dx

x x e dx x e dx

x x



 

 


 




− −

−

− − − − 

− −

 
= =  

 

   
= − +   
   

 
= + = 

 



   

2 2
0 0

2 2
0 0

2 2
0 0

2 2
0 0

2
0

2

0 0

1/2 (x x ) (x x )

/ /4 4
2

1/2 (x x ) (x x )

/ /04 4
02 2

1/2 (x x )

2
2

ˆ ˆ

1

2

1 1
( )

2 2

1

2

ip x ip x

ip x ip x

p p

e e i e e dx
x

ip
i e e x x e e dx

i
i e

 

 



 



 



− − − −

−

−

− − − −

−

−

− −

−

=

   
= −   

   

  
= − − −   

   

 
= −  

 







( )

0
02

1/2
1/2

2

0 02

1
( )

2

1
2

2

p
x x dx

p p






 
− − 

 

 
= = 
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( )

2
0

2

2 2 2
0 0 0

2 2 2

2 2

0 0

1/2 ( )

2 2
2

1/2 1/2 1/2(x x ) (x x ) (x x )

2 22 2 2
0 0 02 2 2

1/2
1/2

6 2

02

2 2

0

ˆ ˆ

1

2

1 1 1
( ) 2

2 2 2

1
2 0

2

x x

x x

x e dx

x x e dx xx e dx x e dx

x

x



  

 



  






− −

−

− − − − − −  

− − −

=

 
=  
 

     
= − + −     
     

 
= + + 
 

= +



    

2 2
0 0

2 2
0 0

2 2
0 0

2 2
0 0

2 2

0 0

1/2 ( ) ( )2
/ /24 4

2 2

1/2 (x x ) (x x )2
/ /2 20 04 4

0 02 2 2 4 2

2

ˆ ˆ

1

2

21 1 1
( ) ( )

2 2 4 2

1

2

x x x x

ip x ip x

ip x ip x

p p

e e e e dx
x

p ip
e e x x x x e e dx

 

 

 



   



− − − −

−

−

− − − −

−

−

=

  
= −  

   

 − 
= − − − + − −  

   


=






( ) ( )

2
0

2

1/2 (x x ) 2 2
2 202
0 0 02 4 2

1/2 1/22 2
1/2 1/2

2 2 6

02 2 4 2

2
2

0 2

( ) ( )
4 2

1 1
2 2

2 2 4 2

4

p
e p i x x x x dx

p

p



  

 
   



− −

−

 −
+ − + − +  

  

  −   
= + +    
    

= +



 

2 2
0 0

2 2
0 0

2
0

2

2
0

2

0 0

1/2 ( ) ( )

/ /4 4
2

1/2 (x x )

02
02 2

1/2 (x x )

0 0 02
02

ˆˆ ˆˆ

1

2

1 1
( )

2 2

1 1
( )

2 2

x x x x

ip x ip x

xp xp

e e i x e e dx
x

ip
i e x x x x dx

ip ip x
i e x x

 





 



 

 

− − − −

−

−

− −

−

− −

−

=

   
= −   

   

  
= − − −  

   

 
= − − + − 

 







( ) ( )

2
0

2

2

0 0 02 2

1/2 (x x )

22
0 0 02 2

1/2 1/2
1/2 1/2

2 6

0 02 2 2

0 0

1
( ) ( )

2

1
( )

2 2

1 1
2 2

2 2 2

2

x x x x x dx

i
e p x x x dx

i
p x

i
p x





 

 
  

− −

−

 
− − − 

 

−   
= − −   
   

   
= +   
   

= +
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( )
*†

0 0 0 0
ˆ ˆ ˆ ˆ ˆ ˆpx px px   = =  

* *

0 0 0 0
ˆˆ ˆˆ

2

i
xp xp p x = = = −  . 

(b) 

Using Eq. (5.4.19),  

2
2 2 2

2

ˆ ˆˆ ˆ ˆ
ˆ ˆ( )H

p xp px
x t x t t

m m

+
= + + , and 

2 2ˆ ˆ( )Hp t p= , and the results of (a), the 

corresponding expectation values for a free particle associated with the Gaussian wave packet read 

2 2 2

0 0 0 0

2 2
2

0 0 0 0 0 02

2
2 2

2

ˆ
ˆ ˆ( ) ( ) ( )

ˆ
ˆ ˆˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ( )

H

p
x t x t x t

m

p t t
x xp px

m m

t t
x p xp px

m m

   

     

= = +

= + + +

= + + +

 

2 2 2
2 2 2

0 0 0 02 2 2

2

4

t t t
x p x p

m m m



= + + + + , 

and 

2
2 2 2 2

0 0 0 0 0 2
ˆ ˆ( ) ( )

4
Hp t p t p p   


= = = + . 

 

Exercise 15.4.3 Use Eqs. (15.4.18, 15.4.20) to derive Eq. (15.4.21).  

Solution 15.4.3 

Using Eqs. (15.4.18, 15.4.20) we obtain   

22 2 2
2 2 2 2 2 0

0 0 0 0 02 2 2

22 2 2
2 2 2 2 20 0

0 0 0 0 0 02 2 2 2

2
( ) ( )

4

2
2

4

pt t t
x t x t x p x p x t

m m m m

p pt t t
x p x p x t x t

m m m m m







 
− = + + + + − + 

 

= + + + + − − −

 

2 2
2

2 24

t

m



= +   , 

and 
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( )
2 2

22 2 2

0 02 2
( ) ( )

4 4
p t p t p p

 
− = + − = . 

Therefore,  
2 2

22

2 4
( ) ( ) 1

4

t
x t x t

m



− = + , and  

22 ( ) ( )
2

p t p t


− =  . 

 

 

 

Exercise 15.4.4 Use the momentum space representation of the time-dependent Gaussian wave 

packet, Eq. (15.4.24), change the integration variable, 0'p p p= − , and use the identity, 

2

2' ' 4'
x

zp ip x zd p e e e
z


 −

−

−

=  for a complex valued z  to obtain and explicit expression for the time-

evolution of the Gaussian wave packet for a free particle, 

20
0

2
20

0

( )

1/4
2

4[ ]
/2 2

2
2

2
( ) ( )

2
[ ]

2

p t
x x

m
ip t i t

ip xm mx t e e e
i t

m

 


  

− − −

−
+ 

=  
  +

, and the corresponding probability 

density, Eq. (15.4.25).  

Solution 15.4.4 

Starting from Eq. (15.4.24), we obtain 

2
2

0

2
0 0

2
2

0

2
0 0 0

1/4 ( )2
( ) / /( / ) 2

2

1/4 ( )2
/ ( )/( / ) 2

2

1 2
( ) ( , )

2

1 2

2

p p ip t

i p p x ipx m

p p ip t

ip x ip x x m

x t x t d pe e e e

d pe e e e






 







− − −

− −

−

− − −

−

−

 
= =  

 

 
=  

 





2
2

0

2
0 0 0

1/4 ( )2
/ ( )( )/( / ) 2

2

1 2

2

p p ip t

ip x i p p x x md pe e e e



− − −

− −

−

 
=  

 
  . 

Changing integration variable, 0'p p p= − , we obtain  
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( )

( ) ( )

2
2

0
2

0 0

2 2 2
0 0

2
0 0

'1/4 ( ' )2
/ '( )/( / ) 2

2

'1/4 ' '2
/ '( )/( / ) 2 2

2

1 2
( , ) '

2

1 2
'

2

p i p p t

ip x ip x x m

p i p t ip t ip p t

ip x ip x x m m m

x t d p e e e e

d p e e e e e e














− − +

−

−

− − − −

−

−

 
=  

 

 
=  

 





 

( )
22

20 0
02

0

1/4
2 ' [ ] '( )/

/ 22
2

1 2
'

2

itip t p t
p ip x x

ip x mm me e d p e e






−
− + − −

−

 
=  

 
  , 

and using the identity, 

2

2
4

x

zk ikx zdke e e
z


 −

−

−

= , we have 

( )
22

20 0
02

0

20
0

2
20

0

1/4
2 ' [ ] '( )/

/ 22
2

( )

1/4
2

4[ ]
/2 2

2
2

1 2
( , ) '

2

2

2
[ ]

2

itip t p t
p ip x x

ip x mm m

p t
x x

m
ip t i t

ip xm m

x t e e d p e e

e e e
i t

m










 

  

−
− + − −

−

− − −

−
+

 
=  

 

 
=  

  +



20
0

2
20

0

( )

1/4
2

4[ ]
/2 2

2

1

2
[ ]

2

p t
x x

m
ip t i t

ip xm me e e
i t

m



 

− − −

−
+ 

=  
  +

. 

The corresponding probability density therefore reads 

2 20 0
0 0

2 2

20
0

2 2

( ) ( )

2
4[ ] 4[ ]2

2 2

2 2

( )
1 1

42
[ ] [ ]

2 2

2 2
4

2

1 1
( )

2
[ ] [ ]

2 2

2 [ ]
4

p t p t
x x x x

m m
i t i t

m m

p t
x x

m
i t i t

m m

x t e
i t i t

m m

e
t

m

 

 




  



 

− − − − − −

+

− +

 
− − −  

+ 
 + −
  

=

− +

=

+

2 2 20 0
0 0

2 2 2 2
4 2

2 2 2

2 ( ) ( )

4[ ] 2[ ]
4 4

2 2 2 2
2 2

2 2 2 2

1 1

2 [ ] 2 [ ]
4 4

p t p t
x x x x

m m

t t

m me e
t t

m m



 


   
 

− − − − − −

+ +

= =

+ +

   . 
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Exercise 15.4.5 Obtain the time-dependent Heisenberg operators for the Harmonic oscillator 

(Eq. (15.4.28)) by solving Eq. (15.4.27) for the initial conditions, ˆ ˆ(0)Hx x= , ˆ ˆ(0)Hp p= .  

Solution 15.4.5 

The equations of motion for the Heisenberg operators for the Harmonic oscillator read 

1
ˆ ˆ( ) ( )H Hx t p t

t m


=


       ;         

2ˆ ˆ
H Hp m x

t



= −


, which yields  

2
2

2
ˆ ˆ

H Hx x
t




= −


.  

The general solution for this equation is  

ˆ ˆˆ ( ) cos( ) sin( )Hx t A t B t = + , and ˆ ˆˆ ( ) sin( ) cos( )Hp t m A t m B t   = − + . 

The operators Â  and B̂  are related to the initial conditions, ˆˆ (0)Hx A=  and ˆˆ (0)Hp m B= . For the 

initial conditions ˆ ˆ(0)Hx x=  and ˆ ˆ(0)Hp p= , the operators Â  and B̂  are given explicitly as, 

ˆ ˆ ˆ(0)HA x x= = , and 
1 1ˆ ˆ ˆ(0)HB p p

m m 
= = . Therefore, we obtain Eq. (15.4.28),     

ˆ
ˆ ˆ( ) cos( ) sin( )H

p
x t x t t

m
 


= +      ;       ˆ ˆ ˆ( ) sin( ) cos( )Hp t m x t p t  = − + . 

 

Exercise 15.4.6 Use the results of Ex. 15.4.2(a)  for the expectation values of 
2x̂ , 

2p̂ , ˆˆxp  and 

ˆ ˆpx  as functions of the parameters 0x , 0p ,   of the Gaussian wave packet to obtain the expressions 

for the quantum mechanical expectation values, 
2 2

0 0
ˆ( ) ( )Hx t x t =  and 

2 2

0 0
ˆ( ) ( )Hp t p t =

, in Eq. (15.4.31). (b) Obtain the expressions for the standard deviations of the momentum and position 

distributions in Eq. (15.4.32).  

Solution 15.4.6 

(a) 

Taking the expectation values of the Heisenberg operators  
2ˆ ( )Hx t  and 

2ˆ ( )Hp t  with respect to the 

Gaussian eave packet (Eq. (15.4.11)), 

2
0

2
0

1/4 (x x )

/4
0 2

1
( ,0)

2

ip x
x x e e 



− −
 

= =  
 

, using Eq. 
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(15.4.30), and the results of Ex. 15.4.2(a),  
2 2 2

0x̂ x = + , 

2
2 2

0 2
ˆ

4
p p


= + , 

0 0
ˆˆ

2

i
xp p x= +  and  

0 0
ˆ ˆ

2

i
px p x= − , we obtain (Eq. (15.4.31)) 

2

2 2 2 2

2 2

ˆ ˆˆ ˆ ˆ
ˆ( ) cos ( ) sin ( ) cos( )sin( )

p xp px
x t x t t t t

m m
   

 

+
= + +   

2
2

0 2

2 2 2 2 0 0
0 2 2

4 2
( )cos ( ) sin ( ) cos( )sin( )

p
x p

x t t t t
m m


    

 

 
+ 

 = + + +  , 

and 

2 2 2 2 2 2 2ˆ ˆ ˆˆ ˆ ˆ( ) sin ( ) cos ( ) ( ) cos( )sin( )p t m x t p t m xp px t t     = + − +

( )
2

2 2 2 2 2 2 2

0 0 0 02
sin ( ) cos ( ) 2 sin( )cos( )

4
m x t p t m x p t t      



 
= + + + − 

 
. 

(b) 

Taking the expectation values of the Heisenberg operators  ˆ ( )Hx t  and ˆ ( )Hp t  with respect to the 

Gaussian eave packet (Eq. (15.4.11)), 

2
0

2
0

1/4 (x x )

/4
0 2

1
( ,0)

2

ip x
x x e e 



− −
 

= =  
 

, using Eq. 

(15.4.28), and the results of Ex. 15.4.2(a): 0x̂ x=  and  0p̂ p= , we obtain (Eq. (15.4.29))  

0
0( ) cos( ) sin( )

p
x t x t t

m
 


= + , and 0 0( ) sin( ) cos( )p t m x t p t  = − + .  

Consequently,  

 
2

2 2 2 20 0

2 2

2
( ) cos ( ) sin ( ) cos( )sin( )o

o

p x p
x t x t t t t

m m
   

 
= + + , 

and 

 
2 2 2 2 2 2 2

0 0 0 0( ) sin ( ) cos ( ) 2 sin( )cos( )p t m x t p t m x p t t     = + − . 

Using these results along with 
2 ( )x t  and 

2 ( )p t  obtained in (a), we obtain for the position and 

momentum standard deviations,  
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2 2

2
2

0 2

2 2 2 2 0 0
0 2 2

2
2 2 20 0

2 2

2
2 2 2

2 2 2

( ) [ ( )]

4 2
( )cos ( ) sin ( ) cos( )sin( )

2
cos ( ) sin ( ) cos( )sin( )

cos ( ) sin ( )
4

o
o

x t x t

p
x p

x t t t t
m m

p x p
x t t t t

m m

t t
m


    

 

   
 

  
 

−

 
+ 

 = + + +

− − −

= +

 

and  

 

( )

22

2
2 2 2 2 2 2 2

0 0 0 02

2 2 2 2 2 2

0 0 0 0

( ) ( )

sin ( ) cos ( ) 2 sin( )cos( )
4

sin ( ) cos ( ) 2 sin( )cos( )

p t p t

m x t p t m x p t t

m x t p t m x p t t

      


     

−

 
= + + + − 

 

− − +

2
2 2 2 2 2

2
sin ( ) cos ( )

4
m t t   


= +  . 

Hence, we obtain Eq. (15.4.32),  

 
2

22 2 2 2

2 2 2
( ) ( ) cos ( ) sin ( )

4
x t x t t t

m
  

 
− = +  

2
2 2 2 2 2 2 2

2
( ) [ ( )] sin ( ) cos ( )

4
p t p t m t t   



 
− = +  

 
 . 

 

Exercise 15.4.7 Use the position representation of the annihilation operator, 

ˆ
2 2

m
a x

m x






= +


, and of the coherent state, 

2
0

0

1/4 (x x )

/2( ,0)
m

ip xm
x e e







− −
 

=  
 

 , to show that 

the coherent state is an eigenstate of the annihilation operator, Eq. (15.4.35). 

Solution 15.4.7 

In the position representation, we can use,  0
ˆ ( ,0)

2 2

m
x a x x

m x


 



 
= +   

. For the 

coherent state, 

2
0

0

1/4 (x x )

/2( ,0)
m

ip xm
x e e







− −
 

=  
 

, we then obtain 
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2
0

0

2
0

0

0

1/4 ( )

/2

1/4 ( )

/0 0 2

0
0

0
0

ˆ

( ,0)
2 2

( )
( ,0)

2 2

( ,0) ( ,0)
2 2

( ,0)
2

m x x

ip x

m x x

ip x

x a

m m
x x e e

m x

m x x ipm m
x x e e

m

ipm m
x x x x x

m

ipm
x x

m







 


 

 


 

 
 








− −

− −

  
= +  

  

− −  
= + +   

   

 
= + − + + 

 

 
= + 

 

0
0 0

2

ipm
x x

m






 
= + 

 
 . 

Hence, the coherent state, 

2
0

0

1/4 (x x )

/2
2

1
( ,0)

2

m

ip x
x e e






− −
 

=  
 

, is shown to be an eigenstate of the 

annihilation operator, ˆ
2 2

m
a x

m x






= +


, with the eigenvalue 0

0
2

ipm
x

m





 
+ 

 
. 

 

Exercise 15.4.8 Derive the expansion of the coherent state in terms of the Harmonic oscillator 

eigenstates, Eq. (15.4.37). Apply the annihilation operator to the formal expansion,  

0

ˆ ˆ
n n

n

a a  


=

= , recalling that 
1

ˆ
n na n  −=  (Eq. (8.5.3)).  Then show that 

1 1m mm + + = . Use the normalization condition 1  =  to show that 
22 | |

0 e   −= , and 

prove the identity, Eq. (15.4.37). 

Solution 15.4.8 

We start from the formal expansion of the coherent state in terms of the harmonic oscillator 

Hamiltonian eigenstates, 
0

n n

n

  


=

= , where we wish to identify the expansion coefficients. Using 

the property of the annihilation operator, 
1

ˆ
n na n  −= , we obtain 

1

0 0

ˆ ˆ
n n n n

n n

a a n    
 

−

= =

= =  , and projecting on the m th eigenstate, m , we obtain 

1, 1

0

ˆ 1m n n m m

n

a n m    


− +

=

= = + . Considering that   is an eigenstate of â , namely, 
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â   = , we have 
1

ˆ 1m m ma m    += = + , and consequently, 
1

1
m m

m


 + =

+
. Using 

the last result recursively, we obtain, 
0

!

n

n
n


 = , namely  0

0 !

n

n n


 



=

= . The value of 0  is 

subject to normalization. Requiring 
2

0

1 1n

n

   


=

=  = , we obtain 

2
2

2 2 | |

0 0

0

| |
1

!

n

n

e
n


 



=

= = , and therefore, 
222 | |

0 0| | e    −= = . Consequently, 

2| | /2

0

ie e   −= , where   is a real valued number. Substitution 
0

!

n

n
n


 =  and 

2| | /2

0

ie e   −=   in 

the expansion, 
0

n n

n

  


=

= , yields Eq. (15.4.37),  

2| |

2

0 !

n
i

n

n

e e
n




 
− 



=

=  .  

 

Exercise 15.4.9 Using the identity ( )i nt i t ne e − −= , rewrite Eq. (15.4.38) as Eq. (15.4.39).  

Solution 15.4.9 

Starting from the time-evolution of a coherent state (Eq. (15.4.38)), we obtain  

2
† †

2

2

| |
ˆ ˆ ˆ ˆ( 1/2) ( 1/2)

2

0

| |
( 1/2)

2

0

| |

2 2

0

( )
!

!

!

it it n
a a a a

i

n

n

itn
n

i

n

n

i t n
i i nt

n

n

t e e e e
n

e e e
n

e e e e
n


 




 



  







− − − + +


=

− − +


=

− − 
 −

=

 =

=

=







 

2| |

2 2

0

( )

!

i t i t n
i

n

n

e
e e e

n

  


− − −


=

=   . 

Identifying, ( ) i tt e   − , the result can be rewritten as, 
 

2| ( )|

2 2

0

( )
( )

!

ni t t

i

n

n

t
t e e e

n

  
 

− − 


=

=  .  

Recalling the expansion (Ex. 15.4.8), 

2| |

2

0 !

n
i

n

n

e e
n




 
− 



=

=  , we can identify the last result as, 

2 2( ) ( )
i t i t

i tt e t e e
 

  
− −

−= =  . 
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Finally, realizing that the normalized coherent state (Eq. (15.4.37)) is defined up to a global phase 

( )i te 
 at any time, the most general expression for the time evolution of   reads (Eq. (15.4.39)):  

( ) ( )2 2( ) ( )
i t i t

i t i t i tt e e t e e e
 

  
− −

  −= = . 

 

Exercise 15.4.10 Use Eqs. (15.4.36, 15.4.40) to derive the quantum mechanical position and 

momentum expectation values for the coherent state. Show that these results identify with a classical 

trajectory of a corresponding particle.  

Solution 15.4.10 

According to Eq. (15.4.36) and the related discussion, a coherent state is identified with a Gaussian 

wave packet. Replacing   by 
i te  −

, 0x  by ( )x t , and 0p  by ( )p t , Eq. (15.4.36) can be rewritten 

as, ( ) i tt e   − , with 
1 ( )

( )
2

i t m p t
e x t i

m

 




−
 

 +  
 

, where, in the position 

representation, 

21/4 ( ( ))

( ) /2( , )
m x x t

i t ip t xm
x e x t e e


 

 


− −

−  
= =  

 
. The quantum mechanical 

expectation values associated with this state (see Ex. 15.4.2) are readily identified as ˆ( ) ( )x t x t= , 

and ˆ ( ) ( )p t p t= . These can be expressed explicitly according to their relation to 
i te  −

 (Eq. 

(15.4.40)). Recalling that 
0

0

1

2

pm
x i

m






 
 +  

 
, we obtain 

0
0

0
0

2 2 1
( ) Re[ ] Re[ ]

2

Re[ ]

i t i t

i t

pm
x t e x i e

m m m

p
x i e

m

 






  



− −

−

 
= = +  

 

 
= + 

 

0
0 cos( ) sin( )

p
x t t

m
 


= +  

 and  

( )

0
0

0 0

1
( ) 2 Im[ ] 2 Im[ ]

2

Im[ ]

i t i t

i t

pm
p t m e m x i e

m

m x ip e

 




  





− −

−

 
= = +  

 

= +

0 0cos( ) sin( )p t m x t  = −  . 
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These results coincide with the explicit calculation of the expectation values for a Gaussian wave packet 

in a harmonic potential energy well (see Eq. (15.4.29)), as well as with the solution of the classical 

equations of motion for a harmonic oscillator: 

1
( ) ( )x t p t

t m


=


       ;         

2( ) ( )p t m x t
t




= −


, 

for the initial conditions 0(0)x x=  and 0(0)p p= , as can be readily verified.   

 

Exercise 15.4.11 Show that ( , )x t , as defined in Eq. (15.4.41), is a solution of the time-

dependent Schrödinger equation for the harmonic oscillator, 
† 1
ˆ ˆ( , ) ( , )

2
i x t a a x t

t
  

  
= +   

, 

where ˆ
2 2

m
a x

m x






= +


.  

Solution 15.4.11 

Starting from Eq. (15.4.41), 

21/4 ( ( ))

( ) / ( )2( , )
m x x t

ip t x i tm
x t e e e







− −

 
=  
 

, we obtain 

 ( , ) ( ( )) ( ) ( ) ( , ) ( , )i x t i m x x t x t ixp t x t x t
t
   


= − + − 



 ( ( )) ( ) ( ) ( , ) ( , )im x x t x t xp t x t x t  = − − −  . 

Using the relations (Eqs. (15.4.27-15.4.29)), 
( )

( )
p t

x t
m

=  and 
2( ) ( )p t m x t= − , we obtain 

2 ( )
( , ) ( ( )) ( ) ( , ) ( , )

p t
i x t m i x x t xx t x t x t

t m
   



  
= − + −    

2 ( ) ( )
[ ( ) ] ( ) ( , ) ( , )

ip t ip t
m x x t x t x t x t

m m
  

 

 
= + − −  

 
. 

To obtain the result of the Hamiltonian operation (
† 1ˆ ˆ ˆ

2
H a a

 
= + 

 
) on 

21/4 ( ( ))

( ) / ( )2( , )
m x x t

ip t x i tm
x t e e e







− −

 
=  
 

, we first notice that  
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ˆ ( ) ( , )
2 2

( , ) ( , )
2 2

( ( )) ( )
( , ) ( , )

2 2

( )
( , ) ( ) ( , )

2 2

m
x a t x x t

m x

m
x x t x t

m x

m m x x t ip t
x x t x t

m

m m ip t
x x t x x t x t

m


 




 



 
 



 
 



 
= +   


= +



− − 
= + + 

 

 
= + − + + 

 

 

( )
( ) ( , )

2

m ip t
x t x t

m






 
= + 

 
 , 

and 

†ˆ ( ) ( , )
2 2

( , ) ( , )
2 2

( ( )) ( )
( , ) ( , )

2 2

( )
( , ) ( ) ( , )

2 2

m
x a t x x t

m x

m
x x t x t

m x

m m x x t ip t
x x t x t

m

m m ip t
x x t x x t x t

m


 




 



 
 



 
 



 
= −   


= −



− − 
= − + 

 

 
= − − + + 

 

 

( )
2 ( , ) ( ) ( , )

2 2

m m ip t
x x t x t x t

m

 
 



 
= − + 

 
 . 

Therefore, 

†

2

2

1 ( )
ˆ ˆ ( ) 2 ( )

2 2 2

( )
( ) ( , ) ( , )

2 2

1 ( ) ( )
( ) ( ) ( , ) ( , )

2 2

( ) 1
( )

m m ip t
x a a t x x t

m

m ip t
x t x t x t

m

ip t ip t
m x x t x t x t x t

m m

ip t
m x x t

m

 
  



 
 




  

 




    
+ = − +    

    

  
+ +  

  

      
= − + + +      

      

 
= + − 

 

2
( )

( ) ( , ) ( , )
2 2

ip t
x t x t x t

m


 



  
+ +  

   

2
2 2

2 2

( ) ( ) ( ) 1 ( )
( ) ( ) ( , ) ( , )

2 2

ip t ix t p t p t
m x x t x t x t x t

m m m


  

  

   
= + − − − +   

    
 . 
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Using the above results, the coherent state is identified as a solution to the Schrodinger equation,  

† 1ˆ ˆ ˆ( , ) ( , ) ( )
2

i x t H x t x a a t
t
   

  
= = + 

  
,  

only if the following condition holds, 

2

2
2 2

2 2

( ) ( )
[ ( ) ] ( )

( ) ( ) ( ) 1 ( )
( ) ( )

2 2

ip t ip t
m x x t x t

m m

ip t ix t p t p t
m x x t x t

m m m


 




  

 
+ − −  

 

   
= + − − − +   

    

2 2 2( ) ( )

2 2 2

m x t p t

m

 
 = − −  . 

Using the relations, 0
0( ) cos( ) sin( )

p
x t x t t

m
 


= +  and 0 0( ) cos( ) sin( )p t p t m x t  = −  (Eqs. 

(15.4.27-15.4.29)), the equation for the appropriate phase, ( )t , reads  

( )

2 2 2

22
20

0 0 0

2 2 2
2 20 0 0 0

2 2 2
2 20 0 0 0

( ) ( )

2 2 2

1
cos( ) sin( ) cos( ) sin( )

2 2 2

cos ( ) sin ( ) sin( )cos( )
2 2

cos ( ) sin ( ) cos( )sin( )
2 2 2

m x t p t

m

pm
x t t p t m x t

m m

m x p x p
t t t t

m

p m x p x
t t t t

m

 

 
    



 
   

  
   

 = − −

 
= + − − − 

 

= + +

− − + −

 

2 2 2

0 0 0 0[ ]cos(2 ) sin(2 )
2 2 2

m x p x p
t t

m

  
 = − + −  . 

This is readily shown to hold for 

2 2

0 0 0 0( ) sin(2 ) cos(2 )
4 4 2 2

m x p x p t
t t t

m

 
 



 
 = − − − 

 
, 

which complies with the definition of the coherent state in Eq. (15.4.41). 

 

Exercise 15.5.1 Using the definition of the trace of an operator, Eq. (15.5.3), (a) prove the 

following identities:    ˆ ˆˆ ˆtr AB tr BA= ,    
*

†ˆ ˆtr A tr A= ,  ˆ ˆ[ , ] 0tr A B = . (b) Show that the trace of 

an operator is invariant to a similarity transformation of the operator,    1ˆ ˆ ˆ ˆtr S AS tr A− = . (c) Show 

that the trace of an operator is invariant to a unitary transformation of the operator, 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

223 
 

   † ˆ ˆˆ ˆtr U AU tr A= . (d) Show that the trace of an operator is independent of the basis in which the 

operator is represented,  ˆ ˆ ˆ
n n m m

n m

tr A A A    =  , where, { }n , and { }m  are 

complete orthonormal systems in the relevant Hilbert space, ˆ
n n m m

n m

I    = =  . (e) Show 

that the trace of a tensor product of operators in a multidimensional space, 
1 2
ˆ ˆ ˆ

NA A A   , is a 

product of traces over the subspaces,        1 2 1 2
ˆ ˆ ˆ ˆ ˆ ˆ

N Ntr A A A tr A tr A tr A   =   (recall that 

the multidimensional space is spanned by a complete set of tensor product states (Eq. (11.6.12)). 

Solution 15.5.1 

(a) 

Using the definition (Eq. (15.5.3)),  ˆ ˆ
n n

n

tr O O  , and introducing identity operators, 

ˆ
n n

n

I  = , we obtain 

 
,

ˆ ˆ ˆˆ ˆ ˆ
n n n m m n

n n m

tr AB AB A B      = 

 
,

ˆ ˆ ˆˆ ˆ ˆ
m n n m m m

n m m

B A BA tr BA     = = =   . 

     ˆ ˆ ˆˆ ˆ ˆ[ , ] 0tr A B tr AB tr BA= − =  .    

   ( )
*

*
*† †ˆ ˆ ˆ ˆ ˆ

n n n n n n

n n n

tr A A A A tr A     
 

= = = = 
 

    . 

(b) 

Using    ˆ ˆˆ ˆtr AB tr BA= , we obtain 

         1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆtr S AS tr S A S tr S S A tr SS A tr A− − − −   = = = =
   

. 

(c)  

Since for a unitary operator we have, 
† 1ˆ ˆU U −= , using the result of (b) we obtain 

     † 1ˆ ˆ ˆˆ ˆ ˆ ˆtr U AU tr U AU tr A−= = . 

(d) 

 
, ,

ˆ ˆ ˆ ˆ ˆ
n n n m m n m n n m m m

n n m n m m

tr A A A A A            = = =    . 
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(e) Using product of states, 
1 2 Nn n n     , as an orthonormal basis for the 

multidimensional tensor product space (see, e.g., Eq. (11.6.6)), the trace of a product 

1 2
ˆ ˆ ˆ

NA A A   , reads

 

1 2 1 2

1 2

1 2 1 2

1 2

1 1 2 2

1 2

1 1 2 2

1 2

1 2

1 2

, ,...,

1 2

, ,...,

1 2

, ,...,

1 2

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

N N

N

N N

N

N N

N

N

N

N

n n n N n n n

n n n

n n n n n N n

n n n

n n n n n N n

n n n

n n n n n

n n n

tr A A A

A A A

A A A

A A A

A A A

     

     

     

    

  

 =         
 

=       

= 

= 







  

 

   

1 1 2 2

1 2

1 1

1

1 2

1 2

ˆ ˆ ˆ

ˆ ˆ ˆ

NN n

n n n n N

n n

n n N

n

A A tr A

A tr A tr A



   

 

= 

=

 



     1 2
ˆ ˆ ˆ

Ntr A tr A tr A=   . 

 

Exercise 15.5.2 Use Eqs. (15.5.2, 15.5.3) and the identity operator ˆ
n n

n

I  =  to derive 

Eq. (15.5.4). 

Solution 15.5.2 

Starting from the definition of the transition probability, we obtain  

2
†ˆ ˆ ˆ( ) ( ,0) ( ,0) ( ,0)i f f i i f f iP t U t U t U t     → = = . 

Introducing an identity operator, changing the multiplication order, and using the definition of the 

trace, we obtain 

†

†

†

ˆ ˆ( ) ( ,0) ( ,0)

ˆ ˆ( ,0) ( ,0)

ˆ ˆ( ,0) ( ,0)

i f i f f i

i n n f f i

n

n f f i i n

n

P t U t U t

U t U t

U t U t

   

     

     

→ =

=

=
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 †ˆ ˆ( ,0) ( ,0)f f i itr U t U t   = . 

 

Exercise 15.5.3 Use Eqs. (15.5.4, 15.5.6) to derive Eqs. (15.5.8, 15.5.9). 

Solution 15.5.3 

Starting from Eq. (15.5.4) for the transition probability, 

 †ˆ ˆ( ) ( ,0) ( ,0)i f f f i iP t tr U t U t   → = , we obtain  

†ˆ ˆ( ) ( ,0) ( ,0)i f f f i i

d d
P t tr U t U t

dt dt
   →

  
=   

  

†ˆ ˆ( ,0) ( ,0)f f i i

d
tr U t U t

dt
   

  
+   

  
. 

Using cyclic permutation under the trace (see Ex. 15.5.1(a)), we can rewrite the first term as,   

† †ˆ ˆ ˆ ˆ( ,0) ( ,0) ( ,0) ( ,0)f f i i i i f f

d d
tr U t U t tr U t U t

dt dt
       

      
=      

      
. 

Noticing that  

†

† †ˆ ˆ ˆ ˆ( ,0) ( ,0) ( ,0) ( ,0)i i f f f f i i

d d
U t U t U t U t

dt dt
       

      
=      

      
, 

and recalling that    ( )
*

†ˆ ˆtr A tr A== , we obtain Eq. (15.5.8), 

*

†

†

ˆ ˆ( ) ( ,0) ( ,0)

ˆ ˆ( ,0) ( ,0)

i f f f i i

f f i i

d d
P t tr U t U t

dt dt

d
tr U t U t

dt

   

   

→

  
=   

  

  
+   

  

†ˆ ˆ2Re ( ,0) ( ,0)f f i i

d
tr U t U t

dt
   

  
=   

  
 .   

Starting from Eq. (15.5.6),  ( ) ( )ˆ ˆ( ) ( ) (0)f i

i f H HP t tr P t P→ = , we immediately obtain Eq. (15.5.9), 

( ) ( )ˆ ˆ( ) ( ) (0)f i

i f H H

d d
P t tr P t P

dt dt
→

 
=  

 
. 
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An alternative derivation of the last result can be obtained directly from Eq. (15.5.8), by using the 

Schrodinger equation for the time-evolution operator (Eq. (15.2.4)): 

 

 

 

   

†

†

†

*
† †

ˆ ˆ( ) 2Re ( ,0) ( ,0)

ˆ ˆ ˆ2Re ( ,0) ( ) ( ,0)

2 ˆ ˆ ˆIm ( ,0) ( ) ( ,0)

ˆ ˆ ˆ ˆ ˆ ˆ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0)

i f f f i i

f f i i

f f i i

f f i i f f i i

d d
P t tr U t U t

dt dt

i
tr U t H t U t

tr U t H t U t

i
tr U t H t U t tr U t H t U t

   

   

   

       

→

  
=   

  

− 
=  

 

=

− = −


   

   

† †

† †

ˆ ˆ ˆ ˆ ˆ ˆ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0)

ˆ ˆ ˆ ˆ ˆ ˆ( ,0) ( ) ( ,0) ( ,0) ( ) ( ,0)

f f i i i i f f

f f i i f f i i

i
tr U t H t U t tr U t H t U t

i
tr U t H t U t tr U t H t U t

       

       


 

−  = −
 

−  = −
 

†ˆ ˆ ˆ( ,0) ( ), ( ,0)f f i i

i
tr U t H t U t   
  =    

 . 

Identifying the derivative of the Heisenberg operator (Eq. (15.3.18)), 

† †ˆ ˆ ˆ ˆ ˆ( ,0) ( ), ( ,0) ( ,0) ( ,0)f f f f

i d
U t H t U t U t U t

dt
     =

 
, 

and denoting, 
† ( )ˆ ˆ ˆ( ,0) ( ,0) ( )f

f f HU t U t P t  =  and  
( )ˆ (0)i

i i HP  = , the result reads, 

( ) ( )ˆ ˆ( ) { ( ) (0)}f i

i f H H

d d
P t tr P t P

dt dt
→ = . 

 

Exercise 15.5.4 Let the time-dependent state of a system be ˆ( ) ( ,0) it U t  . (a) Use the 

transformation of the state to the interaction picture, 
0
ˆ

( ) ( )
i

H t

I t e t   (Eq. (15.3.7)), and the 

definition of the interaction picture propagator, 
( )ˆ( ) ( ,0)I

I it U t  , (Eq. (15.3.9)), to show that 

0

2
ˆ2

( )ˆ ˆ( ,0) ( ,0)
it

H
I

f i f iU t e U t   
−

= . (b) Given that f  is an eigenvector of 0Ĥ , show 
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that 
2 2

( )ˆ ˆ( ,0) ( ,0)I

f i f iU t U t   = . (c) Given the definitions ˆ
i i iP  =  and 

ˆ
f f fP  = , and using the trace definition (Eq. (15.5.3)), derive Eq. (15.5.12) from Eq. (15.5.11).   

Solution 15.5.4 

(a) 

For the state, ˆ( ) ( ,0) it U t  , the transition probability reads 
2 2

ˆ ( ,0) ( )f i fU t t   =

. Transforming to the interaction picture representation, 
0
ˆ

( ) ( )
i

H t

I t e t  , we obtain  

0

2
ˆ2

( ) ( )
i
H t

f f It e t   
−

= , or, in terms of the interaction picture propagator, 

0 0

2 2
ˆ ˆ

( )ˆ( ) ( ,0)
i it
H t H

I

f I f ie t e U t   
− −

= .  

(b) 

If the final state is an eigenvector of 0Ĥ , namely, 0
ˆ

f f fH   = , we obtain 

 
0

2 2
ˆ2

( ) ( )ˆ ˆ ˆ( ,0) ( ,0) ( ,0)
f

it it
H

I I

f i f i f iU t e U t e U t


     
− −

= =

2 2
2 ( ) ( )ˆ ˆ| | ( ,0) ( ,0)

f

it

I I

f i f ie U t U t


   
−

= = . 

(c) 

Using 
2

( )ˆ( ) ( ,0)I

i f f iP t U t → = , we obtain 

*( ) ( ) †( ) ( )ˆ ˆ ˆ ˆ( ) ( ,0) ( ,0) ( ,0) ( ,0)I I I I

i f f i f i i f f iP t U t U t U t U t       → = =  . 

Introducing an identity operator in the relevant Hilbert space, ˆ n n

n

I  = , and recalling the 

definition of the trace (Eq. (15.5.3)), the transition probability can be expressed as 
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†( ) ( )

†( ) ( )

ˆ ˆ( ,0) ( ,0)

ˆ ˆ( ,0) ( ,0)

I I

i n n f f i

n

I I

n f f i i n

n

U t U t

U t U t

     

     

=

=




†( ) ( )ˆ ˆ{ ( ,0) ( ,0) }I I

f f i itr U t U t   =  

. 

Finally, introducing the projection operators, ˆ
i i iP  =  and ˆf f fP  = ,  we obtain Eq. 

(15.5.12), 
†( ) ( )ˆ ˆ ˆ ˆ( ) { ( ,0) ( ,0) }I I

i f f iP t tr U t P U t P→ = . 

 

Exercise 15.5.5 (a) Take the time-derivative of the transition probability, Eq. (15.5.11), 

†( ) ( )ˆ ˆ( ) ( ,0) ( ,0)I I

i f i f f iP t U t U t   → = , using Eq. (15.3.9) for the time derivative of 

( )ˆ ( ,0)IU t , to show that  

0 0
ˆ ˆ

†( ) ( )1 ˆ ˆ ˆ( ) ( ,0) ( ) ( ,0)
it it

H H
I I

i f i f f iP t U t e V t e U t
t i

   
−

→

 −
=



0 0
ˆ ˆ

†( ) ( )1 ˆ ˆ ˆ( ,0) ( ) ( ,0)
it it

H H
I I

i f f iU t e V t e U t
i

   
−

+ . 

(b) Recall that for a Hermitian operator, 
*†ˆ ˆ

i i i iA A   =  and show that  

0 0
ˆ ˆ

†( ) ( )2 ˆ ˆ ˆ( ) Im ( ,0) ( ) ( ,0)
it it

H H
I I

i f i f f iP t U t e V t e U t
t

   
−

→


=


. 

Solution 15.5.5 

(a) 

Starting from the transition probability to an 0Ĥ -eigenstate, 0
ˆ

f f fH   = ,  

2
( ) †( ) ( )ˆ ˆ ˆ( ) ( ,0) ( ,0) ( ,0)I I I

i f f i i f f iP t U t U t U t     → = = , 

the time-derivative reads 

†( ) ( )ˆ ˆ( ) ( ,0) ( ,0)I I

i f i f f i

d d
P t U t U t

dt dt
   →

 
=  

 

†( ) ( )ˆ ˆ( ,0) ( ,0)I I

i f f i

d
U t U t

dt
   

 
+  

 
. 
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Using the equation for the time-evolution of 
( )ˆ ( ,0)IU t  (Eq. (15.3.9)), we obtain 

0 0

†( ) ( ) ( )

†( ) ( ) ( )

ˆ ˆ
†( ) ( )

1 ˆ ˆ ˆ( ) ( ,0) ( ) ( ,0)

1ˆ ˆ ˆ( ,0) ( ) ( ,0)

1 ˆ ˆ ˆ( ,0) ( ) ( ,0)

I I I

i f i f f i

I I I

i f f i

i i
H t H t

I I

i f f i

d
P t U t H t U t

dt i

U t H t U t
i

U t e V t e U t
i

   

   

   

→

−

−
=

+

−
=

0 0
ˆ ˆ

†( ) ( )1 ˆ ˆ ˆ( ,0) ( ) ( ,0)
i i

H t H t
I I

i f f iU t e V t e U t
i

   
−

+  . 

(b)  

Using 
*†ˆ ˆ

i i i iA A   = , the result of (a) can be rewritten as  

0 0

0 0

0 0

*
ˆ ˆ

†( ) ( )

ˆ ˆ
†( ) ( )

ˆ ˆ
†( ) ( )

1 ˆ ˆ ˆ( ) ( ,0) ( ) ( ,0)

1 ˆ ˆ ˆ( ,0) ( ) ( ,0)

1 ˆ ˆ ˆ2Re ( ,0) ( ) ( ,0)

i i
H t H t

I I

i f i f f i

i i
H t H t

I I

i f f i

i i
H t H t

I I

i f f i

d
P t U t e V t e U t

dt i

U t e V t e U t
i

U t e V t e U t
i

   

   

   

−

→

−

−

 
=  
 

+

 
=  

 

0 0
ˆ ˆ

†( ) ( )2 ˆ ˆ ˆIm ( ,0) ( ) ( ,0)
i i

H t H t
I I

i f f iU t e V t e U t   
− 

=  
 

 . 

 

Exercise 15.6.1 Use the definition of the first-order propagator in the interaction 

representation, (1)

, 0 0

0

ˆ( ) ( )

t

f i f I i

i
g t dt V t 

−
=    (Eqs. (15.6.6, 15.6.8)), and Eq. (15.6.2) for the 

states i  and f , to show that (1)

,

0

ˆ( ) ( )
f i

t i i

f i f i

i
g t d e V e

   

   
−

−
=  .  

Solution 15.6.1 
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Starting from (1)

, 0 0

0

ˆ( ) ( )

t

f i f I i

i
g t dt V t 

−
=  , and using the definition of the interaction, 

0 0
ˆ ˆ

ˆ ˆ( ) ( )
i i

H H

IV e V e
 

 
−

  (Eq. (15.6.6)), we obtain  
0 0 0 0
ˆ ˆ

(1)

, 0 0

0

ˆ( ) ( )

t i i
H t H t

f i f i

i
g t dt e V t e 

−
−

=  . For 

initial and final states that are eigenstates of 0Ĥ  (Eq. (15.6.2)), we therefore obtain  

(1)

,

0

ˆ( ) ( )
f i

t i i

f i f i

i
g t d e V e

   

   
−

−
=  . 

 

Exercise 15.6.2 Use the orthogonality of the initial and final states (Eq. (15.6.3)) and the result 

of Ex. 15.6.1 to derive the first order transition probability, 
(1) ( )i fP t→  (Eq. 15.6.10), from Eq. (15.6.9). 

Solution 15.6.2 

For orthogonal initial and final states, we have 
2

(1) (1)

,( ) ( )i f f iP t g t→   (Eq. (15.6.9)). Using   

(1)

,

0

ˆ( ) ( )
f i

t i i

f i f i

i
g t d e V e

   

   
−

−
=    (Ex. 15.6.1), we obtain Eq. (15.6.10),  

2 2
2

( )
(1)

2

0 0

ˆ ˆ( ) ( ) ( )
f i f i

t ti i i

i f f i f i

i
P t d e V e d e V

       
       

−
−

→

−
= =  . 

 

Exercise 15.6.3 Follow the steps given here as an alternative derivation of the expression for 

the first-order transition probability, Eq. (15.6.10): Any solution to the time-dependent Schrödinger 

equation can be expanded at any time in the basis of the eigenstates of the zero order Hamiltonian, 

 0
ˆ

n n nH   = , namely ( ) ( ) ( )e
ni t

n n n n

n n

t b t a t


  
−

=   , where the projection of the 

system state on any eigenstate, m , is given as 
2 2 2

( ) ( ) ( ) ( )m m m mP t t b t a t = = = . Show that 

substitution of this expansion in the time-dependent Schrödinger equation, ˆ( ) ( )i t H t
t
 


=


, 

yields coupled equations for the expansion coefficients, { ( )na t }: 

ˆ( )e ( ) ( )e
n ni t i t

n n n n

n n

i a t V t a t
 

  
− −

=  . Project this equation on the bra state m , multiply 
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by e
mi t

, and integrate over time from 0  to t , to obtain 

( ) '

0

ˆ( ) (0) ' ( ') e ( ')
n mt i t

m m m n n

n

a t a dt V t a t
i

 


 
− −

= +  . Since this result means that 

( ') (0) ( )n na t a o = +  , the expression for the probability amplitude, ( )ma t , to first order in  , reads,    

( ) '

0

ˆ( ) (0) ' ( ') e (0)
n mt i t

m m m n n

n

a t a dt V t a
i

 


 
− −

 +  . Choose the initial state as the i th 

eigenstate of 0Ĥ , namely 
,(0)m m ia = . Substitute this condition in the approximated expression for 

the probability amplitude and show that the probability to find the system in any other eigenstate ( m i

) at time t  reads 

( ) '2
2 2

2

0

ˆ( ) | ( ) | | ' ( ') e |
i mt i t

i m m m iP t a t dt V t
 


 

− −

→ =   , which reproduces the 

result, Eq. (15.6.10).  

Solution 15.6.3 

Using a time-dependent expansion of the state vector ( )t  in terms of the zero Hamiltonian 

eigenstates, ( ) ( ) ( )e
ni t

n n n n

n n

t b t a t


  
−

=   , where  0
ˆ

n n nH   = , and 

( ) ( )e
ni t

n nb t a t
−

 , we obtain 

( ) ( )e ( )e ( )e
n n ni t i t i t

n n n n n n n

n n n

i t i a t a t i a t
t t

  

    
− − −

 
= = +

 
   , 

and  

0 0
ˆ ˆ ˆ ˆ[ ( )] ( ) [ ( )] ( )e

ni t

n n

n

H V t t H V t a t


   
−

+ = + 

ˆ( )e ( ) ( )e
n ni t i t

n n n n n

n n

a t V t a t
 

   
− −

= +   . 

For ( )t  to be a solution of  the Schrodinger equation, ˆ( ) ( )i t H t
t
 


=


, the following 

condition must therefore be satisfied,  ˆ( )e ( ) ( )e
n ni t i t

n n n n

n n

i a t V t a t
 

  
− −

=  . 
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To obtain the expression for any of the coefficients, e.g., ( )ma t , we project ( )t  on the respective 

0Ĥ -eigenstate, m , and use the orthonormality of the set { }n , 

( )

ˆ( ) e ( ) ( )e

ˆ( ) ( ) ( ) e

m n

n m

i t i t

m m n n

n

i t

m m n n

n

i a t V t a t

a t V t a t
i

 

 

  


 

− −

− −

=

 =





( ) '

0

ˆ( ) (0) ' ( ') e ( ')
n mt i t

m m m n n

n

a t a dt V t a t
i

 


 
− −

 = +   . 

Since this result applies to any ( )ma t , we can rewrite is also for ( ')na t  under the time-integral: 

'' ( ) ''

'

' 0

ˆ( ') (0) ' ' ( '') e ( '') (0) ( )
n nt i t

n n m n n n

n

a t a dt V t a t a o
i

 


  
− −

= + = + . 

Substitution in the equation for ( )ma t , and keeping only terms up to first order in  , we obtain 

( ) '

2

0

ˆ( ) (0) ' ( ') e (0) ( )
n mt i t

m m m n n

n

a t a dt V t a o
i

 


  
− −

= + + . 

Associating the initial state with the i th eigenstate of 0Ĥ , namely  
,(0) i n i n

n

   = = , or  

,(0)n n ia = , we obtain 

( ) '

,

0

ˆ( ) (0) ' ( ') e
n mt i t

m m m n n i

n

a t a dt V t
i

 


  
− −

 + 
( ) '

0

ˆ(0) ' ( ') e
i mt i t

m m ia dt V t
i

 


 
− −

= +  . 

Recalling that, ( ) ( ) ( )e
ni t

n n n n

n n

t b t a t


  
−

=   , the probability of finding the system at a 

state m  at time t  reads: 
2 2| ( ) | | ( ) |m mt a t  = . Using the expression for ( )ma t  to first order in 

, we obtain for m i  (namely, for a final state that is orthogonal to the initial state such that (0) 0ma =

),  

( ) '2
2 2

2

0

ˆ( ) | ( ) | | ' ( ') e |
i mt i t

i m m m iP t a t dt V t
 


 

− −

→ =   , 

which reproduces Eq. (15.6.10).  
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Exercise 15.6.4 Prove that in the short time limit ( 0t → ), the exact transition probability 

increases quadratically in time: Start from the Dyson expansion (15.6.5, 15.6.6) of the probability 

amplitude for i f   (where, 
,

ˆ( ) ( )m n m nV V    ), 

( ) ' ( ) ' ( ) '''

2

, , , ,

0 0 0

( , ) ' ( ') ( ) ' '' ( ') ( '') ...
f i f j j ii t i t i tt t t

f i f i f j j i

j

i i
g t dt e V t dt dt e V t e V t

     
 



− − −
− −

= + +   . 

Expand the exponential functions and the interaction to their lowest order in time, for example,   

( ) '
( ) '

1
f ii t

f ii t
e

   −
− 

 + 
 

  and  , , ,( ') (0) ' ' (0)f i f i f iV t V t V  +  , and show that 

2

0 , ,lim [ ( , )] (0) ( )t f i f i

i
g t V t o t


→

−
= +  and therefore 

2
2

2

0 2
ˆlim ( ) (0)t i f f iP t V t


 → → = . 

Solution 15.6.4 

Considering the exact Dyson expansion for the propagator (for i f  ),  

( ) ' ( ) ' ( ) '''

2

, , , ,

0 0 0

( , ) ' ( ') ( ) ' '' ( ') ( '') ...
f i f j j ii t i t i tt t t

f i f i f j j i

j

i i
g t dt e V t dt dt e V t e V t

     
 



− − −
− −

= + +   , 

we are interested in the short time limit, where '
| |f i

t
 


−

 and 
,

, ,

0

( )
( ') (0) '

f i

f i f i

t

dV t
V t V t

dt
=

 + . 

Expanding the exponential functions and the interaction to their lowest order in time: 

( ) '
( ) '

1
f ii t

f ii t
e

   −
− 

 + 
 

  and  , , ,( ') (0) ' ' (0)f i f i f iV t V t V  +  , we obtain for the first term,  

( ) '

, , ,

0 0

( ) '
' ( ') ' 1 (0) ' ' (0)

f ii tt t
f i

f i f i f i

i ti i
dt e V t dt V t V

    
−

− − −
  + +   

 
 

2

, (0) ( )f i

i t
V o t

−
= +  .  

 Using this result in the second term, we obtain 
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( ) ' ( ) '''

2

, ,

0 0

( ) '

2 2

, ,

0

( ) ' '' ( ') ( '')

( ) ' ( ') (0) ' (( ') )

f j j i

f j

i t i tt t

f j j i

j

i tt

f j j i

j

i
dt dt e V t e V t

i
dt e V t V t o t

   

 





− −

−

−

−
  + 

  

 

2 2 2

, , ,

0

( ) '
( ) ' 1 (0) ' ' (0) (0) ' (( ') ) ( )

t
f i

f j f j j i

j

i ti
dt V t V V t o t o t

  − −
   + + + =     

 
  . 

Similarly, the higher orders in the Dyson expansion are associated with 
3( )o t , 

4( )o t , and so forth. We 

can therefore conclude that in the short time limit, 
2

, ,( , ) (0) ( )f i f i

i
g t V t o t




−
  + . Consequently, 

the transition probability (for i f   ) in this limit is quadratic in time, 

2
2

2 2

, 2
ˆ( ) | ( , ) | (0)i f f i f iP t g t V t


  → =  . 

 

Exercise 15.6.5 Obtain Eq. (15.6.14) for the transition probability amplitude from the general 

expression, Eq. (15.6.10), in the case where the interaction operator is constant through the 

propagation time, 
0

ˆ ˆ( )
t

V t V


.  

Solution 15.6.5 

Considering a time-independent perturbation, 
0

ˆ ˆ( )
t

V t V


, the general expression (Eq. (15.6.10)) 

reads 

2
2

( ) '
(1)

2

0

ˆ( ) '
f i

t i
t

i f f iP t dt e V
 

 
−

→ =  . Integrating over time, we obtain Eq. (15.6.14), 
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2
2

( ) '
(1)

2

0

2
22

( ) '

2

0

2 2
2 2

2( ) ( ) ( )2 2
2 2( )

2
2 2

2
2

ˆ( ) '

ˆ

'

ˆ ˆ
1

( ) ( )

2sin[( ) / (2 )]
ˆ

(

f i

f i

f i f i f i

f i

t i
t

i f f i

t i
tf i

i i i
t t t

i
tf i f i

f i f i

f i

f i

f

P t dt e V

V
dt e

V Ve e e
e

i i

t
V

 

 

     
 


 

  

     

   

 
  



−

→

−

−
− − −

−

=

=

− −
= =

− −

−
=

−





2

)i

2
2

2

2

ˆ4 ( )
sin ( )

2

f i f i

f i

V t    

 

−
=

−
 . 

  

Exercise 15.6.6 Show that for times much shorter than the oscillation period, both the exact 

and the approximate expressions for the TLS transition probability (Eq. (15.6.19), and Eq. (15.6.20), 

respectively) converge to quadratic time-dependence of Eq. (15.6.21).  

Solution 15.6.6 

For the exact expression (Eq. (15.6.19)), we have (recalling that 
1

sin( )
1

x

x

x 
⎯⎯⎯→ ) 

2 22
1 22

1 2 2 2

1 2

2 22 2 2
1 22

2 2 2 2 2 2

1 2

( ) 4 | |4 | |
( ) sin ( )

( ) 4 | | 2

( ) 4 | |4 | |
sin ( )

( ) 4 | | 2

t
P t

tt

t t

  

  

  

  

→

− +
=

− +

− +
=

− +

 

2 2
1 2

2
2 2

1 2
2 2 2 2

2 22 / ( ) 4| |2 2

1 2

( ) 4 | |
sin( )

| | | |2

( ) 4 | |

2

t

t

t t

t
  

  

 

    − +

 − +
 
 = ⎯⎯⎯⎯⎯⎯⎯→
 − +
 
 

 .           

Similarly, for the approximate expression (Eq. (15.6.20)), we have 
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1 2

2

(1) 2 2 1
1 2 2

2 1

2 2 2

2 2 1

2 2 2

2 1

2

2 12 2 2 2

2 /( )2 2
2 1

4 ( )
( ) sin ( )

2

4 ( )
sin ( )

2

( )
sin( )

| |2
( )

2

t

t
P t

t t

t

t
t t

t  

  

 

  

 

 
 

 

→

 −

−
=

−

−
=

−

− 
 

= ⎯⎯⎯⎯⎯→ −
 
 

, 

where Eq. (15.6.21) is reproduced in both cases. 

 

Exercise 15.6.7 The approximate and the exact expressions for the TLS transition probability 

are given by Eqs. (15.6.20) and (15.6.19), respectively. (a) Show that 

 (1) 2

1 2

1
( ) ( 1) 1 cos( )

2
P t t → = − −  and 

2

1 2 2

1
( ) [1 cos( )]

2
P t t





→

−
= − , where 1 2| | 


−

=  and  

2 2

1 21 4 | | /( )    + − .(b) The oscillation frequencies of the approximate and the exact 

expressions are   and  , respectively. At a certain time, ct , the approximate solution completes n  

oscillation periods, whereas the exact solution completes 1n+  periods. Show that 
2

ct


 
=

−
.  

Solution 15.6.7 

(a)  

Using the definitions, 1 2| | 


−
 , 

2 2

1 21 4 | | /( )    + − , and the identity, 

2 1 cos(2 )
sin ( )

2

x
x

−
= , we readily obtain 

 
2

(1) 2 21 2
1 2 2

1 2

( )4 | | 1
( ) sin ( ) ( 1) 1 cos( )

( ) 2 2
P t t t

 
 

 
→

−
=  − −

−
, 

and 

2

2 2 2
21 2 1 2

1 2 2 2 2

1 2
2

1 2

4 | |

( ) ( ) 4 | | 1
( ) sin ( 1 ) [1 cos( )]

4 | | 2 ( ) 2
1

( )

P t t t



     


   

 

→

− − −
= +  −

−
+

−

. 
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(b) 

The time for completing n  periods at a frequency   is 
2

n



. Similarly, the time for completing 1n+  

periods at a frequency   is 
2

( 1)n



+ . For these to coincide at a certain time ct , we must have, 

1

2 2 2 1 1 1
( 1) 2

1 1 1
ct n n n n

   
     

 

 
= + =  = −  = = 

−   − 
 

. 

Hence, 
( )
2

1
ct



 
=

−
, or, in terms of the TLS parameters, 

( ) 2 2
1 2 1 2 1 2

| | 1 ( ) 4 | | | |
c

h h
t

       
= =

− − − + − −
. 

 

Exercise 15.6.8 Show that for an interaction term, ˆ ˆ sin( )V t=  , the transition probability 

to first order in   (Eq. (15.6.10)) reads as Eq. (15.6.24). 

Solution 15.6.8 

Starting from the general expression (Eq. (15.6.10)) with ˆ ˆ( ) sin( )V t t=  , we obtain 

2
2

( ) '
(1)

2

0

2
2

( ) '

2

0

2
2 ' '

( ) '

2

0

ˆ( ) ' ( ')

ˆ' sin( ')

ˆ'
2

f i

f i

f i

t i
t

i f f i

t i
t

f i

t i i t i t
t

f i

P t dt e V t

dt e t

e e
dt e

i

 

 

 


 


  


  

−

→

−

 − 
−

=

= 

−
=







 

( )

2
22

( ) '
' '

2

0

ˆ
'

4

f i

t i
tf i i t i tdt e e e

     −
 − = −  . 

Introducing the definition, 
,

f i

f i

 


−
 , we obtain Eq. (15.6.24), 
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( )

( )

,

, ,

2
22

'(1) ' '

2

0

2
22

( ) ' ( ) '

2

0

ˆ
( ) '

4

ˆ
'

4

f i

f i f i

t
f i i t i t i t

i f

t
f i i t i t

P t dt e e e

dt e e



 

   

   

 − 

→

+ −

= −

= −





, ,

2 22 ( ) ( )

2

, ,

ˆ 1 1

4

f i f ii t i t
f i

f i f i

e e
    

 

+ −
− −

= −
+ −

 . 

 

Exercise 15.6.9 Derive Eq. (15.6.26) from Eq. (15.6.24) for | |  . 

Solution 15.6.9 

In the case of energy absorption by the system we have, 
, 0

f i

f i

 


−
  , where 

,f i =− . In 

this case, the resonance (small detuning) condition, | |  , means that 
,| |f i−  , and hence  

, ,| | | |f i f i −  + . 

In the case of energy emission by the system we have, 
, 0

f i

f i

 


−
  , where 

,f i =+ . In this 

case, the resonance (small detuning) condition, | |  , means that ,| |f i+  , and hence  

, ,| | | |f i f i +  − .  

Considering now the first order transition probability (Eq. (15.6.24)),    

, ,

2 22 ( ) ( )

(1)

2

, ,

ˆ 1 1
( )

4

f i f ii t i t
f i

i f

f i f i

e e
P t

    

 

+ −

→

− −
= −

+ −
, 

we notice that for small detuning one of the two denominators is much smaller in absolute value than 

the other: , ,| | | |f i f i −  +  for resonant absorption, and , ,| | | |f i f i +  −  for resonant 

emission. Since the numerators are similarly bounded, the term with the smaller denominator 

dominates, and we can neglect the other one. This is often referred to as the “rotating wave 

approximation”, which yields 

,

2 22 ( )

(1)

2

,

ˆ 1
( )

4

f ii t
f i

i f

f i

e
P t

   





→

−



, 
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where the plus and minus signs correspond to emission and absorption probabilities, respectively. 

Introducing the detuning parameter (Eq. (15.6.27)), 
,f i  − , we obtain in both cases Eq. 

(15.6.26),  

2 2
2 22 2

/2 /2
(1)

2 2

ˆ ˆ1
( )

4 2

i t i t i t
f i f i

i f

e e e
P t

i

         − 

→

− −
 =

 

2 2
2 2 22 2

2 2

ˆ ˆsin( / 2) sin( / 2)

4 / 2

f i f i tt t

t

        
= =

 
. 

 

Exercise 15.6.10 Derive Eq. (15.6.28) for the transition rate by taking the time-derivative of the 

transition probability as given in Eq. (15.6.26). 

Solution 15.6.10 

Starting from Eq. (15.6.26),  

2
2 2 2

(1)

2

ˆ sin[ / 2]
( )

4 / 2

f i

i f

t t
P t

t

   
→

 
   

 , the transition rate reads  

2
2 2

(1)

2

ˆ sin[ / 2]
( )

f i

i f

d d t
P t

dt dt

   
→

 
=   

 

2 2
2 2

2 2 2

ˆ ˆ
2sin[ / 2]cos[ / 2] sin[ ]

2 2

f i f i
t t t

       
=   = 

 
  . 
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16 Incoherent States   

 

Exercise 16.1.1 (a) A mixed state corresponds to an ensemble of non-interacting spin-half 

particles, of which half are in a spin state  , and the other half in a spin state  , where, 

0.5w w = = . Use Eqs. (13.1.9, 13.1.10) to compute the expectation value of the three different 

components of the single particle spin vector in this state, ˆ ˆ
i i iS w S w S    = +  

( , , )i x y z , and show that the spin vector orientation in this state is random, 0x y zS S S= = = . (b) 

Repeat the calculation of the spin vector components for a pure state in which all the particles are 

associated with a superposition state, 
1 1

2 2
  = + . Show that in this case 0y zS S= = , 

/ 2xS = , namely, the spin is polarized along the x  axis.  (c) Repeat the calculation of the spin vector 

components for a pure state in which all the particles are associated with another superposition state, 

1 1

2 2
i  = + . Show that in this case 0x zS S= = , / 2yS = , namely, the spin is 

polarized along the y  axis. 

Solution 16.1.1    

Given:  
1ˆ
2

zS  = ; 
1ˆ
2

zS  = − ; ˆ
2

xS  = ; ˆ
2

xS  = ; ˆ
2

yS i = ; 

ˆ
2

yS i = − , and the orthonormality of the spin states,  1   = = ; 0  = , we 

obtain 

(a) 

For a mixed state with 1/ 2w w = = , the expectation values of the spin components read               

ˆ ˆ0.5 0.5 0z z zS S S   = + =  

ˆ ˆ0.5 0.5 0x x xS S S   = + =  

ˆ ˆ0.5 0.5 0y y yS S S   = + = . 

(b) 
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For the pure state, 
1 1

2 2
  = + ,  the expectation values read  

( ) ( )
1 ˆ 0
2

z zS S   = + + =  

( ) ( ) ( )1 1ˆ ˆ ˆ
2 2 2

x x x xS S S S       = + + = + =  

( ) ( ) ( )1 1ˆ ˆ ˆ 0
2 2

y y y yS S S S       = + + = + = . 

(c)  

For the pure state, 
1 1

2 2
i  = + ,  the expectation values read  

( ) ( )
1 ˆ 0
2

z zS i S i   = − + =  

( ) ( ) ( )1 1ˆ ˆ ˆ 0
2 2

x x x xS i S i i S i S       = − + = − =  

( ) ( ) ( )1 1ˆ ˆ ˆ
2 2 2

y y y yS i S i i S i S       = − + = − = . 

 

Exercise 16.2.1 Introduce the identity operator, ˆ n n

n

I  = , into the general definition 

of a measurable quantity (Eq. (16.1.3)), and use the definition of the trace of an operator Eq. (15.5.3), 

to show that ˆ ˆ ˆˆ( ) ( ) { ( ) ( ) } { ( ) }i i i i i i

i i

w t O t tr w t t O tr t O    = =  .  

Solution 16.2.1 

Starting from Eq. (16.1.3), we obtain 

ˆ ˆ( ) ( ) ( ) ( )

ˆ( ) ( )

i i i i i n n i

i i n

i n i i n

n i

w t O t w t O t

w t t O

     

   

=

=

  



ˆ ˆ( ) ( ) { ( ) ( ) }n i i i n i i i

n i i

w t t O tr w t t O     = =     . 
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Using the definition ˆ( ) ( ) ( )i i i

i

t w t t    (Eq. (16.2.3)), we obtain 

ˆ ˆˆ( ) ( ) { ( ) }i i i

i

w t O t tr t O  = . 

 

Exercise 16.2.2 Use the generic structure of the density operator, Eq. (16.2.3), to show that its 

eigenvalues are non-negative; namely, if ˆ( )t   =  (where 1  = ), than, 0  .  

Solution 16.2.2 

Let   be a normalized eigenstate of the density operator, associated with the eigenvalue,  , namely, 

ˆ( )t   = .  Using the definition of the density operator, Eqs. (16.2.3, 16.1.2), we obtain 

2
ˆ ˆ( ) ( ) ( ) ( ) ( ) 0i i i i i

i i

t t w t t w t          = =  =   . 

 

Exercise 16.2.3 In Ex. 16.1.1 we discussed the difference between two ensembles of spin-half 

particles. The first corresponded to a random spin orientation, where half of the particles are found in 

a spin state  , and the other half in a spin state  . The other ensemble corresponded to spin 

polarization along the x direction, where all the particles are in a superposition state, 

1 1

2 2
  = + . The density operators corresponding to the two ensembles are 

ˆ 0.5 0.5R    = +  and ˆP =   . (a) Show that the density matrices corresponding 

to these two ensembles in the basis of the two spin states are 
0.5 0

0 0.5
R

 
=  
 

ρ   and 
0.5 0.5

0.5 0.5
P

 
=  
 

ρ , 

respectively. (b) Change the basis from   and   ( ˆzS -eigenstates)  into the two eigenstates of ˆxS

, namely, 
1 1

2 2
 +  and 

1 1

2 2
 − . Show that the matrix representation of the random 

ensemble is invariant to the transformation, whereas the matrix representation of the pure state 

becomes diagonal in this basis, 
1 0

0 0
P

 
=  
 

ρ  .   

Solution 16.2.3 

(a) 
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The matrix elements of the density operators in the orthonormal set,   and  , read 

ˆ 0.5 0.5 0.5

ˆ 0.5 0.5 0.5 0.5 0

0 0.5ˆ 0.5 0.5 0

ˆ 0.5 0.5 0

R

R

R

R

R

        

        

        

        

=  +  = 

=  +  =    
 =  

=  +  =   


=  +  =   

ρ , 

1 1 1 1
ˆ 0.5

2 2 2 2

1 1 1 1
ˆ 0.5

0.5 0.52 2 2 2

0.5 0.51 1 1 1
ˆ 0.5

2 2 2 2

1 1 1 1
ˆ 0.5

2 2 2 2

P

P

P

P

P

        

        

        

        

  
= + + =   

   
  

= + + =   
    

 =  
    = + + =     


   

= + + =   
   

ρ . 

(b) 

The matrix elements of the density operators in the orthonormal set, 
1 1

2 2
  + = +  and 

1 1

2 2
  − = − , read: 

ˆ 0.5 0.5 0.5

ˆ 0.5 0.5 0.5 0.5 0

0 0.5ˆ 0.5 0.5 0

ˆ 0.5 0.5 0

R

R

R

R

R

        

        

        

        

+ + + +

− − − −

+ − + −

− + − +

=  +  = 

=  +  =    
 =  

=  +  =   


=  +  =   

ρ , 

1 1 1 1
ˆ 1

2 2 2 2

1 1 1 1
ˆ 0

1 02 2 2 2

0 01 1 1 1
ˆ 0

2 2 2 2

1 1 1 1
ˆ 0

2 2 2 2

P

P

P

P

P

        

        

        

        

+ + + +

− − − −

+ − + −

− + − +

  
= + + =   

   
  

= + + =   
    

 =  
    = + + =     


   

= + + =   
   

ρ . 
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(Notice that ˆ
P  + += .) 

 

Exercise 16.3.1 Let the set of vectors, {
n } be a complete orthonormal system spanning a 

Hilbert space, where, 
,m n m n  = . The outer products between these vectors, {

,
ˆ

m n m n  = }, 

are operators in that space. (a) Associating each operator, 
,

ˆ
m n , with a vector in a (Liouville) vector 

space with an inner product, 
†ˆ ˆˆ ˆ( , ) { }A B tr A B= , show that {

,
ˆ

m n } is an orthonormal set, namely 

, ', ' , ' , '
ˆ ˆ( , )m n m n m m n n   = . (b) Show that any operator in the original Hilbert space can be expanded as 

a linear combination of the set 
,

ˆ{ }m n , 
, ,

,

ˆ ˆ
m n m n

m n

A A = , where 
,m nA  is  the inner product of Â  with 

,
ˆ

m n , 
†

, , ,
ˆ ˆˆ ˆ( , ) { }m n m n m nA A tr A = = . 

Solution 16.3.1 

(a) 

Let 
,

ˆ
m n m n   , where 

,m n m n  = . Therefore,  

†

, ', ' , ', ' ' ' ' '
ˆ ˆ ˆ ˆ{ } { } { } }m n m n n m m n n m m n k n m m n k

k

tr tr tr             = = =

' ' , ' , 'm m n n m m n n     = =  . 

(b) 

Any operator in the system Hilbert space can be expanded as  

, , ,

, ,

ˆ ˆ ˆ}m m n n m n m n m n m n

m n m n m n

A A A A      = = =     . 

Using the result (a), the expansion coefficients can be readily identified as 
†

, ,
ˆˆ{ }m n m nA tr A= ,  

† † †

, , ', ' ', ' ', ' , ', ' ', ' , ' , ' ,

', ' ', ' ', '

ˆˆ ˆ ˆ ˆ ˆ{ } { } { }m n m n m n m n m n m n m n m n m m n n m n

m n m n m n

tr A tr A A tr A A      = = = =   . 
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Exercise 16.3.2 Consider the space of two-dimensional matrices, 
x y

z w

 
 
 

,  where , ,x y z  and 

w are complex valued numbers. (a) Show that the set of Pauli matrices (Eq. (13.1.17)) and the identity 

matrix,    

1 0

0 1
z

 
=  

− 
σ       ;     

0 1

1 0
x

 
=  
 

σ       ;     
0

0
y

i

i

− 
=  
 

σ      ;     
1 0

0 1

 
=  
 

I                                

compose an orthogonal set of vectors in this space, under the inner product, 
†( , ) { }tr=A B A B . (b) 

Show that the corresponding normalized basis vectors under this inner product read 

1 01

0 12
z

 
=  

− 
σ       ;     

0 11

1 02
x

 
=  

 
σ       ;     

01

02
y

i

i

− 
=  

 
σ      ;     

1 01

0 12

 
=  

 
I   .                             

(c) Show that any two-by-two matrix 
x y

z w

 
 
 

 can be written as a linear combination of these matrices, 

with expansion coefficients given by its inner product with the basis vectors in (b).  

Solution 16.3.2 

Given the Pauli matrices: 

1 0

0 1
z

 
=  

− 
σ       ;     

0 1

1 0
x

 
=  
 

σ       ;     
0

0
y

i

i

− 
=  
 

σ      ;     
1 0

0 1

 
=  
 

I     , 

(a) 

We can readily verify that these matrices are orthogonal under the inner product, 
†( , ) { }tr=A B A B : 

1 0 0 1 0 1
( , ) { } { } 0

0 1 1 0 1 0

1 0 0 0
( , ) { } { } 0

0 1 0 0

1 0
( , ) { } 0

0 1

0 1 0 0
( , ) { } { } 0

1 0 0 0

0 1
( , ) { }

1 0

z x

z y

z

x y

x

tr tr

i i
tr tr

i i

tr

i i
tr tr

i i

tr

     
= = =     

− −     

− −     
= = =     

− −     

 
= = 

− 

−     
= = =     

−     

 
=  

 

σ σ

σ σ

σ I

σ σ

σ I 0=
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0
( , ) { } 0

0
y

i
tr

i

− 
= = 

 
σ I        . 

(b)                           

To normalize, we consider the inner product of each matrix with itself, 
†( , ) { }tr=A A A A ,   

0 1 0 1 1 0
( , ) { } { } 2

1 0 1 0 0 1

0 0 1 0
( , ) { } { } 2

0 0 0 1

1 0 1 0 1 0
( , ) { } { } 2

0 1 0 1 0 1

x x

y y

z z

tr tr

i i
tr tr

i i

tr tr

     
= = =     

     

− −     
= = =     

     

     
= = =     

− −     

σ σ

σ σ

σ σ

 

1 0
( , ) { } 2

0 1
tr

 
= = 

 
I I  . 

Hence, the normalized matrices are 

1 01

0 12
z

 
=  

− 
σ       ;     

0 11

1 02
x

 
=  

 
σ       ;     

01

02
y

i

i

− 
=  

 
σ      ;     

1 01

0 12

 
=  

 
I .                               

(c) 

For a general matrix, 
x y

z w

 
 
 

, the inner products with the normalized Pauli matrices read, 

1 01
( , ) { }

0 12 2

0 11
( , ) { }

1 02 2

01
( , ) { }

02 2

x

y

x y x y x w
tr

z w z w

x y x y z y
tr

z w z w

x y i x y y z
tr i

z w i z w

      +
= =     

     

      +
= =     

     

−      −
= =     

     

I

σ

σ

1 01
( , ) { }

0 12 2
z

x y x y x w
tr

z w z w

      −
= =     

−     
σ . 

The latter are readily shown to be the expansion coefficients in the representation of the matrix,  

x y

z w

 
 
 

, as a linear combination of the Pauli matrices,  
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1 0 1 0 0 1 0 11 1 1 1
{ } { }

0 1 0 1 1 0 1 02 2 2 2

0 0 1 0 1 01 1 1 1
{ } { }

0 0 0 1 0 12 2 2 2

x y x y x y
tr tr

z w z w z w

i x y i x y
tr tr

i z w i z w

             
= +             

             

− −           
+ +           

− −           

0 0 0 0
2 2 2 2

0 0 0 0
2 2 2 2

x w z y y z x w

x w z y z y w x

+ + − −       
       

= + + +       
+ + − −       

              

   . 

 

Exercise 16.4.1 Use the Schrödinger equation for the coherent states, 

ˆ( ) ( ) ( )i ii t H t t
t
 


=


, and the Hermitian conjugated equation to show that the time-derivative 

of the density operator (Eq. (16.2.3)) is given by Eq. (16.4.1). 

Solution 16.4.1 

Given the time-dependent Schrodinger equation, ˆ( ) ( ) ( )i ii t H t t
t
 


=


, and its Hermitian 

conjugate, ˆ( ) ( ) ( )i ii t t H t
t
 


− =


, and using the definition of the density operator, Eq. (16.2.3), 

we obtain the Liouville-Von Neumann equation,  

 
1 1 1

1 1

ˆ ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( )

N N N

i i i i i i i i i

i i i

N N

i i i i i i

i i

t w t t w t t w t t
t t t t

i i
w H t t w t t H

      

   

= = =

= =

   
= = +

   

−
= +

  

 

ˆ ˆ[ , ( )]
i

H t
−

=  . 

 

Exercise 16.4.2 (a) Show that by its definition, the density operator (Eq. (16.2.3)) can be 

formulated using the time evolution operator (Eq. (15.2.2)),  
†ˆ ˆˆ ˆ( ) ( ,0) (0) ( ,0)t U t U t = .  (b) Show 

that the Heisenberg picture representation (Eq. (15.3.16)) of the density operator, ˆ ( )H t , is time-

independent. (c) Use Eq. (15.3.17) to show that the time derivative of ˆ ( )H t  vanishes at all times. 

Solution 16.4.2 
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(a) 

Using Eq. (15.2.2) we have, ˆ( ) ( ,0) (0)i it U t = , and  
†ˆ( ) (0) ( ,0)i it U t = .  

Consequently,  

†

1 1

ˆ ˆˆ( ) ( ) ( ) ( ,0) (0) (0) ( ,0)
N N

i i i i i i

i i

t w t t wU t U t    
= =

 = 

† †

1

ˆ ˆ ˆ ˆˆ( ,0) (0) (0) ( ,0) ( ,0) (0) ( ,0)
N

i i i

i

U t w U t U t U t  
=

 
= = 

 
  . 

(b) 

The Heisenberg picture representation (Eq. (15.3.16)) of the density operator reads 

†ˆ ˆˆ ˆ( ) ( ,0) ( ) ( ,0)H t U t t U t  . Using the result of (a) we have, 
†ˆ ˆˆ ˆ( ) ( ,0) (0) ( ,0)t U t U t = , and 

therefore,  
† †ˆ ˆ ˆ ˆˆ ˆ( ) ( ,0) ( ,0) (0) ( ,0) ( ,0)H t U t U t U t U t = . Using the unitarity of the time-evolution 

operator (Eq. (15.2.5)), 
†ˆ ˆ ˆ( ,0) ( ,0)U t U t I= , we obtain ˆ ˆ( ) (0)H t = . 

(c)  

Using Eq. (15.3.17), the time-derivative of the Heisenberg operator ˆ ( )H t  reads  

ˆ ˆˆ ˆ ˆ ˆ ˆ( ) [ ( ), ( )] ( ) [ ( ), ( )] ( )H H H H

H H

i i
t H t t t H t t t

t t t
    

     
= + = +        

  .    

Using the Liouville-Von Neumann equation (Eq. (16.4.1)) for the second term, we obtain    

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( ) [ ( ), ( )] ( ) [ ( ), ( )] [ ( ), ( )] 0H H H

H H

i i i
t H t t t H t t H t t

t t
    

  −   
= + = + =       

 . 

 

Exercise 16.4.3 Given a finite basis for the system’s Hilbert space, where operators are 

represented as N N  matrices, Use Eqs. (16.3.6, 16.3.8) to show that the Liouville super operator 

can be represented as   a matrix of dimensions 
2 2N N , 

t=  − L H I I H , where H  and I  are, 

respectively, the matrix representation of the Hamiltonian and the identity (use the matrix tensor 

product definition, Eqs. (11.6.17, 11.6.18), to show that 

( ) ,( ', '),( , )', '
,

ˆ ˆˆ ˆ t

n mn m n mn m
m n

H H   − =  − 
   H I I H ).    

Solution 16.4.3 
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Using the general relations (Eqs.  (16.3.6, 16.3.8)), 
', ', ,

', '
,

ˆˆ
n n m m n m

n m
m n

BA B A  =
    and 

', , ' ,
', '

,

ˆ ˆ
n n m m n m

n m
m n

AB B A  =
   , we obtain 

', ', ,
', '

,

ˆ ˆ
n n m m n m

n m
m n

H H    =
     and   

', , ' ,
', '

,

ˆˆ
n n m m n m

n m
m n

H H    =
   .  

Consequently, we obtain ( )', ', ', , ' ,
', '

,

ˆ ˆˆ ˆ
n n m m n n m m n m

n m
m n

H H H H     − = −
   . Using Eq. (11.6.18) we 

can identify the matrix elements,  ', ', ( ', '),( , )n n m m n m n m
H  = H I   and 

', , ' ( ', '),( , )

t

n n m m n m n m
H  =  I H , 

to obtain  

( ) ( )', ', ', , ' , ,( ', '),( , )', '
, ,

ˆ ˆˆ ˆ t

n n m m n n m m n m n mn m n mn m
m n m n

H H H H      − = − =  − 
    H I I H . 

 

Exercise 16.5.1 Given a time-independent system Hamiltonian, any pure state can be expanded 

in terms of the stationary solutions (Eq. (15.1.5)), 
( )( )

n

it

i

i n n

n

t a e


 
−

= , where 
n  are the 

Hamiltonian eigenstates, ˆ
n n nH   = . (a) Use this expansion and the definition of the system’s 

density operator, Eq. (16.2.3), to show that the matrix representation of the density operator in the basis 

of the Hamiltonian eigenstates reads ( )
'( )*

( ) ( )

' '
ˆ( )

m m

it

i i

m m i m m

i

t w a a e
 

  
−

−

= . (b) Show that the 

equilibrium requirement, '
ˆ( ) 0m mt

t
  


=


, means that off-diagonal matrix elements between 

non-degenerate Hamiltonian eigenstates ( 'm m  ) must vanish identically. (c) Show that any density 

matrix that is diagonal in the basis of stationary states, ' ',
ˆ( )m m m mt    , must be time-

independent. (d) Given the diagonal representation of the equilibrium density operator in the basis of 

Hamiltonian eigenstates { n } (Eq. (16.5.4)), show that 
( )ˆ eq

n n nw  = . 

Solution 16.5.1 

(a) 
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Using the expansions of state vectors in term of stationary states,  
( )( )

n

it

j

j n n

n

t a e


 
−

= , the 

density operator reads ( )
'*

( ) ( )

' '

, , '

ˆ( ) ( ) ( )
n n

it it

j j

j j j j n n n n

j j n n

t w t t w a e a e
 

    
−

 =  . 

The matrix elements in the basis of stationary states are therefore,   

( )
'*

( ) ( )

' ' ' ', ',

, , '

ˆ ( ) ( ) ( )
n n

it it

j j

m m m j j j m j n n m n n m

j j n n

t w t t w a e a e
 

        
− 

 = 
 
 

( ) ( )
' '( )* *

( ) ( ) ( ) ( )

' '

m m m m

it it it

j j j j

j m m j m m

j j

w a e a e w a a e
   

− −
−

= =   . 

(b) 

Using the result of (a), the time-derivative of any matrix element reads 

( )
'( ) *

( ) ( )

' ' '
ˆ( ) [ ]

m m

it

j j

m m m m j m m

j

i
t e w a a

t

 

    
−

− −
= −


 . 

 For the equilibrium density we have, '
ˆ( ) 0m mt

t
  





, and therefore,  

( )
'( ) *

( ) ( )

' '[ ] 0
m m

it

j j

m m j m m

j

i
e w a a

 

 
−

−−
− = . 

If m  and 'm  are non-degenerate eigenstates of the system Hamiltonian, namely ' 0m m −  , 

the equilibrium condition means that ( )
*

( ) ( )

' 0j j

j m m

j

w a a = . Consequently, the respective matrix 

element vanishes at any time, ( )
'( )*

( ) ( )

' '
ˆ( ) 0

m m

it

j j

m m j m m

j

t w a a e
 

  
−

−

= = . 

(c) 

Using the result of (a) for the matrix representation of ˆ( )t  in the basis of stationary states, 

( )
'( )*

( ) ( )

' '
ˆ( )

m m

it

j j

m m j m m

j

t w a a e
 

  
−

−

= , we readily notice that the diagonal matrix elements are 

time-independent. Hence, if all the off-diagonal matrix elements vanish identically, the entire matrix is 

time-independent. 

(d) 
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Given 
( )

' ' '

'

ˆ eq

n n n

n

w  =  (Eq. (16.5.4)), we readily obtain  

( )

' ' '

'

ˆ eq

n n n n n n n

n

w w     = = . 

 

Exercise 16.5.2  Show that the von Neumann equilibrium entropy, Eq. (16.5.11) vanishes for a 

pure state, namely when the weights are either 0nw →  or 1nw → .  

Solution 16.5.2 

For 0nw →  we obtain  0 0 0 2

ln( ) 1/
lim ln( ) lim lim 0

1/ 1/n n n

n n
w n n w w

n n

w w
w w

w w
→ → →

   
= = =   

−   
. 

For 1nw →  we obtain  1lim ln( ) 0
nw n nw w→ = . 

Therefore, if { } (0,1)nw  , then 
( ) ln( ) 0eq

n n

n

S w w= − = . 

 

Exercise 16.5.3 The statistical weights at equilibrium are obtained by maximizing the von 

Neumann entropy, subject to constraints. For a random ensemble the only constraint is the 

normalization, 
1

1
N

n

n

w
=

= , which can be imposed in terms of a Lagrange multiplier  . The function to 

be maximized in this case is 
( )

1 2 1 2

1

( , ,...) ( , ,...) 1
N

eq

n

n

F w w S w w w
=

 
= − − 

 
 . Apply the necessary 

condition for a maximum, 
1 2( , ,...) 0

n

F w w
w

 
= 

 
, and show that the maximum is obtained when the 

weight is uniform for all the stationary states, namely, 
(1 )

nw e − += .  Determine the value of   by the 

normalization constraint to show that the equilibrium weights in this case read 
1

nw
N

= . 

Solution 16.5.3 

To maximize the entropy, ' '

' 1

ln( )
N

n n

n

w w
=

− ,  under the normalization constraint, 
1

1
N

n

n

w
=

= , we set to 

zero the derivative of 1 2 ' '

' 1 1

( , ,...) ln( ) 1
N N

n n n

n n

F w w w w w
= =

 
= − − − 

 
  , with respect to { nw },  
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1 2 ' ' '

' 1 ' 1

1 2

( , ,...) ln( ) 1

( , ,...) ln( ) 1 0

ln( ) (1 )

N N

n n n

n n

n

n

n

F w w w w w

F w w w
w

w







= =

 
= − − − 

 


 = − − − =



 = − +

 

 

(1 )

nw e − + =  . 

To determine the value of the Lagrange multiplier,  , we normalize,    

(1 )

1

1 1 ln( ) 1
N

n

n

w Ne N − +

=

=  =  = − . 

Therefore, 
(1 ) ln( ) 1N

nw e e
N

− + −= = = . 

 

Exercise 16.5.4 For a canonical ensemble, the weights of the stationary states are constrained, 

such that 
1

1
N

n

n

w
=

=  and 
1

N

n n

n

w U
=

= . (a) Derive Eq. (16.5.14) by maximizing the von Neuman 

entropy subject to these constraints. Determine the value of   by the normalization constraint to show 

that the equilibrium weights are given in this case by Eq. (16.5.15). 

Solution 16.5.4 

To maximize the entropy, ' '

' 1

ln( )
N

n n

n

w w
=

− ,  under the constraints 
1

1
N

n

n

w
=

=  and 
1

N

n n

n

w U
=

= , we 

set to zero the derivative of  

 1 2 ' '

' 1 1 1

( , ,...) ln( ) 1
N N N

n n n n n

n n n

F w w w w w w U  
= = =

   
= − − − − −   

   
   ,  

with respect to { nw }, 

1 2( , ,...) ln( ) 1 0

ln( ) (1 )

n n

n

n n

F w w w
w

w

 

 


= − − − − =



= − + +

 

(1 )n

nw e
 − + +

=  . 

To determine the value of the Lagrange multiplier  , we normalize,   
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(1 ) (1 ) (1 )

1 1 1

1
1n n

n

N N N

n

n n n

n

w e e e e
e

   



− + + −− + − +

−
= = =

= = =  =  


. 

Therefore, 
n

n
n

n

e
w

e





−

−
=


. 

 

Exercise 16.5.5 Derive Eq. (16.5.18) by substitution of the result, Eq. (16.5.17), for the 

canonical ensemble in the general expression for the density matrix, Eq. (16.5.4), and by using Eq. 

(16.5.5). 

Solution 16.5.5 

Using 

n

Bk T

n

e
w

Z

−

=  with 
1

n

B

N
k T

n

Z e

−

=

=  (Eq. (16.5.17)), the general expression for the equilibrium density 

(Eq. (16.5.4)) yields,  
( )

1 1

ˆ

n

Bk TN N
eq

n n n n n

n n

e
w

Z



    

−

= =

= =  .  Since 
n  are the Hamiltonian 

eigenstates, ˆ n n nH   = , we obtain,  

ˆ ˆ ˆ

( )

1 1 1

1 1 1
ˆ

n

B

B B B

H H Hk TN N N
k T k T k Teq

n n n n n n

n n n

e
e e e

Z Z Z Z



      

−
− − −

= = =

= = = =    . 

Similarly, 

ˆ ˆ

1 1

{ }
n

B B B

H HN N
k T k T k T

n n

n n

Z e e tr e



 

− − −

= =

= = =  . Consequently, we obtain, 

 

ˆ

( )

ˆ
ˆ

{ }

B

B

H

k T
eq

H

k T

e

tr e



−

−
= . 

 

Exercise 16.5.6 For a grand canonical ensemble, the weights of the stationary states are 

constrained, such that 
1

1
N

n

n

w
=

= ,  
1

N

n n

n

w U
=

= , and  
0

1

N

n n

n

w N N
=

= . Derive Eq. (16.5.22) by 

maximizing the von Neuman entropy subject to these constraints.  

Solution 16.5.6 
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To maximize the entropy, 
' '

' 1

ln( )
N

n n

n

w w
=

− ,  under the constraints 
1

1
N

n

n

w
=

= ,  
1

N

n n

n

w U
=

= , and  

0

1

N

n n

n

w N N
=

= , we set to zero the derivative of 

 
1 2 ' ' 0

' 1 1 1 1

( , ,...) ln( ) 1
N N N N

n n n n n n n

n n n n

F w w w w w w U N w N   
= = = =

     
= − − − − − − −     

     
    ,  

with respect to { nw }, 

1 2( , ,...) ln( ) 1 0

ln( ) (1 )

n n n

n

n n n

F w w w N
w

w N

  

  


= − − − − − =



= − + + +

 

(1 )n nN

nw e
  − + + +

= . 

To determine the value of the Lagrange multiplier  , we normalize,   

(1 ) (1 ) (1 )

1 1

1

1
1 1n n n n

n n

N N
N N

N
Nn n

n

e e e e

e

     

 

− + + + − −− + − +

− −= =

=

=  =  = 


. 

Therefore, 

1

n n

n n

N

n N
N

n

e
w

e

 

 

− −

− −

=

=


. 

 

Exercise 16.5.7 Derive Eq. (16.5.25) by substitution of the result, Eq. (16.5.24), for the grand 

canonical ensemble in the general expression for the density matrix, Eq. (16.5.4), and by using Eqs. 

(16.5.5, 16.5.19). 

Solution 16.5.7 

Using 

1
( )1 n n

B

N
k T

nw e
Z

 
−

−

=  with 

1
( )

1

n n
B

N N
k T

n

Z e
 

−
−

=

=  (Eq. (16.5.24)), the general expression for the 

equilibrium density (Eq. (16.5.4)) yields,  

1
( )

( )

1 1

ˆ

n n
B

N
k TN N

eq

n n n n n

n n

e
w

Z

 

    

−
−

= =

= =  .       
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Since 
n  are eigenstates of the system Hamiltonian, ˆ

n n nH   =  (Eq. (16.5.5)), and of the 

number operator, ˆ n n nN N =  (Eq. (16.5.19)), we obtain 

1 1 ˆ ˆ( ) ( )

( )

1 1 1

ˆ

n n
B B

N H N
k T k TN N N

eq

n n n n n n n

n n n

e e
w

Z Z

  

      

− −
− −

= = =

= = =  

1 1ˆ ˆ ˆ ˆ( ) ( )

1

B B

H N H N
k T k TN

n n

n

e e

Z Z

 

 

− −
− −

=

= =  . 

Similarly, 

1 1 1ˆ ˆ ˆ ˆ( ) ( ) ( )

1 1 1

{ }
n n

B B B

N N NN H N H N
k T k T k T

n n

n n n

Z e e tr e
   

 

− − −
− − −

= = =

= = =   . Consequently, we 

obtain,  

1 ˆ ˆ( )

( )

1 ˆ ˆ( )

ˆ

{ }

B

B

H N
k T

eq

H N
k T

e

tr e






−
−

−
−

= . 
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17  Quantum Rate Processes 

 

Exercise 17.1.1 (a) Use the first-order Dyson expansion, 
( )

0

ˆ ˆ( ,0) ' ( ')

t

I

I

i
U t I dt V t

−
 +  , in the 

exact expression for the transition rate (Eq. (15.5.13)) to obtain the first order approximation for the 

rate, Eq. (17.1.1). (b) Show that when the initial and final states are eigenstates of 0Ĥ  the first order 

approximation for the rate is given by Eq. (17.1.2). 

Solution 17.1.1 

(a) 

Starting from Eq. (15.5.13), 
†( ) ( )1 ˆ ˆ ˆ( ) 2 Im ( ,0) ( ) ( ,0)I I

i f i f f I ik t U t V t U t   → = , and using 

the first order Dyson expansion of the time-evolution operator, 
( )

0

ˆ ˆ( ,0) ' ( ')

t

I

I

i
U t I dt V t

−
 +  , we 

obtain 

(1)

0 0

1 ˆ ˆ ˆ( ) 2 Im ' ( ') ( ) ' ( ')

t t

i f i I f f I I i

i i
k t I dt V t V t I dt V t   →

   −
= + +   

   
  .  

For 0f i  = , keeping only terms up to second order in the interaction, we obtain   

(1)

0 0

0

1 ˆ ˆ ˆ( ) 2 Im ' ( ') ( ) ' ( ')

1 ˆ ˆ2Im ' ( ') ( )

t t

i f i I f f I I i

t

i I f f I i

i i
k t I dt V t V t I dt V t

i
dt V t V t I

   

   

→

   −
 + +   

   

 
     

 

 



2

0

2 ˆRe ' ( ') ( )

t

i I f f I idt V t V t      . 

(b) 

Using 
0 0
ˆ ˆ

ˆ ˆ( ) ( )
it it

H H

IV t e V t e
−

=  , we have   

0 0 0 0

' 'ˆ ˆ ˆ ˆ
(1)

2

0

2 ˆ ˆ( ) Re ' ( ') ( )

t it it it it
H H H H

i f i f f ik t dt e V t e e V t e   
− −

→ =  . 
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Using 
0
ˆ

i i iH   =  and 
0
ˆ

f f fH   = , we obtain 

0 0 0 0

' 'ˆ ˆ ˆ ˆ
(1)

2

0

' '

2

0

2 ˆ ˆ( ) Re ' ( ') ( )

2 ˆ ˆRe ' ( ') ( )
i f f i

t it it it it
H H H H

i f i f f i

t it it it it

i f f i

k t dt e V t e e V t e

dt e V t e e V t e
   

   

   

− −

→

− −

=

=





( )( ')

2

0

2 ˆ ˆRe ' ( ') ( )
f i

t i
t t

i f f idt e V t V t
 

   
− −

=    . 

Changing integration variable, 't t − = , we obtain Eq. (17.1.2), 

( )
(1)

2

0

2 ˆ ˆ( ) Re ( ) ( )
f i

t i

i f i f f ik t d e V t V t
  

     
−

→ = − . 

 

Exercise 17.1.2 The first order approximation for the transition probability is given by Eq. 

(15.6.10). Show that the rate expression, Eq. (17.1.2), is indeed the time derivative of the transition 

probability.  

Solution 17.1.2 

Starting from the first order approximation to the transition probability (for 
0

ˆ ˆ ˆ( , ) ( )H t H V t = + , 

Eqs. (15.6.1, 15.6.10)),   

2
2

( ) '
(1)

2

0

ˆ( ) ' ( ')
f i

t i
t

i f f iP t dt e V t
 

 
−

→ = 

2
( ) ' ( ) ''

2

0 0

ˆ ˆ' ( ') '' ( '')
f i f i

t ti i
t t

i f f idt e V t dt e V t
   

   
−

− −  
=   

  
   . 

Taking the derivative with respect to t , we reproduce Eq. (17.1.2) for 1 = ,  

2
( ) ' ( )

(1)

2

0

2
( ) ( ) '

2

0

ˆ ˆ( ) 2Re ' ( ') ( )

ˆ ˆ2Re ' ( ') ( )

f i f i

f i f i

t i i
t t

i f i f f i

ti i
t t

i f f i

P t dt e V t e V t
t

e dt e V t V t

   

   


   


   

−
− −

→

−
− −


=



=
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2
( )( ')

2

0

2 ˆ ˆRe ' ( ') ( )
f i

t i
t t

i f f idt e V t V t
 

   
− − 

=  
 


2
( )

2

0

2 ˆ ˆRe ( ) ( )
f i

t i

i f f id e V t V t
  

     
− 

= − 
 
  . 

 

Exercise 17.1.3 Derive the expression for the time-dependent transition rate, Eq. (17.1.3), from 

Eq. (17.1.2) for a time-independent interaction operator, ˆ ˆ( )V V . 

Solution 17.1.3 

When the interaction term in the Hamiltonian is time-independent, namely ˆ ˆ( )V V , Eq. (17.1.2) 

reads 

  
( )

(1)

2

0

2 ˆ ˆ( ) Re
f i

t i

i f i f f ik t d e V V
  

    
−

→ =  . 

Carrying out the time-integration, we obtain Eq. (17.1.3),  

( )
(1)

2

0

2 2

( )

2 2

0 0

2 ˆ ˆ( ) Re

ˆ ˆ2 2
Re cos(( ) / )

f i

f i

t i

i f i f f i

t ti
f i f i

f i

k t d e V V

V V
e d d

  

  

    

   
    

−

→

−

=

= = −



 

2
ˆ2 ( )

sin( )
( )

f i f i

f i

V t   

 

−
=

−
 .    

 

Exercise 17.2.1 One of the representations of Dirac’s delta reads 

( )1
( ) exp( )

2

f i

i f

i
d d

  
    





−

− −
− =  . Use this representation to calculate the infinite time 

limit of the first-order rate, Eq. (17.2.11), as given in Eq. (17.2.12) (notice that the integrand in Eq. 

(17.2.11) is an even function of time). 

Solution 17.2.1 

Replacing the upper limit of the time integral by infinity, the expression for the first-order rate (Eq. 

(17.2.11)) reads 
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(1)

{ } ,{ } ,{ }2 2

0 0

1 1
( ) ( )cos(( ) / ) ( ) cos(( ) / )

t

i f i f i i f ik t d d J d d J           
 



→ = −  −    . 

Noticing that the integrand is an even function of  , we obtain, 

( ) /

,{ } ,{ }2 2

0

1 1
cos(( ) / ) Re ( )

2
ii

i f i i fd d J d d J e
         

 

 

− −

−

− =    . 

Using this result and the identity, 
( )1

( ) exp( )
2

f i

i f

i
d d

  
    





−

− −
− =  , in the rate expression, 

we obtain Eq. (17.2.12),  

( ) /(1)

{ } ,{ } ,{ } ,{ }2

1 1 1
Re ( ) ( ) ( )

2
ii

i f i f i f i i f ik d d J e d J J
         





− −

→

−

 = − =   . 

 

Exercise 17.2.2 The spectral density for a discretely resolved density of states reads 

2

,{ } ,{ }( ) 2 ( ) ( )i f i f f f

f

J       − .  (a) Show that Eq. (17.2.13) is obtained directly from Eq. 

(17.2.12) in this case. (b) Derive Eq. (17.2.13) by substituting the given spectral density in Eq. (17.2.11), 

and taking the infinite time limit of the integral.  

Solution 17.2.2   

(a) 

Using 2

,{ } ,{ }( ) 2 ( ) ( )i f i f f f

f

J       −  in Eq. (17.2.12) for the transition rate, we readily obtain, 

,{ } 2

{ } ,{ }

( ) 2
( ) ( )

i f i

i f i f f i f

f

J
k

 
    → = = − . 

(b) 

Starting from 
(1)

{ } ,{ }2

0

1
( ) ( )cos(( ) / )

t

i f i f ik t d d J     


→ = −  , with the spectral density, 

2

,{ } ,{ }( ) 2 ( ) ( )i f i f f f

f

J       − , we obtain    
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(1)

{ } ,{ }2

0

1
( ) ( )cos(( ) / )

t

i f i f ik t d d J     


→ = − 

2

,{ }2

0

2
( ) ( )cos(( ) / )

t

i f f f i

f

d d         = − −   . 

Replacing the upper limit of the time integral by infinity, noticing that the time-integrand is an even 

function of time, and using, 
( )

exp( ) 2 ( )i
i

i
d d

  
     



−

−
= − , we obtain 

(1) 2

{ } ,{ }2

2

,{ }2

2

,{ }

1
( ) ( ) ( ) cos(( ) / )

1
Re ( ) ( )exp( ( ) / )

2
( ) ( ) ( )

i f i f f f i

f

i f f f i

f

i f f f i

f

k t d d

d d i

d

         

         


        



→

−



−

 − −

= − −

= − −

 

 



2

,{ }

2
( ) ( )i f f i f

f


    = −  . 

 

Exercise 17.2.3 The energy integral in Eq. (17.2.11) is related to the Fourier transform of the 

spectral density, / /

,{ } ,{ }( ) cos(( ) / ) Re ( )ii i

i f i i fd J e d J e
        −

− =  . Show that for the 

“square window” spectral density function, given in Eq. (17.2.14), the energy-integral reads 

0
0 0

0

sin( / )
2 Re

/

ii

J e
 

 


 

−

.  

Solution 17.2.3 

For a “square window” spectral density function,  

0 0

,{ }

0

; | |
( )

0 ; | |
i f

J
J

 


 


= 


, 

we have 
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0

0

0 0

0

0

,{ } 0

( )

0
0 0 0

( ) cos(( ) / ) cos(( ) / )

sin( / )
Re Re 2 Re

i i i

i f i i

i i
i i i

d J J d

e e
J d e J e J e

i





   
       



        

 


 

−

−
− − −

−

− = −

−
= = =

 



0
0 0

0

sin( / )
2 Re

/

ii

J e
 

 


 

−

=  . 

 

Exercise 17.2.4 (a) One of the representations of Dirac’s delta reads 
sin( )

( ) lim
x

x
x







→=

. Use it to show that the infinite bandwidth limit of the transition rate in Eq. (17.2.17) is 0
{ }i f

J
k → = . 

(b) In Fig. 17.2.2 numerical results are presented for a discrete model, in which the initial state energy 

is set to zero, 0i = , and the final ensemble includes N  states in the energy range, 0 0f  −   , 

with a constant coupling matrix element, ˆ
f iV V    and a constant nearest level spacing,  . As 

N  increases (at a constant level spacing), the rates calculated by Eq. (17.2.3) are shown to converge 

to 
(1) 2

{ } 2 / ( )i f N
k V→ →

⎯⎯⎯→  . Obtain this result analytically by replacing the discrete summation 

over final states by an integral with a constant density of states,  1/ =  . Show that the discrete model 

coincides with the result of the continuous model (a) by identifying the spectral density, 
2

0 2 /J V= 

. 

Solution 17.2.4 

(a) 

Considering Eq. (17.2.17),   

( )
0 0 0 0 0

{ } 2 2

00 0

2 sin( / ) 2 sin( / )
cos( / ) cos( / )

/ /

t t

i f i i

J J
k d d

    
     

    
→ = =  , 

and using,  
0

0sin( / )
( / ) ( )

/ 

 
    

 →
⎯⎯⎯→ = , we obtain in the infinite band limit,  

0

0 0 0
{ } 2

0

2
cos( / ) ( ) ( )

t t

i f i

t

J J J
k d d


       


→ →

−

⎯⎯⎯→= = =  . 

(b) 
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Eq. (17.2.3), 
2

(1)

{ } ,2
{ }0

2 ˆ( ) cos( )

t

i f f i f i

f f

k t V d    →



=  , obtains a simple form when applied 

to a uniform band mode with ˆ
f iV V    .  Using dimensionless variables, 

, ,

f i

f i f i
V V

 
 

−
= = , 

V
t t=  and  

(1) (1)

{ } { }( ) ( )i f i fk t k t
V

→ →= , we obtain,  

2
(1) (1)

{ } , { } ,2
{ } 10 0

2
( ) cos( ) ( ) 2 cos( )

t t N

i f f i i f f i

f f f

V
k t d k t d     → →

 =

=  =   . 

Replacing the discrete states with a continuous finite band, 
max , maxf i  −   , we obtain: 

max

max

(1)

{ } ,

10 0

( ) 2 cos( ) 2 ( ) cos( )

t tN

i f f i

f

k t d d d





       →

= −

= →   .  

For a constant density of states, ( ) 1/  =  , we define, ( ) 1/ /V  =  =  . Hence,  

max

max

(1) max
{ }

0 0

sin( )2 4
( ) cos( )

t t

i fk t d d d





 
   


→

−

→ =
    . 

To obtain the rate in the infinite band limit, max → , we make use of the identity, 

( )0

sin( )

2

t

x

x
d

 


 →
⎯⎯⎯→ , and therefore, 

(1)

{ }

4 2
( )

2
i fk t

 
→ → =

 
. Returning to the original variables, 

we obtain 

2
(1) (1)

{ } { }

2
( ) ( )i f i f

V V
k t k t


→ →= →


. Comparing to the general result for an infinite uniform 

band 
0

{ }i f

J
k → →  (see (a)), the spectral density for this model is identified as 

2
2

0

2
2

V
J V


 = =



. 

 

Exercise 17.3.1 Use Eq. (15.5.8) for the exact state-to-state transition rate, ( )i fk t→ , and 

derive Eq. (17.3.8). 

Solution 17.3.1 

Starting from Eq. (15.5.8), 
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†ˆ ˆ( ) 2Re { ( ,0) ( ,0) }i f f f i i

d
k t tr U t U t

dt
   → =

† † *ˆ ˆ ˆ ˆ{ ( ,0) ( ,0) } { ( ,0) ( ,0) }f f i i f f i i

d d
tr U t U t tr U t U t

dt dt
       = +  ,  

and using 
* †ˆ ˆ{ } { }tr A tr A= , and ˆ ˆˆ ˆ{ } { }tr AB tr BA= , we obtain Eq. (17.3.8),  

† †

†

ˆ ˆ ˆ ˆ( ) { ( ,0) ( ,0) ( ,0) ( ,0)}

ˆ ˆ{ ( ,0) ( ,0) }

i f f f i i i i f f

f f i i

d d
k t tr U t U t U t U t

dt dt

d
tr U t U t

dt

       

   

→ = +

=

†ˆ ˆ{ ( ,0) ( ,0)}f f i i

d
tr U t U t

dt
   = . 

 

Exercise 17.3.2 (a) Substitute Eqs. (17.3.6, 17.3.8) in Eq. (17.3.7), and use the definition of the 

projection operators to the initial and final ensembles, 
{ }
ˆ

iP  and 
{ }
ˆ

fP  (use Eqs. (17.3.1-17.3.3), and 

recall that { }

{ }

ˆ ˆ ˆ{ }i i i

i i

A tr AP 


= ) to derive the result for the transition rate between the two 

ensembles, 
†

{ } { } { } { }
ˆ ˆ ˆˆ( ) { ( ,0) (0) ( ,0)}i f f i

d
k t tr P U t U t

dt
→ = . (b)  Use this result and the definition of the 

time-dependent density operator (Ex. 16.4.2) to show that, { } { } { } { }
ˆ ˆ( ) { ( )}i f f i

d
k t tr P t

dt
→ = . (c) Use the 

result of (a) and the definition of the Heisenberg picture representation of 
{ }
ˆ

fP  (Eq. (15.3.16)) to show 

that 
{ }

{ } { } { }
ˆ ˆ ˆ( ) { [ , ( )] (0)}f

i f H i

i
k t tr H P t → = . 

Solution 17.3.2 

(a) 

Substituting Eqs. (17.3.6, 17.3.8) in Eq. (17.3.7) we obtain 
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0

0

{ } { }

{ } { }

/( )
†

{ } { }{ }

ˆ /( )
†

{ } { } { }

ˆ /( )

{ } { }{ }

( ) (0) ( )

e ˆ ˆ{ ( ,0) ( ,0)}

eˆ ˆ{ ( ,0) ( ,0)}

eˆ{ ( ,0)

i B

B

B

i f i i f

i i f f

k T

f f i i

i i f fi

H k T

f f i i

i i f f i

H k T

f f i i

f f i ii

k t P k t

d
tr U t U t

Z dt

d
tr U t U t

dt Z

d
tr U t

dt Z



   

   

   

→ →

 

−

 

−

 

−

 



=

=

=

 

 

 

  †ˆ ( ,0)}U t

0
ˆ /( )

†

{ } { }

{ }

eˆ ˆ ˆ ˆ{ ( ,0) ( ,0)}
BH k T

f i

i

d
tr P U t P U t

dt Z

−

=  . 

Identifying 
/( )

{ }

{ }

e i Bk T

i

i i

Z
−



  (Eq. (17.3.5)) as, 0
ˆ /( )

{ }

{ }

e BH k T

i i i

i i

Z  −



= 0
ˆ /( )

{ }
ˆ{e }BH k T

itr P
−

= , 

and using the definition of 
{ }
ˆ (0)i  (see Eq. (17.3.10)), 

0

0

ˆ /( )

{ }

{ } ˆ /( )

{ }

ˆe
ˆ (0)

ˆ{e }

B

B

H k T

i

i H k T

i

P

tr P


−

−
 , we obtain 

†

{ } { } { } { }
ˆ ˆ ˆˆ( ) { ( ,0) (0) ( ,0)}i f f i

d
k t tr P U t U t

dt
→  . 

(b) 

Using 
†

{ } { } { } { }
ˆ ˆ ˆˆ( ) { ( ,0) (0) ( ,0)}i f f i

d
k t tr P U t U t

dt
→    and the definition 

†ˆ ˆˆ ˆ( ) ( ,0) (0) ( ,0)t U t U t =

, we obtain { } { } { } { }
ˆ ˆ( ) { ( )}i f f i

d
k t tr P t

dt
→  . 

(c) 

Using 
†

{ } { } { } { }
ˆ ˆ ˆˆ( ) { ( ,0) (0) ( ,0)}i f f i

d
k t tr P U t U t

dt
→   and the definition of the Heisenberg operators 

(Eqs. (15.3.16, 15.3.18)), 
†ˆ ˆˆ ˆ( ) ( ,0) ( ) ( ,0)HO t U t O t U t ,  where ˆ ˆˆ( ) [ ( ), ( )]H H H

i
O t H t O t

t


=


, we 

obtain 

†

{ } { } { } { }

†

{ } { }

ˆ ˆ ˆˆ( ) { ( ,0) (0) ( ,0)}

ˆ ˆ ˆ ˆ{ ( ,0) ( ,0) (0)}

i f f i

f i

d
k t tr P U t U t

dt

d
tr U t P U t

dt





→ =

=

{ } { }

{ } { }
ˆ ˆ ˆˆ ˆ{ ( ) (0)} { [ , ( )] (0)}f f

H i H i

d i
tr P t tr H P t

dt
 = =  . 
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Exercise 17.3.3 Use Eq. (17.2.3) for 
(1)

{ }( )i fk t→
, and Eq. (17.3.6) for the thermal weights ({

(0)iP }), to derive Eq. (17.3.12). 

Solution 17.3.3 

Using Eq. (17.3.11) for the approximate transition rates, with the initial thermal weights (Eq. 

(17.3.6)), and the state-specific rates (Eq. (17.2.3)), we obtain 

(1) (1)

{ } { } { }

{ }

( )/( )
2

2
{ } { }{ } 0

( )/( )

2
{ } { }{ } 0

2
{ } { }{ } 0

( ) (0) ( )

e 2 ˆRe

e 2 ˆ ˆRe

1 2 ˆ ˆRe

f ii B

f ii B

f i

i f i i f

i i

itk T

f i

i i f fi

itk T

i f f i

i i f fi

it i

i f f

i i f fi

k t P k t

V e d
Z

V V e d
Z

V e Ve
Z

  

  

  

  

    

  

→ →



−−

 

−−

 

−

 



=

=

=



 

 

 
/( )

e i Bk T

i d


  −

0 0

0

ˆ ˆ

ˆ /( )

2
{ } { }{ } 0

1 2 ˆ ˆRe e B

t iH iH

H k T

i f f i

i i f fi

V e Ve d
Z

 

    
−

−

 

=   . 

Introducing the projection operators to the initial and final ensembles (Eqs. (17.3.1-17.3.3)), and 

identifying the initial density operator (Eq. (17.3.10)), the result reads 

0 0

0

0 0

0

00 0

ˆ ˆ

ˆ /( )(1)

{ } { } { } { }2
{ }{ } 0

ˆ ˆ

ˆ /( )

{ } { }2

{ } 0

ˆˆ ˆ /( )

{ }

{ }2

{ }0

1 2 ˆ ˆ ˆ ˆ( ) Re e

1 2 ˆ ˆ ˆ ˆRe { e }

ˆe2 ˆ ˆ ˆRe { }

B

B

B

t iH iH

H k T

i f i f i i

i ii

t iH iH

H k T

f i

i

H k Tt iH iH
i

f

i

k t VP e Ve P d
Z

tr VP e Ve P d
Z

P
tr VP e Ve d

Z

 

 

 

  





−

−

→



−

−

−−



=

=

=







0 0

0 0

ˆ ˆ

{ } { } { } { } { }2

0

ˆ ˆ

{ } { } { } { } { }2

0

2 ˆ ˆ ˆ ˆ ˆ ˆˆRe { (0) }

2 ˆ ˆ ˆ ˆ ˆ ˆˆRe { (0) }

t iH iH

f f i i i

t iH iH

i i f f i

tr VP e P VP e P d

tr P VP e P VP e d

 

 

 

 

−

−

=





0 0
ˆ ˆ

{ } { } { }2

0

2 ˆ ˆ ˆ ˆˆRe { (0) }

t iH iH

i i ftr P VP e Ve d
 

 
−

=  . 

 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

266 
 

Exercise 17.3.4 Use the definition { },{ } { } { }
ˆ ˆ ˆ ˆ

i f f iV P VP  and the properties of the projection 

operators, 
{ }
ˆ

iP  and 
{ }
ˆ

fP  (Eqs. (17.3.1-17.3.3)), to derive Eq. (17.3.13) from Eq. (17.3.12).  

Solution 17.3.4 

Starting from Eq. (17.3.12), and using the properties of the projection operators, 
{ }
ˆ

iP  and 
{ }
ˆ

fP  (Eqs. 

(17.3.1-17.3.3)), we readily obtain 

0 0

0 0

0 0

ˆ ˆ

(1)

{ } { } { } { } { }2

0

ˆ ˆ

{ } { } { } { } { }2

0

ˆ ˆ

{ } { } { } { } { }2

0

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) }

2 ˆ ˆ ˆ ˆ ˆ ˆˆRe { (0) }

2 ˆ ˆ ˆ ˆ ˆ ˆˆRe { (0) }

t iH iH

i f i i f

t iH iH

i i i f f

t iH iH

i i f f i

k t tr P VP e Ve d

tr P P VP P e Ve d

tr P VP e P VP e d

 

 

 

 

 

 

−

→

−

−



=

=







†

{ } { },{ } { },{ }2

0

2 ˆ ˆˆRe { (0) (0) ( ) }

t

i i f i f
I I

tr V V d     =
    . 

 

Exercise 17.3.5 Use Eq. (17.1.1) for 
(1) ( )i fk t→ , and Eq. (17.3.6) for the thermal weights ({ (0)iP

}), to derive Eq. (17.3.15) from Eq. (17.3.11). 

Solution 17.3.5 

Starting from Eq. (17.3.11), 
(1)

{ } { } { }

{ }

( ) (0) ( )i f i i f

i i

k t P k t→ →



 , with the thermal weights, 

/( )

{ }

e
(0)

i Bk T

i

i

P
Z

−

= , we obtain  

/( )
(1)

{ } { }

{ } { } { }

e
( ) ( )

i Bk T

i f i f

i i f f i

k t k t
Z

−

→ →

 

  . Using the general 

expression, Eq. (17.1.1), which applies also for time-dependent interactions,  

(1)

2

0

2 ˆ( ) Re ' ( ') ( )

t

i f i I f f I ik t dt V t V t   → =  , we obtain 
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/( )

{ } { } 2
{ } { } { } 0

/( )

2
{ } { }{ } 0

/( )

{ } { }2
{ } { }0

e 2 ˆ( ) Re ' ( ') ( )

e 2 ˆRe ' ( ') ( )

2 e ˆ ˆ ˆRe ' ( ') ( )

i B

i B

i B

tk T

i f i I f f I i

i i f f i

tk T

i I f f I i

i i f fi

t k T

i I f I i i

i i i

k t dt V t V t
Z

dt V t V t
Z

dt V t P V t P
Z







   

   

 

−

→

 

−

 

−





=

=

  

 



0
ˆ /( )

{ } { }2

{ }0

2 e ˆ ˆ ˆRe ' { ( ') ( ) }
B

t H k T

I f I i

i

dt tr V t P V t P
Z

−

=   . 

Using, 
0 0

ˆ ˆ( ) ( )
iH t iH t

IV t e V t e
−

=  we obtain 

0 0 0 00
ˆ ' '/( )

{ } { } { } { }2

{ }0

2 e ˆ ˆ ˆ ˆ( ) Re ' { ( ') ( ) }
B

t iH t iH t iH t iH tH k T

i f f i

i

k t dt tr e V t e P e V t e P
Z

− −−

→   ,  

and using the properties of the projection operators (Eqs. (17.3.1-17.3.3)), we obtain 

0 0 0 00
ˆ ' '/( )

{ } { } { } { } { } { }2

{ }0

2 e ˆ ˆ ˆ ˆ ˆ ˆ( ) Re ' { ( ') ( ) }
B

t iH t iH t iH t iH tH k T

i f i f f i

i

k t dt tr e P V t P e e P V t P e
Z

− −−

→   . 

Denoting: 
0 0

{ },{ } { } { }
ˆ ˆ ˆ ˆ( ) ( )

iH t iH t

i f f i
I

V t e P V t P e
−

  
 

, we finally obtain 

0
ˆ /( )

†

{ } { } { },{ } { },{ }2

{ }0

2 e ˆ ˆ( ) Re ' { ( ') ( ) }
B

t H k T

i f i f i f
I I

i

k t dt tr V t V t
Z

−

→
   
    . 

 

Exercise 17.3.6 Replacing the role of the initial and final states, the rate of transition from the 

thermal ensemble { }f  to the ensemble { }i  is given by Eq. (17.3.18). Use the symmetry of the coupling 

function (Eq. (17.3.19)) to derive Eq. (17.3.20). 

Solution 17.3.6 

Using the expressions for the backward rate (Eq. (17.3.18)) we obtain 

/( )

2

{ } { } { },{ } { } { }

{ }

2 e
( ) ( , ) ( ) ( ) ( )

f Bk T

f i f i f i i f f f i i i f

f

k T d d
Z




           
−

→ = − 

/( )
2

{ },{ } { } { }

{ }

2 e
( , ) ( ) ( )

i Bk T

i f i i i f i i i

f

d
Z


       

−

=    . 
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Similarly, for the forward rate we (Eq. (17.3.16)) we obtain 

/( )
2

{ } { } { },{ } { } { }

{ }

2 e
( ) ( , ) ( ) ( ) ( )

i Bk T

i f i f i f f i i i f f f i

i

k T d d
Z


           

−

→ = − 

/( )
2

{ },{ } { } { }

{ }

2 e
( , ) ( ) ( )

i Bk T

i i f i i i i f i

i

d
Z


       

−

=   . 

Using the symmetry of the coupling function (Eq. (17.3.19)),  

2 2
2 2

{ },{ } { },{ }
ˆ ˆ( , ) ( ) ( ) ( ) ( ) ( , )f i i f i i f f f f i i i f f iV V             = = = ,  

we obtain Eq. (1.3.20), 

{ } { } { }

{ } { } { }

( )

( )

i f f

f i i

k T Z

k T Z

→

→

= . 

 

Exercise 17.3.7 Let us associate the relative populations of the two ensembles, 
{ }( )iP t  and  

{ }( )fP t , with generic probability-conserving kinetic equations (see Eq. (17.2.1)), 

{ } { } { } { } { } { } { }

{ } { } { } { } { } { } { }

( ) ( ) ( )

( ) ( ) ( )

i i f i f i f

f f i f i f i

P t k P t k P t

P t k P t k P t

→ →

→ →

= − +

= − +
,      

where, { } { }( ) ( ) 1i fP t P t+ = . Show that 
{ } { } { } { }( )

{ } { }( ) (0)e i f f ik k t

i iP t P → →− +
=

{ } { } { } { }( ){ } { }

{ } { } { } { }

(1 e )i f f ik k tf i

i f f i

k

k k

→ →− +→

→ →

+ −
+

, where 
{ } { } { }

{ } { } { }

( )
lim

( )

i f i

t

f i f

P t k

P t k

→

→

→

= . 

Solution 17.3.7 

Using { } { }( ) ( ) 1i fP t P t+ =  in the kinetic equation, we obtain 
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{ } { } { } { } { } { } { } { }

{ } { } { } { }

{ } { } { } { } { } { } { }

{ } { } { } { } { } { } { } { }

( ) ( )

{ } { } { }

( ) { } { }

{ } { }

( ) ( ) (1 ( ))

( ) ( ) ( )

( )

( ) (0)

i f f i i f f i

i f f i

i i f i f i i

i i f f i i f i

k k t k k t

i f i

k k t f i

i i

P t k P t k P t

P t k k P t k

d
e P t k e

dt

k
e P t P

k

→ → → →

→ →

→ →

→ → →

+ +

→

+ →

= − + −

 = − + +

 =

 = + { } { } { } { }( )

{ } { } { } { }

[ 1]i f f ik k t

i f f i

e
k

→ →+

→ →

−
+

{ } { } { } { } { } { } { } { }( ) ( ){ } { }

{ } { }

{ } { } { } { }

( ) (0) [1 ]i f f i i f f ik k t k k tf i

i i

i f f i

k
P t P e e

k k

→ → → →− + − +→

→ →

 = + −
+

 . 

In the infinite time limit,  

{ } { } { } { } { } { } { } { }( ) ( ){ } { }

{ } { }

{ } { } { } { }

( ) (0) [1 ]i f f i i f f ik k t k k tf i

i i

i f f i

k
P t P e e

k k

→ → → →− + − +→

→ →

= + −
+

{ } { }

{ } { } { } { }

f i

t

i f f i

k

k k

→

→

→ →

⎯⎯⎯→
+

, 

and therefore { } { }

{ } { }

{ } { } { } { }

( ) 1 ( )
i f

f i t

i f f i

k
P t P t

k k

→

→

→ →

= − ⎯⎯⎯→
+

 . 

Consequently,  

{ } { } { }

{ } { } { }

( )

( )

i f i

t

f i f

P t k

P t k

→

→

→

⎯⎯⎯→ . 
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18 Thermal Rates in a Bosonic Environment 

 

Exercise 18.1.1  Use the matrix representations of the spin operators (Eq. (13.1.17)) to 

identify the explicit form of the nuclear space Hamiltonians (Eq. (18.1.3)), as the diagonal elements of 

the spin-boson model Hamiltonian (Eq. (18.1.1)).  

Solution 18.1.1 

Using Eq. (13.1.17), the matrix representation of the spin-boson model Hamiltonian (Eq. (18.1.1)) in 

the spin states reads   

2 2

1

1

1 0 ˆˆ ˆ( )
0 1 2

0 1 1 0 1 0 ˆˆ ˆ
1 0 0 1 0 1

N
j

j j

j

N

E j j j

j

H P Q

I I Q







 

=

=

 
=  + 
 

     
+  +  +       

− −     



Q Q

    . 

Denoting the diagonal parts in the spin space as   
1,

2,

ˆ 0

ˆ0

Q

Q

H

H

 
 
  

, we can readily identify,  

 2 2 2 2

1,

1 1

1 ˆ ˆ ˆ ˆˆ ˆ ˆ[ ( ) ] [ ( ) ]
2 2

N N
j

Q E j j j j j E j j j j j

j j

H P Q Q P Q Q
  

 
= =

=  + + + =  + + +    

2 2 2 2

2,

1 1

1 ˆ ˆ ˆ ˆˆ ˆ ˆ[ ( ) ] [ ( ) ]
2 2

N N
j

Q E j j j j j E j j j j j

j j

H P Q Q P Q Q
  

 
= =

= − + + − = − + + −   , 

which can also be written as 

2

2 2

1,

1 1

1 1 ˆˆ ˆ[ ( ) ]
2 2 2

N N
j j

Q E j j j j

j j

H P Q
  


= =


=  + + +  −   

2

2 2

2,

1 1

1 1 ˆˆ ˆ[ ( ) ]
2 2 2

N N
j j

Q E j j j j

j j

H P Q
  


= =


= − + + − −  . 

 

Exercise 18.2.1 (a) Use Eqs. (18.2.12, 18.2.13, 18.2.15) to rewrite Eq. (18.2.11) as 

0 0
2 2 2

,

0 0
2 2 2

,

ˆ ˆˆ ˆ
2 2 2 2

ˆ ˆˆ ˆ
2 2 2 2

j j jD A
D E j j j j j j

j j

j j jD A
A E j j j j j j

j j

H P Q Q

H P Q Q

   


   


 +
=  + +  + + +  

 

 +
= − + +  + + −  

 

 

 

q

q
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(b) Show that Eq. (18.2.14) is obtained by setting the zero of energy to 

0 0
2

2 2

jD A
j

j

 +
+  . 

Solution 18.2.1 

(a) 

Starting from Eq. (18.2.11): 

2

0 2 2

, ,

ˆ 1ˆ ˆ( )
2 2

j

D D j j j j D

j j

p
H m q q

m
 = + + −q

, and using the definitions 

(Eq. (18.2.12)): 
, ,ˆ ˆ

2

j j j D j A

j j

m q q
Q q

  +
 −  

 

 and 
1ˆ ˆ

j j

j j

P p
m 

 , we obtain 

, ,0 2 2 2

,

ˆ ˆ1 ˆˆ ˆ ( )
2 2 2

j j A j D

D D j j j j

j j j

q q
H P m Q

m


 



−
= + + +q

, ,0 2 2 2
ˆ ˆ1 ˆˆ ( )

2 2 2

j j j j A j D

D j j j j

j j j

m q q
P m Q

m

 
 



−
= + + +   . 

Introducing (Eq. (18.2.15)), 
, ,

2

j j j A j D

j

m q q  −
    

 

, we obtain 

0 2 2 0 2 2 2

,
ˆ ˆ ˆˆ ˆ ˆ( )

2 2 2 2 2

j j j j j

D D j j j D j j j j j j

j j j

H P Q P Q Q
    

  = + + + = +  + + +   q
, 

and using Eq. (18.2.13), 
0 0 2D A E −    , we finally obtain 

0 0 0 0
0 2 2 2

,
ˆ ˆˆ ˆ

2 2 2 2 2

j j jD A A D
D D j j j j j j

j j

H P Q Q
     

 
− −

= + + +  + + +  q

0 0
2 2 2ˆ ˆˆ

2 2 2 2

j j jA D
E j j j j j j

j j

P Q Q
   


+

=  + +  + + +    . 

Similarly,   

0 0 0 0
0 2 2 2

,
ˆ ˆˆ ˆ

2 2 2 2 2

j j jD A A D
A A j j j j j j

j j

H P Q Q
     

 
− −

= + + +  + + −  q

0 0
2 2 2ˆ ˆˆ

2 2 2 2

j j jD A
E j j j j j j

j j

P Q Q
   


+

= − + +  + + −   . 

(b) 
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Setting 

0 0
2 0

2 2

jD A
j

j

 +
+  = , the results of (a) read 

2 2

,
ˆ ˆˆ ˆ

2 2

j j

D E j j j j j

j

H P Q Q
 

=  + + + q
 

2 2

,
ˆ ˆˆ ˆ

2 2

j j

A E j j j j j

j

H P Q Q
 

= − + + − q
, 

or, as in Eq. (18.2.14), 

2 2

,
ˆ ˆ ˆ ˆˆ ˆ ( ) ; ( )

2 2

j j

D j D D E j j j j

j j

H P E E Q Q
 

= + =  + +  Q Q Q  

 
2 2

,
ˆ ˆ ˆ ˆˆ ˆ ( ) ; ( )

2 2

j j

A j A A E j j j j

j j

H P E E Q Q
 

= + = − + −  Q Q Q . 

 

Exercise 18.2.2 For the zero-order Hamiltonian, 0Ĥ , as defined in Eqs. (18.2.14, 18.2.16), 

show that the eigenvectors and eigenvalues are given by Eqs. (18.2.17-18.2.21). 

Solution 18.2.2 

The general solution to the Schrodinger equation, 0Ĥ E =  , with the zero order Hamiltonian 

as defined in Eq. (18.2.14), 0 , ,
ˆ ˆ ˆ

D AH H D D H A A=  + Q Q , can be formally expressed as a 

sum over all product states in the electronic and the medium degrees of freedom, namely  

n n n n D A

n n

d D a A D A    =  +  =  +   , where D  and A  are 

states of the medium. Using 0A D = , we obtain 

0 , ,
ˆ ˆ ˆ

D A D AH H D D H A A D A     =  +   +   Q Q  

, ,
ˆ ˆ

D D A AH D H A    =  + 
   Q Q , 

where the Schrodinger equation reads 

, ,
ˆ ˆ

D D A A D AH D H A E D E A       +  =  + 
   Q Q . 
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Projecting on either one of the two orthogonal electronic states A  or D , the reduced equation for 

the medium degrees of freedom is either 
,

ˆ
D D DH E =Q

, or 
,

ˆ
A A AH E =Q

, which 

correspond to the 0Ĥ -eigenstates, D D   or A A  , respectively.  

To express explicitly the eigenstates and eigenvalues for the medium degrees of freedom we use the fact 

that (up to additive constant) 
,

ˆ
DH Q

  and 
,

ˆ
AH Q

 (Eq. (18.2.14)) are sums of single Harmonic oscillator 

Hamiltonians, 

2 2 2

,
ˆˆ ˆ[ ( ) ]

2 2

j j

D E j j j j

j j

H P Q
 

=  −  + + + Q

2 2 2

,
ˆˆ ˆ[ ( ) ]

2 2

j j

A E j j j j

j j

H P Q
 

= − −  + + − Q
. 

Consequently (see Ex. 4.3.4), the eigenstates of these Hamiltonians are products of single Hamonic 

oscillator eigenstates, namely 

1 2, , , ,jD D n D n D n D    =      n

1 2, , , ,jA A n A n A n A    =      n . 

Here, ,
ˆ( )

j jj D n n j jQ Q = +   and ,
ˆ( )

j jj A n n j jQ Q = −  are eigenfunctions of the displaced 

Harmonic oscillators. Each function is associated with a quantum number jn  (see chapter 8), where  

1 2, ,...n n=n  is the vector of quantum numbers associated with all the oscillators in the medium, and 

the corresponding eigenvalues are sums over the harmonic oscillator eigenvalues, 

2

,

1

2 2

j

D E j j j

j j

n


 
 

=  −  + + 
 

 n  

2

,

1

2 2

j

A E j j j

j j

n


 
 

= − −  + + 
 

 n  . 

In summary, we obtain Eqs. (18.2.17, 18.2.18),  

, , , , , , , ,
ˆ ˆ;D D D D A A A AH H     = =Q n n n Q m m m

 

0 , , ,
ˆ

D D DH D D   = n n n
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0 , , ,
ˆ

A A AH A A   = m m m
. 

 

Exercise 18.2.3 (a) Use the explicit expressions for the zero-order Hamiltonian (Eq. (18.2.16)) 

to show that 
0 ,
ˆ ˆ( ) ( )Df H D f H D= Q

 and 
0 ,
ˆ ˆ( ) ( )Af H A f H A= Q

, where f  is an analytic function of its 

argument. (b) Use the results of (a), the interaction operator (Eq. (18.2.16)), and the definitions of the 

initial and final ensembles (Eqs. (18.2.22, 18.2.24)) to derive Eq. (18.2.26) from Eq. (18.2.25). Notice 

that the trace over the full electronic and nuclear space can be expressed as 

ˆ ˆ ˆ{ } { }tr O tr D O D A O A= +Q
. 

Solution 18.2.3 

(a) 

Noticing that 
0 , , ,
ˆ ˆ ˆ ˆ

D A DH D H D D H A A D H D D D   = + = 
   Q Q Q

,  

and that 
, , ,

ˆ ˆ ˆ, 0D A DH D D H A A H D D + =
 Q Q Q

, we obtain (for 0n  ) 

1

0 0 , ,
ˆ ˆ ˆ ˆn n

D AH D H H D D H A A D−  = +
 Q Q

 

1 1

0 , , 0
ˆ ˆ ˆ ˆn n

D DH H D D D H D D H D− −   = =
   Q Q . 

Consequently, for 0n  , 
0 , ,
ˆ ˆ ˆ

n n
n

D DH D H D D D H D   =  =
   Q Q

, and therefore, for any 

analytic function, 0 0

0

ˆ ˆ( ) n

n

n

f H f H


=

= , we obtain 

0 0 , ,

0 0

ˆ ˆ ˆ ˆ( ) ( )n n

n n D D

n n

f H D f H D f H D f H D
 

= =

 = =  Q Q . 

Similarly,  

0 0 , ,

0 0

ˆ ˆ ˆ ˆ( ) ( )n n

n n A A

n n

f H A f H A f H A f H A
 

= =

 = =  Q Q . 

(b) 

Starting from Eq. (18.2.25) with 
0 0

0

ˆ ˆ/( ) /( )

ˆ /( )

ˆ ˆe e
ˆ (0)

ˆ{e }

B B

B

H k T H k T

D D
D H k T

DD

P P

Ztr P


− −

−
= = , we obtain 
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0 0
ˆ ˆ

(1)

2

0

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) }

t iH iH

D A D D Ak t tr P VP e Ve d
 

 
−

→  

0 0

0

ˆ ˆ

ˆ /( )

2

0

2 ˆ ˆ ˆ ˆ ˆRe { e }B

t iH iH

H k T

D D A

D

tr P P VP e Ve d
Z

 


−

−
=   . 

Using ˆ
DP D D=  and ˆ

AP A A=  as the projection operators, and 

ˆ ˆ ˆ{ } { }tr O tr D O D A O A= +Q
, we obtain 

0 0

0

0 0

0

ˆ ˆ

ˆ /( )

2

0

ˆ ˆ

ˆ /( )

2

0

2 ˆ ˆ ˆ ˆ ˆRe { e }

2 ˆ ˆRe { e }

B

B

t iH iH

H k T

D D A

D

t iH iH

H k T

D

tr P P VP e Ve d
Z

tr D D D V A A e Ve D d
Z

 

 





−

−

−

−
=



 Q

, ,

,

ˆ ˆ

ˆ /( )

2

0

2 ˆ ˆRe { e }
A D

D B

iH iHt
H k T

D

tr D D D V A A e Ve D d
Z

 


−

−
= 

Q Q

Q

Q  , 

where in the last step we used the result from (a). 

For the interaction term, as defined in Eq. (18.2.16), ( ),
ˆ

D AV V D A A D= + , we obtain   

, ,

,

, ,

,

ˆ ˆ

ˆ /( )(1)

2

0

ˆ ˆ2
ˆ /( ),

2

0

2 ˆ ˆ( ) Re { e }

2 | |
Re {e }

A D

D B

A D

D B

iH iHt
H k T

D A

D

iH iHt
H k TD A

D

k t tr D D D V A A e Ve D d
Z

V
tr e e d

Z

 

 





−

−

→

−

−



=





Q Q

Q

Q Q

Q

Q

Q

, ,

,

ˆ ˆ2
ˆ /( ),

2

0

2 | |
Re {e }

D A

D B

iH iHt
H k TD A

D

V
tr e e d

Z

 


−

−
= 

Q Q

Q

Q  , 

where in the last step we used a permutation under the trace.  

 

Exercise 18.2.4 Derive Eq. (18.2.27) from Eq. (18.2.26) by evaluating the trace over the 

nuclear space using a complete set of eigenstates of the multidimensional Hamiltonian, ,
ˆ

DH Q , and an 

identity operator, expressed in terms of ,
ˆ

AH Q -eigenstates (Eq. (18.2.18)).  

Solution 18.2.4 
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Starting from Eq. (18.2.26) and introducing complete orthonormal sets of 
,

ˆ
DH Q

 and 
,

ˆ
AH Q

 

eigenstates, 
, , , ,

ˆ
D D D DH   =Q n n n

 and 
, , , ,

ˆ
A A A AH   =Q m m m

, we obtain Eq. (18.2.27), 

, ,,

, ,,

, ,,

ˆ ˆˆ2 /( )

,(1)

2

0

ˆ ˆˆ2 /( )

,

, , , ,2

0

2 /( )

,

, , ,2

0

2 | | e
( ) Re { }

2 | | e
Re

2 | | e
Re

D AD B

D AD B

D AD B

iH iHH k Tt

D A

D A

D

iH iHH k Tt

D A

D A A D

D

i ik Tt

D A

D A A

D

V
k t tr e e d

Z

V
e e d

Z

V
e e

Z

 

 

  



    

  

−−

→

−−

−−

=

=

=



 

 

Q QQ

Q QQ

n mn

Q

n m m n

n m

n m m

n m

,D d n

, ,,
( )2 /( )

2
,

, ,2
,0

2 | | e
Re

D AD B
ik Tt

D A

D A

D

V
e d

Z

  

  
− −−

= 
n mn

n m

n m

 . 

 

Exercise 18.2.5 (a) The donor partition function is defined as , /( )
e D Bk T

DZ
−

= n

n

. Use the 

definition of ,
ˆ

DH Q
 (Eq. (18.2.14)) to show that 

2 /( )
2/( )

,1 ,2 ,3e e ...

j
j B

jE B

k T
k T

D D D DZ Z Z Z




−


= , where the 

j th mode partition function reads  

1 2( )
2

,

e
e

1 e

j

j
Bj

B

j

j
B

k Tn
k T

D j

n
k T

Z






−
−

+

−
 =

−

 . (b) Show that 

( )
2

, 2 2
ˆ

ˆˆ ( )2
2e e e

j
jD j

E j j j
j

iiH i i
P Q

j

e

   − − −
 + +

= 
Q

; 
( )

2
, 2 2

ˆ
ˆˆ ( )2

2e e e

j
jA j

E j j j
j

iiH i i
P Q

j

e

   
−

− 
 + −

= 
Q

. (c) 

Use the results of (a) and (b), and the definitions in Eq. (18.2.30) to derive Eq. (18.2.29) from Eq. 

(18.2.26). Recall that the trace of a tensor product of operators in a multidimensional space, 

1 2
ˆ ˆ ˆ

NA A A   , is a product,        1 2 1 2
ˆ ˆ ˆ ˆ ˆ ˆ

N Ntr A A A tr A tr A tr A   =   (Ex. 15.5.1). 

Solution 18.2.5 

(a) 

Using the explicit expressions for the eigenvalues of ,
ˆ

DH Q  (Eqs. (18.2.18, 18.2.21)),  

2

,

1

2 2

j

D E j j j

j j

n


 
 

=  −  + + 
 

 n , the donor partition function reads  
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2

,

2

1 1 2 2 3 3

1 2 3

1
[ ]/( )

2 2/( )

1 1 1[ ]/( ) /( ) /( ) /( )2 2 2 2

, , ,...

e e

e e e e

j
E j j j B

j jD B

j
E j B

B B B
j

n k T
k T

D

k T n k T n k T n k T

n n n

Z







  

 
−  −  + + 

 −

     −  −  − + − + − +     
     

 
= =


=

 



n

n n

2

1 1 2 2 3 3

1 2 3

1 1 1[ ]/( ) /( ) /( ) /( )2 2 2 2e e e e

j
E j B

B B B
j

k T n k T n k T n k T

n n n


  
     −  −  − + − + − +     
     


=     . 

Defining a single-oscillator partition function,  

1 2/( )
22

,

e
e e (e )

1 e

j

j j
B

j j B
jB B

j

j j
B

k Tn k T
nk T k T

D j

n n
k T

Z


 





−
− − 

− + 
 

−
= = =

−

  , we obtain  

2

2

,1 ,2 ,3e e

j j
E

BjB
k Tk T

D D D DZ Z Z Z

 
− 

=   . 

(b) 

Using Eq. (18.2.14),   

( )2 2 2 2 2

,
ˆ ˆ ˆˆ ˆ ˆ[ ( ) ]

2 2 2

j j j

D E j j j j j E j j j j

j j j

H P Q Q P Q
  

=  + + +  =  −  + + +  Q

( )2 2 2 2 2

,
ˆ ˆ ˆˆ ˆ ˆ[ ( ) ]

2 2 2

j j j

A E j j j j j E j j j j

j j j

H P Q Q P Q
  

= − + + −  = − −  + + −  Q ,  

we obtain 

2 2 2 2 2 2
,

ˆ ˆ ˆˆ ˆ( [ ( ) ]) [ ( ) ]
2 2 2 2

e e e e

j j j j
D E j j j j j j j j

E
j j j j

i i iiH iP Q P Q

e

      
− −− − −  + + +  + +

   
= =

Q

2
2 2ˆˆ[ ( ) ]2

2e e e

j
jj

E j j j
j

i
i i

P Q

j

  − −
 + +

=    . 

Similarly,  

2 2 2 2 2 2
,

ˆ ˆ ˆˆ ˆ( [ ( ) ]) [ ( ) ]
2 2 2 2

e e e e

j j j j
A E j j j j j j j j

E
j j j j

i i iiH iP Q P Q

e

      
−

−− −  + + −  + −
   

= =
Q

2
2 2ˆˆ[ ( ) ]2

2e e e

j
jj

E j j j
j

i
i i

P Q

j

  
−

− 
 + −

=   . 

(c) 
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Using (a) and (b) we obtain 

( )

( )

2 2 2

, ,,

2

2 2
' 2 2

' ' '

/( ) ˆˆ ( )
2/( ) 2( )

ˆ ˆˆ /( )

/( )
2/( )

,

ˆˆ ( )2 2
2

'

e e e
e

{ } {

e e

e e e e e

j j
j B j j j

jE B B

D AD B

j
j B

jE B

j j
jj j

E j j j E
j j

k T P Q
k T k T

iH iHH k T
j

k TD
k T

D j

j

i i
i i i

P Q

j

tr e e tr
Z

Z

 

 



    

−
 + +

−

−−


−

−
− − − 

 + + 



=


 







Q QQ

Q Q

( )

( ) ( ) ( )

'' 2 2
'' '' ''

2 2 ' ''2 2 2 2
' ' ' '' '' ''

ˆˆ ( )
2

''

ˆˆ ˆ ˆˆ ˆ( )2 ( ) ( )
2( ) 2 2

' '',

e }

1
e { e e e }

j
j j j

j j j
j j jE j j j j j j

B

i
P Q

j

i i iP Q P Q P Q
k T

j j jD j

tr
Z



    

+ −

−− −+ + + + + −

=



  Q

( ) ( ) ( )
2 2 2 2 2 2ˆˆ ˆ ˆˆ ˆ( )2 ( ) ( )

2( ) 2 2

,

1
e { e e e }

j j j
j j jE j j j j j j

B

i i iP Q P Q P Q
k T

j D j

tr
Z

    −− −+ + + + + −

= Q  , 

where in the last step we used the fact that the operators associated with different oscillators are 

associated with different spaces, hence, ( )( )1 2 1 2 3
ˆ ˆ ˆ ˆ ˆ ˆ

NA A A B B B     

( )( ) ( )1 1 2 2
ˆ ˆ ˆˆ ˆ ˆ

N NA B A B A B=    . 

 Using,  1 2
ˆ ˆ ˆ

Ntr A A A        1 2
ˆ ˆ ˆ

Ntr A tr A tr A=  , we obtain 

, ,,
ˆ ˆˆ /( )

e
{ }

D AD B
iH iHH k T

D

tr e e
Z

 −− Q QQ

Q

( ) ( ) ( )
2 2 2 2 2 2ˆˆ ˆ ˆˆ ˆ( )2 ( ) ( )

2( ) 2 2

,

1
e { e e e }

j j j
j j jE j j j j j j

B

j

i i iP Q P Q P Q
k T

Q

j D j

tr
Z

    −− −+ + + + + −

=   , 

and therefore, we obtain Eq. (18.2.29), 

,

, ,

1 ˆ
2 ˆ ˆ2

,(1)

, ,2

,0

2 | | e
( ) Re e ( ) ; ( ) { e e }

D j
B

E D j A j

j

h
t i i ik T

h h
D A

D A D j D j Q

j D j

V
k t c d c tr

Z

  

  

−

− −


→ =  .      

 

Exercise 18.2.6 To prove the identity in Eq. (18.2.31), you can follow these steps: (a) Let ( )f x  

be an analytic function of x . Prove the identity: ( ) ( )x xe f x e f x
 


 

−
  = − . (b) Use the result of (a) 

to show that the single-mode Hamiltonians at the donor and acceptor states, as defined by Eq. (18.2.30), 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

279 
 

are transformations of a reference Hamiltonian, ( )2 2ˆ ˆˆ
2

j

j j jh P Q


= + , that is, 
ˆ ˆ

,
ˆ ˆj j j ji P i P

D j jh e h e
 − 

= , 

and 
ˆ ˆ

,
ˆ ˆj j j ji P i P

A j jh e h e
−  

= . (c) Let ( )f x  be an analytic function of x . Show that 

ˆ ˆ

,
ˆ ˆ( ) ( )j j j ji P i P

D j jf h e f h e
 − 

=  and 
ˆ ˆ

,
ˆ ˆ( ) ( )j j j ji P i P

A j jf h e f h e
−  

= . (d) Expressing the dimensionless 

momentum operator in terms of Dirac’s ladder operator, †ˆ ˆˆ ( )
2

j j j

i
P b b

−
= − , and defining, 

ˆ ˆ
ˆ ˆ( ) e e

j j

i i
h h

j jb b
 


−

= , show that ˆ ˆ( ) e ji

j jb b



−

= . (e) Use the results of (c) and (d) to show that 

,

, ,

1 ˆ

ˆ ˆ

,

,

e
( ) { e e }

D j
B

D j A j

j

h
i ik T

h h

D j Q

D j

c tr
Z

 



−

−

=
† †

1 ˆ

ˆ ˆ ˆ ˆ2 [ ] 2 [e e ]

,

e
{ }

j
B i ij j

j j j j j j

j

h
k T

b b b b

Q

D j

tr e e
Z

 −

−

−  −  −
= . (f) The Baker-

Campbell-Hausdorff formula for two operators, Â  and B̂ , that commute with their commutator (

ˆ ˆ ˆˆ ˆ ˆ[ ,[ , ]] [ ,[ , ]] 0A A B B A B= = ) reads 
ˆ ˆ ˆˆ ˆ ˆ[ , ]/2A B A B A Be e e e+ −= . Use it and the commutator, †ˆ ˆ, 1b b  =

 
, to 

show that 
2 †

1 ˆ

ˆ ˆ2 (1 e ) 2 (1 e ) 2 (1 e )

,

,

e
( ) { }

j
Bi i ij j j

j j j j j

j

h
k T

b b

D j Q

D j

c e tr e e
Z

  


−

−

−  −  − −  −
= . (g) To evaluate the trace over 

the single-mode space, use a complete set of ˆ
jh -eigenstates, ˆ ( 1/ 2)j m j mh m  = + . Recalling 

that 1
ˆ

j m mb m  −= , show that  , ( )D jc 

( )

22 (1 e )
( 1/2)

2 2

2
0 0,

!
e 2 | (1 e ) |

! ( )!

i j
j

j

jB

mm n
ik T

j

m nD j

e m

Z n m n

 



−−  −
+

= =

 = −  −
  −

  . (h) The Laguerre polynomials 

of order m  are defined as 
( )

0

1
( )

!

k
m

k

m

k

m
L x x

k k=

− 
=  

 
 , and their generating functions reads 

/(1 )

0

1
( )

1

m tx t

m

m

t L x e
t


− −

=

=
−

 . Use it to show that , ( )D jc   
2 22 sin( ) 2 (1 cos( ))(1 2 ( ))j j j j ji n

e e
     −  − +

= , where  

/( )

1
( )

1j B
j k T

n
e


 =

−
. 

Solution 18.2.6 

(a) 

Using the Taylor series expansion for xe




 , we obtain 

( )

0

( )
( ) ( )

!

n n

x
n

n

f x
e f x f x

n x

 


 


=

 
= = 


 , 

where we identify the Taylor series expansion of ( )f x  . Consequently, 
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( ) ( ) ( ) ( ) ( ) ( )x x xe f x e g x e f x g x f x g x
  

 
  

− −
  = + = − . Since this holds for any analytic ( )g x , we 

conclude that ( ) ( )x xe f x e f x
 


 

−
  = − . 

(b) 

To express explicitly 
ˆ

j ji P
e
 

 , we recall the definitions of the dimensionless position and momentum 

operators (Eqs. (18.2.12, 18.2.15)),  

, , , ,ˆ ˆˆ ˆ
2 2

j j j D j A j D j A

j j j j

j j

m q q q q
Q q q Q

m





 + +
 −  = +  

 

( ) ( )
1 1 1ˆ ˆ

j j

j j j j j j j j

P p i i
m m q m q  

 
 = − = −

 

( )
1

j j j

j

j j

i i
m Q

Q
m





 
= − = −




  . 

Consequently, we identify, 
ˆ j

j j jQi P
e e




 
= .  

Given ( )2 2ˆ ˆˆ
2

j

j j jh P Q


= +   and using (a), we obtain 

( )
ˆ ˆ ˆ ˆ2 2

ˆ ˆ2 2 2 2

2 2

,

ˆ ˆˆ
2

ˆ ˆˆ ˆ
2 2 2 2

ˆˆˆ ( )
2 2

j j j j j j j j

j j
j j j j j j

i P i P i P i Pj

j j j

i P i P Q Qj j j j

j j j j

j j

j j j D j

e h e e P Q e

P e Q e P e Q e

P Q h



   

 

 −   − 

 
 −

 −   

= +

= + = +

= + +  =

    

( )
ˆ ˆ ˆ ˆ2 2

ˆ ˆ2 2 2 2

ˆ ˆˆ
2

ˆ ˆˆ ˆ
2 2 2 2

j j j j j j j j

j j
j j j j j j

i P i P i P i Pj

j j j

i P i P Q Qj j j j

j j j j

e h e e P Q e

P e Q e P e Q e



   

−   −  

 
− 

−    

= +

= + = +

2 2

,
ˆˆˆ ( )

2 2

j j

j j j A jP Q h
 

= + − =  . 

(c)  
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First, we notice that for analytic 
0

ˆ ˆ( ) n

n

n

f A f A


=

= , we have, 1 1ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )O f A O f O AO− −= . This can be 

readily verified by considering any power, ˆ nA ,  

( ) ( )( ) ( ) ( )1 1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
n n

n times

O A O O AO O AO O AO O AO− − − − −= = .  

Particularly:  

( ) ( )( ) ( ) ( )
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

,
ˆ ˆ ˆ ˆ ˆj j j j j j j j j j j j j j j j

n n
i P i P i P i P i P i P i P i P

j j j j D j

n times

e h e e h e e h e e h e h
 −   −   −   − 

= =

( ) ( )( ) ( ) ( )
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

,
ˆ ˆ ˆ ˆ ˆj j j j j j j j j j j j j j j j

n n
i P i P i P i P i P i P i P i P

j j j j A j

n times

e h e e h e e h e e h e h
−   −   −   −  

= =  ,  

and therefore, 
ˆ ˆ

,
ˆ ˆ( ) ( )j j j ji P i P

D j jf h e f h e
 − 

= , and 
ˆ ˆ

,
ˆ ˆ( ) ( )j j j ji P i P

D j jf h e f h e
 − 

= .  

 

(d)  

We start from 
ˆ ˆ

ˆ ˆ( ) e e
j j

i i
h h

j jb b
 


−

 , and introduce an identity, expanded in terms of the harmonic 

oscillator eigenstates, 
ˆ ˆ ˆ ˆ
ˆ ˆe e e e

j j j j

i i i i
h h h h

j j

n

b b n n
   − −

= . Recalling Eq. (8.5.3) for the harmonic 

oscillator annihilation operator, ˆ 1b n n n= − , we obtain  

ˆ ˆ ˆ ˆ

( 1/2) ( 1/2)

ˆ ˆ( ) e e e 1 e

ˆe 1 e e 1 e

j j j j

j j
j j

i i i i
h h h h

j j

n n

i i
n n i i

j

n n n

b b n n n n n

n n n n n n b n n

   

 
   


− −

−
− + − −

= = −

= − = − =

 

  

ˆe ji

jb
−

= , 

 and similarly (or by Hermitian conjugation), we obtain  

† †ˆ ˆ( ) e ji

j jb b


 = . 

(e)  

Using the results of (c), we obtain 
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,

, ,

1 1ˆ ˆ

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ

,

, ,

1 1ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ2 2 2

, ,

e e
( ) { e e } { e e }

e e
{ e e } { e

D j j
B B

D j A j j j
j j j j j j j j

j j

j j
B B

j j j
j j j j j j

j j

h h
i i i ik T k T

h h h hi P i P i P i P

D j Q Q

D j D j

h h
i i ik T k T

h h hi P i P i P

Q Q

D j D j

c tr tr e e e e
Z Z

tr e e tr e
Z Z

   

  



− −

− −
 −  −  

− −

−
−   − 

 =

= =
ˆˆ2

e }
j

j j

i
hi P

e
−



ˆ ˆ

1 ˆ

ˆ ˆ2 2 e e

,

e
{ }

j i i
h hB j j

j j j j

j

h
k T

i P i P

Q

D j

tr e e
Z

 −

−

−  
=  , 

where in the last step we used again the general property for analytic ˆ( )f A , 

1 1ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )O f A O f O AO− −= . Using  †ˆ ˆˆ ( )
2

j j j

i
P b b

−
= −  and the results of (d) we obtain,  

ˆ ˆ

† †
† †

1 ˆ

ˆ ˆ2 2 e e

,

,

1 1ˆ ˆ

ˆ ˆ ˆ ˆ2 ( ) 2 ( ( ) ( )) ˆ ˆ ˆ ˆ2 [ ] 2 [ ( ) ( )]2 2

, ,

e
( ) { }

e e
{ } { }

j i i
h hB j j

j j j j

j

j j
B B

j j j j j j
j j j j j j

j j

h
k T

i P i P

D j Q

D j

h h
i ik T k Ti b b i b b

b b b b

Q Q

D j D j

c tr e e
Z

tr e e tr e e
Z Z

 

 
 



−

−

−  

− −

− −
−  −  −

−  −  −

=

= =

† †

1 ˆ

ˆ ˆ ˆ ˆ2 [ ] 2 [e e ]

,

e
{ }

j
B i ij j

j j j j j j

j

h
k T

b b b b

Q

D j

tr e e
Z

 −

−

−  −  −
= . 

(f) 

Using the Baker-Campbell-Hausdorff formula, for ˆ ˆ ˆˆ ˆ ˆ[ ,[ , ]] [ ,[ , ]] 0A A B B A B= = , we have, 

ˆ ˆ ˆˆ ˆ ˆ[ , ]/2A B A B A Be e e e+ −= , or 
ˆ ˆ ˆˆ ˆ ˆ[ , ]/2A B B A A Be e e e+ = , and therefore also 

ˆ ˆ ˆˆ ˆ ˆ[ , ]A B B A A Be e e e e= . Using 

additionally, †ˆ ˆ, 1b b  =
 

, we obtain
† † 2ˆ ˆ ˆ ˆ2 [ ] 2 2j j j j j j j jb b b b

e e e e
−  − −   

=   and 

† † 2ˆ ˆ ˆ ˆ2 [ e e ] 2 e 2 e
i i i ij j j j

j j j j j j j jb b b b
e e e e

   − −
−  − −   −

= . Consequently,  

† † †

2 †

1 1ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ2 [ ] 2 [e e ] 2 2 (1 e ) 2 e

,

, ,

1 ˆ

ˆ ˆ ˆ2 (1 e ) 2 (1 e ) 2 2 e

,

e e
( ) { } { }

e
{ }

j j
B Bi i i ij j j j

j j j j j j j j j j j j

j j

j
B i i ij j j

j j j j j j j

j

h h
k T k T

b b b b b b b

D j Q Q

D j D j

h
k T

b b b

Q

D j

c tr e e tr e e e
Z Z

tr e e e e
Z

   

  


− −

−

− −

−  −  − −   − 

−

−  −  − −  

= =

=

2 †

1 ˆ

ˆ ˆ2 (1 e ) 2 (1 e ) 2 (1 e )

,

e
{ }

j
Bi i ij j j

j j j j j

j

h
k T

b b

Q

D j

e tr e e
Z

  −

−

−  −  − −  −
=  . 
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(g)  

Calculating the trace explicitly, using a complete set of ˆ
jh -eigenstates, we obtain  

2 †

2

†

1 ˆ

ˆ ˆ2 (1 e ) 2 (1 e ) 2 (1 e )

,

,

2 (1 e )
( 1/2) ˆ ˆ2 (1 e ) 2 (1 e )

0,

e
( ) { }

e

j
Bi i ij j j

j j j j j

j

i j
j

j i ij j
j j j jB

h
k T

b b

D j Q

D j

m
b bk T

mD j

c e tr e e
Z

e
m e e m

Z

  



 



−

−

−

−  −  − −  −

−−  −  +
 − −  −

=

=

= 

2

†
2 (1 e )

( 1/2) ˆ2 (1 e )

0 0,

2 (1 e )
ˆe

!

i j jj
j i j

j jB

n
i

mm jbk T n

j

m nD j

e
m e b m

Z n





 −−−  −  +
 −

= =

 −  −
 =   , 

where in the last step we consider that ˆ 1jb m m m= − , and consequently ˆn

jb m  vanishes for 

n m . Similarly, 

( )

2

†

2

2 (1 e )
( 1/2) ˆ2 (1 e )

,

0 0,

'
2 (1 e )

( 1/2) '
†

0 ', 0,

2 (1 e )
ˆ( ) e

!

2 (1 e ) 2 (1 e )
ˆ ˆe

'! !

i j jj
j i j

j jB

i j j jj
j

B

n
i

mm jbk T n

D j j

m nD j

n n
i i

mm n j jk T n

j j

m n nD j

e
c m e b m

Z n

e
m b b m

Z n n

e









 



−−−  −  +
 −

= =

−−−  −  +

= =

 −  −
 =

    − −  −
   =

=

 

 

22 (1 e )
( 1/2)

0,

'

', 0

e

2 (1 e ) 2 (1 e )! !
'

( ')! '! ! ( )!

i j
j

j

B

j j

m
k T

mD j

n n
i i

m
j j

n n

Z

m m
m n m n

m n n n m n

 

 

−−  −  +

=

−

=

    − −  −
   − −

− −





( )

22 (1 e )
( 1/2)

2 2

2
0 0,

!
e 2 | (1 e ) |

! ( )!

i j
j

j

jB

mm n
ik T

j

m nD j

e m

Z n m n

 



−−  −  +

= =

 = −  −
  −

    . 

(h) 

Using their definition, 
( )

0

1
( )

!

k
m

k

m

k

m
L x x

k k=

− 
=  

 
 , we can identify the Laguerre polynomials of 

order m in the expression for , ( )D jc  ,  



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

284 
 

( )

22 (1 e )
( 1/2)

2 2

, 2
0 0,

!
( ) e 2 | (1 e ) |

! ( )!

i j
j

j

jB

mm n
ik T

D j j

m nD j

e m
c

Z n m n

 




−−  −
+

= =

 = −  −
  −

 

22 (1 e )

2 2 2

0,

e e (2 | (1 e ) | )

i j
j j

j

jB B

m

ik T k T

m j

mD j

e
L

Z

  



− −−  −

=

 
 =  −
 
 

  .      

Using the identity, 
/(1 )

0

1
( )

1

m tx t

m

m

t L x e
t


− −

=

=
−

 , we obtain 

2 2
2

e
2 |(1 e )|

2 (1 e ) 2

1 e
,

,

e
( )

1 e

j

k TBij j
i j j

jj B
k TB

j

B

k T

D j

D j k T

e
c e

Z













−

−

−
−  −

−  −

−
−

=

−

. 

 Recalling the definition of the harmonic oscillator partition function (Ex. 18.2.5), 

2

, e / (1 e )

j j

B Bk T k T

D jZ

 − −

= − , and introducing, 
/( )

1
( )

1j B
j k T

n
e


 =

−
, we finally obtain: 

 

2 2 2 2 2

2 2

2 (1 e ) 2 |(1 e )| ( ) 2 (1 cos( ) sin( )) 4 (1 cos( )) ( )

,

2 sin( ) 2 (1 cos( ))(1 2 ( ))

( )
i ij j

j j j j j j j j j

j j j j j

n i n

D j

i n

c e e e e

e e

 
       

    


−  − −  − −  − − −  −

 −  − +

= =

=

. 

 

Exercise 18.2.7 The averaged occupation number of a harmonic mode at a frequency, j , 

and a temperature, T ,  is defined as /( )

0

1
( ) j Bn k T

j

n

n ne
Z





−

=

=  , where '/( )

' 0

j Bn k T

n

Z e



−

=

= . Show 

that  

/( )

/( )
( )

1

j B

j B

k T

j k T

e
n

e






−

−
=

−
. 

Solution 18.2.7 

Using 1/ ( )Bk T = , 

' '0 0

' 0 ' 0

1 1
( )

( )

j j

j j

n n

j
n nn nj

n n

n ne e

e e

   

   


 

 
− −

 
− −= =

= =

−
= =


 

 
 

( ) 1
1

( ) 1

j

j

j

e
e

 

  

−

−

−
= −

 −
( )

( )
2

1
11

j j

j

j
j

e e
e

ee

   
 

 
 

− −
−

−
−

= − =
−−

 .          
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Exercise 18.2.8 Derive Eq. (18.2.34) by taking the upper limit of the time-integral in Eq. 

(18.2.27) to infinity and using a suitable definition of Dirac’s delta. Use the fact that the real part of 

the integrand is an even function of time.  

Solution 18.2.8 

Starting from Eq. (18.2.27) and replacing the upper integration limit by infinity, we obtain 

, ,,

, ,,

( )/( )
2

(1)

, , ,2

0

( )/( )
2

, , ,2

0

2 e
( ) Re

2 e
Re

D AD B

D AD B

ik Tt

D A D A D A

D

ik T

D A D A

D

k t e V d
Z

e V d
Z

  

  

  

  

− −−

→

− −−

=







n mn

n mn

n m

m,n

n m

m,n

, ,,
( )/( )

2

, , ,2

1 e
Re

D AD B
ik T

D A D A

D

e V d
Z

  

  
− −−

−

= 
n mn

n m

m,n

  . 

Using the identity, 
, ,( )

, ,2 ( )
D Ai

D Ad e

  

    
− −

−

= −
n m

n m
, we obtain  

, ,,

, ,,

( )/( )
2

(1)

, , ,2

( )/( )
2

, , ,2

1 e
( ) Re

1 e
Re

D AD B

D AD B

ik T

D A D A D A

D

ik T

D A D A

D

k t e V d
Z

V e d
Z

  

  

  

  

− −−

→

−

− −− 

−



=



 

n mn

n mn

n m

m,n

n m

m,n

, /( )
2

, , , , ,

2 e
( )

D Bk T

D A D A D A

D

V
Z




    
−

= −
n

n m n m

m,n

  . 

 

Exercise 18.2.9 Use Eqs. (18.2.36, 18.2.38) in Eq. (18.2.33) to express the rate, Eq. (18.2.39), 

in terms of the reorganization energy, defined in Eq. (18.2.40). 

Solution 18.2.9 

Substitution of the approximations, ( ) 1B
j

j

k T
n 


  , sin( )j j    , and 

2 2cos( ) 1 / 2j j    −

,  in Eq. (18.2.33), we obtain 
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2 2

2 2

2 2 sin( ) 2 (1 cos( ))(1 2 ( ))
2

,(1)

2

0

2
2 2 sin( ) 2 (1 cos( ))

2
,

2

0

2 | |
( ) Re e

2 | |
Re e

j j j j j
E

j j

B
j j j j

E jj j

t i i n
D A

D A

k T
t i i

D A

V
k t e e d

V
e e d

     

    






−  −  − +


→

−  −  −


 
=

 






2 2 22 2 2
2

,

2

0

2 | |
Re e

B
j j j j

E
j j

k T
t i i

D AV
e e d

    


−  − 

  
   . 

Using the definition of the reorganization energy, 22 j j

j

E =  , we obtain Eq. (18.2.39), 

2 2 2

2

2

2 2 2
2

,(1)

2

0

2
2

, /

2

0

2 | |
( ) Re e

2 | |
Re e

B
j j j j

E
j j

B
E

k T
t i i

D A

D A

E k Tt i
D A iE

V
k t e e d

V
e e d





    








−  − 


→

−−


 


=





 

2

2

2
(2 )

,

2

0

2 | |
Re e

B
E

E k Tt i
E

D AV
e d







−−

 −

=  .    

 

Exercise 18.2.10 Show that Eq. (18.2.41) reproduces the reorganization energy as defined in 

Eq. (18.2.40), where ˆ( )DE Q  and ˆ( )AE Q  are the donor and acceptor potential energy surfaces, 

defined in Eq. (18.2.14). 

Solution 18.2.10 

The definitions of E  in terms of the donor or acceptor potential energy functions (Eq. (18.2.41)) read 

( ) ( )D DE E E = − −Δ Δ , or ( ) ( )A AE E E = − −Δ Δ , respectively. Using the explicit expressions (Eq. 

(18.2.14)), 
2ˆ ˆ ˆ( )

2

j

D E j j j j

j

E Q Q


=  + + Q  and 
2ˆ ˆ ˆ( )

2

j

A E j j j j

j

E Q Q


= − + − Q , we 

obtain  

2 2( ) ( )
2 2

j j

D D E j j j j E j j j j

j j

E E E

 
 

   
= − − =  +  +   − −  −     

   
 Δ Δ

22j j j j j j j j

j j j

  
   

=   − −   =    
   
     , 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

287 
 

2 2( ) ( )
2 2

j j

A A E j j j j E j j j j

j j

E E E

 
 

   
= − − = − +  +   +  −  −     

   
 Δ Δ

22j j j j j j j j

j j j

  
   

=   − −   =    
   
    ,  

in consistency with Eq. (18.2.40). 

  

Exercise 18.2.11 Change the time limit in Eq. (18.2.39) to infinity (notice that the real part of 

the integrand is an even function of time) to obtain the result in Eq. (18.2.43). Use the identity, 

2

2
4

x

zk ikx zdke e e
z


 −

−

−

= .   

Solution 18.2.11 

Starting from Eq. (18.2.39), and replacing the upper integration limit by infinity, we obtain 

2

2

2

2

2
(2 )

,(1)

2

0

2
(2 )

,

2

0

2 | |
( ) Re e

2 | |
Re e

B
E

B
E

E k Tt i
E

D A

D A

E k Ti
E

D A

V
k t e d

V
e d















−−
 −

→

− −
 −

=







 

2

2

2
(2 )

,

2

| |
Re e

B
E

E k Ti
E

D AV
e d








− −
 −

−

=  . 

Using  

2

2
4

x

zk ikx zdke e e
z


 −

−

−

= , we obtain Eq. (18.2.43),  

2

2

2

2
(2 )

,(1)

2

( 2 )2 2
, 4

2

| |
( ) Re e

| |

B
E

E

E k Ti
E

D A

D A

E

D A KTE

B

V
k t e d

V
e

k TE
















− −
 −

→

−

− − 



=


 

2( 2 )

42

, 2
| |

EE

KTE

D A

B

V e
k TE








− − 

=  . 
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Exercise 18.2.12 (a) Show that the maximal state-to-state coupling matrix element between the 

donor an acceptor eigenstates is | |DAV , and use Eqs. (18.2.28, 18.2.42) to obtain the validity condition, 

Eq. (18.2.45). (b) Show that this condition also assures that 
1

d

D A

t
k →

  (the wide band limit, Eq. 

(17.2.8)). 

Solution 18.2.12 

(a) 

The eigenstates of the zero order Hamiltonian (Eq. (18.2.17)) read:

0 , , ,
ˆ

D D DH D D   = n n n
, or 

0 , , ,
ˆ

A A AH A A   = m m m
, and the interaction 

operator reads (Eq. (18.2.16)), ( ),
ˆ

D AV V D A A D= + . Consequently, the coupling matrix 

elements obtain the form, 
, , ,D A D AV  n m

. Since the (multi-dimensional) overlap integrals between 

the displaces Harmonic oscillators eigenstates are bounded, 
, ,0 1D A  n m

, the maximal 

absolute value of the state-to-state coupling matrix element between the donor an acceptor is | |DAV . 

Consequently, the validity of the perturbative expression for the rate (Eq. (18.2.28)) is limited by, 

,/ D At V .   A necessary condition for the validity of Eq. (18.2.43) is that the integral decay time is 

much shorter than this limiting time, namely, 
dt t , where 

2
d

B

t
E k T

  (Eq. (18.2.42)). This 

implies that a necessary condition for the validity of Eq. (18.2.43) reads
,/

2
D A

B

V
E k T

 , and 

therefore, 

2

,| |
1

2

D A

B

V

k TE

  (Eq. (18.2.45)).                                                   

(b) 

To show that this condition also assures that 
1

d

D A

t
k →

  we require the latter to hold for 

2
d

B

t
E k T

  and 

2( 2 )

42

, 2
| |

E

B

E

k TE

D A D A

B

k V e
k TE








− − 

→ = , namely we require,  
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2( 2 )

42

, 2
1/ | |

2

E

B

E

k TE

D A

BB

V e
k TEE k T








− −  

 
 
 

. A sufficient condition for this to hold is, 

2( 2 )

42

,2 | |

E

B

E

k TE

B D A

B

E k T V e
k TE










− − 

 , where an even stronger condition reads 

2

,2 | |B D A

B

E k T V
k TE






 , namely 

2

,

2
| |D A BV E k T


 . As we can see, this is guaranteed to 

hold if the condition (a) is satisfied. 

  

Exercise 18.2.13 According to Eq. (18.2.43), the thermal rates, D Ak →  and A Dk → , differ only by 

the sign of the driving force. Use this to derive their ratio, Eq. (18.2.46).   

Solution 18.2.13 

Using: 

2( 2 )

42

, 2
| |

E

B

E

k TE

D A D A

B

k V e
k TE








− − 

→ =  and 

2( 2 )

42

, 2
| |

E

B

E

k TE

A D D Ak V e
k TE








− + 

→

+

= , we readily 

obtain Eq. (18.2.46),  

2 2( 2 ) ( 2 ) 8 2

4 4

E E E E

B B B

E E E

k TE k TE k TA D

D A

k
e e e

k

  

 

− +  + −  −  − 

→

→

= = = . 

 

Exercise 18.3.1 According to first-order perturbation theory, the rate of population transfer 

between an initial thermal ensemble and a final ensemble due to an explicitly time-dependent 

interaction is given by Eq. (17.3.15). Replace the generic projection operators as defined in Eqs. 

(17.3.1-17.3.4), by the relevant projection operators into the ground and excited electronic states in a 

chromophore (Eq. (18.3.27)) to obtain the absorption and emission rates in Eq. (18.3.26).  

Solution 18.3.1 

The general first-order approximations for the thermal rate constant reads (Eq. (17.3.15))  

(1) †

{ } { } { } { },{ } { },{ }2

0

2 ˆ ˆˆlim Re { (0) ( ') ( ) } '

t

i f t i i f i f
I I

k tr V t V t dt→ →
   =
    , where, 

0 0 0 0
ˆ ˆ ˆ ˆ

{ },{ } { },{ } { } { }
ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

iH t iH t iH t iH t

i f i f f i
I

V t e V t e e P V t P e
− −

  = =
 

.  
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Introducing the projection operators to the ground and excited states, ˆ
grP  and ˆexP  (Eq. (18.3.27)) and 

using their properties (Eqs. (17.3.1-17.3.3)), we obtain the following results: 

For absorption, 
{ }
ˆ ˆ

i grP P= , 
{ }
ˆ ˆ

f exP P= , and { }
ˆ ˆ(0) (0)i gr = , hence, 

0 0 0 0
ˆ ˆ ˆ ˆ' '

(1)

2

0

2 ˆ ˆ ˆ ˆˆlim Re { (0) ( ') ( ) } '

t iH t iH t iH t iH t

gr ex t gr gr exk tr P e V t e P e V t e dt
− −

→ →=  .  

For emission, 
{ }
ˆ ˆ

i exP P= , 
{ }
ˆ ˆ

f grP P= , and { }
ˆ ˆ(0) (0)i ex = , hence, 

0 0 0 0
ˆ ˆ ˆ ˆ' '

(1)

2

0

2 ˆ ˆ ˆ ˆˆlim Re { (0) ( ') ( ) } '

t iH t iH t iH t iH t

ex gr t ex ex grk tr P e V t e P e V t e dt
− −

→ →=  . 

  

Exercise 18.3.2 The absorption and emission rates of a field-driven chromophore are given in 

Eq. (18.3.26). Use the explicit form of the interaction, Eqs. (18.3.15-18.3.18), the projection operators 

to the ground and excited states, Eq. (18.3.27), and the decomposition of the field amplitude into 

rotating waves, ( )sin ( ) / (2 )i t i tt e e i −  = − , to express the rates in terms of the dipole correlation 

functions (Eqs. (18.3.29-18.3.31)). 

Solution 18.3.2 

Substituting the interaction, ( )ˆ ˆ( ) sinV t t =  , in Eq. (18.3.26) and using the properties of the 

projection operators (Eqs. (17.3.1-17.3.3)), we obtain 

( ) ( )
0 0 0 0
ˆ ˆ ˆ ˆ' '

(1)

2

0

2 ˆ ˆˆ ˆ ˆ( ) Re sin ' sin { (0) } '

t iH t iH t iH t iH t

gr ex gr gr exk t t t tr P e e P e e dt  
− −

→   

( ) ( )
0 0
ˆ ˆ( ') ( ')

2

0

2 ˆ ˆ ˆ ˆˆ ˆ ˆRe sin ' sin { (0) } '

t iH t t iH t t

gr gr ex ex grt t tr P P e P P dt  
− − −

=   , 

and 

( ) ( )
0 0 0 0
ˆ ˆ ˆ ˆ' '

(1)

2

0

2 ˆ ˆˆ ˆ ˆ( ) Re sin ' sin { (0) } '

t iH t iH t iH t iH t

ex gr ex ex grk t t t tr P e e P e e dt  
− −

→   

( ) ( )
0 0
ˆ ˆ( ') ( ')

2

0

2 ˆ ˆ ˆ ˆˆ ˆ ˆRe sin ' sin { (0) } '

t iH t t iH t t

ex ex gr gr ext t tr P P e P P dt  
− − −

=    . 

Using the of the sine functions decomposition into “rotating waves”, 
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( ) ( ) ( )( ) ( )' ' ( ') ( ') ( ') ( ')1 1
sin ' sin

4 4

i t i t i t i t i t t i t t i t t i t tt t e e e e e e e e −  −    − −  −  + −  +  = − − = + − −

( )( ') ( ') 2 ( ') 2 ( ')1

4

i t t i t t i t i t t i t i t te e e e e e − −  −  −  − −   −= + − −  , 

we obtain 

( ) ( )

( )

0 0

0 0

ˆ ˆ( ') ( ')

(1)

2

0

ˆ ˆ( ') ( ')

( ') 2 2 ( ')

2

0

2 ˆ ˆ ˆ ˆˆ ˆ ˆ( ) Re sin ' sin { (0) } '

2 1 ˆ ˆ ˆ ˆˆ ˆ ˆRe (1 ) (1 ) { (0) } '
4

t iH t t iH t t

gr ex gr gr ex ex gr

t iH t t iH t t

i t t i t i t i t t

gr gr ex ex gr

k t t t tr P P e P P e dt

e e e e tr P P e P P e dt

  

  

− − −

→

− − −

 − −   −  −

  

= − + −





0 0

0 0

( ') ( ')

2 ( ')

2

0

( ') ( ')

2 ( ')

0

1 ˆ ˆ ˆ ˆˆ ˆ ˆRe[(1 ) { (0) } '
2

ˆ ˆ ˆ ˆˆ ˆ ˆ(1 ) { (0) } ']

t iH t t iH t t

i t i t t

gr gr ex ex gr

t iH t t iH t t

i t i t t

gr gr ex ex gr

e e tr P P e P P e dt

e e tr P P e P P e dt

  

  

− − −

−   −

− − −

 −  −

= −

+ −





 

and 

( ) ( )

( )

0 0

0 0

ˆ ˆ( ') ( ')

(1)

2

0

ˆ ˆ( ') ( ')

( ') 2 2 ( ')

2

0

2 ˆ ˆ ˆ ˆˆ ˆ ˆ( ) Re sin ' sin { (0) } '

2 1 ˆ ˆ ˆ ˆˆ ˆ ˆRe (1 ) (1 ) { (0) } '
4

t iH t t iH t t

ex gr ex ex gr gr ex

t iH t t iH t t

i t t i t i t i t t

ex ex gr gr ex

k t t t tr P P e P P e dt

e e e e tr P P e P P e dt

  

  

− − −

→

− − −

 − −   −  −

  

= − + −





0 0
ˆ ˆ

2

2

0

1 ˆ ˆ ˆ ˆˆ ˆ ˆRe[(1 ) { (0) }
2

t iH iH

i t i

ex ex gr gr exe e tr P P e P P e d
 

    
−

−  = − 

0 0
ˆ ˆ

2

0

ˆ ˆ ˆ ˆˆ ˆ ˆ(1 ) { (0) } ]

t iH iH

i t i

ex ex gr gr exe e tr P P e P P e d
 

    
−

 − + −   . 

Defining: 
0 0

,
ˆ ˆˆ ˆ( )

iH iH

ex gr ex gre P P e
 

  
−

= , we have 
0 0

†

,
ˆ ˆˆ ˆ( )

iH iH

ex gr gr exe P P e
 

  
−

= , and hence,  

(1) 2 †

, ,2

0

1
ˆ ˆ ˆ( ) Re[(1 ) { (0) (0) ( )}

2

t

i t i

gr ex gr ex gr ex grk t e e tr d     −  

→  − 

2 †

, ,

0

ˆ ˆ ˆ(1 ) { (0) (0) ( )} ]

t

i t i

gr ex gr ex gre e tr d      − + −  ,  

and 
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(1) 2 †

, ,2

0

1
ˆ ˆ ˆ( ) Re[(1 ) { (0) (0) ( )}

2

t

i t i

ex gr ex ex gr ex grk t e e tr d     −  

→  − 

2 †

, ,

0

ˆ ˆ ˆ(1 ) { (0) (0) ( )} ]

t

i t i

ex ex gr ex gre e tr d      − + −  . 

Defining, 
†

, ,2

1
ˆ ˆ ˆ( ) { (0) (0) ( )}

4
gr gr ex gr ex grc tr      and †

, ,2

1
ˆ ˆ ˆ( ) { (0) (0) ( )}

4
ex ex ex gr ex grc tr     , we 

obtain Eq. (18.3.29), 

(1) 2 2

0 0

( ) 2Re (1 ) ( ) (1 ) ( )

t t

i t i i t i

gr ex gr grk t e e c d e e c d    −    − 

→

 
 − + − 

 
    

 (1) 2 2

0 0

( ) 2Re (1 ) ( ) (1 ) ( )

t t

i t i i t i

ex gr ex exk t e e c d e e c d    −    − 

→

 
 − + − 

 
  .       

 

Exercise 18.3.3 (a) Given the explicit form of the zero-order Hamiltonian, Eq. (18.3.14), show 

that  

,0
ˆˆ

exiHiH

ex e ex e

 

=
Q

               ;             

,0
ˆˆ

griHiH

gr e gr e

 

=
Q

 

,0
ˆˆ /( )/( )

e e gr BB
H k TH k T

gr gr
−−

= Q         ;        ,0
ˆˆ /( )/( )

e e ex BB
H k TH k T

ex ex
−−

= Q . 

(b) Use the definition of the projection operators to the ground and excited electronic states (Eq. 

(18.3.27)), the result (a), and Eqs. (18.3.18, 18.3.20, 18.3.21) for the interaction matrix elements, to 

derive Eq. (18.3.32) from Eqs. (18.3.28, 18.3.30, 18.3.31). Recall that the trace over the full electronic 

and nuclear space can be expressed as ˆ ˆ ˆ{ } { }tr O tr gr O gr ex O ex= +Q . 

Solution 18.3.3 

(a) 

Given 0 , ,
ˆ ˆ ˆ

gr exH H gr gr H ex ex= +Q Q  (Eq. (18.3.14)), and using a perfect analogy to Ex 

18.2.3, for any analytic function, 
0
ˆ( )f H  ,we obtain 0 ,

ˆ ˆ( ) ( )grf H gr f H gr= Q  and 

0 ,
ˆ ˆ( ) ( )exf H ex f H ex= Q

. Therefore, the following identities readily hold 

,0
ˆˆ

exiHiH

ex e ex e

 

=
Q

         ;             

,0
ˆˆ

griHiH

gr e gr e

 

=
Q
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,0
ˆˆ /( )/( )

e e gr BB
H k TH k T

gr gr
−−

= Q         ;        ,0
ˆˆ /( )/( )

e e ex BB
H k TH k T

ex ex
−−

= Q  . 

(b) 

Starting from Eqs. (18.3.28, 18.3.30, 18.3.31) we have 

0 0

0

ˆ ˆ

ˆ /( )†

, ,2 2

1 1 1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( ) { (0) (0) ( )} { e }
4 4

B

iH iH

H k T

gr gr ex gr ex gr gr ex ex gr

gr

c tr tr P P e P P e
Z

 

      
−

−
= = , 

0 0

0

ˆ ˆ

ˆ /( )†

, ,2 2

1 1 1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( ) { (0) (0) ( )} { e }
4 4

B

iH iH

H k T

ex ex ex gr ex gr ex gr gr ex

ex

c tr tr P P e P P e
Z

 

      
−

−
 = . 

Using the projection operators, ˆ
exP ex ex=  and ˆ

grP gr gr= , the identity,

ˆ ˆ ˆ{ } { }tr O tr gr O gr ex O ex= +Q
, and the result (a), we obtain 

0 0

0

0 0

0

ˆ ˆ

ˆ /( )

2

ˆ ˆ

ˆ /( )

2

1 1 ˆ ˆ ˆ ˆˆ ˆ( ) { e }
4

1 1
ˆ ˆ{ e }

4

B

B

iH iH

H k T

gr gr ex ex gr

gr

iH iH

H k T

gr

c tr P P e P P e
Z

tr gr gr gr ex ex e ex ex gr gr e gr
Z

 

 

  

 

−

−

−

−

=

= Q

,,

,

ˆˆ
ˆ /( )

2

1 1
ˆ ˆ{e }

4

grex

gr B

iHiH
H k T

gr

tr gr ex e ex gr e
Z



 

−

−
=

QQ

Q

Q  , 

0 0

0

0 0

0

ˆ ˆ

ˆ /( )

2

ˆ ˆ

ˆ /( )

2

1 1 ˆ ˆ ˆ ˆˆ ˆ( ) { e }
4

1 1
ˆ ˆ{ e }

4

B

B

iH iH

H k T

ex ex gr gr ex

ex

iH iH

H k T

ex

c tr P P e P P e
Z

tr ex ex ex gr gr e gr gr ex ex e ex
Z

 

 

  

 

−

−

−

−

=

= Q

, ,

,

ˆ ˆ

ˆ /( )

2

1 1
ˆ ˆ{e }

4

gr ex

ex B

iH iH

H k T

ex

tr ex gr e gr ex e
Z

 

 

−

−
=

Q Q

Q

Q . 

Using, ,
ˆ

gr exgr ex = , we obtain Eq. (18.3.32) 

,,

,

ˆˆ2
ˆ /( ),

2

| |
( ) {e }

4

grex

gr B

iHiH
H k Tgr ex

gr

gr

c tr e e
Z




−

−
=

QQ

Q

Q

, ,

,

ˆ ˆ2
ˆ /( ),

2

| |
( ) {e }

4

gr ex

ex B

iH iH

H k Tgr ex

ex

ex

c tr e e
Z

 


−

−
=

Q Q

Q

Q . 
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Exercise 18.3.4 Derive Eq. (18.3.33) from Eq. (18.3.32) by evaluating the trace over the 

nuclear space using a complete set of eigenstates of the multidimensional Hamiltonian, 
,

ˆ
grH Q

, and an 

identity operator, expressed in terms of 
,

ˆ
exH Q

-eigenstates (as defined in Eqs. (18.3.23, 18.3.24)). 

Solution 18.3.4 

Using complete orthonormal sets of eigenstates of  
,

ˆ
grH Q

 and 
,

ˆ
exH Q

 for evaluating the trace in Eq. 

(18.3.32), we obtain 

,,,

,,,

,,,

2 ˆˆˆ /( )
,

2

2 ˆˆˆ /( )
,

, , , ,2
,

2
/( )

, 2

, ,2
,

e
( ) { }

4

e

4

e
| |

4

grexgr B

grexgr B

grexgr B

iHiHH k T
gr ex

gr

gr

iHiHH k T
gr ex

gr ex ex gr

gr

iik T
gr ex

gr ex

gr

c tr e e
Z

e e
Z

e e
Z





  





   


 

−−

−−

−−

=

=

=





QQQ

QQQ

nmn

Q

n m m n

n m

n m

n m

, ,,

2
( )/( )

, 2

, ,2
,

e
| |

4

gr exgr B
ik T

gr ex

gr ex

gr

e
Z

  
 

− −−

= 
n mn

n m

n m

  , 

and 

, ,, ,, ,

,,,

2 2ˆ ˆˆ ˆˆ ˆ/( ) /( )
, ,

2 2

2 ˆˆˆ /( )
,

, , , ,2
,

2

,

2
,

e e
( ) { } { }

4 4

e

4

4

gr grex exex B ex B

grexex B

iH iHiH iHH k T H k T
gr ex gr ex

ex

ex ex

iHiHH k T
gr ex

gr ex ex gr

ex

gr ex

c tr e e tr e e
Z Z

e e
Z

  



 



   



− −− −

−−

= =

=

=



Q QQ QQ Q

QQQ

Q Q

n m m n

n m

n

,,, /( )

2

, ,

e
| |

grexex B
iik T

gr ex

gr

e e
Z

  

 
−−


nmm

n m

m

, ,,

2
( )/( )

, 2

, ,2
,

e
| |

4

gr exex B
ik T

gr ex

gr ex

gr

e
Z

  
 

−−

= 
n mm

n m

n m

 . 

 

Exercise 18.3.5 Within the rotating wave approximation, the interaction term in the 

Hamiltonian (Eq. (18.3.19)) can be replaced by 
, ,

ˆ( )
2 2

i t i t

gr ex ex gr

e e
V t gr ex ex gr 

 − 

= + . Use 

this interaction term in the rate expressions (Eq. (18.3.26)) to derive Eq. (18.3.35) directly. 

Solution 18.3.5 
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Starting from Eq. (18.3.26), using 
, ,

ˆ( )
2 2

i t i t

gr ex ex gr

e e
V t gr ex ex gr 

 − 

= + , ˆ
grP gr gr= , 

ˆ
exP ex ex= , ˆ 0exP gr = , ˆ 0grP ex =  (see Eq. (18.3.27)), and the results of Ex. 18.3.3 (a), we 

obtain 

0 0 0 0

0 0 0 0

ˆ ˆ ˆ ˆ' '

(1)

2

0

ˆ ˆ ˆ ˆ' ''

, ,2

0

2

,

2

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) ( ') ( ) } '

2 ˆ ˆˆRe { (0) } '
2 2

| |
Re

2

t iH t iH t iH t iH t

gr ex gr gr ex

t iH t iH t iH t iH ti t i t

gr gr gr ex ex ex gr

gr ex i

k t tr P e V t e P e V t e dt

e e
tr P e gr ex e P e ex gr e dt

e



  



− −

→

− − − 

− 



=

=





, ,, ,,

,,,

,

ˆ ˆˆ ˆˆ ' '/( )

( ')

0

ˆˆˆ ( ')2 ( ')/( )

, ( ')

2

0

ˆ2 /(

,

2

0

e
{ } '

| | e
Re { } '

2

| | e
2Re {

4

gr grex exgr B

grexgr B

gr

iH t iH tiH t iH tH k Tt

t t

gr

iH t tiH t tH k Tt
gr ex i t t

gr

Ht
gr ex i

tr e e e e dt
Z

e tr e e dt
Z

e tr





−−−

−

− −−−

−  −

−

− 

=

=







Q QQ QQ

QQQ

Q

Q

Q

Q

,,
ˆˆ)

}
grexB

iHiHk T

gr

e e d
Z





− QQ

0 0 0 0

0 0 0 0

ˆ ˆ ˆ ˆ' '

(1)

2

0

ˆ ˆ ˆ ˆ' ''

, ,2

0

2

, (

2

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) ( ') ( ) } '

2 ˆ ˆˆRe { (0) } '
2 2

| |
Re

2

t iH t iH t iH t iH t

ex gr ex ex gr

t iH t iH t iH t iH ti t i t

ex ex ex gr gr gr ex

ex gr i

k t tr P e V t e P e V t e dt

e e
tr P e ex gr e P e gr ex e dt

e



  



− −

→

− −−  





=

=





, ,, ,,

, ,,

ˆ ˆˆ ˆˆ ''/( )

')

0

ˆ ˆˆ ( ')2 ( ')/( )
, ( ')

2

0

e
{ } '

| | e
Re { } '

2

gr grex exex B

gr exex B

iH t iH tiH t iH tH k Tt

t t

ex

iH t t iH t tH k Tt
ex gr i t t

ex

tr e e e e dt
Z

e tr e e dt
Z



− −−

−

− − −−

 −=





Q QQ QQ

Q QQ

Q

Q

, ,,
ˆ ˆˆ2 /( )

,

2

0

| | e
2Re { }

4

gr exex B
iH iHH k Tt

ex gr i

ex

e tr e e d
Z

 





−−

= 
Q QQ

Q  . 

Using the definition of the correlation functions in Eq. (18.3.32), we obtain Eq. (18.3.35),   

(1)

0

( ) 2Re ( )

t

i

gr ex grk t e c d  − 

→     

(1)

0

( ) 2Re ( )

t

i

ex gr exk t e c d  

→    . 
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Exercise 18.3.6 Derive Eq. (18.3.36) by taking the upper limit of the time integral in Eqs. 

(18.3.33, 18.3.35) to infinity and by using a suitable definition of Dirac’s delta. Use the fact that the 

real part of the integrand is an even function of time.  

Solution 18.3.6 

Using Eqs. (18.3.33, 18.3.35) we obtain 

, ,,

2
( )/( )

2,(1)

, ,2
,0

e
( ) Re

2

gr exgr B
ik Tt

gr ex

gr ex gr ex

gr

k t e d
Z

  
  

− − + −

→  
n mn

n m

n m

, ,,

2
( )/( )

2,(1)

, ,2
,0

e
( ) Re

2

gr exex B
ik Tt

gr ex

ex gr gr ex

ex

k t e d
Z

  
  

− + −

→  
n mm

n m

n m

 .                                        

Taking the upper limit in the integral to infinity and noticing that the real part of the integrand is an 

even function of time, we obtain 

, ,,

2
( )/( )

2,(1)

, ,2
,

e
( ) lim ( ) Re

gr exgr B
ik T

gr ex

gr ex t gr ex gr ex

gr

k k t e d
Z

  
  

− − + −

→ → →

−

 = = 
n mn

n m

n m

, ,,

2
( )/( )

2,(1)

, ,2
,

e
( ) lim ( ) Re

gr exex B
ik T

gr ex

ex gr t gr ex gr ex

ex

k k t e d
Z

  
  

− + −

→ → →

−

 = = 
n mm

n m

n m

 . 

Using the definition of Dirac’s delta, 
, ,( )

, ,2 ( )
gr exi

gr exd e

  

    

− − + 

−

= − + 
n m

n m
, we obtain 

Eq. (18.3.36), 

,

2
/( )

2,(1)

, , , ,

,

2 e
( ) lim ( ) ( )

gr Bk T
gr ex

gr ex t gr ex gr ex gr ex

gr

k k t
Z

 
    

−

→ → → = = − + 
n

n m n m

n m

,

2
/( )

2,(1)

, , , ,

,

2 e
( ) lim ( ) ( )

ex Bk T
gr ex

ex gr t gr ex gr ex gr ex

ex

k k t
Z

 
    

−

→ → → = = − + 
m

n m n m

n m

 . 

 

Exercise 18.3.7 The dipole correlation functions are defined in Eq. (18.3.30). (a) Show that 

* ( ) ( )gr grc c = −  and 
* ( ) ( )ex exc c = − . (b) Use the result (a) to show that Re ( )i

gre c −     and 

Re ( )i

exe c     are even functions of time, and that Im ( )i

gre c −     and Im ( )i

exe c     are odd 

functions of time. Use this result to derive Eq. (18.3.37) from Eq. (18.3.35), in the limit t → . 

Solution 18.3.7 
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(a) 

Using the definition of the correlation functions (Eqs. (18.3.30, 18.3.31)),  

0 0
ˆ ˆ

2

1 ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { (0) }
4

iH iH

gr gr gr ex ex grc tr P P e P P e
 

   
−

=

0 0
ˆ ˆ

2

1 ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { (0) }
4

iH iH

ex ex ex gr gr exc tr P P e P P e
 

   
−

= , 

we obtain 

0 0

0 0

0 0

†ˆ ˆ
*

2

ˆ ˆ

2

ˆ ˆ

2

1 ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { (0) }
4

1 ˆ ˆ ˆ ˆ ˆˆ ˆ{ (0)}
4

1 ˆ ˆ ˆ ˆˆ ˆ ˆ{ (0) }
4

iH iH

gr gr gr ex ex gr

iH iH

gr ex ex gr gr

iH iH

gr gr ex ex gr

c tr P P e P P e

tr e P P e P P

tr P P e P P e

 

 

 

   

  

  

−

−

−

 
  =   

  

=

=

 

( )grc = −  . 

 
0 0

0 0

0 0

†ˆ ˆ

*

2

ˆ ˆ

2

ˆ ˆ

2

1 ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { (0) }
4

1 ˆ ˆ ˆ ˆ ˆˆ ˆ{ (0)}
4

1 ˆ ˆ ˆ ˆˆ ˆ ˆ{ (0) }
4

iH iH

ex ex ex gr gr ex

iH iH

ex gr gr ex ex

iH iH

ex ex gr gr ex

c tr P P e P P e

tr e P P e P P

tr P P e P P e

 

 

 

   

  

  

−

−

−

 
=  

  

=

=

 

( )exc = − . 

(b)  

Using the result (a), we readily obtain 

 

*

*

*

( ) ( ) ( ) ( )
Re[ ( )]

2 2

( ) ( ) ( ) ( )
Re[ ( )]

2 2

( ) ( ) ( ) ( )
Im[ ( )]

2 2

gr gr gr gr

gr

ex ex ex ex
ex

gr gr gr gr

gr

c c c c
c

c c c c
c

c c c c
c

i i

   


   


   


 + + − = =

+ + −
= =

 − − − = =

 
*

( ) ( ) ( ) ( )
Im[ ( )]

2 2

ex ex ex ex
ex

c c c c
c

i i

   


− − −
= =  . 

Hence, Re[ ( )]grc   and Re[ ( )]exc   are even functions of time, whereas Im[ ( )]grc   and Im[ ( )]exc   

are odd functions of time. Consequently, 
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Re ( ) cos( ) Re ( ) sin( ) Im ( )

Re ( ) cos( ) Re ( ) sin( ) Im ( )

Im ( ) cos( ) Im ( ) sin( ) Re ( )

i

gr gr gr

i

ex ex ex

i

gr gr gr

e c c c

e c c c

e c c c







    

    

    

− 



− 

     =  +     

  =  −  

     =  −     

   Im ( ) cos( ) Im ( ) sin( ) Re ( )i

ex ex exe c c c       =  +    , 

where Re ( )i

gre c −     and Re ( )i

exe c     are shown to be even functions of time, whereas 

Im ( )i

gre c −     and Im ( )i

exe c     are odd functions of time.  

In the limit t → , Eq. (18.3.35) reads 

0

( ) 2Re ( )i

gr ex grk e c d  


− 

→  =   

0

( ) 2Re ( )i

ex gr exk e c d  




→  =  . 

Since Re ( )i

gre c −     and Re ( )i

exe c     are even functions of time, we can change the 

integration limits to obtain Eq. (18.3.37),  

( ) Re ( )i

gr ex grk e c d  


− 

→

−

 =   

( ) Re ( )i

ex gr exk e c d  




→

−

 =  . 

 

Exercise 18.3.8 One of the representations of Dirac’s delta is 

2

4
0

1
( ) lim

4

x

x e 




−

→+= . Use 

it to show that in the limit of vanishing coupling to the nuclear modes, both the absorption and the 

emission rates are peaked at the “adiabatic” energy gap, 2 E−  , namely  

2

,

0

2
lim ( ) ( 2 )

4

gr ex

E gr ex Ek



→ →  = −  −  , 

2

,

0

2
lim ( ) (2 )

4

gr ex

E ex gr Ek



→ →  =  +  .  

Compare the result with the direct calculation of transition rate between pure states, in Eq. (15.6.29).  

Solution 18.3.8 
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Starting from the semiclassical rate expressions (Eq. (18.3.40)),  

22
( 2 )

, 4

2
( )

4

E

B

E

gr ex k TE

gr ex

B

k e
k TE







 
− −  − 

→  =  

22
( 2 )

, 4

2
( )

4

E

B

E

gr ex k TE

ex gr

B

k e
k TE







 
− +  + 

→  =   ,   

by taking the limit of vanishing coupling to the nuclear modes, using  

2

4
0

1
lim ( )

4

x

e x
 



−

→+ = , we 

obtain 

22 2
( 2 )

, ,4

0 0

2 1 2
lim ( ) lim (2 )

4 4 4

E

B

E

gr ex gr exk TE

E gr ex E E

B

k e
k TE





 



  




− −  − 

→ → → = =  + 

22 2
( 2 )

, ,4

0 0

2 1 2
lim ( ) lim (2 )

4 4 4

E

B

E

gr ex gr exk TE

E ex gr E E

B

k e
k TE





 



  


− +  + 

→ → → = =  +  . 

As we can see, for vanishing coupling to the nuclear modes the rates are peaked at  

2 E = −  , which is the adiabatic electronic transition energy.    

 

Exercise 18.3.9 (a) Show that the time integrals in Eq. (18.3.38) can be rewritten as  

(2 )

0

10

e ( ) ( )
E

t i N

j

j

c c d


  


 + 

=

 , where the single-mode correlation functions are defined as ( )jc   

2 22 sin( ) 2 (1 cos( ))(1 2 ( ))j j j j ji n
e e

     −  − +
= . (b) Show that 0 ( )c   can be rewritten as 

2 2 0 0
0 0 0 0 02 (2 ( ) 1) 2 [( ( ) 1) ( ) ]

0 ( )
i i

n n e n e
c e e

     
−

−  +  + +
= . (c) Follow the low frequency approximation, Eqs. 

(18.2.35 – 18.2.39), to show that 

2

2

1

( ) e
BE k TiN

E

j

j

c e







−

=

= , and derive Eq. (18.3.41). 

Solution 18.3.9 

(a) 

Assigning indexes to the different modes, 0,1,2...,j N= , in Eq. (18.3.38), and rewriting the exponent 

of a sum as a product of exponents, we obtain 
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2 2

0 0

2 2 2 2
0 0 0 0 0 1 1 1 1 1

2
2 2 2

(2 ) 2 sin( ) 2 (1 cos( ))(1 2 ( ))

0

(2 )
2 sin( ) 2 (1 cos( ))(1 2 ( )) 2 sin( ) 2 (1 cos( ))(1 2 ( ))

0

2 sin( ) 2

e

e

N N

E j j j j jj j

E

t i
i n

t i
i n i n

i

e e d

e e e e

e e


    


         

 

= =


 +   −  − +


 + 

 −  − +  −  − +

 − 

 

   = 
  






2 22

2 2 2 sin( ) 2 (1 cos( ))(1 2 ( ))(1 cos( ))(1 2 ( )) N N N N Ni nn e e d
        −  − +− +   

   

(2 )

0

10

e ( ) ( )
E

t i N

j

j

c c d


  


 + 

=

=   , 

where, 
2 22 sin( ) 2 (1 cos( ))(1 2 ( ))

( ) j j j j ji n

jc e e
    


 −  − +

 . 

(b) 

Starting from the definition, 
2 2
0 0 0 02 sin( ) 2 (1 cos( ))(1 2 ( ))

0 ( ) Ni n
c e e

      −  − +
  , we readily obtain  

2 2
0 0 0 0 0

2 2 20 0 0 0
0 0 0 0 0

2 2 2 20 0 0 0 0 0
0 0 0 0 0 0

2
0

2 sin( ) 2 (1 cos( ))(1 2 ( ))

0

2 (2 ( ) 1) ( ) (1 2 ( ))( )

2 (2 ( ) 1) ( ) ( ) 2 ( )( )

2 (2 (

( )
i i i i

i i i i i i

i n

n e e n e e

n e e e e n e e

n

c e e

e e e

e e e e

e

       

           

    

 

 




− −

− − −

 −  − +

−  +  −  + +

−  +  −  +  +

− 

=

=

=

=
2 20 0 0

0 0 0 0) 1) 2 2 ( )( )
i i i

e n e e
e e

      −
+   +

2 2 0 0
0 0 0 0 02 (2 ( ) 1) 2 [( ( ) 1) ( ) ]

i i
n n e n e

e e
      −

−  +  + +
=  

. 

(c) 

Invoking the “low frequency” approximation for the modes associated with 0j  , namely 

( ) 1B
j

j

k T
n 


  , sin( )j j     and 

2 2cos( ) 1 / 2j j    − , we obtain 

2 2 2 2 2 22 sin( ) 2 (1 cos( ))(1 2 ( )) 2 2 /( )
( ) j j j j j j j j j B ji n i k T

jc e e e e
         


 −  − +  −

=  . 

Hence,  

2 2 2 2

1 1
2 2 /( )

1
( )

N N

j j j j B jj j
i k TN

jj
c e e

    

 = =
 − 

=

 


2 2 2 2
2 2

1 1
2 / 2 / / /

N N

j j j j Bj j B
i k T iE E k T

e e e e 
     = =

 −  − 
= =  

, 

where in the last step we used the definition of the reorganization energy attributed to these modes, 

2

1
2

N

j jj
E 

=
  . Using this result and the result of (a) in Eq. (18.3.38), we obtain Eq. (18.3.41),  
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2 2

2 2 2
0 0

2
2 sin( ) 2 (1 cos( ))(1 2 ( ))

(2 ),(1)

2

0

2

(2 ),

02
10

2

(2 ), / / 2 (2 ( ) 1)

2

0

( ) Re e
2

Re e ( ) ( )
2

Re e
2

j j j j j
E

j j

E

E
B

t i i n
gr ex

gr ex

t i N
gr ex

j

j

t i
gr ex iE E k T n

k t e e d

c c d

e e e e 

     




  





  



−  −  − +
 + 

→

−
 + 

=

−
 + 

− −  +

 


=








2 0 0
0 0 02 [( ( ) 1) ( ) ]

i i
n e n e

d
     

−
 + +

          

and 

2 2
2

2 sin( ) 2 (1 cos( ))(1 2 ( ))
(2 ),(1)

2

0

2

(2 ),

02
10

( ) Re e
2

Re e ( ) ( )
2

j j j j j
E

j j

E

t i i n
gr ex

ex gr

t i N
gr ex

j

j

k t e e d

c c d

     







  

 −  − +
 + 

→

 + 

=

 


=





2 2 2 2 0 0
0 0 0 0 0

2

(2 ), / / 2 (2 ( ) 1) 2 [( ( ) 1) ( ) ]

2

0

Re e
2

i iE
B

t i
gr ex iE E k T n n e n e

e e e e d
   

 


    




− + 
− −  +  + +

   . 

 

Exercise 18.3.10 Introduce the Taylor expansion of 
2 0
02

i
e

e
 


 into Eq. (18.3.42) and then carry 

out the time-integration to infinity. Notice that the time integrand is an even function of time, and use 

the identity, 

2

2
4

x

zk ikx zdke e e
z


 −

−

−

= , to obtain Eq. (18.3.43). 

Solution 18.3.10 

Expanding in a Taylor series, 
( )2 0

0 0

2

02

0

2

!

i

n

e in

n

e e
n

   




=


= ,  under the integral in Eq. (18.3.42), we 

obtain 

( ) 2

2 0 2
0

22

(2 )0, 2(1)

2
0 0

2
( ) Re e

2 !

B
E

n
E k Tt i

E ngr ex

gr ex

n

k t e e d
n








−−  + − −

− 

→

=


  

( ) 2

2 0 2
0

22

( 2 )0, 2(1)

2
0 0

2
( ) Re e

2 !

B
E

n
E k Tt i

E ngr ex

ex gr

n

k t e e d
n








−− −  − − −

− 

→

=


    . 
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Replacing the upper integration limit by infinity, and using the fact that the time integrand is an even 

function of time, and the identity, 

2

2
4

x

zk ikx zdke e e
z


 −

−

−

= , we obtain Eq. (18.3.43),   

( )

( )

( )

2

2 0 2
0

2
0

2
0

2 0
0

22

(2 )0, 2

2
0

2 2
( 2 )

0 ,2 4

2
0

22

( 2 )0, 2

2
0

2
( ) Re e

4 !

2

! 4

2
( ) Re e

4 !

B
E

E

B

E

n
E k Ti

E ngr ex

gr ex

n

n
n E

gr ex k TE

n B

n

i
E ngr ex

ex gr

n

k e e d
n

e e
n k TE

k e
n























 



− −  + − −
− 

→

= −

− + −  − 


− 

=

− −  − − −
− 

→

=


 


=


 

 




2

2

BE k T

e d
 


−

−



( ) 2
0

2
0

2 2
( 2 )

0 ,2 4

2
0

2

! 4

E

B

n
n E

gr ex k TE

n B

e e
n k TE









 
− + +  + 


− 

=


=  . 

 

Exercise 18.3.11 Using dimensionless position and momentum variables, Q̂  and P̂ , a coherent 

state of a one-dimensional harmonic oscillator,  , is defined as 

21/4 ( 2 Re( ))

2 Im( )2
1

Q

i QQ e e





− −
 

=  
 

, where  ( )0 0

1

2
Q iP  +  (see Eqs. (15.4.11, 15.4.36)). The 

projections of the coherent state on the eigenstates of the harmonic oscillator Hamiltonian, 

2 2ˆ ˆ( ) ( 1/ 2)
2

n nQ P n


  + = + , read 
2

2
2 | | | |

!

n

n e
n

 
  −=  (see Eq. (15.4.37)). Use this to 

show that the pre-factors multiplying the Gaussians in Eq. (18.3.43) are related to Franck-Condon 

overlap integrals, namely, given the harmonic oscillator ground state function, 

21/4

2
0

1
( )

Q

Q e


−
 

=  
 

, 

show that 
2
0

2
2

2 0
0 0 0

( 2 )
( ) ( )

!

n

n Q Q dQ e
n

 


− 

−


+  − = .  

Solution 18.3.11 

Changing variable in the overlap integral, and recalling the definition of the ground state function for 

a displaced harmonic oscillator, we obtain  

2
0

1/4 ( 2 )

2
0 0 0 0 0

1
( ) ( ) ( ) ( 2 ) ( )

Q

n n nQ Q dQ Q Q dQ Q e dQ    


   − − 

− − −

 
+  − = −  =  

 
   . 
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Identifying the function 

2
0

1/4 ( 2 )

2
1

Q

e


− − 
 
 
 

  as a coherent state associated with 
0Re( ) 2 =   and 

Im( ) 0 = , the overlap integral is the projection of the coherent state on the eigenstates of the (un-

displaced) harmonic oscillator Hamiltonian, 

2
0

1/4 ( 2 )

2
0 0

1
( ) ( ) 2 2

Q

n n nQ e dQ Q Q dQ  


 − − 

− −

 
=  =  

 
  .   

Consequently, 

2
0

2
22

(2 ) 0
0 0 0 0

( 2 )
( ) ( ) 2

!

n

n nQ Q dQ e
n

  


− 

−


+  − =  = . 

 

Exercise 18.4.1 The Hamiltonian of the bichromophoric system in the absence of inter-

chromophore interaction ( 0Ĥ ) is given by Eq. (18.4.1), where the single-chromophore Hamiltonians 

are given by Eq. (18.4.3). Calculate the matrix elements of 0Ĥ  in the basis of the bi-chromophore states, 

* ( ) ( )D AD ex gr=   and * ( ) ( )D AA gr ex=  , and derive Eq. (18.4.7).   

Solution 18.4.1 

Using the definition of the zero-order Hamiltonian (Eqs. (18.4.1, 18.4.3)) and the orthonormality 

conditions in each chromophore, ( ) ( ) 0D Dex gr = , ( ) ( ) 0A Aex gr = , 

( ) ( ) ( ) ( ) 1D D D Dex ex gr gr= = , ( ) ( ) ( ) ( ) 1A A A Aex ex gr gr= = , we obtain the matrix elements 

corresponding to Eqs. (18.4.7, 18.4.8),  



* ( ) ( ) ( ) ( ) *

0 0 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0 0 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

, 0 , 0

( ) ( ) ( ) ( ) ( ) ( ) ( )

0 , 0 ,

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

D D

A A

D D D A

D A D A D A D A

D A D D D A D D D A

gr ex

D A A A D A A

gr ex

D H I I H D

ex gr H I I H ex gr

ex gr H gr gr I H ex ex I

I H gr gr I H ex e

 + 

=   +  

=   + 

+  + 

Q Q

Q Q ( ) ( ) ( )

( ) ( )

, ,
ˆ ˆ

D A

A D A

D A

ex gr

x ex gr

H H



= +Q Q
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* ( ) ( ) ( ) ( ) *

0 0 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0 0 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

, 0 , 0

( ) ( ) ( ) ( ) ( ) ( )

0 , 0 ,

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

D D

A A

D D D A

D A D A D A D A

D A D D D A D D D A

gr ex

D A A A D A

gr ex

A H I I H A

gr ex H I I H gr ex

gr ex H gr gr I H ex ex I

I H gr gr I H ex

 + 

 =   +  
 

=   + 

+  + 

Q Q

Q Q ( ) ( ) ( ) ( )

( ) ( )

, ,
ˆ ˆ

D A

A A D A

D A

gr ex

ex gr ex

H H



= +Q Q

 



* ( ) ( ) ( ) ( ) *

0 0 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0 0 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

, 0 , 0

( ) ( ) ( ) ( ) ( ) ( )

0 , 0 ,

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

D D

A A

D D D A

D A D A D A D A

D A D D D A D D D A

gr ex

D A A A D A

gr ex

D H I I H A

ex gr H I I H gr ex

ex gr H gr gr I H ex ex I

I H gr gr I H ex

 + 

 =   +  
 

=   + 

+  + 

Q Q

Q Q ( ) ( ) ( ) ( )A A D Aex gr ex

 

0=  . 

 

Exercise 18.4.2 (This exercise is completely analogous to Ex. 18.2.3 for charge transfer): (a) 

Use the explicit expressions for the zero-order Hamiltonian (Eq. (18.4.7)) and show that 

*

* *

0 , ,

ˆ ˆ( ) ( )
D AD

f H D f H D=
Q Q

 and 
*

* *

0 , ,

ˆ ˆ( ) ( )
D AA

f H A f H A=
Q Q

, where 0
ˆ( )f H  is an analytic function 

of the respective operators. (b) Use the results of (a), the interaction operator (Eq. (18.4.10)), and the 

definitions of the initial and final ensembles (Eqs. (18.4.15, 18.4.16)) to derive Eq. (18.4.18) from Eq. 

(18.4.17). Recall that the trace over the full electronic and nuclear space can be expressed as 

* * * *

,
ˆ ˆ ˆ{ } { }

D A
tr O tr D O D A O A= +Q Q

. 

Solution 18.4.2 

The solution follows the solution of Ex. 18.2.3, with the following replacements, 

*D D  

*A A  

*

* *ˆ ˆ
D D

P D D P D D=  =  

*

* *ˆ ˆ
A A

P A A P A A=  =  

*, , ,

ˆ ˆ
D A

D D
H HQ Q Q
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*, , ,

ˆ ˆ
D A

A A
H HQ Q Q

 

* *

* * * *

0 , , 0 , , , ,
ˆ ˆ ˆ ˆ ˆ ˆ

D A D A
D A D A

H H D D H A A H H D D H A A= +  = +Q Q Q Q Q Q
 

( ),
ˆ

D AV V D A A D= + 

* * * * * *

* * * * * * * *

, ,
ˆ ( , ) ( , )D A D AD A D A D A

V J D D J A A J D A J A D= + + +Q Q Q Q  . 

(notice that the diagonal interaction terms in V̂ , namely, 

* *

* * * *( , ) ( , )D A D AD A
J D D J A A+Q Q Q Q , vanish in * *

ˆ ˆ ˆ
D A

P VP  and * *
ˆ ˆ ˆ
A D

P VP .) 

Hence, the result for the energy transfer rate,  

0 0

* * * * *

ˆ ˆ

(1)

2

0

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) }

t iH iH

D A D D A
k t tr P VP e Ve d

 

 
−

→
 

*, , *, ,*, ,
* *

*

ˆ ˆˆ2 /( )

,

,2

0

| | e
2Re { }

D AD B D A D AD A

D A

iH iHH k Tt

D A

D

J
tr e e d

Z

 



−−

= 
Q Q Q QQ Q

Q Q , 

is obtained in perfect analogy to the result for charge transfer rate in Ex. 18.2.3,  

0 0
ˆ ˆ

(1)

2

0

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) }

t iH iH

D A D D Ak t tr P VP e Ve d
 

 
−

→  

, ,,
ˆ ˆˆ2 /( )

,

2

0

| | e
2Re { }

D AD B
iH iHH k Tt

D A

D

V
tr e e d

Z

 


−−

= 
Q QQ

Q . 

 

Exercise 18.4.3 (This exercise is completely analogous to Ex. 18.2.4 for charge transfer) 

Derive Eq. (18.4.19) from Eq. (18.4.18) by evaluating the trace over the nuclear space using a complete 

set of eigenstates of the multidimensional Hamiltonian, 
* , ,

ˆ
D AD

H
Q Q

, and an identity operator, expressed 

in terms of 
* , ,

ˆ
D AA

H
Q Q

-eigenstates (Eq. (18.4.11,18.4.12)).  

Solution 18.4.3 

Starting from Eq. (18.4.18) and introducing complete orthonormal sets of 
* , ,

ˆ
D AD

H
Q Q

 and 
* , ,

ˆ
D AA

H
Q Q

 

eigenstates, * * * *, , , , ,
ˆ

D AD D D D
H   =

Q Q n n n
 and * * * *, , , , ,

ˆ
D AA A A A

H   =
Q Q m m m

 (see Eqs. 

(18.4.7, 18.4.8, 18.4.11)), we obtain Eq. (18.4.19), 
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*, , *, ,*, ,
* *

* *

*

*, , *, ,*, ,
* *

* * * *

*

* *

ˆ ˆˆ2 /( )

,(1)

,2

0

ˆ ˆˆ2 /( )

,

2 , , , ,

0

2

,

2

2 | | e
( ) Re { }

2 | | e
Re

2 | |
Re

D AD B D A D AD A

D A

D AD B D A D AD A

iH iHH k Tt

D A

D A

D

iH iHH k Tt

D A

D A A D

D

D A

J
k t tr e e d

Z

J
e e d

Z

J

 

 



    

−−

→

−−

=

=

=



 

Q Q Q QQ Q

Q Q Q QQ Q

Q Q

n m m n
n m

* ** , ,,

* * * *

*

/( )

, , , ,

0

e
B D AD

i ik Tt

D A A D

D

e e d
Z

  

    

−−

 
n mn

n m m n
n m

* ** , ,,
* *

* *

*

( )/( )2
2

,

2 , ,
,0

2 | | e
Re

B D AD
ik Tt

D A

D A

D

J
e d

Z

  

  

− −−

= 
n mn

n m
n m

 . 

 

Exercise 18.4.4 The dipole-dipole correlation function is defined in Eq. (18.4.18). Show that 

*, , *, ,

* ( ) ( )
D DD A D A

c c = −
Q Q Q Q

.  Use this result to derive Eq. (18.4.21) from Eq. (18.4.18), in the limit 

t → . 

Solution 18.4.4 

Using the dipole-dipole correlation function in Eq. (18.4.18), 

*, , *, ,*, ,
* *

*

ˆ ˆˆ2 /( )

,

*, , ,2

| | e
( ) { }

D AD B D A D AD A

D A D A

iH iHH k T

D A

D

D

J
c tr e e

Z

 



−−

=
Q Q Q QQ Q

Q Q Q Q
, 

we obtain 

*, , *, ,*, ,
* *

*

*, , *, , *, ,
* *

*

†ˆ ˆˆ2 /( )
*

,

*, , ,2

ˆ ˆ ˆ2 /( )

,

,2

| | e
( ) { }

| | e
{ }

D AD B D A D AD A

D A D A

A D D BD A D A D A

D A

iH iHH k T

D A

D

D

iH iH H k T

D A

D

J
c tr e e

Z

J
tr e e

Z

 

 



−−

− −

 
  =   

  

 
=  

  

Q Q Q QQ Q

Q Q Q Q Q Q

Q Q Q Q

Q Q

*, , *, ,*, ,
* *

*

ˆ ˆˆ2 /( )

,

, *, ,2

| | e
{ } ( )

D AD B D A D AD A

D A D A

iH iHH k T

D A

D

D

J
tr e e c

Z

 



−−

= = −
Q Q Q QQ Q

Q Q Q Q  . 

Consequently, the real part of the integrand in Eq. (18.4.18) is an even function of  , 

* *

(1)

*, , *, , *, ,

0 0

( ) 2Re ( ) ( ) ( )
D A D A D A

t t

D D DD A
k t c d c c d    

→
 = = + −  Q Q Q Q Q Q

.  

Therefore,  * *

(1)

*, , *, , *, ,

1
( ) ( ) ( ) Re ( )

2 D A D A D A

t t

D D DD A

t t

k t c c d c d    
→

− −

 = + − =  Q Q Q Q Q Q
. 
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Similarly, the imaginary part of the integrand is an odd function of time, hence the imaginary part of 

the integral from t−  to t  vanishes, 
*, , *, , *, ,

1
Im ( ) ( ) ( ) 0

2D A D A D A

t t

D D D

t t

c d c c d
i

    
− −

 = − − =  Q Q Q Q Q Q

. 

Consequently, * *

(1)

*, ,( ) ( )
D A

t

DD A

t

k t c d 
→

−

=  Q Q
. Taking t → , we obtain Eq. (18.4.21). 

 

Exercise 18.4.5 The dipole-dipole correlation function, *, , ( )
D ADc Q Q , is defined in Eq. 

(18.4.18). Use the decomposition of 
* , ,

ˆ
D AD

H
Q Q

 and 
* , ,

ˆ
D AA

H
Q Q

 in terms of “local” donor and acceptor 

modes (Eq. (18.4.8)), and the commutativity of donor-space and acceptor space operators, namely, 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

, , , , , , , ,
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ] [ , ] 0

D A D A D A D A

D A D A D A D A

gr gr gr ex ex gr ex exH H H H H H H H= = = =Q Q Q Q Q Q Q Q
,  

to express *, , ( )
D ADc Q Q  in terms of the local dipole correlation functions, as defined in Eqs. (18.3.30-

18.3.32). 

Solution 18.4.5  

Using the decomposition of 
* , ,

ˆ
D AD

H
Q Q

  and 
* , ,

ˆ
D AA

H
Q Q

  in terms of “local” donor and acceptor modes 

(Eq. (18.4.8)), and the commutativity of donor-space and acceptor space operators, the exponents in 

Eq. (18.4.18) factorize into products of donor and acceptor space operators, and consequently the 

trace factorizes to the product of traces,  

*, , *, ,*, ,

*

ˆ ˆˆ /( )

,

e
{ }

D AD B D A D AD A

D A

iH iHH k T

D

tr e e
Z

 −− Q Q Q QQ Q

Q Q

( ) ( ) ( ) ( )( ) ( )
, , , ,, ,

ˆ ˆ ˆ ˆˆ ˆ/( ) /( )

( ) ( )

e e
{ } { }

D D A AD A
B Bex gr gr exex grD D A AD A

D A

iH iH iH iHH k T H k T

D A

ex gr

tr e e tr e e
Z Z

   − −− −

= 
Q Q Q QQ Q

Q Q  . 

Using this result and the expressions for the local ground and excited state correlations in each 

chromophore (Eq. (18.3.32)), 

( ) ( )( )
, ,,

2 ˆ ˆˆ( ) /( )

,( )

2 ( )

e
( ) { }

4

A AA
B ex grgr A AA

A

iH iHA H k T

gr exA

gr A

gr

c tr e e
Z

 


−−


Q QQ

Q
 and  

( ) ( )( )
, ,,

,

2
ˆ ˆˆ( ) /( )

( )

2 ( )

e
( ) { }

4

D DD
B gr exex D DD

gr ex

D

D iH iHH k T

D

ex D

ex

c tr e e
Z

 


−−


Q QQ

Q
, the nuclear correlation function in Eq. (18.4.18) can 

be expressed as (Eq. (18.4.22)), 
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*, , *, ,*, ,
* *

*

( ) ( ) ( )( ) ( )
, , ,, ,

* *

ˆ ˆˆ2 /( )

,

*, , ,2

ˆ ˆ ˆˆ ˆ2 /( ) /( )

,

2 ( ) ( )

| | e
( ) { }

| | e e
{ } {

D AD B D A D AD A

D A D A

D D AD A
B Bex gr grex grD D AD A

D A

iH iHH k T

D A

D

D

iH iH iHH k T H k T

D A

D A

ex gr

J
c tr e e

Z

J
tr e e tr e e

Z Z

 

  



−−

− −− −

=

= 

Q Q Q QQ Q

Q Q QQ Q

Q Q Q Q

Q Q

( )
,

ˆ

}

A
ex A

iH 
Q

* *

2 2

, ( ) ( )

2 2
( ) ( )

, ,

16 | |
( ) ( )

D A D A

ex gr
D A

gr ex gr ex

J
c c 

 
=   . 

 

Exercise 18.4.6 (a) Use the identity  

( ) ( )dt f t g t



−


'1 1

( ) ' ( ')
2 2

i t i td dte f t dt e g t
 

  

 − 

− − −

=     

to express the time-integral over the nuclear correlation function in Eq. (18.4.22) as an integral over 

 . (b) Derive Eq. (18.4.23) by substitution of the result (a) in Eq. (18.4.21) and identifying the donor 

emission rate and the acceptor absorption rate, as defined in Eq. (18.3.37).  

Solution 18.4.6 

(a) 

Using the identity,

( ')1
( ) ( ) ' ( ) ( ') ( ') ' ( ) ( ')

2

i t tdt f t g t dt dt f t g t t t d dt dt f t g t e


     

 −

− − − − − −

= − =      

'1 1
( ) ' ( ')

2 2

i t i td dte f t dt e g t
 

  

 − 

− − −

=    , 

we obtain 

* *

2 2

, ( ) ( )

*, , 2 2
( ) ( )

, ,

16 | |
( ) ( ) ( )

D A

D A D A

D ex gr
D A

gr ex gr ex

J
dtc t dtc t c t

 

 

− −

=  Q Q

* *

2 2

, ( ) ' ( )

2 2
( ) ( )

, ,

16 | | 1 1
( ) ' ( ')

2 2

D A i t D i t A

ex gr
D A

gr ex gr ex

J
d dte c t dt e c t

  

  

 − 

− − −

=    . 

(b) 
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Using the result of (a) in Eq. (18.4.21) for the energy transfer rate, and recalling the relations 

between integrals over the local donor and acceptor correlation functions and the respective 

absorption and emission rates (Eq. (18.3.37)), we obtain Eq. (18.4.23), 

* *

* *

* *

2 2

, ( ) ' ( )

2 2
( ) ( )

, ,

2 2

, ( ) ( )

2 2
( ) ( )

, ,

16 | | 1 1
( ) ' ( ')

2 2

16 | | 1 1
( ) ( )

2 2

D A i t D i t A

ex grD A D A

gr ex gr ex

D A D A

ex gr gr ex
D A

gr ex gr ex

J
k d dte c t dt e c t

J
d k k

  

  

  

 − 

→

− − −



→ →

−

= 

=   

  



* *

2 2

, ( ) ( )

2 2
( ) ( )

, ,

8 | |
( ) ( )

D A D A

ex gr gr ex
D A

gr ex gr ex

J
d k k

  



→ →

−

=     . 

 

Exercise 18.4.7 The golden rule expression for the time-dependent charge transfer rate within 

the spin boson model is given by Eq. (18.2.33). Invoking additional approximations, one obtains the 

semi-classical golden rule rate (Marcus formula), Eq. (18.2.43). Use the analogy between Eq. (18.2.33) 

and Eq. (18.4.24) to derive Eq. (18.4.25) for the electronic energy transfer rate, within the same set of 

approximations.  

Solution 18.4.7     

The expressions for the charge and energy transfer rates, Eq.  (18.2.33), and Eq. (18.4.24), respectively,  

2 22 2 sin( ) 2 (1 cos( ))(1 2 ( ))
2

,(1)

2

0

2 | |
( ) Re e

j j j j j
E

j j

t i i n
D A

D A

V
k t e e d

     


−  −  − +



→

 
=   

and 

2 2
( ) ( )

* *
{ , } { , }

* *

2 2 sin( ) 2 (1 cos( ))(1 2 ( ))
(2 2 )

,(1)

2

0

2 | |
( ) Re e

A D j j j j j
E E j j j j j jD A D A

t i i n
D A

D A

J
k t e e d

     

 

−  −  − +
 − 

→

 
=  , are perfectly 

analogous, where, 
( ) ( )2 2 2A D

E E E   −  , * *, ,D A D A
V J , and in the case of energy-transfer the sum 

over nuclear modes includes the two chromophores. Invoking the same set of approximations with 

respect to the nuclear degrees of freedom (Eqs. (18.2.35-18.2.38, 18.2.44, 18.2.45)), the semiclassical 

approximation for the energy transfer rate (Eq. (18.4.25)) can be readily obtained, based on the parallel 

expression for charge transfer rate (Eq. (18.2.43)), 

( ) ( ) 22

* * * *

( (2 2 ))( 2 )

4 42 2

, 2 2,
| | | |

A D
E E E

B B

EE

k TE k TE

D A D A D A D A
B B

k V e k J e
k TE k TE



 

 

 
− −  − − − 

→ →
=  =  . 
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Exercise 18.4.8 Use the semi-classical golden rule expressions for the absorption and emission 

spectral lines (Eq. (18.3.40)), with the local chromophore reorganization energies, 

( ) 22
D D

D

D

j j

j

E    and 
( ) 22

A A

A

A

j j

j

E   , to derive the Marcus-like formula for the electronic 

energy transfer rate (Eq. (18.4.25)) as the spectral overlap integral, Eq. (18.4.23). Notice that the total 

reorganization energy includes all the modes of the donor and the acceptor chromophores, 

( ) ( )D AE E E  = + . 

Solution 18.4.8 

Starting from the spectral overlap integral (Eq. (18.4.23)), 

* *

* *

2 2

, ( ) ( )

2 2
( ) ( )

, ,

8 | |
( ) ( )

D A D A

ex gr gr exD A D A

gr ex gr ex

J
k d k k

  



→ →→

−

=    , 

and invoking the semi-classical approximations for the donor emission and the acceptor absorption 

rates (Eq. (18.3.40)), 

( ) ( ) 2

( )

2 ( 2 )( )

, 4( )

2 ( )
( )

4

A A
E

A
B

EA

gr ex k TEA

gr ex A

B

k e
k TE







 
− −  − 

→  =

( ) ( ) 2

( )

2 ( 2 )( )

, 4( )

2 ( )
( )

4

D D
E

D
B

ED

gr ex k TED

ex gr D

B

k e
k TE







 
− +  + 

→  = , 

 we obtain 

* *

* * * *

2 2

, ( ) ( )

2 2
( ) ( )

, ,

8 | |
( ) ( )

D A D A

ex gr gr exD A D AD A

gr ex gr ex

J
k d k k k

  



→ →→ →

−

=   

( ) ( ) ( ) ( )2 2

( ) ( )* *

( 2 ) ( 2 )2 2

4 4,

2 ( ) 2 ( )

| |

2

D D A A
E E

D A
B B

E E

k TE k TED A

D A

B B

J
d e e

k TE k TE

 

 

 

 



− +  +  − −  − 


−

=  . 

Defining, 

( ) ( ) ( ) ( ) 2 2

1 2 1 2( ) ( )

2 2
; ; ;

4 4

D D A A

E E

D A

B B

E E
x x

k TE k TE

 

 

 
+  − 

 −    , 

( ) ( ) ( ) ( )2 2

( ) ( )2 2
1 1 2 2

( 2 ) ( 2 )

4 4( ) ( )( ) ; ( )

D D A A
E E

D A
B B

E E

k TE k TEx x

D AF e e F e e

 

  

− +  +  − −  − 

− − − − = =  = = ,  
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and using the identity,  

2
2 2 21 1 2 2 1 1 2 2

1 2 1 1 2 22 2
1 1 2 2 1 2 1 2

( ) ( )
( )( )

( ) ( ) ( ) ( )

x x x x
x x

x xe e e

   
   

     

+ +
− + − + − −

− − − − + += , 

 we obtain 

2 2
2 2 2 2 21 1 2 2 1 1 2 2 1 1 2 2

1 2 1 1 2 2 1 1 2 2
1 2 1 2 1 2

2 2 2 2 2 2 2
1 1 2 2 1 2 1 1 1 2 2 2 1 1 2 2 2 2 1 1 1 2

1 2

( ) ( ) ( )
( )( )

( ) ( ) ( )

1 2

( ) ( ) ( ) 2 (

( )

1 2 1 2

x x x x x x
x x x x

x x x x x x x x

d e e

e e

     
     

     

             

 



 

 

   

+ + + − + − + − − − −
+ + +

−

+ − + − + + + − +

+

 =
+

= =
+ +


2 2

1 1 1 2 2 2

1 2

) ( )

( )

x x   

 

− +

+

 

2 2
22 2 1 1 2 1 1 1 2 2 1 2

1 2
1 2 1 2

2
( )

( ) ( )

1 2 1 2

x x x x
x x

e e

       

    

   

− − −
−

+ += =
+ +

. 

Consequently,  

21 2
1 2* *

1 2
* *

* *

( ) ( ) ( ) ( ) 2

( ) ( )

( ) ( )

2 2
( )

, ( )

2 ( ) 2 ( )

1 2

2

,

( ) ( )

1
( 2 2 )

1 1
4 4 ( )

4 4

( ) ( )

| |

2

| |

2

1 1

4 4

|

D D A A
E E

D A
B B D A

B B

x x
D A

D AD A
B B

D A

D A

B B

E E

k TE k TE
k TE k TE

D A

B B

D

J
k e

k TE k TE

J

k TE k TE

e

k TE k TE

J

 

 

 

 

 

 

 

 

  

  

 





−
−

+

→

−
− −  − + 

+

=
+

=



+

=

( ) ( ) ( ) ( ) 2

( ) ( )* *

12
( 2 2 )

4 4,

( ) ( )

| 4

2

D D A A
E ED A

B B

E E
k TE k TEA

A D

B B

e
k TE k TE

 

 

 


−

+  + − 
+

+

( ) ( ) ( ) ( ) 2

( ) ( )

* *

1
( (2 2 ))

4 ( )2

2 ( ) ( ),
| |

( )

D A A D
E ED A

B

E E
k T E E

D AD A
B

J e
k T E E

 

 

 


−

+ −  − 
+

=
+

  . 

The result is identical to Eq. (18.4.25), where the total reorganization energy is the sum of the local 

donor and acceptor reorganization energies.   
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19 Open Quantum Systems 

 

Exercise 19.1.1 Use the identity 

0 0

( , ') ' ( , ') ' ( , )

t t

f t t dt f t t dt f t t
t t

 
= +

    to show that the 

expression in Eq. (19.1.4) for the Q-space projection, ˆ ( )Q t , is indeed a solution to its defining 

equation, Eq. (19.1.3). 

Solution 19.1.1 

Starting from the proposed expression, 

0

ˆ ˆ ˆ ˆ ˆ( ) ( ,0) (0) ( , ) ( ) ( )

t

Q Q

i
Q t U t d U t H P      = −  , 

where ˆ ( , )QU t   is defined as the solution to ˆ ˆˆ ˆ ˆ( , ) ( ) ( , )Q Q

i
U t QH t QU t

t
 


= −


, with ˆˆ ( , )QU t t Q , 

we obtain 

0

ˆ ˆ ˆ ˆ ˆ( ) ( ,0) (0) ( , ) ( ) ( )

t

Q Q

i
Q t U t d U t H P

t t t
      

  
= −

   
. 

Using the identity, 

0 0

( , ') ' ( , ') ' ( , )

t t

f t t dt f t t dt f t t
t t

 
= +

   , we obtain 

0

ˆ ˆ ˆ ˆ ˆ( ) ( ,0) (0) ( , ) ( ) ( )

t

Q Q

i
Q t U t d U t H P

t t t
      

  
= −

   

0

ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ,0) (0) ( , ) ( ) ( ) ( , ) ( ) ( )

t

Q Q Q

i i
U t d U t H P U t t H t P t

t t
      

 
= − −
   . 

Using the Schrödinger equation, ˆ ˆˆ ˆ ˆ( , ) ( ) ( , )Q Q

i
U t QH t QU t

t
 


= −


, and ˆˆ ( , )QU t t Q= , we obtain 

0

0

ˆ ( )

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ,0) (0) ( ) ( , ) ( ) ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ,0) (0) ( , ) ( ) ( ) ( ) ( )

t

Q Q

t

Q Q

Q t
t

i i i i
QH t QU t d QH t QU t H P QH t P t

i i i
QH t Q U t d U t H P QH t P t



      

      





 
= − − − − 

 

 
= − − − 

 





ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( )
i i

QH t Q Q t QH t P t  = − −
 

 .  
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As we can see, the proposed expression, 

0

ˆ ˆ ˆ ˆ ˆ( ) ( ,0) (0) ( , ) ( ) ( )

t

Q Q

i
Q t U t d U t H P      = −  , 

satisfies Eq. (19.1.3), ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( )
i i

Q t QH t Q Q t QH t P t
t

  
  = − −

 
. 

 

Exercise 19.1.2 Show that in the general case, where ˆ (0) 0Q  , substitution of Eq. (19.1.4) 

in Eq. (19.1.3) results in an additional inhomogeneous term in the equation for the P-space projection. 

Show that for a time-independent Hamiltonian, the corresponding inhomogeneous equation in the 

interaction picture is Eq. (19.1.10).  

Solution 19.1.2 

Substitution of Eq. (19.1.4) in Eq. (19.1.3) results in,  

2

0

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( , ) ( ) ( ) ( ) ( ,0) (0)

t

Q Q

i i
P t PH t P t d PH t U t H P PH t U t

t
       


= − − −

  .  

For a time-independent Hamiltonian we have, 

( ) ˆ ˆˆ
ˆˆ ( , )

i t
QHQ

QU t Qe



− −

= , and therefore this result reads 

( ) ˆ ˆ ˆ ˆˆ ˆ

2

0

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) (0)

t i t it
QHQ QHQi i

P t PHP P t d PHQe QHP P PHQe Q
t



     
− − −


= − − −

  . 

Transforming to the interaction picture, 
ˆ ˆ ˆ

ˆ ˆ( ) ( )
it

PHP

IP t e P t  , we obtain 

ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

it it
PHP PHP

I

i i
P t PHPe P t e PHP P t

t
  


= −



( ) ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) (0)

t it i t it it it it
PHP QHQ PHP PHP PHP QHQi

d e PHQe QHPe e P e PHQe Q


   
− − − −

− − . 

Hence, we obtain Eq. (19.1.10),   

( ) ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) (0)

t it i t i it it
PHP QHQ PHP PHP QHQ

I I

i
P t d e PHQe QHPe P e PHQe Q

t

 

    
− − − −


+ = −

  . 
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Exercise 19.1.3 (a) Start from the defining equations for the projected density operator,                                 

ˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( )L L L L L

i i
P t P L t P t P L t Q t

t
  


= − −


   ;    

ˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( )L L L L L

i i
Q t Q L t Q t Q L t P t

t
  


= − −


,   

and use the analogy to the derivation of Eq. (19.1.7), to derive Eq. (19.1.13) for time-independent 

Hamiltonians, when ˆ ˆ(0) 0LQ  = . (b) Use Eq. (19.1.14) to derive Eq. (19.1.15) from Eq. (19.1.13). (c)  

Show that in the general case, where ˆ ˆ(0) 0LQ   , the inhomogeneous equation for the P-space 

projected density operator in the interaction picture is Eq. (19.1.16) (follow the analogy to Ex. (19.1.2)). 

Solution 19.1.3 

(a) 

Given the two coupled equations for ˆ ˆ ( )LP t  and ˆ ˆ( )LQ t ,   

ˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( )L L L L L

i i
P t P L t P t P L t Q t

t
  


= − −


   ;     ˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( )

i i
Q t QL t Q t QL t P t

t
  


= − −



,  we can use the perfect analogy to the equations for ˆ ( )P t  and ˆ ( )Q t  (Eq. (19.1.3)), and follow 

the steps in Ex. 19.1.1 to show that the exact solution for ˆ ˆ( )LQ t  reads 

0

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ,0) (0) ( , ) ( ) ( )

t

Q Q L

i
Q t U t d U t L P      = −  , where a Q-space propagator, ˆ ( , )QU t  , is 

defined by the differential equation, ˆ ˆˆ ˆ ˆ( , ) ( ) ( , )Q L L Q

i
U t Q L t Q U t

t
 


= −


, with ˆˆ ( , )Q LU t t Q . 

Substitution in the equation for ˆ ˆ ( )LP t  yields in the most general case, 

2

0

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( , ) ( ) ( ) ( ) ( ,0) (0)

t

L L L L Q L L Q

i i
P t P L t P t d P L t U t L P P L t U t

t
       


= − − −

  .       

For time-independent Hamiltonian (and hence time-independent Liouville operator), we have          

( ) ˆ ˆˆ
ˆˆ ( , )

L L

i t
Q LQ

Q LU t Q e



− −

= , and therefore, 
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ˆ ˆ ˆ ˆˆ ˆ

2

0

1 ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) (0)
L L L L

t i it
Q LQ Q LQ

L L L L L L L L L

d i i
P t P LP t d P LQ e Q LP t P LQ e

dt



     
− −

= − − − − , 

which, for ˆ ˆ(0) 0LQ  = , leads to Eq. (19.1.13),  

ˆ ˆˆ

2

0

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )
L L

t i
Q LQ

L L L L L L L

i
P t P LP t d P LQ e Q LP t

t



    
−


= − − −

  . 

(b) 

Using 
ˆ ˆ ˆ

( ) ˆˆ ˆ( ) ( )
L L

it
P LP

I

P Lt e P t   (Eq. (19.1.14)) and the result of (a), we obtain Eq. (19.1.15),   

ˆ ˆ ˆ
( )

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

ˆ ˆˆ ˆ ˆ ˆ

2

0

ˆˆ ˆ( ) ( )

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )

1 ˆ ˆˆ ˆ ˆ

L L

L L L L L L L L

L L L L

it
P LP

I

P L

tit it it i
P LP P LP P LP Q LQ

L L L L L L L L L

t it i
P LP Q LQ

L L L

t e P t
t t

i i
P LP e P t e P LP t d e P LQ e Q LP t

d e P LQ e Q L





 

    



−

−

 
=

 

= − − −

= −





( ) ( )ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

ˆ ˆ ( )

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ( )

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ( )

L L L L L L L L

L L L L L L L L

L

t it i i t i t
P LP Q LQ P LP P LP

L L L L

t it i t i i
P LP Q LQ P LP P LP

L L L L

P t

d e P LQ e Q LP e e t

d e P LQ e Q LP e e

  

  

 

  

  

− − − −

− − −

−

 
= − − 

 

 
= −  

 





( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ
( )

2

0

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ( )
L L L L L L

t it i t i
P LP Q LQ P LP

I

L L L L Pd e P LQ e Q LP e
 

  
− − −

= −   . 

(c)   

Using the most general result (see (a)),  

2

0

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( , ) ( ) ( ) ( ) ( ,0) (0)

t

L L L L Q L L Q

i i
P t P L t P t d P L t U t L P P L t U t

t
       


= − − −

  , for a 

time-independent Liouville operator, 

( ) ˆ ˆˆ
ˆˆ ( , )

L L

i t
Q LQ

Q LU t Q e



− −

= , we obtain  

( ) ˆ ˆ ˆ ˆˆ ˆ

2

0

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) (0)
L L L L

t i t it
Q LQ Q LQ

L L L L L L L L L L

i i
P t P LP t d P LQ e Q LP P LQ e Q

t



     
− − −


= − − −

  .  

Transforming to the interaction representation, 
ˆ ˆ ˆ

( ) ˆˆ ˆ( ) ( )
L L

it
P LP

I

P Lt e P t  , we obtain Eq. (19.1.16), 
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ˆ ˆ ˆ
( )

ˆ ˆ ˆ ˆ ˆ ˆ

( ) ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

ˆˆ ˆ( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ( ) ( )

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ( ) (0)

L L

L L L L

L L L L L L L L

it
P LP

I

P L

it it
P LP P LP

L L L L L

t it i t it it
P LP Q LQ P LP Q LQ

L L L L L L L

t e P t
t t

i i
P LP e P t e P LP t

i
d e P LQ e Q LP e P LQ e Q



 

 

   
− − −

 
=

 

= −

− −

( ) ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
( )

2

0

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ( ) (0)
L L L L L L L L L L

t it i t i it it
P LP Q LQ P LP P LP Q LQ

I

L L L L P L L L

i
d e P LQ e Q LP e e P LQ e Q

 

   
− − − −

= − −  . 

 

Exercise 19.2.1 (a) Given the definition of the Kernel ˆ ( , )K t   in Eq. (19.2.2), show that the 

exact equation for the projected state ˆ ( )IP t , Eq. (19.1.9), reads 

0

ˆ ˆ ˆ( ) ( , ) ( )

t

I IP t d K t P
t

    


= −
  . (b) Derive the infinite series expansion in Eq. (19.2.2) by 

recursive application of the formal relation, ˆ ˆ ˆ( ) ( ) ' ( ')
'

t

I I IP P t dt P t
t



   


= −
 . 

Solution 19.2.1 

(a) 

The exact equation for ˆ ( )IP t  reads (Eq. (19.1.9)), 

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( )

t it i t i
PHP QHQ PHP

I IP t d e PHQe QHPe P
t

 

   
− − −


= −

  . Using the definition of the 

kernel (Eq. (19.2.2)),
( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

1 ˆ ˆˆ ˆ ˆ ˆ ˆ( , )
it i t i

PHP QHQ PHP

K t e PHQe QHPe
 


− − −

 , we readily obtain 

0

ˆ ˆ ˆ( ) ( , ) ( )

t

I IP t d K t P
t

    


= −
  . 

(b) 

Using recursively the exact relations, 

0

ˆ ˆ ˆ( ) ( , ') ( ')I IP d K P
t



      


= −
  , and  

ˆ ˆ ˆ( ) ( ) ' ( ')
'

t

I I IP P t d P


     



= −

 , in the exact expression for ˆ ( )IP t
t





, we obtain 
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0

0

'

0 0

'

0 0

ˆ ˆ ˆ( ) ( , ) ( )

ˆ ˆ ˆ( , ) ( ) ' ( ')
'

ˆ ˆ ˆ ˆ( , ) ( ) ' ( ', '') ( '')

ˆ ˆ ˆ ˆ( , ) ( ) ' '' ( ', '') ( )

t

I I

t t

I I

t t

I I

t t

I I

P t d K t P
t

d K t P t d P

d K t P t d d K P

d K t P t d d K P t











    

     


        

       


= −



 
= − − 

 

  
= − − −  

   

= − − − −



 

  

  
''

ˆ''' ( ''')
'''

t

Id P


  


   
        



' '''

0 0 '' 0

ˆ ˆ ˆ ˆ ˆ ˆ( , ) ( ) ' '' ( ', '') ( ) ''' ( ''', '''') ( '''')

t t t

I I Id K t P t d d K P t d d K P

 

 

             
    
 = − − − − −          

     . 

This recursion can be continued repeatedly to any order, as expressed in Eq. (19.2.2),  

ˆ ( )IP t
t





 

' '''

0 0 '' 0

ˆ ˆ ˆ ˆ ˆ ˆ ˆ( , ) ' '' ( ', '') ''' '''' ( ''', '''') ( )

t t t

Id K t I d d K I d d K I P t

 

 

          
   

 = − + + +    
     

      . 

 For example, collecting the terms up to third order in the kernel, we obtain  

'

0 0 0

ˆ ˆ ˆ ˆ( ) [ ( , ) ( , ) ' '' ( ', '')

t t t

IP t d K t d K t d d K
t





        


= − −
    

' '''

4

0 0 '' 0

ˆ ˆ ˆ ˆ ˆ( , ) ' '' ( ', '') ''' ( ''', '''')] ( ) ( )

t t t

Id K t d d K d d K P t o K

 

 

          − +      . 

 

Exercise 19.2.2 Use the decomposition of the Hamiltonian in Eq. (19.2.3) in terms of the 

projection operators, ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH PHP QHQ PHQ QHP= + + + , where 0 0P̂  = , and 

1

ˆ ˆ ˆ
N

j j

j

Q I P  
=

= − = . Denote the eigenstates of ˆ ˆ ˆPHP  and ˆ ˆˆQHQ  as  0  and { }f , 

respectively, to  derive Eq. (19.2.4).  

Solution 19.2.2  

Given the model Hamiltonian, 
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  , , ' ' , ' '

0 ' 0 , ' 0

ˆ . .
N N N

j j j j j j j j j j j j

j j j j j

H H H h c H     
=  = =

 + +    , where 
' , 'j j j j  =

,  and given the projection operators, 
0 0P̂  =  and 

1

ˆ
N

j j

j

Q  
=

= , where ˆˆ ˆP Q I+ = , we obtain 

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH PHP QHQ PHQ QHP= + + + , where,  

0,0 0 0
ˆ ˆ ˆPHP H  = , 

'' '' , ' ' ''' '''

'' 1 , ' 0 ''' 1

ˆ ˆˆ
N N N

j j j j j j j j

j j j j

QHQ H     
= = =

=  

'' '' , ' ' ''' ''' , ' '

''' 1 , ' 0 '' 1 , ' 1

N N N N

j j j j j j j j j j j j

j j j j j j

H H       
= = = =

= =     , 

'' '' , ' ' 0 0

'' 1 , ' 0

ˆ ˆ ˆ
N N

j j j j j j

j j j

QHP H     
= =

= 

'' '' ,0 0 '',0 '' 0

'' 1 0 '' 1

N N N

j j j j j j

j j j

H H     
= = =

= =    , 

0, '' 0 ''

'' 1

ˆˆ ˆ
N

j j

j

PHQ H  
=

=  . 

The eigenstates of ˆ ˆ ˆPHP  and ˆ ˆˆQHQ  are identified as, 0 0 0
ˆ ˆ ˆPHP   = , where 0 0 = ,  

and ˆ ˆˆ
f f fQHQ   =   for 1,2,...,f N= , where  

1

N

j f f j

f

   
=

= .  

In the eigenstate basis, we obtain  

1

ˆ ˆˆ
N

f f f

f

QHQ   
=

= ,  

0 0 0
ˆ ˆ ˆPHP   = ,  

,0 0 ,0 0 ,0 0

1 1 1 1 1

ˆ ˆ ˆ
N N N N N

j j j f f j j f j f

j j f f j

QHP H H H         
= = = = =

 
= = =  

 
     , 

0, 0

1 1

ˆˆ ˆ
N N

j j f f

f j

PHQ H    
= =

 
=  

 
  . 
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Defining, 0, 0,

1

N

f j j f

j

V H  
=

= , we obtain Eq. (19.2.4),  

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH PHP QHQ PHQ QHP= + + +

*

0 0 0 0, 0 0, 0

1 1 1

N N N

f f f f f f f

f f f

V V         
= = =

= + + +    . 

 

Exercise 19.2.3 Derive Eq. (19.2.9) by implementing Eq. (19.1.9) for the P̂ -space projection, 

ˆ ( )IP t  , with the Hamiltonian in Eq. (19.2.4), and the projection operators, 
0 0P̂  =   and  

1

ˆ
N

f f

f

Q  
=

= . 

Solution 19.2.3 

For the given model Hamiltonian (Eq. (19.2.4)), and the projection operators, 0 0P̂  = , and 

1

ˆ
N

f f

f

Q  
=

= , we have (see also Ex. 19.2.2) 
1

ˆ ˆˆ
N

f f f

f

QHQ   
=

= , 0 0 0
ˆ ˆ ˆPHP   = ,

*

0, 0

1

ˆ ˆ ˆ
N

f f

f

QHP V  
=

=  and 0, 0

1

ˆˆ ˆ
N

f f

f

PHQ V  
=

= . Using these expressions in Eq. (19.1.9), we 

obtain 

0 0 0 0 0 0
1

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

0

( )

*

0, ' 0 ' 0, '' '' 02
' 1 '' 10

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( )

1 ˆ ( )

N

f f f

f

t it i t i
PHP QHQ PHP

I I

i t
t it iN N

f f f f I

f f

P t d e PHQe QHPe P
t

d e V e V e P

 


  

     

   

      =

− − −

− −
−

= =


= −




= −



 

0 0

( )

*

0 0, 0, 02
10

1 ˆ ( )
f

t it i t iN

f f I

f

d e V e V e P
 

  

    
− − −

=

= −   . 

Projecting the equation on 0 , and denoting, 0 0
ˆ( ) ( )Ic P     (see Eq. (19.2.7)), we obtain 

Eq. (19.2.9),  
0

( )
( )

2

0 0, 02
10

1
( ) | | ( )

f

t i tN

f

f

c d V e c
t


 

  
− −

−

=


= −


 . 
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Exercise 19.2.4 (a) Substitute the expansion of ( )I t  (Eq. (19.2.7)) in the Schrödinger 

equation (Eq. (19.2.6)), and project on the eigenstates of 0Ĥ , to obtain the coupled equations for the 

expansion coefficients, Eq. (19.2.8). (b) Integrate Eq. (19.2.8) over time for the initial condition, 

0 (0) 1c =  and { (0) 0}fc = , to obtain Eq. (19.2.9). 

Solution 19.2.4  

(a) 

Substituting Eq. (19.2.7) in Eq. (19.2.6) we obtain on the left-hand side, 

0 0

1

( ) ( ) ( )
N

I f f

f

i t i c t i c t
t
  

=


= +


 , 

where the right-hand side (for the model Hamiltonian, Eq. (19.2.4)) reads  

( )

0 0

0 0

0 0

ˆ ˆ

ˆ ˆ

*

0, 0 0, 0 0 0 ' '

1 ' 1

*

0, 0 0, 0

1

ˆ ( )

( ) ( )

( ) ( )
f f

iH t iH t

I

iH t iH tN N

f f f f f f

f f

i t i ti t i tN

f f I f f I

f

e Ve t

e V V e c t c t

V e e t V e e t

  



     

     

−

−

= =

− −

=

  
= + +   

  

 
= +  

 

 



0 0( ) ( )

*

0, 0 0, 0

1

( ) ( )
f fi t i tN

f f f f

f

V e c t V e c t

   

 

− − −

=

 
= +  

 
  . 

To satisfy the Schrodinger equation we require the equality, 

 

0 0( ) ( )

*

0 0 0, 0 0, 0

1 1

( ) ( ) ( ) ( )
f fi t i tN N

f f f f f f

f f

i c t i c t V e c t V e c t

   

   

− − −

= =

 
+ = +  

 
   . 

Projecting on 0  we obtain 
0( )

0 0,

1

( ) ( )
fi tN

f f

f

i c t V e c t

 − −

=

= , namely   

0( )

0 0,

1

1
( ) ( )

fi tN

f f

f

c t V e c t
t i

 − −

=


=


 . 

Projecting on 
f  we obtain 

0( )

*

0, 0( ) ( )
fi t

f fi c t V e c t

 −

= , namely 
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0( )

*

0, 0

1
( ) ( )

fi t

f fc t V e c t
t i

 −


=


. 

(b)  

Integrating Eq. (19.2.8) with 
0 (0) 1c =  and { (0) 0}fc = , we obtain  

0( )

*

0, 0

( ) '*

0,

0

0

1
( ) ( )

( ) (0) ' ( ')

f

f i

i t

f f

i tt
f

f f

c t V e c t
t i

V
c t c dt e c t

i

 

 

−

−


=



 = + 

( ) '*

0,

0

0

( ) ' ( ')
f ii tt

f

f

V
c t dt e c t

i

 −

 =     . 

Substitution ( )fc t   in the equation, 
0( )

0 0,

1

1
( ) ( )

fi tN

f f

f

c t V e c t
t i

 − −

=


=


 , we obtain Eq. (19.2.9),  

0 0( ) ( ) ' ( )( ')* 2

0, 0,

0 0, 0 02
1 10 0

| |1
( ) ' ( ') ' ( ')

f f i fi t i t i t tt tN N
f f

f

f f

V V
c t V e dt e c t dt e c t

t i i

     − − − − − −

= =


= = −


   . 

 

Exercise 19.2.5 Use the definition of the operators 0Ĥ  and V̂  in Eq. (19.2.4), and the 

projection operators, 0 0P̂  = , 
1

ˆ
N

f f

f

Q  
=

= , to show that the kernel, ( , )t  , as defined in 

Eq. (19.2.14) can be written as 
0 0
ˆ ˆ( ) ( )

ˆ ˆˆ ˆ ˆ ˆ{ }
iH t iH t

tr e PVQe QVP
 − − −

.  

Solution 19.2.5 

Starting from the kernel, 
0( )( )

2

0,

1

( , ) | |
fi tN

f

f

t V e

  

 

− − −

=

 , we obtain 

0 0
( )( ) ( ) ( )

2

0, 0 0

1 1

ˆ ˆ( , ) | |
f fi t i t i tN N

f f f

f f

t V e e e V V

      

     

− − − − − −

= =

 = 

0 0
ˆ ˆ( ) ( )

0 0

1

ˆ ˆ
iH t iH tN

f f

f

e Ve V
 

   
− − −

=

=  . 

Identifying the projection operators, 0 0P̂  = , and 
1

ˆ
N

f f

f

Q  
=

= , we obtain 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

322 
 

0 0
ˆ ˆ( ) ( )

0 0

1

ˆ ˆ( , )
iH t iH tN

f f

f

t e Ve V
 

     
− − −

=

=

0 0 0 0
ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ{ } { }
iH t iH t iH t iH t

tr Pe Ve QV tr e PVQe QVP
   − − − − − −

= = . 

 

Exercise 19.2.6 Derive Eq. (19.2.18) by implementing the general kernel formula (Eq. (19.2.2)) 

for the model Hamiltonian defined by Eq. (19.2.4), with the projectors, 
0 0P̂  =  and 

1

ˆ
N

f f

f

Q  
=

= . 

Solution 19.2.6 

Starting from the general expression for the kernel in Eq. (19.2.2), 

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ

2

1 ˆ ˆˆ ˆ ˆ ˆ ˆ( , )
it i t i

PHP QHQ PHP

K t e PHQe QHPe
 


− − −

 , and introducing 0 0P̂  =  , 
1

ˆ
N

f f

f

Q  
=

=  

and 0, 0

1

ˆˆ ˆ
N

f f

f

PHQ V  
=

=  (see Ex. 19.2.2), we obtain 

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ
*

0, 0 0, ' ' 02
1 ' 1

1ˆ ( , )
i i t iN NPHP QHQ PHP

f f f f

f f

K t e V e V e
  

    
− − −

= =

=  

0

( )
( )

2

0, 0 02

1
| |

f

i t

f

f

V e


 

 
− −

−

=   . 

Using the definition, 
0( )( )

2

0,

1

( , ) | |
fi tN

f

f

t V e

  

 

− − −

=

  (see Eq. (19.2.14)), we obtain 

0 0
ˆ ( , ) ( , )K t t    = . Substitution of the result in the general expression (Eq. (19.2.2)), 

recalling that ( )
2

0 0 0 0   = , we obtain 

0 0 ( )I t
t
  


=



' '''

0 0

0 0 '' 0

ˆ ˆ ˆ( , ) ' '' ( ', '') ''' '''' ( ''', '''') ( )

t t t

Id t I d d I d d I t

 

 

              
   

 − + + +    
     

      . 

Projecting on 0  and using 0 0( ) ( )Ic t t =  (Eq. (19.2.7)), we obtain Eq. (19.2.18). 
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Exercise 19.2.7 (a) In the continuous band limit, we have 

0( )( )

2

0,

1

| |
fi tN

f

f

V e

  − − −

=

→

0( )( )

0,

1
( )

2

i t

fd J e
  

 


− − −

  . Show that for 0, ( )f bJ J   in the range | | b  , and 0, ( ) 0fJ    

otherwise, the exact equation for the survival probability, Eq. (19.2.12), yields Eq. (19.2.20). (b) Show 

that in the limit b → ,  the decay of the survival probability becomes exponential (Eq. (19.2.21)). 

Solution 19.2.7  

(a) 

For the given spectral density, we have 

0 0 0
( )( ) ( )( ) ( )( )

2

0, 0,

1

1
| | ( )

2 2

f b

b

i t i t i tN
b

f f

f

J
V e d J e d e

        



  
 

− − − − − − − − −

= −

→ =   . 

Substitution in Eq. (19.2.12) yields 

0

0

0

0

( )( )

2 *

0 0, 0 02
10

( )( )

*

0 02

0

( )

*

0 02

0

*

0 0

0

2
( ) Re[ | | ( ) ( )]

Re[ ( ) ( )]

Re ( ) ( )

Re ( )

f

b

b

b

b

b b

i tt N

f

f

t i t

b

t i

b

i i
t i

b

P t d V e c t c
t

J
d d e c t c

J
d d e c t c t

J e e
d e c t c

i

  

   



   



   
 

 

  


  



 

− − −

=

− − −

−

− −

−

−


= −



= −

−
= −

− −
=



 

 



0

*

0 0

0

( )

2 sin( / )
Re ( ) ( )

t i

b b

t

J
d e c t c t

 



 
 

 

−

−
= −

0

*

0 02

0

2 sin( / )
Re ( ) ( )

/

t i

b b b

b

J
d e c t c t

 
  

 
  

−
= −  . 

(b) 

Starting from the result for a finite band,  

0( )( )

*

0 0 02

0

( ) Re[ ( ) ( )]
b

b

t i t

bJ
P t d d e c t c

t

   



  


− − −

−


= −

   , 
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we can change integration variables,  

0

0

*

0 0 02

0

( ) Re ( ) ( )
b

b

t i

bJ
P t d d e c t c t

t

  

 

  


− −

− −

−
= −

   . 

First, we notice that in the limit b → , we have for any finite 0 , 

'

*

0 0 02

0

* *

0 0 0 0

0 0

( ) Re ( ) ( )

2 sin( / )
Re ( ) ( ) Re ( ) ( )

b

b

b

b b

t i

b

i i
t t

b b b

J
P t d d e c t c t

t

J Je e
d c t c t d c t c t

i

  





   

  


 
   

   

−

→

−

−

−
⎯⎯⎯→ −



− −−
= − = −

 

 

*

0 0

0

2
Re ( ) ( ) ( )

b

t

bJ
d c t c t


  

→

−
⎯⎯⎯→= −  , 

where in the last step we used a standard representation of Dirac’s delta, 
1 sin( )

( )
a

a
 

  →
⎯⎯⎯→ . 

Noticing that ( )   restricts the non-zero contribution to the integral to the limit 0 → , the slowly 

varying part of the integrand can be replaced by its 0 →  limit, namely  

*

0 0 0

0

2
( ) Re ( ) ( ) ( )

b

t

bJ
P t d c t c t

t 
  

→

−
⎯⎯⎯→ −

 

* 2

0 0 0

0 0

2 2
Re ( ) ( ) ( ) | ( ) | ( )

b

t t

b bJ J
d c t c t c t d


   

→

− −
⎯⎯⎯→ =   .  

Finally, evaluating the integral for any finite t  using the fact that Dirac’s delta is an (infinitely 

narrow) even function of  , we obtain   

2 2 2

0 0 0 0

0

2
( ) | ( ) | ( ) | ( ) | ( ) | ( ) |

b b

t

b b bJ J J
P t c t d c t d c t

t  
   



→ →

−

− − −
⎯⎯⎯→ ⎯⎯⎯→ =

   . 

 

Exercise 19.2.8 Use Eqs. (19.2.22, 19.2.24) to show that  

( ) ( )
( )0 { } 0 { }

2
2 /20,

02 2

0 0 { }

| |
( ) 1 2 cos ( ( )) /

( ) / 4

f fk t k tf

f f

f f

V
c t e t e

k
 

 

→ →− −

→

  − − +  + 
− +  +

.  

Solution 19.2.8   

Using the approximation, 
0 { }

2
0 ( )

fk t t
i

c t e e
→− 

−

 , in Eq. (19.2.22), we obtain 
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0 0 0 { }

0 0 { }

( ) ' ( ( )) '* *
'0, 0, 2

0

0 0

( ( ))*

0, 2

0 0 { }

( ) ' ( ') '

1
( ( ) / 2)

f f f

f f

i t i t kt t
tf f

f

i t k
tf

f f

V V
c t dt e c t dt e e

i i

V
e e

i i i k

   

 

 

→

→

− − + −

− + −

→

= 

 
= −  − +  +  

 

0 0 { }( ( ))*

0, 2

0 0 { }

1
( ) / 2

f fi t k
tf

f f

V
e e

i k

 

 

→− + −

→

 
= −  − +  +  

 . 

Consequently, we obtain 

( ) ( )

0 0 { } 0 0 { }( ( )) ( ( ))2
2 0, 2 2

2 2

0 0 { }

| |
( ) 1 1

( ) / 4

f f f fi t k i t k
t tf

f

f f

V
c t e e e e

k

   

 

→ →− + − − − + −

→

  
= − −    

− +  +   

( ) ( )
( )0 { } 0 { }

2
/20,

02 2

0 0 { }

| |
1 2 cos ( ( )) /

( ) / 4

f fk t k tf

f

f f

V
e t e

k
 

 

→ →− −

→

 = − − +  + 
− +  +

 . 

 

Exercise 19.3.1 Let Â  be an operator in a Hilbert space which is a tensor product of two 

Hilbert subspaces, spanned by the orthonormal vector sets, { s } and { b } (without loss of generality, 

s  and b  can correspond to states of “a system” and “a bath”, respectively). Expanding the operator 

in the product basis, { s b }, we have (see also  Eq. (11.6.14)), , , ', '

, , ', '

ˆ ' 's b s b

s b s b

A A s s b b= 

, where the elements, , , ', 's b s bA , are the matrix representation of Â . The partial traces of Â  with respect 

to each of the subspaces are defined as   ''

ˆ ˆ'' ''B b
tr A b A b  and   ''

ˆ ˆ'' ''S s
tr A s A s  (see 

Eq. (15.5.3) and Ex. 15.5.1 for the definition of a trace). (a) Show that the partial trace of Â  with 

respect to one of the subspaces is an operator in the other subspace, for example, 

  , '

, '

ˆ 'B s s

s s

tr A s s= ,  where, 
, ' , '', ', ''

''

s s s b s b

b

A = . (b) Let Ŝ  and B̂  be operators in the subspaces 

spanned by { s } and { b }, respectively. Show that      ˆ ˆ ˆˆ ˆ ˆ
B B Btr S B tr B S tr B S =  = . (c) Let Ŝ be 

an operator in the subspace spanned by { s }, and let Â  be an operator in the full (product) space. 

Show that,     ˆ ˆ ˆ ˆ
S Btr SA tr Str A= . (d) Let B̂ be an operator in the subspace spanned by { b }, and 

let Â  be an operator in the full (product) space. Show that,    ˆ ˆˆ ˆ
B Btr BA tr AB= . 
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Solution 19.3.1 

(a)  

Using the general definition of an operator in the full space, , , ', '

, , ', '

ˆ ' 's b s b

s b s b

A A s s b b=  , and 

the definition of the partial trace of Â , we obtain 

  , , ', '

'' '' , , ', '

, , ', '

'' , , ', '

ˆ ˆ'' '' '' ' ' ''

' '' ' ''

B s b s b

b b s b s b

s b s b

b s b s b

tr A b A b b A s s b b b

A s s b b b b

 
 =  

 

 
=  

 

  

 

, '', ', '' , '

, ' '' , '

' 's b s b s s

s s b s s

A s s s s
 

= = 
 

    . 

(b) 

For 
, '

, '

ˆ 's s

s s

S S s s=  and 
, '

, '

ˆ 'b b

b b

B B b b= , we obtain  

   
'' ''

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ'' '' '' ''B B

b b

tr S B b S B b S b B b tr B S =  = =  . 

(c) 

For 
, '

, '

ˆ 's s

s s

S S s s=  and 
, , ', '

, , ', '

ˆ ' 's b s b

s b s b

A A s s b b=  , we obtain  

 
,

'', '', ', '

, '', '', ', '

ˆ ˆ ˆ ˆ

ˆ '' ' '' '

s b

s b s b

s b s b s b

tr SA s b SA s b

s b S A s s b b s b

=  

 
=    

 



 

'', , ',

'', '

ˆ '' 's b s b

s s s b

s S A s s s
 

=  
 

   . 

Using (a), we have  '', , ',

'', '

ˆ'' 's b s b B

s s b

A s s tr A= , and therefore,  

      '', , ',

'', '

ˆ ˆ ˆ ˆ ˆ ˆ ˆ'' 's b s b B S B

s s s b s

tr SA s S A s s s s Str A s tr Str A
 

= = = 
 

   . 

(d) 
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For 
, '

, '

'b b

b b

B b b  and 
, , ', '

, , ', '

ˆ ' 's b s b

s b s b

A A s s b b=  , we obtain 

  '', ''' , , ', '

'''' '', ''' , , ', '

'', ''' , , ', '

'''' , , ', ' '', '''

ˆˆ '''' '' ''' ' ' ''''

'''' '' ''' ' ' ''''

B b b s b s b

b b b s b s b

b b s b s b

b s b s b b b

tr BA b B b b A s s b b b

b b B b b A s s b b

   
=    

   

=

  

  

', , , ', '

, , ', '

'b b s b s b

s b s b

B A s s=    ,

  , , ', ' '', '''

'''' , , ', ' '', '''

, , ', ' '', '''

'''' , , ', ' '', '''

ˆ ˆ '''' ' ' '' ''' ''''

'''' ' ' '' ''' ''''

B s b s b b b

b s b s b b b

s b s b b b

b s b s b b b

tr AB b A s s b b B b b b

b b A s s b b B b b

   
=    

   

=

  

  

, , ', ' ',

, , ', '

's b s b b b

s b s b

A B s s=    . 

Hence,    ˆ ˆˆ ˆ
B Btr BA tr AB= . 

 

Exercise 19.3.2 (a) Show that ˆ
LP  and ˆ

LQ , as defined in Eqs. (19.3.7, 19.3.8), satisfy the 

relations 
2ˆ ˆ
L LQ Q= , 

2ˆ ˆ
L LP P= , and ˆ ˆˆ ˆ 0L L L LQ P P Q= = .  (b) Show that ˆ ˆ[ , ] 0L SP L =  and ˆ ˆ[ , ] 0L BP L = . 

Solution 19.3.2 

(a) 

Using the definitions: ˆ ˆ ˆ ˆ ˆ ˆ( ) { ( )} ( )L B B B SP t tr t t       and ˆ ˆˆ ˆ ˆ( ) ( ) ( )L LQ t t P t   − , and using 

ˆ{ } 1B Btr  =  (Eq. (19.3.6)), we obtain 

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) { { ( )}} { } { ( )} { ( )} ( )L L B B B B B B B B B B LP P t tr tr t tr tr t tr t P t         = = = =  

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) 0L L L L L L LQ P t I P P t P t P P t   = − = − =  

ˆˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) 0L L L L L L LP Q t P I P t P t P P t   = − = − =  

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )L L L L L L L LQ Q t I P Q t Q t P Q t Q t    = − = − =  . 

(b) 
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Using the definitions ˆ ˆˆ ˆ[ , ]S SL O H O  and ˆ ˆˆ ˆ[ , ]B BL O H O  (Eq. (19.3.5)), we obtain 

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ, ( ) ( ) ( )

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ{ } { } { }

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ{ } { } { } { } 0

L S L S S L

B B S S S B B B B S

S B B B B S S B B B B S

P L t P L t L P t

tr H H H tr tr H

H tr tr H H tr tr H

  

      

       

  = −
 

= − − +

= − − + =

 

and 

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ, ( ) ( ) ( )L B L B B LP L t P L t L P t    = −
 

  

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ{ } { } { }B B B B B B B B B Btr H H H tr tr H      = − − +  . 

Using Ex. 19.3.1 (d) we have, ˆ ˆˆ ˆ{ } 0B B Btr H H − = . Recalling that ˆ{ }Btr   is a system space 

operator, and that ˆˆ[ , ] 0B BH =  (Eq. (19.3.6)), we obtain 

ˆ ˆ ˆ, ( )

ˆ ˆˆ ˆ ˆ ˆ0 { } { }

L B

B B B B B B

P L t

H tr tr H



   

 
 

= − +
  

ˆˆ ˆ{ }[ , ] 0B B Btr H = − =  . 

 

 

Exercise 19.3.3 For the system-bath operators as defined in Eqs. (19.3.3-19.3.6, 19.3.12-

19.3.13), show that the projection operators ˆLP  and ˆLQ , as defined in Eqs. (19.3.7, 19.3.8), satisfy the 

relations in Eq. (19.3.14).  

Solution 19.3.3   

Using the notation, ˆ ˆ ˆ ˆ ˆ ˆ( ) { ( )} ( )L B B B SP t tr t t      , and the definition of the full Liouville operator 

(Eqs. (19.3.4, 19.3.5)), we obtain  

   

     

     

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) [ ] ( ) ( )[ ]

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆˆ ˆ (

L L B B S B SB B S B B B S S B SB

B B S B S B B B B S B B SB B S

B B B S S B B B S B B B B S SB

B S S

P LP t tr H H H t tr t H H H

tr H t tr H t tr H t

tr t H tr t H tr t H

H

      

        

        

 

= + + − + +

= + +

− − −

=    ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ) ( ) ( )B B B B S B B SB B St tr H t tr H t     + +

   ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )B S S B B B B S B S B B SBt H tr H t t tr H       − − −  . 

Since  ˆˆ 0B B SBtr H =  (Eqs. (19.3.12, 19.3.13)), we obtain 
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ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆˆ ˆ ˆ ˆ( ) ( )

B S S B B B B S B B SB B S

B S S B B B B S B S B B SB

B S S B S S

H t tr H t tr H t

t H tr H t t tr H

H t t H

       

       

   

+ +

− − −

= −

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ[ , ( )] [ , ( )] ( )S B S S L L S LH t H P t P L P t   = = =  , 

and hence, ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ( ) ( )L L L S LP LP t P L P t = . 

To derive the reduced expression for ˆˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )L L L L LP LQ t P L t P LP t  = − , let us first notice that  

 

     

     

ˆ ˆ ˆ ( )

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ[ ] ( ) { ( )[ ]}

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆˆ ˆ ˆ ˆ[ , ( )] { ( )}

L

B B S B SB B B S B SB

B B S B B B B B SB

B B S B B B B B SB

B S S B B SB

P L t

tr H H H t tr t H H H

tr H t tr H t tr H t

tr t H tr t H tr t H

H t tr L t



   

     

     

   

= + + − + +

= + +

− − −

= +

 

ˆ ˆ ˆ ˆ ˆˆ ˆ( ) ( )L S L L SBP L P t P L t = +  . 

As we have shown, ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ( ) ( )L L L S LP LP t P L P t = , and therefore we obtain    

ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( )L L L L L L SBP LQ t P L t P LP t P L t   = − = . 

Similarly, to derive the reduced expression for ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )L L L L LQ LP t LP t P LP t  = − ,  we notice that 

ˆ ˆ ˆ ( )

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ[ ] ( ) ( )[ ]

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

L

S B SB B S B S S B SB

S B S B B S SB B S

B S S B S B B S SB

B S S B B S SB B S

LP t

H H H t t H H H

H t H t H t

t H t H t H

H t H t H t



   

     

     

     

= + + − + +

= + +

− − −

= + +

 

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )B S S B B S B S SBt H H t t H     − − −    . 

Using ˆ ˆ[ , ] 0B BH  = , we obtain 

ˆ ˆ ˆ ( )

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

L

B S S B S S SB B S B S SB

LP t

H t t H H t t H



       = − + −
 

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )L S S SB B S L S L SB LP L t L t P L P t L P t    = + = +    , 

and therefore,  

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( )L L L L L SB LQ LP t LP t P LP t L P t   = − = . 
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Exercise 19.3.4 (a) Use Eqs. (19.1.12, 19.3.9, 19.3.14, 19.3.15) in Eq. (19.3.1) to show that 

( )ˆ ( )I

P t
t







( )ˆ ˆ ˆ ˆ( )
( )

2

0

1 ˆ ˆ ˆ ˆ ˆ ( )
S S B S

t it i t i
L L L L

I

L SB SB L Pd P e L e L P e t
 

 
− − −

+

−  . (b)  Show that according to the 

definition of  ˆLP  (Eq. (19.3.7)), for any scalar   one has, 
ˆˆ ˆBL

L LP e P = . Use this identity and the 

definition, 
ˆ ˆ ˆ

( ) ˆˆ ˆ( ) ( )
L L

it
P LP

I

P Lt e P t   (Eq. (19.1.14)), to derive Eq. (19.3.16).  

Solution 19.3.4 

(a) 

Starting from Eq. (19.3.1), 

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ
( ) ( )

2

0

1 ˆ ˆˆ ˆ ˆ ˆˆ ˆ( ) ( )
L L L L L L

t it i t i
P LP Q LQ P LP

I I

P L L L L Pt d e P LQ e Q LP e t
t

 

  
− − −


 −

  ,  

we first introduce the identities in Eq. (19.3.14), to obtain 

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ
( ) ( )

2

0

1 ˆ ˆ ˆ ˆˆ ˆ( ) ( )
L S L L L L S L

t it i t i
P L P Q LQ P L P

I I

P L SB SB L P

d
t d e P L e L P e t

dt

 

  
− − −

 −  . 

Then, introducing the approximation 

( ) ( )ˆ ˆ ˆ ˆˆ ˆ ˆ( )L L L S B L

i t i t
Q LQ Q L L Q

e e
 − − − −

+

  (Eq. (19.3.15)), we obtain 

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( )
( ) ( )

2

0

1 ˆ ˆ ˆ ˆˆ ˆ( ) ( )
L S L L S B L L S L

t it i t i
P L P Q L L Q P L P

I I

P L SB SB L P

d
t d e P L e L P e t

dt

 

  
− − −

+

 −  . 

Using again the properties of the projection operators (Eqs. (19.1.12, 19.3.9, 19.3.14)) and 

ˆ ˆ[ , ] 0S BL L =  (Eq. (19.3.4)), the result can be rewritten as, 

 

( )ˆ ˆ ˆ ˆ( )
( ) ( )

2

0

1 ˆ ˆ ˆ ˆˆ ˆ( ) ( )
S S B S

t it i t i
L L L L

I I

P L SB SB L P

d
t d P e L e L P e t

dt

 

  
− − −

+

 −  . 

(b) 

First, we notice that the operators, 
ˆ
ˆBL

e
   and 

ˆ ˆ
ˆB BH H

e e
  −

 are identical for 0 = , and have 

identical derivative with respect to  , 

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ[ , ]B B B B BL L L L L

B B B B

d
e L e H e e H H e

d

        


= = − =

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ[ , ]B B B B B B B BH H H H H H H H

B B B

d
e e H e e e e H H e e

d

          


− − − −
= − =  . 
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We can therefore conclude that, 
ˆ ˆ ˆ
ˆ ˆB B BL H H

e e e
    −

= , for any  . Consequently, 

ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ{ ( )} { ( ) } { ( ) } { ( )}B B B B BL H H H H

B B B Btr e t tr e t e tr t e e tr t       − −= = = , where we used the 

invariance to permutation under the partial trace (Ex. 19.3.1 (d)).  

Hence, 
ˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ ˆ{ } { }B BL L

L B B B B LP e tr e tr P      = = = . Using the equivalence, 
ˆˆ ˆBL

L LP e P = , in the 

result of (a) (and recalling that 
ˆ ˆ ˆ

( ) ˆˆ ˆ( ) ( )
L L

it
P LP

I

P Lt e P t  , Eq. (19.1.14)), we obtain Eq. (19.3.16), 

( )ˆ ˆ ˆ ˆ( )
( ) ( )

2

0

1 ˆ ˆ ˆ ˆˆ ˆ( ) ( )
S S B S

t it i t i
L L L L

I I

P L SB SB L P

d
t d P e L e L P e t

dt

 

  
− − −

+

 − 

( )ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )
( )

2

0

1 ˆ ˆ ˆ ˆ ( )
S B S B S B

t it i t i
L L L L L L

I

L SB SB Pd P e L e L e t
 

 
− − −

+ + +

= −   . 

 

Exercise 19.3.5 (a) Use the identities for any scalar  , 
ˆ ˆ ˆ
ˆ ˆS S SL H H

e e e
    −

 , and 

ˆ ˆ ˆ
ˆ ˆB B BL H H

e e e
    −

 , to derive Eq. (19.3.17) from Eq. (19.3.16). 

Solution 19.3.5 

Using the identities, 
ˆ ˆ ˆ
ˆ ˆS S SL H H

e e e
    −

  and 
ˆ ˆ ˆ
ˆ ˆB B BL H H

e e e
    −

 (see Ex. 19.3.4) in Eq. (19.3.16), 

we obtain 

( )ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )
( ) ( )

2

0

ˆ ˆ( )

2

0

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
( )

(

1 ˆ ˆ ˆˆ ˆ( ) ( )

1 ˆ ˆ

ˆ ˆ[ ( )

S B S B S B

S B

S B S B S B S B

t it i t i
L L L L L L

I I

P L SB SB P

t it
L L

L SB

i t i i i t
H H H H H H H H

I

SB P

i t

t d P e L e L e t
t

d P e L

e H e t e e

e

 

   

  





− − −
+ + +

+

− − − −
+ + + +

− −


 −



= −

−





) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
( ) ˆˆ ( ) ]

S B S B S B S B

i i i t
H H H H H H H H

I

P SBe t e H e
   


− −

+ + + +
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ˆ ˆ( )

2

0

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
( )

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
( )

( ) ˆ(

1 ˆ [

ˆ ˆ ˆ ( )

ˆ ˆˆ ( )

S B

S B S B S B S B

S B S B S B S B

S

t it
L L

L

i t i i i t
H H H H H H H H

I

SB SB P

i t i i i t
H H H H H H H H

I

SB P SB

i t
H

d P e

H e H e t e e

H e e t e H e

e

   

   









+

− − − −
+ + + +

− − − −
+ + + +

− −

= −

−

−



( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ) ( ) ( ) ( )
( )

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
( )

ˆ ˆˆ ( )

ˆ ˆˆ ( ) ]

B S B S B S B

S B S B S B S B

i i i t
H H H H H H H

I

SB P SB

i t i i i t
H H H H H H H H

I

P SB SB

H e t e e H

e e t e H e H

  

   





− −
+ + + +

− − − −
+ + + +

+

 

2

0

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) (ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
( )

1 ˆ [

ˆ ˆ ˆ ( )

ˆ ˆˆ ( )

S B S B S B S B S B S B

S B S B S B S B

t

L

it i t i i i t it
H H H H H H H H H H H H

I

SB SB P

it i t i i i t
H H H H H H H H

I

SB P SB

d P

e H e H e t e e e

e H e e t e H e

   

  







− − − − −
+ + + + + +

− − −
+ + + +

= −

−



) ˆ ˆ ˆ ˆ( ) ( )

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )
( )ˆ ˆˆ ( )

S B S B

S B S B S B S B S B S B

it
H H H H

it i t i i i t it
H H H H H H H H H H H H

I

SB P SB

e

e e H e t e e H e



   



− −
+ +

− − − − −
+ + + + + +

−

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )
( ) ˆ ˆˆ ( ) ]

S B S B S B S B S B S B

it i t i i i t it
H H H H H H H H H H H H

I

P SB SBe e e t e H e H e
   


− − − − −

+ + + + + +

+ . 

Using the interaction picture representation, 
ˆ ˆ ˆ ˆ( ) ( )

( )ˆ ˆ( )
S B S B

it it
H H H H

I

SB SBH t e H e
−

+ +

 , we obtain Eq. 

(19.3.17), 

( ) ( ) ( ) ( ) ( ) ( ) ( )

2

0

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2

0

1 ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) [ ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( ) ( ) ( ) ( )]

1 ˆ ˆ ˆ ˆ[ ( ),[ ( ), ( )]

t

I I I I I I I

P L SB SB P SB P SB

I I I I I I

SB P SB P SB SB

t

I I I

L SB SB P

t d P H t H t H t t H
t

H t H t t H H t

d P H t H t

     

   

  


 − −



− +

= −





( ) ( ) ( )

2

0

1 ˆ ˆˆ ˆ{[ ( ),[ ( ), ( )]}

t

I I I

B B SB SB Pd tr H t H t   = −   . 

 

Exercise 19.3.6 Use the identities, 
ˆ ˆ

( ) ˆˆ ˆ ˆ ˆ( ) ( ) ( )
S S

it it
L L

I

P L B St e P t e t   = = , and Eq. (19.3.16) to 

derive Eq. (19.3.18).  

Solution 19.3.6 

Using 
ˆ ˆ

( ) ˆˆ ˆ ˆ ˆ( ) ( ) ( )
S S

it it
L L

I

P L B St e P t e t   = =  in Eq. (19.3.16), we obtain Eq. (19.3.18),  
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( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

2

0

( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

2

0

1 ˆ ˆˆ ˆ ˆ ˆ ˆ( ) { ( )}

1 ˆ ˆˆ ˆ( ) {

S S B S B S B S

S S B S B S B S

tit it i t i it
L L L L L L L L

B S B B SB SB B S

tit it i t i it
L L L L L L L L

S B SB SB B

e t d tr e L e L e e t
t

e t d tr e L e L e e
t

 

 

     

  

− − −
+ + +

− − −
+ + +


 −




  −






( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

2

0

( )ˆ ˆ ˆ( )

2

0

ˆ ( )}

1ˆ ˆ ˆˆ ˆ ˆ ˆ( ) [ ( )] { ( )}

1ˆ ˆ ˆˆ ˆ( ) ( ) {

S S S B S B S B S

B S B

S

tit it it i t i it
L L L L L L L L L

S S S B SB SB B S

t it i t
L L L

S S S B SB SB

t

i
L e t e t d tr e L e L e e t

t

i
t L t d tr e L e L e

t

 





    

  

− − −
+ + +

− − −
+


 +  −




  − −






ˆ ˆ ˆ( )

( ) ( )ˆ ˆ ˆ ˆ( ) ( )

2

0

ˆ ˆ ( )}

1ˆ ˆ ˆˆ ˆ ˆ( ) { } ( )

S B S

S B S B

i it
L L L

B S

t i t i t
L L L L

S S B SB SB B S

e t

i
L t d tr L e L e t



 

 

   

+

− − −
+ +

= − − 

ˆ ˆ ˆ ˆ( ) ( )

2

0

1ˆ ˆ ˆˆ ˆ ˆ( ) { } ( )
S B S B

t i i
L L L L

S S B SB SB B S

i
L t d tr L e L e t

 

   
−

+ +

= − −   .  

 

Exercise 19.3.7 Use the identity, 
ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆS B S B S B

it it it
L L H H H H

e A e Ae
−

+ + +

=  to derive Eq. (19.3.19) 

from Eq. (19.3.18).  

Solution 19.3.7 

Starting from Eq. (19.3.18), using 
ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆS B S B S B

it it it
L L H H H H

e A e Ae
−

+ + +

= , we obtain Eq. (19.3.19),  

ˆ ˆ ˆ ˆ( ) ( )

2

0

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

2

0

2

0

1ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) { ( )}

1ˆ ˆ ˆˆ ˆ ˆ( ) { ( ) }

1ˆ ˆˆ ( ) {

S B S B

S B S B S B

t i i
L L L L

S S S B SB SB B S

t i i i
L L H H H H

S S B SB SB B S

t i

S S B SB

i
t L t d tr L e L e t

t

i
L t d tr L e L e t e

i
L t d tr L e

 

  



    

   

 

−
+ +

− −
+ + +

−


 − −



= − −

= − −






ˆ ˆ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

2

0

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) (

ˆ ˆˆ ˆ ˆ ˆ[ ( ) ( ) ]}

1ˆ ˆ ( ) {

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( )

S B

S B S B S B S B

S B S B S B

L L

i i i i
H H H H H H H H

SB B S B S SB

t

S S B

i i i i
H H H H H H

SB SB B S SB B S SB

H e t e e t e H

i
L t d tr

H e H e t H t e H e

   

   

   

 

   

+

− −
+ + + +

− −
+ + +

−

= − −

−



ˆ ˆ )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) }

S B

S B S B S B S B

H H

i i i i
H H H H H H H H

SB B S SB B S SB SBe H e t H t e H e H
   

   

+

− −
+ + + +

− +

 

ˆ ˆ ˆ ˆ( ) ( )

2

0

1ˆ ˆ ˆˆ ˆ ˆ( ) {[ ,[ , ( )]]}
S B S B

t i i
H H H H

S S B SB SB B S

i
L t d tr H e H e t

 

   
−

+ +

= − −  . 
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Exercise 19.3.8 Follow the alternative derivation given here to obtain the Redfield equation 

directly: (a) Transform the full Liouville equation, ˆˆ ˆ( ) [H, ( )]
i

t t
t
 

 −
=


, with ˆ ˆ ˆ ˆ

S B SBH H H H= + +

, into the interaction picture representation, 
( ) ( ) ( )ˆˆ ˆ( ) [H ( ), ( )]I I I

SB

i
t t t

t
 

 −
=


, where, 

ˆ ˆ ˆ ˆ[H H ] [H H ]
( )ˆ ˆ( ) ( )

S B S B

i i
t t

IO t e O t e
−

+ +

 . (b) Integrate the equation over time and show that it can be 

rearranged exactly as ˆ ( )I t
t



=



( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 3

0 0 '

1ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ[H ( ), (0)] '[H ( ),[H ( '), ( )]] ' ''[H ( ),[H ( '),[H ( ''), ( '')]

t t t

I I I I I I I I I

SB SB SB SB SB SB

t

i i
t dt t t t dt dt t t t t  

−
− −  

. (c) Neglect the terms of third order and higher in the system-bath coupling, and obtain an approximate 

Markovian equation for ( )ˆ ( )I t , 
( ) ( ) ( )ˆˆ ˆ( ) [H ( ), (0)]I I I

SB

i
t t

t
 

 −




( ) ( ) ( )

2

0

1 ˆ ˆ ˆ'[H ( ),[H ( '), ( )]]

t

I I I

SB SBdt t t t−  . (d) Defining the reduced system density operator as 

( ) ( )ˆ ˆ( ) [ ( )]I I

S Bt tr t  , and assuming an initial product density: 
( )ˆ ˆ ˆ ˆ(0) (0) (0)I

B S   = = , show that 

for ˆˆ{ H } 0B B SBtr  =  (Eqs. (19.3.12, 19.3.13)), we obtain, 

( ) ( ) ( ) ( )

2

0

1 ˆ ˆˆ ˆ( ) ' [H ( ),[H ( '), ( )]]

t

I I I I

S B SB SBt dt tr t t t
t
 


= −

  . (e)  Without loss of accuracy to second order in 

the system-bath coupling, replace 
( ) ( )ˆ ˆ ˆ( ) ( )I I

B St t     under the latter time-integral and show that 

this leads to Eq. (19.3.17), and hence to the Redfield equation, Eq. (19.3.19). 

Solution 19.3.8 

(a) 

To follow the time evolution of the full density operator, the Liouville-von Neumann equation of motion, 

ˆˆ ˆ( ) [H, ( )]
i

t t
t
 

 −
=


, needs to be solved.  Transforming the operators into the interaction picture 

representation, 
ˆ ˆ ˆ ˆ[H H ] [H H ]

( )ˆ ˆ( ) ( )
S B S B

i i
t t

IO t e O t e
−

+ +

 , and taking the time-derivative of 
( )ˆ ( )I t , we 

obtain 
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ˆ ˆ ˆ ˆ[H H ] [H H ]
( ) ( )ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) [H H , ( )] [H H H , ( )]

S B S B

i i
t t

I I

S B S B SB

i i
t t e t e

t
  

−
+ + −

= + + + +


 

ˆ ˆ ˆ ˆ[H H ] [H H ]
( ) ( )ˆ ˆˆ ˆ[H , ( )] [H ( ), ( )]

S B S B

i i
t t

I I

SB SB

i i
e t e t t 

−
+ +− −

= =   . 

(b) 

Integrating the differential equation, 
( ) ( ) ( )ˆˆ ˆ( ) [H ( ), ( )]I I I

SB

i
t t t

t
 

 −
=


, we obtain

( ) ( ) ( ) ( )

0

ˆˆ ˆ ˆ( ) (0) '[H ( '), ( ')]

t

I I I I

SB

i
t dt t t  

−
= +  . Using this result, we can rewrite the time-derivative as 

( ) ( ) ( ) ( ) ( ) ( )

2

0

1ˆ ˆ ˆˆ ˆ ˆ( ) [H ( ), (0)] '[H ( ),[H ( '), ( ')]]

t

I I I I I I

SB SB SB

i
t t dt t t t

t
  

 −
= −

  . 

 Using a similar integral form for 
( )ˆ ( ')I t  under the time integral, namely 

( ) ( ) ( ) ( )

'

ˆˆ ˆ ˆ( ') ( ) ''[H ( ''), ( '')]

t

I I I I

SB

t

i
t t dt t t  = +  , we obtain  

( ) ( ) ( ) ( ) ( ) ( )

2

0

1ˆ ˆ ˆˆ ˆ ˆ( ) [H ( ), (0)] '[H ( ),[H ( '), ( )]]

t

I I I I I I

SB SB SB

i
t t dt t t t

t
  

 −
= −

 

( ) ( ) ( ) ( )

3

0 '

ˆ ˆ ˆ ˆ' ''[H ( ),[H ( '),[H ( ''), ( '')]]]

t t

I I I I

SB SB SB

t

i
dt dt t t t t−    . 

(c)  

Neglecting terms which are third-order and higher in the system-bath coupling operator, we obtain an 

approximated Markovian equation for 
( )ˆ ( )I t , 

( ) ( ) ( ) ( ) ( ) ( )

2

0

1ˆ ˆ ˆˆ ˆ ˆ( ) [H ( ), (0)] '[H ( ),[H ( '), ( )]]

t

I I I I I I

SB SB SB

i
t t dt t t t

t
  

 −
 −

  .            

(d)    

For 
( )ˆ ˆ ˆ ˆ(0) (0) (0)I

B S   = =  we obtain 
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ˆ ˆ ˆ ˆ[H H ] [H H ]
( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[H H ] [H H ] [H H ] [H H ]

ˆ ˆˆ ˆ ˆ{[H ( ), (0)]} {[ H , (0)]}

ˆ ˆˆ ˆ ˆ ˆ{ H (0)} { (0) H }

S B S B

S B S B S B S B

i i
t t

I I

B SB B SB B S

i i i i
t t t t

B SB B S B B S SB

tr t tr e e

tr e e tr e e

  

   

−
+ +

− −
+ + + +

=

= −

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH H H H H H H H
ˆ ˆˆ ˆ ˆ ˆ{ H } (0) (0) { H }

S B B S S B B S

i i i i i i i i
t t t t t t t t

B SB B S S B B SBe tr e e e e tr e e e   
− − − −

= − . 

Using: ˆˆ[ , ] 0B BH = , we obtain 

( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH H H H H H H H

ˆ ˆ{[H ( ), (0)]}

ˆ ˆˆ ˆ ˆ ˆ{ H } (0) (0) { H }
S B B S S B B S

I I

B SB

i i i i i i i i
t t t t t t t t

B SB B S S B B SB

tr t

e tr e e e e tr e e e



   
− − − −

= −

ˆ ˆ ˆ ˆH H H H
ˆ ˆˆ ˆ ˆ ˆ{H } (0) (0) { H }

S S S S

i i i i
t t t t

B SB B S S B B SBe tr e e tr e   
− −

= − , 

and using, ˆˆ{ H } 0B B SBtr  = , we obtain, 
( ) ( )ˆ ˆ{[H ( ), (0)]} 0I I

B SBtr t  = . 

Consequently, using the definition, 
( ) ( )ˆ ˆ( ) { ( )}I I

S Bt tr t  , and taking the trace over the bath in the 

result of (c), we obtain 

( ) ( ) ( ) ( ) ( )

2

0

1 ˆ ˆˆ ˆ ˆ( ) { ( )} ' {[H ( ),[H ( '), ( )]]}

t

I I I I I

S B B SB SBt tr t dt tr t t t
t t
  

 
  −

   . 

(e) 

Replacing 
( ) ( )ˆ ˆ ˆ( ) ( )I I

B St t     under the time-integral in the result of (d), we obtain Eq. (19.3.17), 

which yields the Redfield equation (Eq. (19.3.19), using Ex. 19.3.6 and Ex. 19.3.7),  

( ) ( ) ( ) ( )

2

0

1 ˆ ˆˆ ˆ ˆ( ) ' {[H ( ),[H ( '), ( )]]}

t

I I I I

S B SB SB B St dt tr t t t
t
  


 −

 

( ) ( ) ( )

2

0

1 ˆ ˆ ˆ ˆ' {[H ( ),[H ( '), { ( )}]]}

t

I I I

B SB SB B Bdt tr t t tr t = −  .                      

 

Exercise 19.3.9 When the system and bath are initially correlated,  ˆ ˆ(0) 0LQ   , the exact 

equation for the ˆLP -space density operator obtains an inhomogeneous term (Eq. (19.1.16)). Expanding 

this term up to first-order in the system-bath coupling, show that Eq. (19.3.19) is generalized to,  
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ˆˆ ˆ( ) [ , ( )]S S S

i
t H t

t
 


 −



ˆ ˆ ˆ ˆ( ) ( )

2

0

1 ˆ ˆ ˆ ˆ{[ ,[ , ( )]]}
S B S B

t i i
H H H H

B SB SB B Sd tr H e H e t
 

  
−

+ +

−   

ˆ ˆ ˆ ˆ( ) ( )
ˆˆ ˆ{[ , (0)]}

S B S B

it it
H H H H

B B SB

i
tr e H e 

−
+ +

−  . 

Solution 19.3.9 

Let us recall Eq. (19.1.16), 

( ) ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ
( ) ( )

2

0

1 ˆ ˆˆ ˆ ˆ ˆˆ ˆ( ) ( )
L L L L L L

t it i t i
P LP Q LQ P LP

I I

P L L L L Pt d e P LQ e Q LP e
t

 

   
− − −


+

 

ˆ ˆˆ ˆ ˆ ˆ
ˆ ˆˆ ˆ ˆ(0)

L L L L

it it
P LP Q LQ

L L L

i
e P LQ e Q 

−

= −  . 

Focusing on the inhomogeneous term, using ˆ ˆ ˆ ˆ ˆ ˆ
L L L S LP LP P L P= , ˆˆ ˆ ˆ ˆ

L L L SBP LQ P L=  (Eq. (19.3.14)), and 

ˆ
ˆ ˆB

it
L

L LP e P=  (Ex. 19.3.4 (b)), we obtain 

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( )
ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ(0) (0)

L L L L L S L L S B SB L

it it it it
P LP Q LQ P L P Q L L L Q

L L L L SB L

i i
e P LQ e Q e P L e Q 

− −
+ +

− = −

ˆ ˆˆ ˆ ˆ ˆ ˆ( ) ( )
ˆˆ ˆ ˆ(0)

S B L S B SB L

it it
L L Q L L L Q

L SB L

i
P e L e Q 

−
+ + +

= −  . 

Restricting to first order in the system-bath coupling, we approximate, 

( ) ( )ˆ ˆ ˆ ˆˆ ˆ ˆ( )L L L S B L

i t i t
Q LQ Q L L Q

e e
 − − − −

+

 (Eq. (19.3.15)), to obtain 

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )

ˆ ˆ ˆ ˆ( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ(0) (0)

ˆ ˆ ˆ (0)

ˆ ˆ ˆ (0)

L L L L S B L S B L

S B S B

S B S B S B

it it it it
P LP Q LQ L L Q L L Q

L L L L SB L

it it
L L L L

L SB

it it it it
H H H H H H

L SB

i i
e P LQ e Q P e L e Q

i
P e L e

i
P e H e e e

 





− −
+ +

−
+ +

− −
+ + +

−  −

= −

= − −
ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆˆ (0)

ˆ ˆ ˆˆ ˆ(0) (0)

S B S B S B

S B S B S B S B

it it
H H H H H H

SB

it it it it
H H H H H H H H

L SB SB

e H e

i
P e H e e H e



 

−
+ + +

− −
+ + + +

 
 
 

 
= − − 

 

ˆ ˆ ˆ ˆ( ) ( )
ˆˆ ˆ{ , (0) }

S B S B

it it
H H H H

B B SB

i
tr e H e 

−
+ + 

= −  
 

 . 

Consequently,  
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ˆ ˆ ˆ ˆ( ) ( )

2

0

ˆˆ ˆ( ) [ , ( )]

1 ˆ ˆ ˆ ˆ{[ ,[ , ( )]]}
S B S B

S S S

t i i
H H H H

B SB SB B S

i
t H t

t

d tr H e H e t
 

 

  
−

+ +


 −



− 

ˆ ˆ ˆ ˆ( ) ( )
ˆˆ ˆ{[ , (0)]}

S B S B

it it
H H H H

B B SB

i
tr e H e 

−
+ +

−  .     

 

Exercise 19.3.10 Using the expansion of the system-bath coupling operator, ( ) ( )ˆ ˆ ˆS B

SBH V U 


  

(Eq. (19.3.12)), we obtain 
ˆ ˆ ˆ ˆ( ) ( )

( ) ( )ˆ ˆ ˆ( ) ( )
S B S B

i i
H H H H

S B

SBe H e V U
 

 


 
−

+ +

 , where 

ˆ ˆ
( ) ( )ˆ ˆ( )

S S

i i
H H

S SV e V e
 

 
−

  and 
ˆ ˆ

( ) ( )ˆ ˆ( )
B B

i i
H H

B BU e U e
 

 
−

 . Using these expressions, show that 

ˆ ˆ ( )SD t , as defined in Eq. (19.3.20), can be expressed in terms of the bath coupling correlation 

functions , '( )c    and , '( )c    (Eqs. (19.3.21, 19.3.22)).  

Solution 19.3.10 

Starting from Eq. (19.3.20), using 
ˆ ˆ

( ) ( )ˆ ˆ( )
S S

i i
H H

S SV e V e
 

 
−

 and 
ˆ ˆ

( ) ( )ˆ ˆ( )
B B

i i
H H

B BU e U e
 

 
−

 , we 

obtain 

ˆ ˆ ˆ ˆ( ) ( )

2

0

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

2

0

ˆ ˆ( )

1ˆ ˆ ˆˆ ˆ ˆ( ) {[ ,[ , ( )]]}

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ{[ ( ) ( )

ˆ

S B S B

S B S B S B S B

S B

t i i
H H H H

S B SB SB B S

t i i i i
H H H H H H H H

B SB SB B S SB B S SB

i i
H H

SB

D t d tr H e H e t

d tr H e H e t H t e H e

e H e

 

   

 

   

    

−
+ +

− −
+ + + +

−
+

 −

= − −

−





ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

' ' ' '2
, ' 0

( ) ( )

ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ]}

1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ{ ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆˆ ˆ( ) ( ) ( )

S B S B S B

i i
H H H H H H

B S SB B S SB SB

t

S B S B S B S B

B B S B S

S B

B S

t H t e H e H

d tr V U V U t V U t V U

V U t

 

       
 

 

   

        

   

−
+ + +

+

= − −

−

 

( ) ( ) ( ) ( ) ( ) ( )

' ' ' '

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

' ' ' '2
, ' 0

ˆ ˆ ˆ ˆ ˆˆ ˆ ( ) ( ) ( ) }

1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ[ { ( ) } ( ) ( ) { ( )} ( ) ( )

S B S B S B

B S

t

B B S S B B S S

B B S B B S

V U t V U V U

d tr U U V V t tr U U V t V

     

       
 

   

        

+

= − − 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

' ' ' '
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ{ ( ) } ( ) ( ) { ( ) } ( ) ( ) ]B B S S B B S S

B B S B B Str U U V t V tr U U t V V              − +  . 

Using the definitions in Eq. (19.3.21),    
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ˆ ˆ
( ) ( )

, ' '
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

    
−

  and  
ˆ ˆ

( ) ( )

, ' ' , '
ˆ ˆ ˆ( ) { } ( )

B B

i i
H H

B B

B Bc tr e U e U c
 

       
−

 = − , 

we obtain 

( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) [ ( ) ( ) ( ) ( ) ( ) ( )

t

S S S S

S S SD t d c V V t c V t V       
 

       = − − 

( ) ( ) ( ) ( )

', ' , ' '
ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ]S S S S

S Sc V t V c t V V            − +  .  

Exchanging summation indexes and gathering similar terms, we finally obtain Eq. (19.3.22),  

( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

( ) ( ) ( ) ( )

, ' ' ', '

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ[ ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ]

S

t

S S S S

S S

S S S S

S S

D t

d c V V t c V t V

c V t V c t V V

       
 

       



      

     

= − −

− +

 

( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

1 ˆ ˆ ˆ ˆˆ ˆ( ( )[ , ( ) ( )] ( )[ ( ) ( ), ])

t

S S S S

S Sd c V V t c t V V       
 

      = − +   . 

 

Exercise 19.3.11 The Redfield equation for the reduced density operator (Eq. (19.3.19)) can be 

written as ˆ ˆˆ ˆ ˆ( ) [ , ( )] ( )S S S S

i
t H t D t

t
  


 − +


, with ˆ ˆ ( )SD t  defined according to Eq. (19.3.22). 

Defining ', '
ˆ( ) ( )n n n S nt t     and ( ) ( )

', '
ˆ S

n n n nV V

  , where { n } are a complete 

orthonormal system of ˆ SH  eigenstates with the corresponding energies, {
nE } , derive Eq. (19.3.23), 

using the definitions in Eqs. (19.3.24, 19.3.25).  

Solution 19.3.11 

Starting from Eq. (19.3.22) for the dissipator, 

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

ˆ ˆ ˆ
( ) ( ) (

, ' ' , ' '2
, ' 0 0

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( )[ , ( )] ( )[ ( ) , ]

1 ˆ ˆ ˆˆ{ ( ) ( ) ( )

S S S S

S S S

t i i i i
H H H H

S S S S

S S S

t ti i i
H H H

S S S

S

D t d c V e V e t c t e V e V

d c V e V e t d c e V

   

       
 

  

      
 

     

    

− −

− −

= − +

= − −

 

  
ˆ

) ( )ˆˆ ( )
S

i
H

S

Se t V




ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

', ' ', '

0 0

ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( ) ( ) }
S S S S

t ti i i i
H H H H

S S S S

S Sd c t e V e V d c V t e V e
   

            
− −

+ −  , 
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we introduce a complete orthonormal set of ˆ
SH -eigenstates, ˆ S n n nH E = . The corresponding 

equation for the matrix elements of ˆ ˆ ( )SD t  in terms of the matrix representations of the system 

operators, 
', '

ˆ( ) ( )n n n S nt t     and ( ) ( )

', '
ˆ S

n n n nV V

  ,  reads    

'

'

'

2',
, ' , '

( ) ( ')

, ' ', , ' ',

0

( ') ( )

, ' ', , ' ',

0

( ') ( )

', ', , ' ',

0

1ˆ ˆ ( )

{ ( ) ( )

( ) ( )

( ) ( )

m m

n m

m m

S
n n

m m

t i i
E E

n m m m m n

t i i
E E

n m m m m n

t i i
E E

n m m m m n

D t

d c V e V e t

d c e V e t V

d c t e V e V

 

 
 

 

 
 

 

 
 

 



  

  

  

−

−

−

  = −
 

−

+

 







 

'( ) ( ')

', ', , ' ',

0

( ) ( ) }
m n

t i i
E E

n m m m m nd c V t e V e
 

 

   
−

− . 

Defining, 
'( )

( , ')

, ' , '2

0

1
( ) ( )

n n

t i
E E

n ng t c e d


 

   
−

−

   and 
'( )

( , ')

, ' , '2

0

1
( ) ( )

n n

t i
E E

n ng t c e d


 

   
−

−

   (Eq. 

(19.3.25)), we obtain 

( , ') ( ) ( ') ( , ') ( ') ( )

, ' ', , ' ', ', ', , ' ',
',

, ' , '

ˆ ˆ ( ) { ( ) ( ) ( )S m m n m m m m n n m n m m m m n
n n

m m

D t g t V V t g V t V       

 

    = − −
   

( ', ) ( ') ( ) ( ', ) ( ) ( ')

, ' ', , ' ', ', ', , ' ',( ) ( ) ( ) ( ) }m m n m m m m n m n n m m m m ng t t V V g t V t V        + −  . 

Changing summation indexes, we obtain 

( , ') ( ) ( ') ( , ') ( ') ( )

, ' ', , ' , ', ', ' ', ' , ',
',

, ' , ' , '

ˆ ˆ ( ) { ( ) ( ) ( )S l m n l l m m n m m n m n m m n m m
n n

l m m m m

D t g t V V t g V V t       

 

     = − −
     

( ', ) ( ') ( ) ( ', ) ( ) ( ')

, , , ', ' ', , ', ' , ',

, ' , '

( ) ( ) ( ) ( )}m l m l l n m n m m m n n m m n m m

m l m m m

g t V V t g t V V t         + −  

( , ') ( ) ( ') ( , ') ( ') ( )

, ' ', , ' , ', ' ', ' ,

, ' , '

( ', ) ( ') ( ) ( ', ) ( ) ( ')

, , , ', ' , ', ' , ',

{ ( ) ( )

( ) ( ) } ( )

l m n l l m m n n m n m m n

m m l

m l m l l n m n m n n m m n m m

l

g t V V g t V V

g t V V g t V V t

       

 

       



 

 
= − − 

 

 
+ − 
 

  



 

', , ', ',

, '

( ) ( )n n m m m m

m m

R t t −  , 

where in the last step we identified the elements of the Redfield tensor (Eq. (19.3.24)),  
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( , ') ( ) ( ') ( ', ) ( ') ( )

', , ', , ' ', , ' , , , , ', '

, '

( ) { [ ( ) ( ) ]n n m m l m n l l m m n m l m l l n m n

l

R t g t V V g t V V       

 

 = + 

( , ') ( ') ( ) ( ', ) ( ) ( ')

', ' ', ' , , ', ' ,[ ( ) ( ) ]}n m n m m n m n n m m ng t V V g t V V       − +  . 

Representing the additional terms in the Redfield equation, ˆ ˆˆ ˆ ˆ( ) [ , ( )] ( )S S S S

i
t H t D t

t
  


 − +


  

(Eqs. (19.3.19, 19.3.20)), in the same matrix representation we obtain Eq. (19.3.23), 

', ' ', ', , ', ',

',

( ) ( ) ( ) ( ) ( )n n n n n n n n m m m m

m m

i
t E E t R t t

t
  


 − − −


 .                      

  

Exercise 19.4.1 Given Eq. (19.4.3) for the dynamics of the reduced system density matrix 

elements, 
( )

', ' ', ', , ', ',

',

( ) ( ) ( ) ( )St

n n n n n n n n m m m m

m m

i
t E E t R t

t
  


= − − −


 , and the transformation, 

',( )

', ',( ) ( )n ni tI

n n n nt e t


 =  (Eq. (19.4.5)), derive Eq. (19.4.6) with the time-dependent tensor, 
( )

', , ', ( )I

n n m mR t , 

as defined in Eq. (19.4.7).  

Solution 19.4.1 

Taking the time-derivative of the density matrix elements in the interaction representation (Eq. 

(19.4.5)), we obtain ', ',( ) ( )

', ', ', ', ',( ) ( ) ( ) ( )n n n ni t i tI I

n n n n n n n n n nt e t e t i t
t t t

 
    

  
= = +

  
. Using Eq. 

(19.4.3), we obtain 

 

',

', ',

',

',

( ) ( )

', ', ', ',

( ) ( )

' ', ', , ', ', ', ',

',

( )

', , ', ',

',

( )

', , ',

',

( ) ( ) ( )

( ) ( ) ( ) ( )

( )

n n

n n n n

n n

n n

i tI I

n n n n n n n n

i t i t St I

n n n n n n m m m m n n n n

m m

i t St

n n m m m m

m m

i t St

n n m m

m m

t e t i t
t t

i
E E e t e R t i t

e R t

e R



 





   

   



 
= +

 

= − − − +

= −

= −





 ', ',

', ( )m m m mi t i t

m me e t
 


−

', ',( )( ) ( )

', , ', ',

',

( )n n m mi tSt I

n n m m m m

m m

R e t
 


−

= −  . 

Identifying, ', ',( )( ) ( )

', , ', ', , ',( ) n n m mi tI St

n n m m n n m mR t R e
 −

  (Eq. (19.4.7)), we obtain Eq. (19.4.6),  

( ) ( ) ( )

', ', , ', ',

',

( ) ( ) ( )I I I

n n n n m m m m

m m

t R t t
t
 


= −


 . 
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Exercise 19.4.2 Show that time averaging of Eq. (19.4.6) over the short oscillation period, 
cT , 

leads to Eqs. (19.4.8, 19.4.9). 

Solution 19.4.2    

Approximating the time-derivative of ', ( )I

n n t  by its average over a short period, 
cT , in which ', ( )I

n n t  

is nearly constant, and using Eq. (19.4.6), we obtain 

/2 /2

', ', ', , ', ',

',/2 /2

1 1
( ) ' ( ') ' ( ') ( )

'

c c

c c

t T t T

I I I I

n n n n n n m m m m

m mc ct T t T

t dt t dt R t t
t T t T
  

+ +

− −

 
  −

 
  . 

Using the explicit time-dependence of 
', , ', ( ')I

n n m mR t  (Eq. (19.4.7)), we obtain 

', ',

/2

( ) '( )

', ', , ', ',

', /2

1
( ) ' ( )

c

n n m m

c

t T

i tI St I

n n n n m m m m

m m c t T

t dt R e t
t T

 
 

+

−

−


  −  

  . 

Using our discrete model, 
', ',

2
n n n n

c

l
T


 = , ', ',

2
m m m m

c

l
T


 = , we obtain Eqs. (19.4.8, 19.4.9),  

', ',

', ',

2/2
( ) '

( ) ( )

', ', , ', ', ', , ', , ',

', ',/2

1
( ) ' ( ) ( )

c
n n m m

c

n n m m

c

t T
i l l t

TI St I St I

n n n n m m m m n n m m l l m m

m m m mc t T

t R dt e t R t
t T



   

+
−

−


    − = −   

  . 

 

Exercise 19.4.3 Substitute Eq. (19.4.12) in Eq. (19.4.11) to derive the Pauli master equation 

(Eq. (19.4.13), with the population transition rates given in Eq. (19.4.14).  

Solution 19.4.3 

Using Eq. (19.4.12) in Eq. (19.4.11) we obtain 

( )

, , ,

( , ') ( ) ( ') ( ', ) ( ') ( ) ( , ') ( ') ( ) ( ', ) ( ) ( ')

, , , , , , , , , , , , , ,

, '

( , ') ( ) (

, , ,

, '

( ) ( )

{ [ ] [ ]} ( )

[

St

n n n m m m

m

l m n l l m m n m l m l l n m n n m n m m n m n n m m n m

m l

l n n l l n

l

P t R P t
t

G V V G V V G V V G V V P t

G V V

               

 

  

 

 


 −



 
= − + − + 

 

= −



 

  ') ( ', ) ( ') ( ) ( , ') ( ') ( ) ( ', ) ( ) ( ')

, , , , , , , , ,

, '

] ( ) [ ] ( )n l n l l n n n m n m m n m n n m m n m

m

G V V P t G V V G V V P t            

 

+ + + 

( , ') ( ) ( ') ( ', ) ( ') ( ) ( , ') ( ') ( ) ( ', ) ( ) ( ')

, , , , , , , , , , , ,

, ' , '

[ ] ( ) [ ] ( )m n n m m n n m n m m n n n m n m m n m n n m m n m

m m

G V V G V V P t G V V G V V P t               

   

= − + + +   

. 
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Defining, 
( , ') ( ') ( ) ( ', ) ( ) ( ')

, , , , , , ,

, '

{ }m n m n n m n m m n m n n m m nk k G V V G V V       

 
→= = +  (Eq. (19.4.14)), we obtain Eq. 

(19.4.13), 

( , ') ( ) ( ') ( ', ) ( ') ( )

, , , , , ,

, '

( ) [ ] ( )n m n n m m n n m n m m n n

m

P t G V V G V V P t
t

       

 


 − +


 

( , ') ( ') ( ) ( ', ) ( ) ( ')

, , , , , ,

, '

[ ] ( ) ( ) ( )n m n m m n m n n m m n m n m n m n m

m m m

G V V G V V P t k P t k P t       

 
→ →+ + = − +     . 

 

Exercise 19.4.4 Use the Pauli master equation (Eq. (19.4.13)) for ( )nP t
t




, to show that  

( ) 0n

n

P t
t


=


 . (Recall that each summation is over the entire spectrum of ˆ

SH -eigenstates.)  

Solution 19.4.4 

Using Eq. (19.4.13), ( ) ( ) ( )n m n m n m n

m m

P t k P t k P t
t

→ →


= −


  ,  we obtain 

, , , ,

( ) ( ) ( ) ( ) ( ) 0n m n m n m n m n m m n m

n m n m n m n n m

P t k P t k P t k P t k P t
t

→ → → →


= − = − =


      . 

 

Exercise 19.4.5 Use the structure of the matrix K , as expressed in Eq. (19.4.17), to show that 

its rows are linearly dependent, and hence there exist a non-trivial solution, P , to the homogeneous 

equation, =KP 0 . 

Solution 19.4.5 

Given the matrix K  as defined in Eq. (19.4.17),   , , ',
'

(1 )m n m n m n n nn m
n n

k k → →



= − − K , we can 

readily verify that the sum of entries in each column vanishes, 

  , , ' ',
1 1 1 ' '

(1 ) 0
N N N N N N

m n m n m n n n m n m nn m
n n n n n n m n m

k k k k → → → →

= = =   

   
= − − = − =   

   
     K . 
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Denoting the 
thn  row vector of the matrix K  as,       ( ),1 ,2 ,

, ,...,n n n n N
=R K K K , we therefore 

obtain 
1

N

n

n=

=R 0 , namely 
1,

N

n m

m m n= 

= − R R , which means that the rows of  K  are linearly-

dependent. Hence, the homogeneous system of equations, 0=KP , has a non-trivial solution. 

 

Exercise 19.4.6 Show that for a Hermitian operator, ( ) ( )

1

ˆ ˆ ˆ
N

S B

SBH V U 
=

 , and using the 

definitions of 
( , ')

, 'n nG  
, 

( , ')

, 'n nG  
 (Eq. (19.4.2)) and 

( ) ( )

', '
ˆ S

n n n nV V

 = , we have 

*

( ', ) ( ) ( ') ( , ') ( ') ( )

, , , , , ,

, ' , '

m n n m m n n m n m m nG V V G V V       

   

 
=  
 

  , and therefore the population transition rates defined in 

Eq. (19.4.14) are real-valued (Eq. (19.4.19)). 

Solution 19.4.6 

Using the definition, 
( ) ( )

', '
ˆ S

n n n nV V

 = , and Eqs. (19.4.2, 19.4.4) for 
( , ')

, 'n nG  
 and 

( , ')

, 'n nGs  
 in terms 

of the bath coupling operators,  

' '( ) ( )
( , ') ( , ')

, ' , ' , ' , '2 2

0 0

1 1
( ) ; ( )

n n n n

i i
E E E E

n n n nG c e d G c e d
 

   

      
 − −

− −

   , 

'( )
( ) ( )

, ' '

, '

ˆ ˆ( ) ' '
b b

i
E E

B B

b

b b

c b U b b U b e


    
−

−

= , 

'( )
( ) ( )

, ' '

, '

ˆ ˆ( ) ' '
b b

i
E E

B B

b

b b

c b U b b U b e


    
−

−

=  , 

we obtain 

'( ) ( )
( , ') ( ') ( ) ( ) ( ) ( ') ( )

, , , ' , ,2
, ' , ' , '0

1 ˆ ˆ' '
b b n m

i i
E E E E

B B

n m n m m n b n m m n

b b

G V V d b U b b U b e e V V
 

     

 
   

 
 − −

− −

=    

'( ) ( )
( ) ( ) ( ) ( )

' '2
, ' , '0

1 ˆ ˆ ˆ ˆ' '
b b n m

i i
E E E E

B S B S

m n n m b

b b

d b U V b b U V b e e
 

   
 

     
 − −

− −

=       . 

Identifying the full coupling operator, ( ) ( )

1

ˆ ˆ ˆ
N

S B

SBH V U 
=

 , we obtain 
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( , ') ( ') ( )

, , ,

, '

n m n m m nG V V   

 

  

'( ) ( )

2
, '0

1 ˆ ˆ' '
b b n m

i i
E E E E

m SB n n SB m b

b b

d b H b b H b e e
 

     
 − −

− −

=      . 

Therefore, using the Hermiticity of ˆ
SBH , we obtain 

*

( , ') ( ') ( )

, , ,

, '

n m n m m nG V V   

 

 
 
 
  

'( ) ( )

2
, '0

1 ˆ ˆ' '
b b n m

i i
E E E E

n SB m m SB n b

b b

d b H b b H b e e
 

     


− −

=      . 

Using again the product expansion of the coupling, ( ) ( )

1

ˆ ˆ ˆ
N

S B

SBH V U 
=

 ,  we obtain 

'

'

*

( , ') ( ') ( )

, , ,

, '

( ) ( )

2
, '0

( ) ( )
( ) ( ) ( ) ( )

' '2
, ' , '0

1 ˆ ˆ' '

1 ˆ ˆ ˆ ˆ' '

b b n m

b b n m

n m n m m n

i i
E E E E

n SB m m SB n b

b b

i i
E E E E

B S B S

n m m n b

b b

G V V

d b H b b H b e e

d b U V b b U V b e e

   

 

 

 

   
 

     

     


− −


− −

 
 
 

=    

=    





 

'( ) ( )
( ) ( ) ( ) ( ')

' , ,2
, ' , '0

1 ˆ ˆ ˆ ˆ' '
b b m n

i i
E E E E

B B

b n m m n

b b

d b U b b U b e e V V
 

 

 
 

 
 −

− −

=    , 

and using again Eqs. (19.4.2, 19.4.4), we obtain  

'

*
( ) ( )

( , ') ( ') ( ) ( ) ( ) ( ) ( ')

, , , ' , ,2
, ' , ' , '0

1 ˆ ˆ ˆ ˆ' '
b b m n

i i
E E E E

B B

n m n m m n b n m m n

b b

G V V d b U b b U b e e V V
 

     

 
   

 
 −

− − 
= 

 
  

( )
( ) ( ') ( ', ) ( ) ( ')

', , , , , ,2
, ' , '0

1 ˆ ˆ ˆ ˆ( )
m n

i
E E

n m m n m n n m m nd c e V V G V V


     

 
   

 
 −

−

= =   . 

Hence, the rate as defined in Eq. (19.4.14) is real-valued (Eq. (19.4.19)):   

( , ') ( ') ( ) ( ', ) ( ) ( ') ( , ') ( ') ( ) ( , ') ( ') ( ) *

, , , , , , , , , , , , ,

, ' , '

{ } { ( ) }m n n m n m m n m n n m m n n m n m m n n m n m m nk G V V G V V G V V G V V               

   

= + = + 

( , ') ( ') ( )

, , ,

, '

2Re n m n m m nG V V   

 

=   . 
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Exercise 19.4.7 Use Eqs. (19.4.2, 19.4.4) in Eq. (19.4.19) to derive Eq. (19.4.20). 

Solution 19.4.7 

Using Eqs. (19.4.2, 19.4.4) and the definition, 
( ) ( )

', '
ˆ S

n n n nV V

 = , in Eq. (19.4.19), we obtain 

'

( , ') ( ') ( )

, , ,

, '

( ) ( )
( ) ( ) ( ) ( )

' '2
, ' , '0

2Re{ }

1 ˆ ˆ ˆ ˆ2Re{ ' ' }
b b n m

m n n m n m m n

i i
E E E E

B B S S

n m m n b

b b

k G V V

b U b b U b V V e e d

   

 

 

   
 

     

→

 − −
− −

=

=



 

'( ) ( )
( ) ( ) ( ) ( )

' '2
, ' , '0

1 ˆ ˆ ˆ ˆ2Re{ ' ' }
b b n m

i i
E E E E

B S B S

m n n m b

b b

b U V b b U V b e e d
 

   
 

     
 − −

− −

=      . 

Identifying  
( ) ( )ˆ ˆ ˆB S

SBU V H 


= , we obtain 

'( ) ( )

2
, '0

1 ˆ ˆ2Re{ ' ' }
b b n m

i i
E E E E

m n m SB n n SB m b

b b

k b H b b H b e e d
 

     
 − −

− −

→ =    

ˆ ˆ ˆ ˆ( ) ( )

2
, '0

1 ˆ ˆˆ2Re{ ' ' }
B S B S

i i
H H H H

m B SB n n SB m

b b

b H b b e H e b d
 

     
 −

+ +

=      . 

Recalling that 
'

' '
b

b b   is the identity operator in the bath, and that 

,

ˆ ˆ ˆ{ }m m n m m n m m

b b n

b O b b O b tr O          =   =
   ,  

we obtain Eq. (19.4.20), 

ˆ ˆ ˆ ˆ( ) ( )

2
, '0

ˆ ˆ ˆ ˆ( ) ( )

2

0

1 ˆ ˆˆ2Re{ ' ' }

1 ˆ ˆˆ2Re { }

B S B S

B S B S

i i
H H H H

m n m B SB n n SB m

b b

i i
H H H H

m m B SB n n SB

k b H b b e H e b d

tr H e H e d

 

 

     

     

 −
+ +

→

 −
+ +

=    

=





ˆ ˆ ˆ ˆ( ) ( )

2

0

1 ˆ ˆˆ2Re { }
B S B S

i i
H H H H

m m B SB n n SBtr H e H e d
 

     
 −

+ +

=  . 

In the last step we used the invariance of time-integral to the sign of   . This can be verified by taking 

the complex conjugate of the trace, recalling that 
* †ˆ ˆ{ } { }tr O tr O= , and then using the commutators, 

/ /
ˆ[ , ] 0m n m n SH  =  and ˆˆ[ , ] 0B BH = , 
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ˆ ˆ ˆ ˆ( ) ( )

2

0

ˆ ˆ ˆ ˆ( ) ( )
*

2

0

ˆ ˆ ˆ ˆ( ) ( )

2

0

1 ˆ ˆˆ2Re { }

1 ˆ ˆˆ2Re { }

1 ˆ ˆ ˆ2Re { }

B S B S

B S B S

B S B S

i i
H H H H

m n m m B SB n n SB

i i
H H H H

m m B SB n n SB

i i
H H H H

SB n n SB B m m

k tr H e H e d

tr H e H e d

tr e H e H

 

 

 

     

     

    

 −
+ +

→

 −
+ +

 −
+ +

=

=

=







ˆ ˆ ˆ ˆ( ) ( )

2

0

1 ˆ ˆˆ2Re { }
B S B S

i i
H H H H

B m m SB n n SBtr H e H e
 

    
 −

+ +

=  . 

 

Exercise 19.4.8 Use the definitions: 0
ˆ ˆ ˆ

B SH H H= + , ˆ
B bH b E b= , ˆ

B bb b = , 

ˆ
S m m mH E = , { }

ˆ
i m m

b

P b b =  , { }
ˆ

f n n

b

P b b =   and 

{ }
ˆ ˆ

i m m B   =    to derive Eq. (19.4.22) from  Eq. (19.4.21). 

 

Solution 19.4.8 

Starting from Eq. (19.4.21), using, 0
ˆ ˆ ˆ

B SH H H= + , ˆ
B bH b E b= , ˆ

B bb b = , 

/ / /
ˆ

S n m n m n mH E = , { }
ˆ

i m m

b

P b b =  , { }
ˆ

f n n

b

P b b =   and 

{ }
ˆ ˆ

i m m B   =  , we obtain Eq. (19.4.22),  

0 0

0 0

0 0

0 0

ˆ ˆ

{ } { } { }2

0

ˆ ˆ

2

0

ˆ ˆ

2

0

ˆ ˆ

2
, ' 0

1 ˆ ˆ ˆ ˆˆ2Re { }

1 ˆ ˆˆ2Re { }

1 ˆ ˆˆ2Re { }

1 ˆ ˆˆ2Re ' '

i i
H H

m n i i f

i i
H H

B m m n n

i i
H H

B B m n n m

i i
H H

m B n n m

b b

k tr P VP e Ve d

tr V e Ve d

tr V e Ve d

b V b b e Ve b d

 

 

 

 

 

     

     

     

 −

→

 −

 −

 −

=

=

=

=







 

'( ) ( )

2
, ' 0

1 ˆ ˆ2Re ' '
n b m b

i i
E E E E

m b n n m

b b

b V b b e Ve b d
 

     
 −

+ +

=  
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'( )
2

2
, '

1 ˆRe | ' |
n b m b

i
E E E E

b n m

b b

e b V b d


   


+ − −

−

=  

2

'

, '

2 ˆ| ' | ( [ ])b n m n m b b

b b

b V b E E E E


   = − − −  . 

 

Exercise 19.4.9 Let us denote the probability of populating the n th eigenstate of ˆ
SH  as ( )nP t

. (a) Given ( ) 0nP t   for any n , and recalling that population transfer rates are non-negative (

0m nk →  ), use Eq. (19.4.13) to show that when a certain probability vanishes, ( ) 0nP t = , it means that 

( ) 0nP t
t





. (b) Use the result of (a) to show that if all the probabilities are non-negative at 0t =  

(namely, (0) 0nP   for any n ), they remain so at any later times, namely, ( ) 0nP t   for 0t  .  

Solution 19.4.9 

(a) 

We consider a solution to the master equation (Eq. (19.4.13)), 

( ) ( ) ( )n m n m n m n

m m

P t k P t k P t
t

→ →


= −


  . Setting a specific probability to zero, ( ) 0nP t = , the 

respective time-derivative reads ( ) ( )n m n m

m

P t k P t
t

→


=


 . Since { 0}m nk →   (Eq. (19.4.22)) , if  all 

the probabilities are non-negatives, ( ) 0mP t  , the time derivative is also non-negative, ( ) 0nP t
t





. 

(b) 

In (a) we saw that if all the probabilities are non-negative at a certain time, the time-derivative of any 

zero probability cannot be negative. Hence, the value of any probability cannot drop below zero. 

Therefore, we conclude that that if all the probabilities are non-negative at 0t =  (namely, (0) 0nP   

for any n ), they remain so at any later times, namely, ( ) 0nP t   for 0t  .   

   

Exercise 19.4.10 (a) For a canonical density operator, 

ˆ /( )

ˆ
B BH k T

B

B

e

Z


−

= , use Eq. (19.4.22) to 

show that 

/( )
2

'

, '

2 ˆ| ' | ( [ ])
b BE k T

m n m n m n b b

b b B

e
k b V b E E E E

Z


  

−

→ = − − − , and 

' /( )
2

'

, '

2 ˆ| ' | ( [ ])
b BE k T

n m m n m n b b

b b B

e
k b V b E E E E

Z


  

−

→ = − − − . 
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(b) Replacing the discrete summations over the bath Hamiltonian eigenstates by energy integrals, 

where, 2

'
ˆ| ' | ( , )m n b bb V b E E  → , and introducing the bath density of states, ( )bE , show 

that 

/( )

' ' ' '

2
( ) ( ) ( , ) ( )

b BE k T

m n b b b b b b m n b b

B

e
k dE dE E E E E E E E E

Z


   

−

→ = − − +   and 

' /( )

' ' ' '

2
( ) ( ) ( , ) ( )

b BE k T

n m b b b b b b m n b b

B

e
k dE dE E E E E E E E E

Z


   

−

→ = − − +  . 

(c) Changing integration variables and defining the transition frequency, 
,n m n mE E = − , show that 

,
/( )

/( )2
, , , ,2

( ) ( ) ( , )
2 2 2 2

n m
B

B
k T

E k T
n m n m n m n m

m n

B B

e e
k dE E E E E

Z Z



   
  

−

−

→ = − + − +  and 

,
/( )

/( )2
, , , ,2

( ) ( ) ( , )
2 2 2 2

n m
B

B
k T

E k T
n m n m n m n m

n m

B B

e e
k dE E E E E

Z Z



   
  

−

→ = − + − + , 

where 
( )/( )n m BE E k T

m n n mk k e
− −

→ →= .  

 

Solution 19.4.10 

   

(a) 

Using Eq. (19.4.22) with 

ˆ /( )

ˆ
B BH k T

B

B

e

Z


−

= , and hence, 

ˆ /( )/( )

ˆ
b BB B E k TH k T

B b

B B

e e
b b b b

Z Z
 

−−

= =  ,  

we readily obtain 

2

'

, '

/( )
2

'

, '

2 ˆ| ' | ( [ ])

2 ˆ| ' | ( [ ])
b B

m n b n m n m b b

b b

E k T

m n m n b b

b b B

k b V b E E E E

e
b V b E E E E

Z


   


  

→

−

= − − −

= − − −




 

and  

'

2

'

, '

/( )
2

'

, '

2 ˆ| ' | ( [ ])

2 ˆ| ' | ( [ ])
b B

n m b m n m n b b

b b

E k T

m n m n b b

b b B

k b V b E E E E

e
b V b E E E E

Z


   


  

→

−

= − − −

= − − −




. 

 

(b) 

Replacing the discrete summations over the bath Hamiltonian eigenstates by energy integrals with 

2

'
ˆ| ' | ( , )m n b bb V b E E  → , we obtain 
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/( )
2

'

, '

/( )

' ' ' '

2 ˆ| ' | ( [ ])

2
( ) ( ) ( , ) ( )

b B

b B

E k T

m n m n m n b b

b b B

E k T

b b b b b b m n b b

B

e
k b V b E E E E

Z

e
dE dE E E E E E E E E

Z


  


   

−

→

−

= − − −

= − − +



 

 

' /( )
2

'

, '

2 ˆ| ' | ( [ ])
b BE k T

n m m n m n b b

b b B

e
k b V b E E E E

Z


  

−

→ = − − −

' /( )

' ' ' '

2
( ) ( ) ( , ) ( )

b BE k T

b b b b b b m n b b

B

e
dE dE E E E E E E E E

Z


   

−

= − − +   . 

(c)  

Integrating over 
bE  we obtain for 

m nk →
, 

/( )

' ' ' '

2
( ) ( ) ( , ) ( )

b BE k T

m n b b b b b b m n b b

B

e
k dE dE E E E E E E E E

Z


   

−

→ = − − + 

'( )/( )

' ' ' ' '

2
( ) ( ) ( , )

m n b BE E E k T

b b m n b b m n b

B

e
dE E E E E E E E E

Z


  

− − + +

= − + + − + + . 

Changing integration variable, 
,

'
2 2

n mm n
b

E E
E E E

−
= + = − , we obtain 

( )/( )
22

( ) ( ) ( , )
2 2 2 2

m n
B

E E
E k T

m n m n m n m n
m n

B

E E E E E E E Ee
k dE E E E E

Z


  

−
− −

→

− − − −
= + − + −

/( )
/( )2 2

( ) ( ) ( , )
2 2 2 2

m n
B

B

E E
k T

E k T

m n m n m n m n

B B

E E E E E E E Ee e
dE E E E E

Z Z


  

−

−− − − −
= + − + − . 

Similarly, integrating over 
'bE  we obtain for 

n mk →
,  

' /( )

' ' ' '

2
( ) ( ) ( , ) ( )

b BE k T

n m b b b b b b m n b b

B

e
k dE dE E E E E E E E E

Z


   

−

→ = − − + 

( )/( )
2

( ) ( ) ( , )
m n b BE E E k T

b m n b b m n b b

B

e
dE E E E E E E E E

Z


  

− − +

= − + − +  . 

Changing integration variable, 
,

2 2

n mm n
b

E E
E E E

−
= − = + , we obtain 

( )/( )
22

( ) ( ) ( , )
2 2 2 2

m n
B

E E
E k T

m n m n m n m n
n m

B

E E E E E E E Ee
k dE E E E E

Z


  

−
− +

→

− − − −
= + − + −

/( )
/( )2 2

( ) ( ) ( , )
2 2 2 2

n m
B

B

E E
k T

E k T

m n m n m n m n

B B

E E E E E E E Ee e
dE E E E E

Z Z


  

−

−− − − −
= + − + −  . 
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Consequently, we obtain 

/( )
2

( )/( )

/( )
2

m n
B

m n B

n m
B

E E
k T

E E k Tm n

E E
k T

n m

k e
e

k
e

−

−→

−

→

= = . 

 

Exercise 19.4.11 Use the detailed balance condition, Eq. (19.4.24), to show that the Boltzmann 

probability distribution, 
/( )

( ) n BE k T

nP t const e
−

=  , is a stationary solution of the Pauli master equation 

(Eq. (19.4.13)). 

Solution 19.4.11 

Using, 
( )/( )n m BE E k T

m n n mk k e
− −

→ →=  (Eq. (19.4.24)), the master equation (Eq. (19.4.13)) reads 

( )/( )
( ) ( ) ( ) ( ) ( )n m BE E k T

n m n m n m n n m m n m n

m m m m

P t k P t k P t e k P t k P t
t

− −

→ → → →


= − = −


    . 

Setting 
/( )

( ) n BE k T

nP t c e
−

=  , we readily obtain 

( )/( ) /( ) /( )
( ) n m B m B n BE E k T E k T E k T

n n m n m

m m

P t e k c e k c e
t

− − − −

→ →


=   −  


   

/( ) /( )
0n B n BE k T E k T

n m n m

m m

e k c k c e
− −

→ →=  −   =  . 

 

Exercise 19.4.12 (a) Show that under the constraint of “diagonal coupling” (Eq. (19.4.26)) the 

stationary Redfield tensor (Eq. (19.4.1)) obtains the form ( )

', , ', ', , ', '

St

n n m m n n m n m nR k  = , where 

( , ') ( ') ( ', ) ( ') ( ) ( )

', ', ' ', ' , , ', ' ,

, '

[ ]( )n n n n n n n n n n n n n nk G V G V V V       

 

= − −  (Eq. (19.4.28)). (b) Use this result and Eqs. 

(19.4.8, 19.4.9) to derive Eq. (19.4.27).  (c) Use Eq. (19.4.5) to derive Eq. (19.4.29).  

Solution 19.4.12 

(a) 

Using, 
( ) ( )

, , ,{ } { }n m n n n mV V  = , we obtain 
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( ) ( , ') ( ') ( ) ( ', ) ( ) ( ')

', , ', ', ' ', ' , , ', ' ,

, '

( , ') ( ) ( ') ( ', ) ( ') ( )

, ' ', , ' , , , , ', '

( , ') ( ') ( )

', ' ', ' , , ', '

, '

{ [ ]

[ ]}

{ [

St

n n m m n m n m m n m n n m m n

l m n l l m m n m l m l l n m n

l

n n n n n n m n m n

R G V V G V V

G V V G V V

G V V

       

 

       

   

 

 

 

= − +

+ +

= − +





 ( ', ) ( ) ( ')

, ', ' , , ', '

( , ') ( ) ( ') ( ', ) ( ') ( )

', ' ', ' ', ' , ', ' , , , ', ' ,

( , ') ( ) ( ') ( ', ) ( ') ( )

, ', ' ', ' ', ' ', ' , , , ', '

, '

]

[ ]}

[

n n n n n n m n m n

n n n n n n m n m n n n n n n n m n m n

m n m n n n n n n n n n n n n n n n

G V V

G V V G V V

G V V G V V G

   

       

       

 

 

   

 

+ +

= + − ( , ') ( ') ( ) ( ', ) ( ) ( ')

', ' , , ', ' , ]n n n n n n n n n nV V G V V       −

( , ') ( ') ( ) ( ) ( ', ) ( ') ( ) ( )

, ', ' ', ' ', ' ', ' , , , , ', '

, '

[ ( ) ( )]m n m n n n n n n n n n n n n n n n n nG V V V G V V V         

 

 = − + − . 

Defining, ( , ') ( ') ( ', ) ( ') ( ) ( )

', ', ' ', ' , , ', ' ,

, '

[ ]( )n n n n n n n n n n n n n nk G V G V V V       

 

= − − , we obtain
( )

', , ', , ', ' ',

St

n n m m m n m n n nR k = . 

(b) 

Using the result of (a) in Eqs. (19.4.8, 19.4.9), we obtain Eq. (19.4.27), 

', ',

( ) ( ) ( ) ( )

', ', , ', ', , ', , ', ',

', ',

( ) ( ) ( )
n n m m

I I St I

n n n n m m m m l l n n m m m m

m m m m

t R t R t
t
   


 −  −


 

', ',

( ) ( )

, , ', ' ', ', ', ',

',

( ) ( )
n n m m

I I

l l m n m n n n m m n n n n

m m

k t k t    = − = −  .       

(c) 

Using the result of (b), and the definition of the interaction picture representation, 

',( )

', ',( ) ( )n ni tI

n n n nt e t


 =  (Eq. (19.4.5)), we obtain Eq. (19.4.29), 

( )

', ',

',

( ) ( )

', ', ', ', ',

( )

', ', ', ',

', ', ',

( ) ( ) ( ) ( )

( ) ( )

( )

n n n n

n n

i t i tI I

n n n n n n n n n n

i t I

n n n n n n n n

n n n n n n

t e t i t e t
t t t

i t k e t

i k t

 



    

  

 

− −

−

  
= = − +

  

= − −

= − −

', ', ', ',{Re( ) [ Im( )]} ( )n n n n n n n nk i k t = − + +  . 

 

Exercise 19.4.13 Use Eqs. (19.4.2, 19.4.4) and the definition of 
',n nk  (Eq. (19.4.28)) to show that 

2

', ' ' '2
, ' 0

1 ˆ ˆRe[ ] cos[( ) / ] | ' ' |n n b b b n SB n n SB n

b b

k E E b H b b H b d      


= − −   and 

to derive Eq. (19.4.31).  

Solution 19.4.13 

By its definition (Eq. (19.4.28)), the decoherence rate reads 
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( , ') ( ') ( ) ( , ') ( ') ( ) ( ', ) ( ') ( ) ( ', ) ( ') ( )

', ', ' ', ' ', ' ', ' ', ' , , , , , , ', '

, ' , ' , ' , '

n n n n n n n n n n n n n n n n n n n n n n n n n nk G V V G V V G V V G V V               

       

= − + −    . 

To evaluate the different contributions, we use Eqs. (19.4.2, 19.4.4), 

'( )
( , ') ( ') ( ) ( ) ( ) ( ') ( )

, , , ' , ,2
, ' , ' , '0

ˆ ˆ
( ) ( ) ( ) ( )

' '2
, ' , '0

2
, ' , '

1 ˆ ˆ' '

1 ˆ ˆ ˆ ˆˆ ' '

1
ˆ

b b

B B

i
E E

B B

n n n n m m b n n m m

b b

i i
H H

B B S S

B n n m m

b b

i

m B

b b

G V V b U b b U b e V V d

b e U e b b U b V V d

b e


     

 
   

 

   
 



 

 

     

 

 −
−

 −

=

=

= 

  

 

 
ˆ ˆ

( ) ( ) ( ) ( )

' '

0

ˆ ˆ

2
, '0

ˆ ˆ ˆ ˆ' '

1 ˆ ˆˆ ' '

B B

B B

i
H H

S B S B

m n n

i i
H H

m B SB m n SB n

b b

V U e b b V U b d

b e H e b b H b d



   

 

   

     

 −

 −

  

=    





ˆ ˆ

2

0

1 ˆ ˆˆ{ }
B B

i i
H H

B B m SB m n SB ntr H e H e d
 

     
 −

=  , 

and therefore,  

ˆ ˆ
( , ') ( ') ( )

, , , 2
, ' 0

1 ˆ ˆˆ{ }
B B

i i
H H

n n n n n n B B n SB n n SB nG V V tr H e H e d
 

   

 

     
 −

=  . 

Similarly,  

'( )
( ', ) ( ') ( ) ( ) ( ) ( ') ( )

, , , ' , ,2
, ' , ' , '0

ˆ ˆ
( ) ( ) ( ) ( )

' '2
, ' , '0

2
, ' , '

1 ˆ ˆ' '

1 ˆ ˆ ˆ ˆˆ ' '

1
ˆ

b b

B B

i
E E

B B

n n n n m m b n n m m

b b

i i
H H

B B S S

B m m n n

b b

i

n B

b b

G V V b U b b U b e V V d

b e U e b b U b V V d

b e


     

 
   

 

   
 



 

 

     

 

 −
−

 −

−

=

=

= 

  

 

 
ˆ ˆ

( ) ( ) ( ) ( )

' '

0

ˆ ˆ ˆ ˆ' '
B B

i
H H

B S B S

n m mU V e b b U V b d


      


  

 

ˆ ˆ

2

0

1 ˆ ˆˆ{ }
B B

i i
H H

B B n SB n m SB mtr H e H e d
 

     
 −

=  , 

and therefore,  

ˆ ˆ
( ', ) ( ) ( ')

, , , 2
, ' 0

1 ˆ ˆˆ{ }
B B

i i
H H

n n n n n n B B n SB n n SB nG V V tr H e H e d
 

   

 

     
 −

=  . 

Consequently,  
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( , ') ( ') ( ) ( , ') ( ') ( ) ( ', ) ( ') ( ) ( ', ) ( ') ( )

', ', ' ', ' ', ' ', ' ', ' , , , , , , ', '

, ' , ' , ' , '

ˆ ˆ

' ' ' '2

0

2

1 ˆ ˆˆ{ }

1

B B

n n n n n n n n n n n n n n n n n n n n n n n n n n

i i
H H

B B n SB n n SB n

B

k G V V G V V G V V G V V

tr H e H e d

tr

               

       

 

     
 −

= − + −

=

+

   



ˆ ˆ

0

ˆ ˆ

' '2

0

ˆ ˆˆ{ }

1 ˆ ˆˆ{ }

B B

B B

i i
H H

B n SB n n SB n

i i
H H

B B n SB n n SB n

H e H e d

tr H e H e d

 

 

     

     

 −

 −

−





ˆ ˆ

' '2

0

1 ˆ ˆˆ{ }
B B

i i
H H

B B n SB n n SB ntr H e H e d
 

     
 −

−   . 

The expression for the real part of ',n nk  simplifies using, 
† *ˆ ˆ{ } { }tr O tr O= , 


ˆ ˆ

', ' ' ' '2

0

ˆ ˆ

2

0

ˆ ˆ

' '2

0

ˆ

' '2

0

1 ˆ ˆˆRe[ ] Re { }

1 ˆ ˆˆ{ }

1 ˆ ˆˆ{ }

1 ˆ ˆˆ{

B B

B B

B B

B

i i
H H

n n B B n SB n n SB n

i i
H H

B B n SB n n SB n

i i
H H

B B n SB n n SB n

i
H

B B n SB n n SB n

k tr H e H e d

tr H e H e d

tr H e H e d

tr H e H

 

 

 



     

     

     

    

 −

 −

 −

 −

=

+

−

−











ˆ

' '2

0

}

1 ˆ ˆˆRe {

B

i
H

B B n SB n n SB n

e d

tr H H





    


 = −
 






ˆ ˆ

' '
ˆ ˆ }

B B

i i
H H

n SB n n SB ne H H e d
 

    
−

  −
 

 . 

Introducing a complete orthonormal system of the bath Hamiltonian eigenstates, we obtain 




'

'

', ' '2
, '0

' '

( )
2

' '2
, '0

1 ˆ ˆRe[ ] Re '

ˆ ˆ'

1 ˆ ˆRe | ' |

b b

b b

n n b n SB n n SB n

b b

i i
E E

n SB n n SB n

i
E E

b n SB n n SB n

b b

k b H H b

b e H H e b d

d e b H H b

 



    

    

     



−

 −
−

 = −
 

 −
 

 = −
 





2

' ' '2
, '0

1 ˆ ˆcos(( ) / ) | ' |b b b n SB n n SB n

b b

d E E b H H b      


 = − −
   . 

Since the time integrand is an even function of time, we obtain Eq. (19.4.31), 
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'( ) / 2

', ' '2
, '

1 ˆ ˆRe[ ] Re | ' |
2

b bi E E

n n b n SB n n SB n

b b

k d e b H H b
     



−

−

 = −
 

2

' ' '

, '

ˆ ˆ| ' | ( )b n SB n n SB n b b

b b

b H H b E E


      = − −
  . 

 

Exercise 19.5.1 (a) Use the commutation relation between the bosonic annihilation and 

creation operators, (Eqs. (8.5.5-8.5.7)), 
†

' , '
ˆ ˆ[ , ]j j j jb b = , to show that the traces over the single mode 

subspace, †ˆ ˆ ˆ{ ( )}j j j jtr b f b b  and 
† †ˆ ˆ ˆ{ ( )}j j j jtr b f b b , vanish for any analytic function (

0

ˆ ˆ( ) n

nn
f A f A



=
=

). (b) Given the definition of the bosonic bath Hamiltonian and coupling operators (Eq. (19.5.1) with 

1

ˆˆ
N

B j j

j

U b



=

= ), and the bath density operator (Eq. (19.5.3)),  
ˆ ˆ/( ) /( )ˆ / { }B B B BH k T H k T

B Be tr e − −= , 

use the result of (a) to  show that,  †ˆ ˆˆ ˆ{ } { } 0B B B B B Btr U tr U = = . 

Solution 19.5.1 

(a)  

For an analytic function we can expand,
† †

0

ˆ ˆ ˆ ˆ( )
n

j j n j j

n

f b b f b b


=

 =
  . Hence, it is sufficient to show that  

† † †ˆ ˆ ˆ ˆ ˆ ˆ{ ( ) } { ( ) } 0n n

j j j j j j j jtr b b b tr b b b= =  for any n . Using 
† † †

' , '
ˆ ˆ ˆ ˆ ˆ ˆ[ , ] 1j j j j j j j jb b b b b b=  = + , and the 

invariance of the trace to cyclic permutations, we obtain 

† 1 † †

† † †

† † 1

†

{ ( ) } { ( ) }

{ ( ) } { ( ) }

{ ( ) } { ( ) }

{ ( ) } 0

n n

j j j j j j j j j j

n n

j j j j j j j j j j

n n

j j j j j j j j

n

j j j j

tr b b b tr b b b b b

tr b b b tr b b b b b

tr b b b tr b b b

tr b b b

+

+

=

= +

= +

 =

 

and 

† 1 † † † †

† † † † †

† † † † †

† † † 1 †

{( ) } {( ) }

{( ) } {( ) }

{( ) } { ( ) }

{( ) } {( ) }

n n

j j j j j j j j j j

n n

j j j j j j j j j j

n n

j j j j j j j j j j

n n

j j j j j j j j

tr b b b tr b b b b b

tr b b b tr b b b b b

tr b b b tr b b b b b

tr b b b tr b b b

+

+

=

= +

= +

= +

 

† †{( ) } 0n

j j j jtr b b b =       . 
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(b) 

Using Eq. (19.5.1) for the bath Hamiltonian, 
†

1

1ˆ ˆˆ ( )
2

N

B j j j

j

H b b



=

= + , and the coupling operator, 

1

ˆˆ
N

B j j

j

U b



=

= , using Eq. (19.5.3) for the bath density, 

ˆ /( )

ˆ
B BH k T

B

e

Z


−

= , recalling that  

' ' '
ˆ ˆ ˆ ˆ{ } { } { }j j j j j jtr O O tr O tr O =  , and using the results of (a), we obtain 

† ' †
' '' ''

' 1

† † †1 2
1 21 2

1 1 1ˆ ˆ( ) ˆ ˆ( )
2 2

1 1 ' 1

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

1 2

1

1ˆ ˆˆ ˆ{ } { }/ { }

1 ˆ{ } { } { } 0

ˆ{

N

j
j jj jj

B j B

j
j j

B B B

NN Nb b b b
k T k T

B B B B j j B j j

j j j

N b b b b b b
k T k T k T

j j j

j

B

tr U tr b e Z tr b e
Z

tr e tr e tr b e
Z

tr



 






 

  



=

− −
+ +

= = =

−− −

=


= =

=  =

  



† ' †
' '' ''

' 1

1 1 1ˆ ˆ( ) ˆ ˆ( )
2 2( )† * † * †

1 1 ' 1

1ˆ ˆˆ } { }/ { }

N

j
j jj jj

B j B

NN Nb b b b
k T k TB

B B j j B j j

j j j

U tr b e Z tr b e
Z



 




   =

− −
+ +

= = =


= =  

† † †1 2
1 21 2

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )
* †

1 2

1

1 ˆ{ } { } { } 0

j
j j

B B B

N b b b b b b
k T k T k T

j j j

j

tr e tr e tr b e
Z


 



−− −

=

=  =  . 

 

Exercise 19.5.2 (a) Use the explicit expressions (Eqs. (19.5.1, 19.5.3)), 
1

ˆˆ
N

B j j

j

U b



=

= , 

†

1

1ˆ ˆˆ ( )
2

N

B j j j

j

H b b



=

= + , 

ˆ /( )

ˆ /( )
ˆ

{ }

B B

B B

H k T

B H k T

B

e

tr e


−

−
= , to show that the bath correlation functions, 

( )ec  =
ˆ ˆ

†ˆ ˆ ˆ{ }
B B

i i
H H

B B B Btr U e U e
 


−

 and 
ˆ ˆ

†ˆ ˆ ˆ( ) { }
B B

i i
H H

a B B B Bc tr U e U e
 

 
−

= , read 

2

1

( ) | | [1 ( )]j

N
i

e j j

j

c e n



  

−

=

= +   and 
2

1

( ) | | ( )j

N
i

a j j

j

c e n



  

=

= .  

(b) For a general system-bath coupling operator, ( ) ( )ˆ ˆ ˆS B

SBH V U 


  (Eq. (19.3.12)), the Redfield 

(Born-Markov) dissipator obtains the form  of Eqs. (19.3.21, 19.3.22), ˆ ˆ ( )SD t =  

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

       
 

    
− −

− +  , where 

ˆ ˆ
( ) ( )

, ' '
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

    
−

  and , ' , '( ) ( )c c    = − . Map the coupling operator defined 
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in Eq. (19.5.1), † †ˆ ˆ ˆ ˆ ˆ
SB S B S BH V U V U + , on this general form by identifying, 

( ) ( ) † ( ) † ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,S B S B

S B S BV V U U V V U U    , to show that  

ˆ ˆ ˆ ˆ
† * †

1,2 2.12

0

ˆ ˆ ˆ ˆ
† * †

2,1 1,22

0

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { ( )[ , ( )] ( )[ ( ) , ]}

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

S S S S

S S S S

t i i i i
H H H H

S S S S S S S

t i i i i
H H H H

S S S S S S

D t d c V e V e t c t e V e V

d c V e V e t c t e V e V

   

   

     

    

− −

− −

= − +

− +





    . 

(c) Use the identities 
1,2 ( ) ( )ec c =  and 

2,1( ) ( )ac c =  to derive Eq. (19.5.5).   

Solution 19.5.2 

(a) 

Using, 
1

ˆˆ
N

B j j

j

U b



=

= , 
† * †

1

ˆˆ
N

B j j

j

U b



=

=  and 
†

1

1ˆ ˆˆ ( )
2

N

B j j j

j

H b b



=

= + , we first obtain 

ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

ˆ ˆˆ ˆ ˆ ˆ( ) { } { }
B B B B

i i i iN
H H H H

a B B B B j j B j j B

j j

c tr U e U e tr b e b e
   

    
− −

=

= =  , 

ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

ˆ ˆˆ ˆ ˆ ˆ( ) { } { }
B B B B

i i i iN
H H H H

e B B B B j j B j j B

j j

c tr U e U e tr b e b e
   

    
− −

=

= =  . 

Focusing on 
ˆ ˆ

†

'
ˆ ˆ ˆ{ }

B B

i i
H H

B j j Btr b e b e
 


−

, we notice that 
ˆˆ

1

B j

i iN
H h

j

e e
 − −

=

=  and 

1 ˆ

ˆˆ

1

ˆ

j
B

B j

h
i iN k T

H h

B

j j

e
e e

Z

 



−

=

= , where, 
† 1ˆ ˆ ˆ( )

2
j j j jh b b +   and 

1 ˆ

{ }
j

B

h
k T

j jZ tr e

−

= . Therefore, 

ˆ ˆ
†

'
ˆ ˆ ˆ{ }

B B

i i
H H

B j j Btr b e b e
 


−

 

1 2

1 2 '

' '

1 1 1ˆ ˆ ˆ

ˆ ˆ
†

1 2

1 2

1 1 1 1ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ
†

1 2 ' '

1 2 '

ˆ ˆ' ; { } { } { }

ˆ ˆ' ; { } { } { } { }

j
B B B

j j

j j
B B B B

j j j j

h h h
i ik T k T k T

h h

j j j

j

h h h h
i i i ik T k T k T k T

h h h h

j j j j

j j

e e e
j j tr tr tr b e b e

Z Z Z

e e e e
j j tr tr tr b e e tr e b e

Z Z Z Z

 

   

− − −

−

− − − −

− −




= 


= 

 





 . 
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Since 

1 ˆ

{ } 1

j
B

h
k T

j

j

e
tr

Z

−

= , whereas, 

'

' '

1 1ˆ ˆ

ˆ ˆ ˆ ˆ
†

' '

'

ˆ ˆ{ } { } 0

j j
B B

j j j j

h h
i i i ik T k T

h h h h

j j j j

j j

e e
tr b e e tr e b e

Z Z

   

− −

− −

= =  (see Ex. 

19.5.1 (a)), we obtain  

1 ˆ

ˆ ˆˆ ˆ
† †

' , '
ˆ ˆ ˆ ˆˆ{ } { }

j
B

B B j j

h
i i i i k T

H H h h

B j j B j j j j j

j

e
tr b e b e tr b e b e

Z

   

 

−

− −

= ,   

and similarly, 

1 ˆ

ˆ ˆˆ ˆ
† †

' , '
ˆ ˆ ˆ ˆˆ{ } { }

j
B

B B j j

h
i i i i k T

H H h h

B j j B j j j j j

j

e
tr b e b e tr b e b e

Z

   

 

−

− −

= . 

Consequently,  

ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

1 ˆ

ˆ ˆ
2 †

1

ˆ ˆˆ ˆ ˆ ˆ( ) { } { }

ˆ ˆ| | { }

B B B B

j
B

j j

i i i iN
H H H H

a B B B B j j B j j B

j j

h
i iN k T

h h

j j j j

j j

c tr U e U e tr b e b e

e
tr b e b e

Z





   

 

    



− −

=

−

−

=

= =

=





 

and 

ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

ˆ ˆˆ ˆ ˆ ˆ( ) { } { }
B B B B

i i i iN
H H H H

e B B B B j j B j j B

j j

c tr U e U e tr b e b e
   

    
− −

=

= =    

1 ˆ

ˆ ˆ
2 †

1

ˆ ˆ| | { }

j
B

j j

h
i iN k T

h h

j j j j

j j

e
tr b e b e

Z

  



−

−

=

=  . 

To evaluate the single mode traces, we use a complete orthonormal set of ˆ
jh  eigenstates, 

1ˆ ( )
2

j j j j jh n n n= + . Recalling that (see Eqs. (8.5.3, 8.5.4)) ˆ 1jb n n n= − , and 

†ˆ 1 1jb n n n= + + , we obtain  
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1 ˆ

ˆ ˆ
2 †

1

1
( )

1 2ˆ ( )
2 † 2

1

1
( )

1 1 2
( ) ( )

2 † 2 2

1

ˆ ˆ( ) | |

ˆ ˆ| |

ˆ| | 1

j
B

j j

j

j
j

B
j j j

j

j
j

B
j j j j

j

h
i iN k T

h h

a j j j j j

j n j

n
i iN k T

h n

j j j j j

j n j

n
i iN k T

n n

j j j j j

j n j

e
c n b e b e n

Z

e
n b e b n e

Z

e
n b e n n e

Z







 



 




 
 

 





−

−

=

−
+

−
+

=

−
+

−
− +

=

=

=

= −

 

 

 

1
( )

2
2 2

1 1

| | | | ( )

j
j

B

j j

j

n
N Nk T

i i

j j j j

j n jj

e
e n e n

Z

 



   
  

−
+

= =

= =    , 

1 ˆ

ˆ ˆ
2 †

1

1
( )

1 2ˆ ( )
2 † 2

1

1
( )

1 1 2
( 1 ) ( )

2 2 2

1

ˆ ˆ( ) | |

ˆ ˆ| |

ˆ| | 1 1

j
B

j j

j

j
j

B
j j j

j

j
j

B
j j j j

j

h
i iN k T

h h

e j j j j j

j n j

n
i iN k T

h n

j j j j j

j n j

n
i iN k T

n n

j j j j j

j n j

e
c n b e b e n

Z

e
n b e b n e

Z

e
n b e n n e

Z







 



 




 
 

 





−

−

=

−
+

−
+

=

−
+

−
+ + +

=

=

=

= + +

 

 

 

1
( )

2
2 2

1 1

| | ( 1) | | [ ( ) 1]

j
j

B

j j

j

n
N Nk T

i i

j j j j

j n jj

e
e n e n

Z

 



   
  

−
+

− −

= =

= + = +    , 

where in the last steps we identified the thermal occupation number of a harmonic mode (see Ex. 

18.2.7), 

1
( )

2

1
( ' )

2

'

( )

j
j

B

j
jj

B

j

n
k T

j j
nn

k T

n

e
n n

e






−
+

−
+




 .   

(b) 

For a general system-bath coupling operator, ( ) ( )ˆ ˆ ˆS B

SBH V U 


  (Eq. (19.3.12)), the Redfield (Born-

Markov) dissipator obtains the form  of Eqs. (19.3.21, 19.3.22), ˆ ˆ ( )SD t =  

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

       
 

    
− −

− +   where, 

ˆ ˆ
( ) ( )

, ' '
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

    
−

 , and , ' , '( ) ( )c c    = − .  
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Defining, 
( ) ( ) † ( ) † ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,S B S B

S B S BV V U U V V U U    , we can rewrite the system bath coupling 

operator in Eq. (19.5.1) as, 
† † ( ) ( ) ( ) ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆS B S B

SB S B S BH V U V U V U V U + = + . Using the general Redfield 

dissipator for 
2

( ) ( )

1

ˆ ˆ ˆS B

SBH V U 
=

  (Eqs. (19.3.21, 19.3.22)), we obtain 

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

1,1 1 1 1,1 1 12

0

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

1,2 1 2 2,1 2 12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

1 ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]

S S S S

S S S S

S

t i i i i
H H H H

S S S S

S S

t i i i i
H H H H

S S S S

S S

D t

d c V e V e t c t e V e V

d c V e V e t c t e V e V

   

   



    

    

− −

− −

=

− +

− +





ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

2,1 2 1 1,2 1 22

0

}

1 ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

    
− −

− +

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

2,2 2 2 2,2 2 22

0

1 ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

    
− −

− +  , 

where,  

ˆ ˆ
( ) ( )

1,1 1 1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  

ˆ ˆ
( ) ( )

1,2 1 2
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  

ˆ ˆ
( ) ( )

2,1 2 1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  

ˆ ˆ
( ) ( )

2,2 1 1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  . 

Using the mapping 
( ) ( ) † ( ) † ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,S B S B

S B S BV V U U V V U U     , we obtain  
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ˆ ˆ ˆ ˆ

1,1 1,12

0

ˆ ˆ ˆ ˆ
† †

1,2 2,12

0

2,12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

1
{ ( )

S S S S

S S S S

S

t i i i i
H H H H

S S S S S S

t i i i i
H H H H

S S S S S S

t

D t

d c V e V e t c t e V e V

d c V e V e t c t e V e V

d c

   

   



    

    

 

− −

− −

=

− +

− +

−






ˆ ˆ ˆ ˆ

† †

1,2
ˆ ˆ ˆ ˆˆ ˆ[ , ( )] ( )[ ( ) , ]}

S S S S

i i i i
H H H H

S S S S S SV e V e t c t e V e V
   

  
− −

+

ˆ ˆ ˆ ˆ
† † † †

2,2 2,22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S Sd c V e V e t c t e V e V
   

    
− −

− +  , 

where,  

ˆ ˆ

1,1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

=  

ˆ ˆ
†

1,2
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

=  

ˆ ˆ
†

2,1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

=  

ˆ ˆ
† †

2,2
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

=  . 

Using the definitions in (a) we recognize, 
ˆ ˆ

†

1,2
ˆ ˆ ˆ( ) { } ( )

B B

i i
H H

B B B B ec tr U e U e c
 

  
−

= =  and 

ˆ ˆ
†

2,1
ˆ ˆ ˆ( ) { } ( )

B B

i i
H H

B B B B ac tr U e U e c
 

  
−

= = , where, using considerations like those applied in (a), the 

other correlation functions vanish,  

ˆ ˆ ˆ ˆ

1,1 ' '

, ' 1

1 1ˆ ˆ

ˆ ˆ ˆ ˆ
2 2

1 1

†

2,2

ˆ ˆˆ ˆ ˆ ˆ( ) { } { }

ˆ ˆ ˆ ˆ{ } 0

ˆ( ) {

B B B B

j j
B B

j j j j

j

i i i iN
H H H H

B B B B j j B j j B

j j

h h
i i i iN Nk T k T

h h h h

j j j j j j j j j

j j nj j

i

B B

c tr U e U e tr b e b e

e e
tr b e b e n b e b e n

Z Z

c tr U e



 

   

   



    

 



− −

=

− −

− −

= =

−

= =

= = =

=



  

ˆ ˆ ˆ ˆ
† * * † †

' '

, ' 1

ˆ ˆˆ ˆ ˆ} { }
B B B B

i i iN
H H H H

B B j j B j j B

j j

U e tr b e b e
  

   
−

=

= 

1 1ˆ ˆ

ˆ ˆ ˆ ˆ
* 2 † † * 2 † †

1 1

ˆ ˆ ˆ ˆ( ) { } ( ) 0

j j
B B

j j j j

j

h h
i i i iN Nk T k T

h h h h

j j j j j j j j j

j j nj j

e e
tr b e b e n b e b e n

Z Z

    

 

− −

− −

= =

= = =    . 

Hence,  
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ˆ ˆ ˆ ˆ
† †

1,2 2,12

0

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S S SD t d c V e V e t c t e V e V
   

     
− −

= − +

ˆ ˆ ˆ ˆ
† †

2,1 1,22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S Sd c V e V e t c t e V e V
   

    
− −

− +  . 

Using Eq. (19.3.21) we have 2,1 2,1( ) ( )c c = −  and 1,2 1,2( ) ( )c c = − . Using 
† *ˆ ˆ{ } { }Btr O tr O=  and 

cyclic permutations under the trace, we obtain  

ˆ ˆ ˆ ˆ ˆ ˆ
† † * † * *

1,2 1,2
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { } { } { } ( )

B B B B B B

i i i i i i
H H H H H H

B B B B B B B B B B B Bc tr U e U e tr e U e U tr U e U e c
     

    
− − −

− = = = =  

.
  

 Hence,  

ˆ ˆ ˆ ˆ
† * †

1,2 2.12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

S

t i i i i
H H H H

S S S S S S

D t

d c V e V e t c t e V e V
   



    
− −

=

− +

ˆ ˆ ˆ ˆ
† * †

2,1 1,22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S Sd c V e V e t c t e V e V
   

    
− −

− +  . 

(c) 

Using the identities, 1,2 ( ) ( )ec c = , 2,1( ) ( )ac c =  (see (b)), we can rewrite the result of (b) as 

ˆ ˆ ˆ ˆ
† * †

2

0

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { ( )[ , ( )] ( )( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S e S S S a S S SD t d c V e V e t c t e V e V
   

      
− −

= − +

ˆ ˆ ˆ ˆ
† * †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

a S S S e S S Sd c V e V e t c t e V e V
   

    
− −

− +  . 

Identifying  

ˆ ˆ ˆ ˆ
† † †ˆ ˆ ˆ ˆˆ ˆ[ , ( )] [ ( ) , ]

S S S S

i i i i
H H H H

S S S S S SV e V e t t e V e V
   

 
− −

=  

ˆ ˆ ˆ ˆ
† † †ˆ ˆ ˆ ˆˆ ˆ[ , ( )] [ ( ) , ]

S S S S

i i i i
H H H H

S S S S S SV e V e t t e V e V
   

 
− −

= , 

we finally obtain Eq. (19.5.5),  

ˆ ˆ ˆ ˆ ˆ ˆ
† † * † * *

2,1 2.1
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { } { } { } ( )

B B B B B B

i i i i i i
H H H H H H

B B B B B B B B B B B Bc tr U e U e tr e U e U tr U e U e c
     

    
− − −

− = = = =
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ˆ ˆ ˆ ˆ
† †

2

0

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { ( )[ , ( )] ( )[ , ( )] . .}
S S S S

t i i i i
H H H H

S e S S S a S S SD t d c V e V e t c V e V e t h c
   

     
− −

= − + + .   

 

Exercise 19.5.3 (a) Given Eqs. (19.5.4, 19.5.8), and defining the TLS eigenstate populations, 

,
ˆ( ) ( )g g g S gt t   = , and ,

ˆ( ) ( )e e e S et t   = , show that 
, ( )g g t

t






 

ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ2Re { ( ) [ , ( )] ( ) [ , ( )] }
S S S S

i i i i
H H H H

e S S S a S S Sd c g V e V e t g c g V e V e t g
   

    
 − −

− + . 

 (b) Introduce the identity operator in the space of the TLS, ˆ
g g e eI    = + , to show that for 

off-diagonal TLS coupling operators, ˆ
S e gV     and † *ˆ

S g eV   = , this result reads   

, ( )g g t
t



=


 , ,( ) ( )em ab

e g e e g e g gk t k t → →− , where 
22

2

0

1
2 Re ( )

E

i

em

e g ek d c e


  




→ =   and 

22

2

0

1
2 Re ( )

E

i

ab

g e ak d c e


  
 −



→ =  . (c) Show similarly that , ( )e e t
t



=


 , ,( ) ( )ab em

g e g g e g e ek t k t → →−

. (d) Use the explicit expressions for the correlation functions (Eq. (19.5.6)) to derive Eq. (19.5.14). (e)  

Use the expressions for the correlation functions for a continuous bath (Eq. (19.5.7)) to derive Eq. 

(19.5.15). 

Solution 19.5.3 

(a) 

Given the reduced equation: 

ˆˆ ˆ( ) [ , ( )]S S S

i
t H t

t
 


 −



ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ , ( )] . .}
S S S S

i i i i
H H H H

e S S S a S S Sd c V e V e t c V e V e t h c
   

    
 − −

− + +  , 

and the complete orthonormal set of eigenstates, ˆ
S g g gH E = , and ˆ

S e e eH E = , we 

obtain 
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( )

,

ˆ ˆ ˆ ˆ
† †

2

0

2

0

ˆˆ ˆ( ) ( ) [ , ( )]

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ , ( )] . . }

ˆ ˆˆ ˆ( ) ( )

1 ˆ2Re ( )[ ,

S S S S

g g g S g g S S g

i i i i
H H H H

g e S S S a S S S g g g

g S S S S g

g e S

i
t t H t

t t

d c V e V e t c V e V e t h c

i
H t t H

d c V e

   

      

        

   

  

 − −

 −

 
=  −

 

 
− + + 

 

= − −

−




ˆ ˆ ˆ ˆ

† †ˆ ˆ ˆˆ ˆ( )] ( )[ , ( )]
S S S S

i i i i
H H H H

S S a S S S gV e t c V e V e t
   

   
− 

+ 
 

ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ2Re ( ) [ , ( )] ( ) [ , ( )]
S S S S

i i i i
H H H H

e g S S S g a g S S S gd c V e V e t c V e V e t
   

        
 − − 

= − + 
 

 . 

(b) 

Expressing in detail the result of (a), we obtain 

,

ˆ ˆ
†

2

0

ˆ ˆ
†

2

0

ˆ ˆ
†

2

0

( )

1 ˆ ˆ ˆ2Re ( ) ( )

1 ˆ ˆˆ2Re ( ) ( )

1 ˆ ˆ ˆ2Re ( ) ( )

S S

S S

S S

g g

i i
H H

e g S S S g

i i
H H

e g S S S g

i i
H H

a g S S S g

t
t

d c V e V e t

d c e V e t V

d c V e V e t

 

 

 



    

    

    

 −

 −

 −


=



−

+

−







ˆ ˆ
†

2

0

1 ˆ ˆˆ2Re ( ) ( )
S S

i i
H H

a g S S S gd c e V e t V
 

    
 −

+   . 

Introducing the identity, ˆ
g g e eI    = + , and recalling that ˆ

S e gV    , and 

† *ˆ
S g eV   = , we obtain 
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,

ˆ ˆ
†

2

0

ˆ ˆ
†

2

0

2
( )

2

0

( )

1 ˆ ˆˆ2Re ( ) ( )

1 ˆ ˆ ˆ2Re ( ) ( )

| |
ˆ2Re ( ) ( )

S S

S S

g e

g g

i i
H H

e g S e e S e e S g

i i
H H

a g S e e S g g S g

i
E E

e e S e

t
t

d c e V e t V

d c V e V e t

d c e t

 

 





        

        


    

 −

 −

 −
−


=



+

−

=







2
( )

2

0

| |
ˆ2Re ( ) ( )

e g

i
E E

a g S gd c e t



    

 −
−

−   . 

Hence, 
, , ,( ) ( ) ( )em ab

g g e g e e g e g gt k t k t
t
  → →


= −


, where the transition rates read (denoting, 

2e g EE E− =  ),       

2
( ) 22

2 2

0 0

| | 1
2Re ( ) 2 Re ( )

e g E

i i
E E

em

e g e ek d c e d c e
 


    

 
− 

→ = = 

2
( ) 22

2 2

0 0

| | 1
2Re ( ) 2 Re ( )

e g E

i i
E E

ab

g e a ak d c e d c e
 


    

 − −
− 

→ = =   . 

(c)  

Following (b) we obtain 

,

ˆ ˆ
†

2

0

ˆ ˆ
†

2

0

ˆ ˆ
†

2

0

( )

1 ˆ ˆ ˆ2Re ( ) ( )

1 ˆ ˆˆ2Re ( ) ( )

1 ˆ ˆ ˆ2Re ( ) ( )

S S

S S

S S

e e

i i
H H

e e S S S e

i i
H H

e e S S S e

i i
H H

a e S S S e

t
t

d c V e V e t

d c e V e t V

d c V e V e t

 

 

 



    

    

    

 −

 −

 −


=



−

+

−







ˆ ˆ
†

2

0

1 ˆ ˆˆ2Re ( ) ( )
S S

i i
H H

a e S S S ed c e V e t V
 

    
 −

+   . 

Introducing the identity, ˆ
g g e eI    = + , and recalling that ˆ

S e gV     and 

† *ˆ
S g eV   = , we obtain 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

366 
 

,

ˆ ˆ
†

2

0

ˆ ˆ
†

2

0

2
( )

,2

0

2
( )

,2

0

( )

1 ˆ ˆ ˆ2Re ( ) ( )

1 ˆ ˆˆ2Re ( ) ( )

| |
2Re ( ) ( )

| |
2Re ( )

S S

S S

e g

e g

e e

i i
H H

e e S g g S e e S e

i i
H H

a e S g g S g g S e

i
E E

e e e

i
E E

a g g

t
t

d c V e V e t

d c e V e t V

d c e t

d c e

 

 







        

        


  


  

 −

 −


−

 −
−


=



−

+

= −

+







 ( )t

, ,( ) ( )em ab

e g e e g e g gk t k t → →= − +  . 

(d) 

Using Eq. (19.5.6), 
2

1

( ) | | ( )j

N
i

a j j

j

c e n



  

=

=  and 
2

1

( ) | | [1 ( )]j

N
i

e j j

j

c e n



  

−

=

= + , in the 

expressions for the transition rates, we obtain Eq. (19.5.14), 

22

2

0

2
2

2

2
10

1
2 Re ( )

2
Re | | [1 ( )]

E

E
j

i

em

e g e

iN
i

j j

j

k d c e

d e n e







  


  




→


−

=

=

= +





2 2

( 2 )/2 2

2
1 1

2
Re | | [1 ( )] | | [1 ( )] ( 2 )j E

N N
i

j j j j j E

j j

d e n n
 

   
      


− − 

= =−

= + = + −    , 

22

2

0

2
2

2

2
10

1
2 Re ( )

2
Re | | ( )

E

E
j

i

ab

g e a

iN
i

j j

j

k d c e

d e n e







  


  

 −


→

 −


=

=

=





2 2

( 2 )/2 2

2
1 1

2
Re | | ( ) | | ( ) ( 2 )j E

N N
i

j j j j j E

j j

d e n n
 

   
      


− 

= =−

= = −    . 

(e)  

Using the expressions for the correlation functions for a continuous bath (Eq. (19.5.7)) in the 

expressions for the transition rates, we obtain Eq. (19.5.15), 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

367 
 

22

2

0

22

2

0

(2 )2

2

1
2 Re ( )

1
2 Re ( )( ( ) 1)

2

1 1
Re ( )( ( ) 1)

2

( )( ( ) 1) (2 )

E

E

E

i

em

e g e

i

i

i

E

k d c e

d d e J n e

d d J n e

d J n









  

    


    


     




→




−


 −

−

=

= +

= +

= +  −



 

 



 

2

2
(2 )( ( ) 1)E

EJ n
 

=  +  , 

22

2

0

22

2

0

(2 )2

2

1
2 Re ( )

1
2 Re ( ) ( )

2

1 1
Re ( ) ( )

2

( ) ( ) (2 )

E

E

E

i

ab

g e a

i

i

i

E

k d c e

d d e J n e

d d J n e

d J n









  

    


    


     

 −


→

 −


 −
 −

−

=

=

=

=  −



 

 



 

2

2
(2 ) ( )E

EJ n
 

=   . 

 

Exercise 19.5.4 (a) The coherences between the TLS eigenstates are defined as 

,
ˆ( ) ( )g e g S et t   =  and 

,
ˆ( ) ( )e g e S gt t   = . Introduce the identity operator in the space 

of the TLS, ˆ
g g e eI    = + , into the stationary Redfield Equation (Eqs. (19.5.4, 19.5.8)), and 

show that for off-diagonal TLS coupling operators, ˆ
S e gV     and † *ˆ

S g eV   = , the 

coherences follow the equations 

2
2, *

, ,2

0

( )
2 ( ) {[ ( ) ( )] } ( )

E

i
g e

E g e a e g e

t i
t d c c e t

t

 
    

 −


  − +
  , 

and 
2

2, *

, ,2

0

( ) | |
2 ( ) [ ( ) ( )] ( )

E

i
e g

E e g e a e g

t i
t d c c e t

t

 
    




 −  − +
  . (b) Use the definition of the 

absorption and emission rates (Eq. (19.5.14)) and the definitions, 

2
2

*

2

0

Im {[ ( ) ( )] }
E

i

a ed c c e


   
 −



 +   and, ( )
1

2

dec ab em

g e e gk k k→ → + , to derive Eq. (19.5.20). (c) 
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Use the explicit expressions for the correlation functions for a continuous bath (Eq. (19.5.7)) to derive 

Eq. (19.5.21). 

Solution 19.5.4 

(a)  

Given the stationary Redfield Equation (Eqs. (19.5.4, 19.5.8)), 

ˆˆ ˆ( ) [ , ( )]S S S

i
t H t

t
 


 −



ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ , ( )] . .}
S S S S

i i i i
H H H H

e S S S a S S Sd c V e V e t c V e V e t h c
   

    
 − −

− + +  ’ 

and the complete orthonormal set of eigenstates, ˆ
S g g gH E = , and ˆ

S e e eH E = , we 

obtain 

,

ˆ ˆ ˆ ˆ
† †

2

0

ˆ ˆ
* † *

2

0

ˆˆ ˆ( ) ( ) [ , ( )]

1 ˆ ˆ ˆ ˆˆ ˆ( )[ , ( )] ( )[ , ( )]

1 ˆ ˆˆ ˆ( )[ ( ) , ] ( )[ ( )

S S S S

S S

g e g S e g S S e

i i i i
H H H H

g e S S S a S S S e

i i
H H

g e S S S a S

i
t t H t

t t

d c V e V e t c V e V e t

d c t e V e V c t e

   

 

      

      

     

 − −

 − −

 
  −

 

 
− + 

 

− +




ˆ ˆ

†

ˆ ˆ ˆ ˆ
† †

2

0

ˆ ˆ ˆ
†

2

0

ˆ ˆ, ]

ˆ ˆˆ ˆ( ) ( )

1 ˆ ˆ ˆ ˆˆ ˆ( )[ ( ) ( ) ]

1 ˆ ˆ ˆ( )[ ( )

S S

S S S S

S S

i i
H H

S S e

g S S S S e

i i i i
H H H H

e g S S S e g S S S e

i i i
H H

a g S S S e g

V e V

i
H t t H

d c V e V e t e V e t V

d c V e V e t e

 

   

  



   

       

     

 − −

 − −

 
 
 

= − −

 
− − 

 

− −




ˆ

†

ˆ ˆ ˆ ˆ
* † †

2

0

ˆ ˆ ˆ ˆ
* † †

2

0

ˆ ˆˆ ( ) ]

1 ˆ ˆ ˆ ˆˆ ˆ( )[ ( ) ( ) ]

1 ˆ ˆ ˆ ˆˆ ˆ( )[ ( ) ( )

S S

S S S S

S S S S

i
H H

S S S e

i i i i
H H H H

e g S S S e g S S S e

i i i i
H H H H

a g S S S e g S S S e

V e t V

d c t e V e V V t e V e

d c t e V e V V t e V e



   

   

 

       

       

 − −

 − −

 
 
 

 
− − 

 

− −



 ]
 
 
 

. 

Introducing, ˆ
g g e eI    = + , ˆ

S e gV    , and † *ˆ
S g eV   = , we obtain 
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, ,

ˆ ˆ
†

2

0

ˆ ˆ
* †

2

0

( ) ( ) ( )

1 ˆ ˆ ˆ( ) ( )

1 ˆ ˆˆ( ) ( )

S S

S S

g e g e g e

i i
H H

a g S e e S g g S e

i i
H H

e g S e e S g g S e

i
t E E t

t

d c V e V e t

d c t e V e V

 

 

 

        

        

 −

 −


 − −



−

−





2
( )

*

, ,2

0

| |
( ) ( ) [ ( ) ( )] ( )

e g

i
E E

g e g e a e g e

i
E E t d c c e t




    
 −

−

= − − − +  . 

Denoting, 2e g EE E− =  , we obtain 

2
2, *

, ,2

0

( )
2 ( ) {[ ( ) ( )] } ( )

E

i
g e

E g e a e g e

t i
t d c c e t

t

 
    

 −


  − +
  . 

To derive the complementary equation for , ( )e g t , we van follow the same steps. Alternatively, we can 

use the Hermiticity of ˆ ( )S t , which means that 
*

ˆ ˆ( ) ( )e S g g S et t
t t
     

 
=

 
, namely  

2
2, *

, ,2

0

( )
2 ( ) {[ ( ) ( )] } ( )

E

i
e g

E e g a e e g

t i
t d c c e t

t

 
    


 −

  − +
  . 

(b) 

The expressions for the absorption and emission rates (Eq. (19.5.14)) read 

22

2

0

1
2 Re ( )

E

i

em

e g ek d c e


  




→ =   and 
22

2

0

1
2 Re ( )

E

i

ab

g e ak d c e


  
 −



→ =  . Defining additionally, 

2
2

*

2

0

Im {[ ( ) ( )] }
E

i

a ed c c e


   
 −



 + , and ( )
1

2

dec ab em

g e e gk k k→ → + , the result of (a) leads to Eq. 

(19.5.20), 

 

2
2, *

, ,2

0

2 2
2 2

* *

,2 2

0 0

( )
2 ( ) {[ ( ) ( )] } ( )

2 Im [ ( ) ( )] Re [ ( ) ( )] ( )

E

E E

i
g e

E g e a e g e

i i

E a e a e g e

t i
t d c c e t

t

i
i d c c e d c c e t



 

 
    

 
      

 −


 − −
 


  − +



    
=  − + − +    
     



 

,2 ( )dec

E g e

i
i k t 

 
=  − − 
 

. 
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(c) 

Using the explicit expressions for the correlation functions for a continuous bath (Eq. (19.5.7)) and the 

definition of  , we obtain Eq. (19.5.21),  

2
2

*

0

2
2

0 0 0

Im {[ ( ) ( )] }

Im {[ ( ) ( ) ( )( ( ) 1)] }
2 2

E

E

i

a e

i

i i

d c c e

d d e J n d e J n e




 


   


      

 

 −


   −


 +

= + +



  

2
2

0 0

Im { ( )(2 ( ) 1) }
2

E

i

id d e J n e



   



  −


= +   . 

 

Exercise 19.5.5 (a) Use Eq. (19.5.23), the Pauli spin matrices 
0 1

1 0
x

 
=  
 

σ , 
0

0
y

i

i

− 
=  
 

σ , 

1 0

0 1
z

 
=  

− 
σ  and the TLS density matrix 

, ,

, ,

( ) ( )
( )

( ) ( )

e e e g

g e g g

t t
t

t t

 

 

 
=  
 

ρ  to show that,  

, ,( ) ( ) ( )z e e g gt t t  = − , , ,( ) ( ) ( )x g e e gt t t  = + , 
, ,( ) ( ) ( )y g e e gt i t i t  = − + . (b) Use 

Eqs. (19.5.13, 19.5.20) for the time evolution of the density matrix elements to derive Eq. (19.5.24).  

Solution 19.5.5 

(a) 

Using the matrix representations of the TLS operators, 
0 1

1 0
x

 
=  
 

σ , 
0

0
y

i

i

− 
=  
 

σ , 
1 0

0 1
z

 
=  

− 
σ , 

and the density matrix ,
, ,

, ,

( ) ( )
( )

( ) ( )

e e e g

g e g g

t t
t

t t

 

 

 
=  
 

ρ , the expectation values (Eq. (19.5.23)) read 

, , , ,

, ,

, , , ,

, , , ,

, , , ,

( ) ( ) ( ) ( )1 0
{ } { } { } ( ) ( )

( ) ( ) ( ) ( )0 1

( ) ( ) ( ) ( )0 1
{ } { } {

( ) ( ) ( ) (1 0

e e e g e e e g

z e e g g

g e g g g e g g

e e e g g e g g

x

g e g g e e e g

t t t t
tr tr tr t t

t t t t

t t t t
tr tr tr

t t t

   
 

   

   

   

    
= = = −     − −−     

  
= =  

   

σ ρ

σ ρ , ,} ( ) ( )
) g e e gt t

t
 

 
= + 

 

, , , ,

, ,

, , , ,

( ) ( ) ( ) ( )0
{ } { } { } ( ( ) ( ))

( ) ( ) ( ) ( )0

e e e g g e g g

y g e e g

g e g g e e e g

t t i t i ti
tr tr tr i t t

t t i t i ti

   
 

   

− −−     
= = = − −    

     
σ ρ  . 

(b) 
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Using the results of (a), 

, ,( ) ( ) ( )z e e g gt t t  = −  ; , ,( ) ( ) ( )x g e e gt t t  = +  ; 
, ,( ) ( ( ) ( ))y g e e gt i t t  = − − , 

we obtain 

, ,

, ,

( ) ( ) ( )

( ) ( ) ( )

z e e g g

x g e e g

t t t
t t t

t t t
t t t

  

  

  
= −

  

  
= +

  

 

, ,( ) ( ) ( )y g e e gt i t i t
t t t
  

  
= − +

  
 . 

To obtain closed equations for the observables, we make use of Eqs. (19.5.3, 19.20) for the explicit 

time-derivatives of the density matrix elements, 

, , , , , ,( ) ( ) ( ) ; ( ) ( ) ( )em ab ab em

g g e g e e g e g g e e g e g g e g e et k t k t t k t k t
t t
     → → → →

 
= − = −

 

( ) ( ), , , , , ,( ) 2 ( ) ( ) ; ( ) 2 ( ) ( )dec dec

e g E e g e g g e E g e g e

i i
t t k t t t k t

t t
       

 − 
=  − − =  − −

 
, 

where we notice that these equations impose probability conservation on the TLS population, namely, 

, ,( ) ( ) 1g g e et t + = . We also recall the relation between absorption and emission rates, 

em ab se

e g g e e gk k k→ → →= +  (Eqs. (19.5.16, 19.5.17)), and  we obtain Eq. (19.5.24), 

, , , ,

, ,

, ,

, ,

( ) ( ) ( ) ( ) ( )

2 ( ) 2 ( )

( ) ( ) ( ) ( )

( )( ( ) ( ))

(

ab em em ab

z g e g g e g e e e g e e g e g g

ab em

g e g g e g e e

ab em se ab em se

g e e g e g g g g e e g e g e e

ab em se

g e e g g g e e e g

g

t k t k t k t k t
t

k t k t

k k k t k k k t

k k t t k

k

    

 

 

 

→ → → →

→ →

→ → → → → →

→ → →

→


= − − +



= −

= + − − + +

= + − −

= − ) ( )ab em se

e e g z e gk t k→ →+ −

 

( ) ( )

( )

( )

, , , ,

, , , ,

( ) 2 ( ) ( ) 2 ( ) ( )

2 ( ( ) ( )) ( ( ) ( ))

1
( ) 2 ( )

dec dec

x E e g e g E g e g e

dec

E g e e g e g g e

dec

x E y

i i
t t k t t k t

t

i
t t k t t

k t t

      

    

  

 −
=  − − +  − −



=  − − − +

= − −  −
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( ) ( )

( )

, , , ,

, , , ,

1 1
( ) 2 ( ) ( ) 2 ( ) ( )

1
2 ( ( ) ( )) ( ( ) ( ))

dec dec

y E g e g e E e g e g

dec

E e g g e e g g e

t t ik t t ik t
t

t t ik t t

      

    


=  − + +  − −



=  − + − −

( )
1

( ) 2 ( )dec

y E xk t t  = − +  −  . 

 

Exercise 19.5.6 The reduced dynamics of the TLS density operator (Eqs. (19.5.13, 19.5.20)), 

under the system-bath coupling, 
* †ˆ ˆ ˆˆ ˆ

SB B BH U U   + −= + , was derived from the stationary Redfield 

equation (Eqs. (19.5.4, 19.5.8)), allegedly with no farther approximations. This simplicity is attributed 

to the fact that the excitation (̂ + ) and de-excitation (̂ − ) TLS operators are coupled independently to 

ˆ
BU  and to 

†ˆ
BU , respectively. In a more general case, however, both ̂ +  and ̂ −  may couple to the same 

system-bath operators. As shown in what follows, the time-evolution of the reduced density matrix is 

different in this case. Nevertheless, within the secular and rotating wave approximations, this difference 

is neglected and Eqs. (19.5.13, 19.5.20) are regained. Let us consider a system-bath coupling operator, 

( ) † †ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ( ) ( )SB B B S B BH U U V U U  + −= + +  + , where ( )ˆ ˆ ˆ
SV   + −= +  is Hermitian and 

1

ˆˆ
N

B j j

j

U b



=

= . 

(a) Show that in this case the Redfield dissipator (Eqs. (19.5.4, 19.5.8)) reads 

ˆ ˆ

2

0

1ˆ ˆ ˆˆ ˆ( ) { ( )[ , ( )] . .}
S S

i i
H H

S S S SD t d c V e V e t h c
 

   
 −

= − + , where ( ) ( ) ( )e ac c c  = + .  

(b) Defining, 
2

2

2

0

| |
( )

E

i

C d c e



 

 −


   and  
2

2

2

0

| |
( )

E

i

C d c e



 




   , show that the corresponding 

time evolution of the reduced TLS density matrix is given by  

* *

, , ,

* *

, , ,

( ) ( ) ( )

( ) ( ) ( )

g g g g e e

e e e e g g

t C C t C C t
t

t C C t C C t
t

  

  


   = − + + +   


   = − + + +     

* *

, , , ,

* *

, , , ,

( ) 2 ( ) ( ) ( )

( ) 2 ( ) ( ) ( )

g e E g e g e e g

e g E e g e g g e

i
t t C C t C C t

t

i
t t C C t C C t

t

   

   


   =  − + + +   

 −
   =  − + + +   

   . 
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(c) Recalling the explicit form of the bosonic bath correlation functions (Eq. (19.5.6)), we obtain  

2
2 2

2

2
1 0

| |
| | ( ) [1 ( )]

E E
j j

i iN
i i

j j j

j

C d e e n e e n
  

 
   

 − −
 −

=

 
= + + 

 
   

2
2 2

2

2
1 0

| |
| | ( ) [1 ( )]

E E
j j

i iN
i i

j j j

j

C d e e n e e n
  

 
   


 −

=

 
= + + 

 
     . 

The rotating wave approximation implies that rapidly oscillating terms can be neglected next to slowly 

oscillating terms under the time-integrals. Considering that both E  and the bath frequencies are 

positive, show that this approximation means that 
2

2

2

0

| |
( )

E

i

aC d e c



 

 −


   and, 

2
2

2

0

| |
( )

E

i

eC d e c



 




  . 

(d) Recalling the definitions of the absorption and emission rates (Eq. (19.5.14)) and of 

2
2

*

2

0

Im [ ( ) ( )]
E

i

a ed c c e


   
 −



 + , show that Re[ ] / 2em

e gC k → , Re[ ] / 2ab

g eC k → , and  

*Im[ ]C C +  , and therefore   

, , ,

, , ,

( ) ( ) ( )

( ) ( ) ( )

ab em

g g g e g g e g e e

em ab

e e e g e e g e g g

t k t k t
t

t k t k t
t

  

  

→ →

→ →


= − +




= − +



 

, , , ,( ) 2 ( ) ( ) ( )
2 2

ab em ab em

g e e g g e e g

g e E g e g e e g

k k k ki
t t i t i t

t
     

→ → → →
   + +

=  − + + −   
       

 

, , , ,( ) 2 ( ) ( ) ( )
2 2

ab em ab em

g e e g g e e g

e g E e g e g g e

k k k ki
t t i t i t

t
     

→ → → →
   + + −

=  − − + +   
       

. 

(e) Transforming to the interaction picture representation, 
2 /

, ,( ) ( )Ei tI

g e g et e t − = , 

2 /

, ,( ) ( )Ei tI

e g e gt e t = , the equations for the coherences obtain the form, 
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4 /

, , ,

4 /

, , ,

( ) ( ) ( )
2 2

( ) ( ) ( )
2 2

E

E

ab em ab em

g e e g g e e g i tI I I

g e g e e g

ab em ab em

g e e g g e e g i tI I I

e g e g g e

k k k k
t i t i e t

t

k k k k
t i t i e t

t

    

    

→ → → → − 

→ → → → 

   + +
= − + + −   

       

   + +
= − − + +   

       

      . 

The secular approximation (see  Eqs. (19.4.8, 19.4.9)) implies that the rapidly coefficients are negligible 

with respect to the stationary coefficients. Invoke this approximation and transform back the equations 

to the Schrodinger picture to regain the equations of motion for 
* †ˆ ˆ ˆˆ ˆ

SB B BH U U   + −= +  (Eqs. (19.5.13, 

19.5.20)). 

Solution 19.5.6 

(a) 

For a TLS coupled to a harmonic bath by the operator, 
† †ˆ ˆ ˆ ˆ ˆ

SB S B S BH V U V U= + ,  with  
1

ˆˆ
N

B j j

j

U b



=

=

(Eq. (19.5.1)), the Redfield equation (Eqs. (19.5.4, 19.5.8)) reads 

ˆˆ ˆ( ) [ , ( )]S S S

i
t H t

t
 


 −



ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ , ( )] . .}
S S S S

i i i i
H H H H

e S S S a S S Sd c V e V e t c V e V e t h c
   

    
 − −

− + +  , 

where (Eq. (19.5.6)),  

ˆ ˆ
† 2

1

ˆ ˆ ˆ( ) { } | | ( )
B B

j

i i N
H H i

a B B B B j j

j

c tr U e U e e n
 


   

−

=

= =

ˆ ˆ
† 2

1

ˆ ˆ ˆ( ) { } | | [1 ( )]
B B

j

i i N
H H i

e B B B B j j

j

c tr U e U e e n
 


   

−
−

=

= = + . 

When the TLS coupling to the bath is different, namely 
†ˆ ˆ ˆ ˆ ˆ

SB S B S BH V U V U= +  where ( )ˆ ˆ ˆ
SV   + −= +  

is Hermitian, the expression for the dissipator simplifies. Setting 
†ˆ ˆ

S SV V= , we readily obtain 

ˆ ˆ

2

0

1ˆ ˆ ˆˆ ˆ ˆ( ) [ , ( )] {[ ( ) ( )][ , ( )] . .}
S S

i i
H H

S S S e a S S S

i
t H t d c c V e V e t h c

t

 

     
 −


 − − + +

 

ˆ ˆ

2

0

1ˆ ˆ ˆˆ ˆ[ , ( )] { ( )[ , ( )] . .}
S S

i i
H H

S S S S S

i
H t d c V e V e t h c

 

   
 −

= − − +  . 
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(b) 

Introducing the complete orthonormal set of TLS Hamiltonian eigenstates, ˆ
S g g gH E = , and 

ˆ
S e e eH E = , using, ˆ ˆ 0g S g e S eV V   = = , ˆ ˆ

g S e e S gV V    = = , and defining 

/ / / , /
ˆ ( ) ( )g e S g e g e g et t    , and 2 E e gE E  − , we obtain after some algebra,  

ˆ ˆ

, 2

0

2
2 2

, ,2

0

2 2
2

,2 2

0 0

1ˆ ˆ ˆˆ ˆ( ) [ , ( )] { ( ) [ , ( )] . .}

| |
2Re ( )[ ( ) ( )]

| | | |
2Re ( ) ( ) 2Re ( )

S S

E E

E

i i
H H

g g g S S g g S S S g

i i

g g e e

i i

g g

i
t H t d c V e V e t c c

t

d c e t e t

d c e t d c e

 

 

 

        


   

 
    

 −

 −
 

 −



= − − +



= − −

 
= − + 

 





 
2

, ( )
E

e e t
 

 
 

 

ˆ ˆ

, 2

0

2
2 2

, ,2

0

2 2
2

,2 2

0 0

1ˆ ˆ ˆˆ ˆ( ) [ , ( )] { ( ) [ , ( )] . .}

| |
2Re ( )[ ( ) ( )]

| | | |
2Re ( ) ( ) 2Re ( )

S S

E E

E

i i
H H

e e e S S e e S S S e

i i

e e g g

i i

e e

i
t H t d c V e V e t c c

t

d c e t e t

d c e t d c e

 

 

 

        


   

 
    

 −

 −
 

  −



= − − +



= − −

 
= − + 

 





 
2

, ( )
E

g g t
 

 
 

 

,

ˆ ˆ ˆ ˆ *
*

2

0

2 2
2

* *

, ,2 2

0 0

ˆ ˆ( ) [ , ( )]

1 ˆ ˆ ˆ ˆˆ ˆ{ ( ) [ , ( )] ( ) [ , ( )] }

| | | |
2 ( ) ( ( ) ( )) ( ) ( ( ) (

S S S S

E

g e g S S e

i i i i
H H H H

g S S S e e S S S g

i

E g e g e

i
t H t

t

d c V e V e t c V e V e t

i
t d c c e t d c c

   



   

        

 
       

 − −

 −



= −



− +

 
=  − + + + 

 



 
2

,)) ( )
E

i

e ge t



 

 
 

 

,

ˆ ˆ ˆ ˆ
**

2

0

ˆ ˆ( ) [ , ( )]

1 ˆ ˆ ˆ ˆˆ ˆ{ ( ) [ , ( )] ( ) [ , ( )] }
S S S S

e g e S S g

i i i i
H H H H

e S S S g g S S S e

i
t H t

t

d c V e V e t c V e V e t
   

   

        
 − −


= −



− +

2 2
2 2

* *

, , ,2 2

0 0

| | | |
2 ( ) ( ( ) ( )) ( ) ( ( ) ( )) ( )

E E

i i

E e g e g g e

i
t d c c e t d c c e t

 
 

        
  −

    −
=  − + + +   

   
  . 

Defining, 
2

2

2

0

| |
( )

E

i

C d c e



 

 −


   and  
2

2

2

0

| |
( )

E

i

C d c e



 




  , these four equations read 
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* *

, , ,

* *

, , ,

( ) ( ) ( )

( ) ( ) ( )

g g g g e e

e e e e g g

t C C t C C t
t

t C C t C C t
t

  

  


   = − + + +   


   = − + + +   

* *

, , , ,( ) 2 ( ) ( ) ( )g e E g e g e e g

i
t t C C t C C t

t
   


   =  − + + +   

* *

, , , ,( ) 2 ( ) ( ) ( )e g E e g e g g e

i
t t C C t C C t

t
   

 −
   =  − + + +   

 . 

(c) 

Recalling that ( ) ( ) ( )e ac c c  = + , and using the the explicit form of the bosonic bath correlation 

functions, 
2

1

( ) | | [1 ( )]j

N
i

e j j

j

c e n



  

−

=

= +  and 
2

1

( ) | | ( )j

N
i

a j j

j

c e n



  

=

=  (Eq. (19.5.6)), we obtain 

2
2 2

2

2
1 0

| |
| | ( ) [1 ( )]

E E
j j

i iN
i i

j j j

j

C d e e n e e n
  

 
   

 − −
 −

=

 
= + + 

 
  , 

2
2 2

2

2
1 0

| |
| | ( ) [1 ( )]

E E
j j

i iN
i i

j j j

j

C d e e n e e n
  

 
   


 −

=

 
= + + 

 
  . 

Noticing that the important contributions to the time integrals come from the slower oscillating terms, 

we can invoke the rotating wave approximation and neglect the terms associated with the higher 

frequencies ( 2 /j E +  ) next to terms associated with lower frequencies ( | 2 / |j E −  ), namely, 

2
2

2

0

| |
( )

E

i

aC d e c



 

 −


    ;   
2

2

2

0

| |
( )

E

i

eC d e c



 




  . 

(d)  

Recalling the definitions of the absorption and emission rates (Eq. (19.5.14)), 

22

2

0

1
2 Re ( )

E

i

em

e g ek d c e


  




→ =   and  
22

2

0

1
2 Re ( )

E

i

ab

g e ak d c e


  
 −



→ =  , and using the result of 

(c), we obtain Re[ ] / 2em

e gC k → , and Re[ ] / 2ab

g eC k → . Recalling the definition 

2
2

*

2

0

Im [ ( ) ( )]
E

i

a ed c c e


   
 −



 + (Eq. (19.5.21)), we obtain 
*Im[ ]C C +  . Using these 

relations in the equations derived in (b), we readily obtain 
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, , ,

, , ,

( ) ( ) ( )

( ) ( ) ( )

ab em

g g g e g g e g e e

em ab

e e e g e e g e g g

t k t k t
t

t k t k t
t

  

  

→ →

→ →


 − +




 − +



, , , ,( ) 2 ( ) ( ) ( )
2 2

ab em ab em

g e e g g e e g

g e E g e g e e g

k k k ki
t t i t i t

t
     

→ → → →
   + +

=  − + + −   
       

, , , ,( ) 2 ( ) ( ) ( )
2 2

ab em ab em

g e e g g e e g

e g E e g e g g e

k k k ki
t t i t i t

t
     

→ → → →
   + + −

=  − − + +   
       

 . 

(e)  

Transforming to the interaction picture representation, 
2 /

, ,( ) ( )Ei tI

g e g et e t − = , 

2 /

, ,( ) ( )Ei tI

e g e gt e t = , the equations for the coherences obtain the form, 

4 /

, , ,( ) ( ) ( )
2 2

E

ab em ab em

g e e g g e e g i tI I I

g e g e e g

k k k k
t i t i e t

t
    

→ → → → − 
   + +

= − + + −   
       

4 /

, , ,( ) ( ) ( )
2 2

E

ab em ab em

g e e g g e e g i tI I I

e g e g g e

k k k k
t i t i e t

t
    

→ → → → 
   + +

= − − + +   
       

  . 

Neglecting the rapidly oscillating coefficients in this representation (in consistency with the rotating 

wave approximation), transforming back from the interaction picture representation, and recalling 

the definition of the decoherence rate (Eq. (19.5.22)), we reproduce Eq. (19.5.20), 

( ), , , , ,( ) ( ) ( ) 2 ( ) ( )
2

ab em

g e e gI I dec

g e g e g e E g e g e

k k i
t i t t t k t

t t
      

→ →
 + 

 − +  =  − − 
   

( ), , , , ,( ) ( ) ( ) 2 ( ) ( )
2

ab em

g e e gI I dec

e g e g e g E e g e g

k k i
t i t t t k t

t t
      

→ →
 +  −

 − −  =  − − 
   

 . 

Together with the equations for the populations, derived in (d), we showed that the set of four equation 

derived within the rotating wave approximation for the coupling model ( )†ˆ ˆ ˆˆ ˆ( )SB B BH U U  + −= + +

, reproduce the result obtained directly for the coupling model, 
* †ˆ ˆ ˆˆ ˆ

SB B BH U U   + −= +  (Eqs. 

(19.5.13, 19.5.20)). 
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Exercise 19.5.7 Use Eqs. (19.5.26-19.5.28) and the definition, 
2

2

0

[ ( ) ( )]e ak d c c


  


= + , to 

derive Eq. (19.5.29) for the reduced density matrix elements. 

Solution 19.5.7   

For a TLS coupled to a harmonic bath by an operator, 
†ˆ ˆ ˆ ˆ( )SB S B BH V U U= + , with 

ˆ ˆ ˆ
S e eV     + − =  and 

1

ˆˆ
N

B j j

j

U b



=

= , the Redfield dissipator is given by Eq. (19.5.28), with 

(see Ex. 19.5.6 (a)) 
2

1

( ) | | ( )j

N
i

a j j

j

c e n



  

=

=  and 
2

1

( ) | | [1 ( )]j

N
i

e j j

j

c e n



  

−

=

= + . Consequently, 

the stationary Redfield equation for the TLS (Eq. (19.5.4)) reads in this case 

ˆ ˆ

2

0

1ˆ ˆ ˆˆ ˆ ˆ( ) [ , ( )] {[ ( ) ( )][ , ( )] . .}
S S

i i
H H

S S S e a S S S

i
t H t d c c V e V e t h c

t

 

     
 −


 − − + +

  . 

Introducing the complete orthonormal set of the TLS Hamiltonian eigenstates, ˆ
S g g gH E =  and 

ˆ
S e e eH E = , using, ˆ ˆ ˆ 0g S g e S g g S eV V V     = = =  and ˆ

e S eV  = , and defining 

/ / / , /
ˆ ( ) ( )g e S g e g e g et t     and 2 E e gE E = − , we obtain after some algebra, 

,

ˆ ˆ

2

0

ˆ ˆ( ) [ , ( )]

1 ˆ ˆ ˆ2Re [ ( ) ( )] [ , ( )] 0
S S

g g g S S g

i i
H H

e a g S S S g

i
t H t

t

d c c V e V e t
 

   

     
 −


= −



− + =
 

,

ˆ ˆ

2

0

ˆ ˆ( ) [ , ( )]

1 ˆ ˆ ˆ2Re [ ( ) ( )] [ , ( )] 0
S S

e e e S S e

i i
H H

e a e S S S e

i
t H t

t

d c c V e V e t
 

   

     
 −


= −



− + =
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ˆ ˆ

, 2

0

*
ˆ ˆ

* *

2

0

2
* *

, ,2

0

1ˆ ˆ ˆˆ ˆ( ) [ , ( )] [ ( ) ( )] [ , ( )]

1 ˆ ˆ ˆ[ ( ) ( )] [ , ( )]

| |
2 ( ) [ ( ) ( )] ( )

S S

S S

i i
H H

g e g S S e e a g S S S e

i i
H H

e a e S S S g

E g e e a e g

i
t H t d c c V e V e t

t

d c c V e V e t

i
t d c c t

 

 

         

     


    

 −

 −




= − − +



 
− +  

 

=  − + 






*

2
* *

,2

0

| |
2 [ ( ) ( ) ( )E e a g e

i
d c c t


   





 
=  − + 
 



 

ˆ ˆ

, 2

0

*
ˆ ˆ

* *

2

0

2

, ,2

0

1ˆ ˆ ˆˆ ˆ( ) [ , ( )] [ ( ) ( )] [ , ( )]

1 ˆ ˆ ˆ[ ( ) ( )] [ , ( )]

| |
2 ( ) [ ( ) ( )] ( )

S S

S S

i i
H H

e g e S S g e a e S S S g

i i
H H

e a g S S S e

E e g e a e g

i
t H t d c c V e V e t

t

d c c V e V e t

i
t d c c t

 

 

         

     


    

 −

 −




= − − +



 
− +  

 

−
=  − +







2

,2

0

| |
2 [ ( ) ( ) ( )E e a e g

i
d c c t


   

 −
=  − + 
 

  . 

Introducing,  
2

2

0

[ ( ) ( )]e ak d c c


  


 + , we obtain Eq.(19.5.29), 

   

,

,

, ,

( ) 0

( ) 0

( ) [Re (2 Im )] ( )

g g

e e

e g E e g

t
t

t
t

i
t k k t

t





 


=




=




= − +  +



   , ,( ) [Re (2 Im )] ( )g e E g e

i
t k k t

t
 


= − −  +


 . 

 

Exercise 19.5.8 (a) Use the explicit expressions for the correlation functions in the case of a 

continuous boson bath (Eq. (19.5.7)) to show that   
2

2

0

[ ( ) ( )]e ak d c c


  


= +

( )
2

0 0

( )[cos 2 ( ) ]
2

id d J n e 
    



 

−= +  . (b) The bath-induced decay of the coherences is 
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associated with the rate, Re{ } 0pdk k=   (Eq. (19.5.31)). Show that    

2

0lim ( )[2 ( ) 1]
4

pdk J n


 →= + , where for a finite temperature, 

2

0

( )
lim

2

pd Bk T J
k 

 


→ . 

Solution 19.5.8   

(a) 

For 
2

2

0

[ ( ) ( )]e ak d c c


  


 + , with 

0

( ) ( ) ( )
2

i

ac d e J n   




=    and  

0

( ) ( )( ( ) 1)
2

i

ec d e J n   




−= +  (Eq. (19.5.7)), we readily obtain 

( )
2 2 2

2

0 0 0 0 0

[ ( ) ( )] cos ( ) ( ) ( )
2

i

e ak d c c d d J n d d e J  
          

 

    

−= + = +    

( )
2

0 0

( )[cos 2 ( ) ]
2

id d J n e 
    



 

−= +   . 

(b) 

Using the result in (a), the real part of k  reads 

2

0 0

Re( ) Re ( )[2 ( ) 1]
2

pd ik k d d e J n
   



 

−= = +  . 

Consequently, and using the fact that the time-integrand is an even function of time,  

( )
2 2

0 0 0

( ) cos [2 ( ) 1] Re ( )[2 ( ) 1]
2 4

pd ik d d J n d d e J n 
        

 

   

−

−

= + = +   

2

0

( ) ( )[2 ( ) 1] ( )
2

d J n


    


= +  . 

Notice that ( )   restricts the important contributions to the integral to the low frequency regime. 

The slowly varying part of the integrand can hence be replaced by its 0→  limit, namely 

2 2

0

(0)[2 (0) 1] ( ) ( ) (0)[2 (0) 1] ( ) ( )
2 4

pdk J n d J n d
 

     
 

−

 + = +  , 

where in the last step we associated Dirac’s delta with an (infinitely narrow) even function of   . 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

381 
 

Consequently, we obtain  
2

0lim ( )[2 ( ) 1]
4

pdk J n


 →= + , where for any finite temperature, 

0 0lim ( ) lim Bk T
n 


→ →= , and therefore, 

2

0 2
lim ( )

2

pd Bk T
k J





→= . 
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20 Open Many-Fermion Systems 

 

Exercise 20.1.1 Write the binary strings for the 16 basis vectors defined by four single particle 

states, 
1 2 3 4{ , , , }    . 

Solution 20.1.1 

Using the notation of Eq. (20.1.7), the set of different binary strings representing the 16 basis vectors 

corresponding to 4M =  reads 

(0)

(1)

{1}

(1)

{2}
(1)

(1)

{3}

(1)

{4}

(2)

{1,2}

(2)

{1,3}

(2)

{1,4}
(2)

(2)

{2,3}

(2)

{2,4}

(2)

{3,4}

0,0,0,0

1,0,0,0

0,1,0,0
{ }

0,0,1,0

0,0,0,1

1,1,0,0

1,0,1,0

1,0,0,1
{ }

0,1,1,0

0,1,0,1

0

 =

  =
 
  = 

 =  
 = 

 
 =  

 =

 =

 =
 =

 =

 =

 =

(3)

{1,2,3}

(3)

{1,2,4}
(3)

(3)

{1,3,4}

(3)

{2,3,4}

,0,1,1

1,1,1,0

1,1,0,1
{ }

1,0,1,1

0,1,1,1

 
 
 
 
 
 
 
 
 
 
 
  

  =
 
  = 

 =  
 = 

 
 =  

                   

(4)

1,2,3,4 1,1,1,1 =  . 

 

Exercise 20.1.2 Use the normalization conditions (Eq. (20.1.6)), 
(1) (1)

{ } { } 1l l  = ,  and 

(0) (0) 1  = , and the definition of the creation operator (Eq. (20.1.8)) to derive Eq. (20.1.9). 
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Solution 20.1.2 

Using the definition of the creation operator, Eq. (20.1.8), and taking the Hermitian conjugate we 

obtain † (0) (1) (0) (1)

{ } { }
ˆ ˆ

l l l la a     =  . Using this result in the normalization condition for 

(1)

{ }l , we obtain 
(1) (1) (0) (1)

{ } { } { }
ˆ1 l l l la=   =   , and using the normalization condition 

(0) (0) 1  = , we identify Eq. (20.1.9),  
(1) (0)

{ }
ˆ

l la  =  . 

 

Exercise 20.1.3 Recalling the definition of a Hermitian operator (Eq. (11.2.20)), use the matrix 

elements of the operators, 
†ˆ
la  and ˆ

la , between the states, (0)  and (1)

{ }l , to show that these 

operators are non-Hermitian. 

Solution 20.1.3 

Using Eqs. (20.1.8, 20.1.9, 20.1.10), we obtain 

( )
2

(0) † (1) (0) † (0) (1) † (0)

{ } { }
ˆ ˆ ˆ0 ; 1l l l l la a a  =   =   =    

( )
2

(0) (1) (1) (0) (1) (1)

{ } { } { } { }
ˆ ˆ ˆ1 ; 0l l l l l l la a a  =   =   =   . 

Since 
*

(0) † (1) (1) † (0)

{ } { }
ˆ ˆ

l l l la a      and 
*

(0) (1) (1) (0)

{ } { }
ˆ ˆ

l l l la a      , the operators 
†ˆ
la  

and ˆla  are non-Hermitian. 

 

Exercise 20.1.4 Use the normalization conditions (Eq. (20.1.6)), (0) (0) 1  = ,

(1) (1)

{ } { } 1l l  = , (2) (2)

{ , '} { , '} 1l l l l  = , and Eq. (20.1.16), to derive Eq. (20.1.17). 

Solution 20.1.4  

Given the definition, (2) † (1) † † (0)

{ , '} { '} '
ˆ ˆ ˆ

l l l l l la a a   =  , and taking the Hermitian conjugate, we 

obtain  
(2) (1) (0)

{ , '} { '} '
ˆ ˆ ˆ

l l l l l la a a =  =  .  

Using the normalization of 
(2)

{ , '}l l  and 
(1)

{ '}l  , we obtain  

(2) (2) (1) (2) (2) (1)

{ , '} { , '} { '} { , '} { , '} { '}
ˆ ˆ1 1l l l l l l l l l l l la a  =    =   =  .  
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Using the normalization of 
(2)

{ , '}l l  and 
(0)  , we obtain 

(2) (2) (0) (2) (2) (0)

{ , '} { , '} ' { , '} ' { , '}
ˆ ˆ ˆ ˆ1 1l l l l l l l l l l l la a a a  =    =   =  . 

In summary, we obtained Eq. (20.1.17), (0) (2) (1)

' { , '} ' { '}
ˆ ˆ ˆ

l l l l l la a a =  =  . 

 

Exercise 20.1.5 Use Eqs. (20.1.16, 20.1.18) to derive Eq. (20.1.19). 

Solution 20.1.5 

Using Eq. (20.1.16), (2) † † (0)

{ , '} '
ˆ ˆ

l l l la a =  , we obtain (2) † † (0)

{ ', } '
ˆ ˆ

l l l la a =  . Using Eq. (20.1.18), we 

obtain 
(2) (2) † † (0)

{ ', } { , '} '
ˆ ˆ

l l l l l la a = −  = −  . Comparing the two results we conclude that 

† † † †

' '
ˆ ˆ ˆ ˆ

l l l la a a a− = , and taking the Hermitian conjugate we obtain 
' '

ˆ ˆ ˆ ˆ
l l l la a a a− = . Consequently, we obtain 

Eq. (20.1.19): 
† †

'
ˆ ˆ{ , } 0l la a =  and '

ˆ ˆ{ , } 0l la a = .                             

             

Exercise 20.1.6 Use the anticommutation relations for the fermion operators (Eqs. (20.1.19, 

20.1.20)), and Eqs. (20.2.21, 20.2.22) to derive Eqs. (20.1.23, 20.1.24). 

Solution 20.1.6 

Using Eqs. (20.1.21, 20.1.22) we have 1 2† † † (0)

1 2 3 1 2
ˆ ˆ ˆ, , ,..., ( ) ( ) ( ) Mn n n

M Mn n n n a a a  , where ln  

equals one for the occupied orbitals, and zero otherwise.  To obtain the expression for 

†

1 2 3
ˆ , , ,...,k Ma n n n n , we first let 

†ˆ
ka  “jump over” the series of creation operators associated with 

l k . 
†ˆ
ka  trivially commutes with any 

† 0ˆ( )la  (unity), whereas jumping over 
† 1ˆ( )la  introduces a sign 

flip, since 
 
 (Eq. (20.1.19)). The total number of sign flips is therefore equal to the sum 

over the occupation numbers (zero or one) of the orbitals associated with l k , namely 

1 2

1 1 2

1 2 1 2

† † † † † (0)

1 2 3 1 2

† † † † (0)

1 2

† † † † (0)

1 2

ˆ ˆ ˆ ˆ ˆ, , ,..., ( ) ( ) ( )

ˆ ˆ ˆ ˆ( 1) ( ) ( ) ( )

ˆ ˆ ˆ ˆ( 1) ( 1) ( ) ( ) ( )

M

N

N

n n n

k M k M

nn n n

k M

nn n n n

k M

a n n n n a a a a

a a a a

a a a a

= 

= − 

= − − 

 

1

1 11 2 1† † † † † † † (0)

1 2 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ( 1) ( ) ( ) ( ) ( ) ( ) ( )

k

j

j k k k M

n
n n nn n n

k k k k Ma a a a a a a

−

= − +

− +


= −       . 

† † † †ˆ ˆ ˆ ˆ
k l l ka a a a= −
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We now distinguish between two cases: 

If  0kn = , then 
† † †ˆ ˆ ˆ( ) kn

k k ka a a= . Therefore,

1

1 11 2 1† † † † † 1 † † (0)

1 2 3 1 2 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,..., ( 1) ( ) ( ) ( ) ( ) ( ) ( )

k

j

j k k M

n
n nn n n

k M k k k Ma n n n n a a a a a a

−

= − +

− +


= −   

1

1

1 2 1 1( 1) , ,..., ,1, ,...,

k

j

j

n

k k Mn n n n n

−

=

− +


= −  . 

If 1kn = , then 
† †ˆ ˆ( ) 0kn

k ka a =  (Eq. (20.1.20)). Therefore, 
†

1 2 3
ˆ , , ,..., 0k Ma n n n n = . 

Thus, we obtained Eq. (20.1.23). Eq. (20.2.24) is obtained similarly. 

 

Exercise 20.1.7 Use the definitions 
†ˆ 0 1a = , 

†ˆ 1 0a = , ˆ 1 0a = , and 
†ˆ 1 0a =  to 

derive the (two by two) matrix representations of the operators, 
†â , â , 

†ˆ ˆa a  and 
†ˆ ˆaa  in the complete 

orthonormal basis { 0 , 1 } . Show that these matrices satisfy the anti-commutation relation, Eq. 

(20.1.31). 

Solution 20.1.7 

Using the definitions: 
†ˆ 0 1a = , 

†ˆ 1 0a = , ˆ 1 0a = , 
†ˆ 1 0a = , and the orthonormality relations, 

0 0 1 1 1= =  and 0 1 1 0 0= = , we obtain  

†

†

†

†

†

ˆ0 0 0

ˆ1 0 1 0 1

0 0ˆ0 1 0

ˆ1 1 0

a

a

a

a

=

=  
 =  

=  

=

a      ;     

ˆ0 0 0

ˆ1 0 0 0 0

1 0ˆ0 1 1

ˆ1 1 0

a

a

a

a

=

=  
 =  

=  

=

a . 

†

†

†

†

†

ˆ ˆ0 0 0

ˆ ˆ1 0 0 1 0
;

0 0ˆ ˆ0 1 0

ˆ ˆ1 1 1

a a

a a

a a

a a

=

=  
=  

=  

=

a a      ;     

†

†

†

†

†

ˆ ˆ0 0 1

ˆ ˆ1 0 0 0 0
;

0 1ˆ ˆ0 1 0

ˆ ˆ1 1 0

aa

aa

aa

aa

=

=  
=  

=  

=

aa . 

These matrices are shown to satisfy the anti-commutation relations (Eq. (20.1.31)),   
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† †
0 1 0 1 0 0

0 0 0 0 0 0

     
= =     
     

a a    , 

0 0 0 0 0 0

1 0 1 0 0 0

     
= =     
     

aa    , 

† †
1 0 0 0 1 0

0 0 0 1 0 1

     
+ = + =     

     
a a aa . 

 

Exercise 20.1.8 Show that the matrix representations of the creation and annihilation 

operators (Eqs. (20.1.36, 20.1.37)) satisfy the canonical anticommutation relations for fermions, Eqs. 

(20.1.19, 20.1.20). (You can use the rules of tensor products multiplication, Eq. (11.6.21).) 

Solution 20.1.8 

For convenience, let us introduce the following 2 by 2 matrices, 

1 0

0 1

 
=  
 

Iσ , 
1 0

0 1

− 
=  
 

Pσ , 
0 0

1 0

 
=  
 

-σ   
0 1

0 0

 
=  
 

+σ ,  

where, 

 =P P Iσ σ σ ,  
1 0

0 0
−

 
=  
 

+σ σ , 
0 0

0 1
−

 
=  
 

+σ σ , and = =+ + - -σ σ σ σ 0 . 

Using these matrices, the operators in Eq. (20.1.36, 20.1.37) are expressed as 

†

1 2

k

k M

=        P P P + I I Ia σ σ σ σ σ σ σ
. 

1 2

k

k M

=        P P P - I I Ia σ σ σ σ σ σ σ
. 

Using ( ) ( )   A B C D = AC BD , we obtain 

† †

1 2

k k

k M

=         =I I I + + I I Ia a σ σ σ σ σ σ σ σ 0
 

1 2

k k

k M

=         =I I I - - I I Ia a σ σ σ σ σ σ σ σ 0
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†

1 2

1 0

0 0
k k

k M

 
=         

 
I I I I I Ia a σ σ σ σ σ σ

 

†

1 2

0 0

0 1
k k

k M

 
=         

 
I I I I I Ia a σ σ σ σ σ σ

  . 

Consequently, 
† †{ , } { , }k k k k= =a a a a 0 , and,  

†
1 0

{ , }
0 1

k k

 
=         = 

 
I I I I I Ia a σ σ σ σ σ σ I . 

Similarly, for 'k k  (demonstrating for 'k k , without loss of generality) we have 

†

'

1 2 '

k

k M

=        P P P + I I Ia σ σ σ σ σ σ σ
 

'

1 2 '

k

k M

=        P P P - I I Ia σ σ σ σ σ σ σ
, 

and therefore,  

† †

'

1 2 '

k k

k k M

=           I I I P + P P + I I Ia a σ σ σ σ σ σ σ σ σ σ σ
 

† †

'

1 2 '

k k

k k M

=           I I I + P P P + I I Ia a σ σ σ σ σ σ σ σ σ σ σ
 

 † † † †

' '

1 2 '

k k k k

k k M

+ =    +        I I I P + + P P P + I I Ia a a a σ σ σ σ σ σ σ σ σ σ σ σ σ
 . 

Since, 
1 0 0 1 0 1 1 0

0 1 0 0 0 0 0 1

− −       
+ = + =       

       
P + + Pσ σ σ σ 0 , we obtain 

† †

'{ , }k k =a a 0 . 

Similarly,  

'

1 2 '

k k

k k M

=           I I I P - P P - I I Ia a σ σ σ σ σ σ σ σ σ σ σ
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'

1 2 '

k k

k k M

=           I I I - P P P - I I Ia a σ σ σ σ σ σ σ σ σ σ σ
 

 ' '

1 2 '

k k k k

k k M

−+ =    +        I I I P - - P P P I I Ia a a a σ σ σ σ σ σ σ σ σ σ σ σ σ
 . 

Since, 
1 0 0 0 0 0 1 0

0 1 1 0 1 0 0 1

− −       
+ = + =       

       
P - - Pσ σ σ σ 0 , we obtain 

'{ , }k k =a a 0 . 

Finally, using, 

†

'

1 2 '

k k

k k M

=           I I I P - P P + I I Ia a σ σ σ σ σ σ σ σ σ σ σ
 

†

'

1 2 '

k k

k k M

=           I I I - P P P + I I Ia a σ σ σ σ σ σ σ σ σ σ σ
, 

we also obtain 
†

'{ , }k k =a a 0 . 

Hence, we showed that Eqs. (20.1.19, 20.1.20) are satisfied: 

† †

'{ , }k k =a a 0        ;     '{ , }k k =a a 0      ;       
†

' , '{ , }k k k k=a a I . 

 

Exercise 20.1.9 Let us consider the Fock space corresponding to the two single particle states, 

1 2{ , }  , with the basis vectors, 1,1 , 1,0 , 0,1 , 0,0 . (a) Use Eqs. (20.1.23, 20.1.24) to show 

that 

†

1̂ 0,0 1,0a =  ; 
†

1̂ 0,1 1,1a =  ; 
† †

1 1
ˆ ˆ1,0 1,1 0a a= =  

1̂ 1,0 0,0a =  ; 1̂ 1,1 0,1a =  ; 1 1
ˆ ˆ0,0 0,1 0a a= =  

†

2
ˆ 0,0 0,1a =  ; 

†

2
ˆ 1,0 1,1a = −  ; 

† †

2 2
ˆ ˆ0,1 1,1 0a a= =  

2
ˆ 1,1 1,0a = −  ; 2

ˆ 0,1 0,0a =  ; 2 2
ˆ ˆ1,0 0,0 0a a= =    . 
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(b) Obtain the matrix representations of the creation and annihilation operators in the basis { 1,1 , 

1,0 , 0,1 , 0,0 }, and compare the results to Eq. (20.1.39). (c) Check that the four matrices satisfy 

the anti-commutation relations for fermions, Eqs. (20.1.19, 20.1.20).  

Solution 20.1.9 

(a)  

Eqs. (20.1.23, 20.1.24) read 

 1

1

†

1 2

1

0 ; 1

ˆ , ,...,

( 1) ,..., 1,..., ; 0

k

j

j

k

k M n

k M k

n

a n n n

n n n n

−

=

 =


=  
 − + =

,                         

1

1

1 2

1

0 ; 0

ˆ , ,...,

( 1) ,..., 1,..., ; 1

k

j

j

k

k M n

k M k

n

a n n n

n n n n

−

=

 =


=  
 − − =

.                           

Implementing the general expressions for the space of two orbitals ( 2M = ), we obtain 

†

1̂ 0,0 1,0a =  ; 
†

1̂ 0,1 1,1a =  ; 
† †

1 1
ˆ ˆ1,0 1,1 0a a= =  

1̂ 1,0 0,0a =  ; 1̂ 1,1 0,1a =  ; 1 1
ˆ ˆ0,0 0,1 0a a= =  

†

2
ˆ 0,0 0,1a =  ; 

†

2
ˆ 1,0 1,1a = −  ; 

† †

2 2
ˆ ˆ0,1 1,1 0a a= =  

2
ˆ 1,1 1,0a = −  ; 2

ˆ 0,1 0,0a =  ; 2 2
ˆ ˆ1,0 0,0 0a a= = . 

(b)  

Using the relations in (a) and the orthonormality of the basis states { 1,1 , 1,0 , 0,1 , 0,0 }, we 

readily reproduce the results in Eq. (20.1.39),  

1 1 1 1

1 1 1 1

1

1 1 1 1

1 1 1 1

ˆ ˆ ˆ ˆ 0 0 0 01,1 1,1 1,1 1,0 1,1 0,1 1,1 0,0

ˆ ˆ ˆ ˆ 0 0 0 01,0 1,1 1,0 1,0 1,0 0,1 1,0 0,0

ˆ ˆ ˆ ˆ 1 0 0 00,1 1,1 0,1 1,0 0,1 0,1 0,1 0,0

ˆ ˆ ˆ ˆ 0 1 0 00,0 1,1 0,0 1,0 0,0 0,1 0,0 0,0

a a a a

a a a a

a a a a

a a a a

   
   
   = =
   
    

  

a  
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2 2 2 2

2 2 2 2

2

2 2 2 2

2 2 2 2

ˆ ˆ ˆ ˆ 0 0 0 01,1 1,1 1,1 1,0 1,1 0,1 1,1 0,0

ˆ ˆ ˆ ˆ 1 0 0 01,0 1,1 1,0 1,0 1,0 0,1 1,0 0,0

ˆ ˆ ˆ ˆ 0 0 0 00,1 1,1 0,1 1,0 0,1 0,1 0,1 0,0

ˆ ˆ ˆ ˆ 0 0 1 00,0 1,1 0,0 1,0 0,0 0,1 0,0 0,0

a a a a

a a a a

a a a a

a a a a

   
   

−   = =
   
    

  

a         

† † † †

1 1 1 1

† † † †

1 1 1 1†

1 † † † †

1 1 1 1

† † † †

1 1 1 1

ˆ ˆ ˆ ˆ 0 0 1 01,1 1,1 1,1 1,0 1,1 0,1 1,1 0,0

ˆ ˆ ˆ ˆ 0 0 0 11,0 1,1 1,0 1,0 1,0 0,1 1,0 0,0

ˆ ˆ ˆ ˆ 0 0 0 00,1 1,1 0,1 1,0 0,1 0,1 0,1 0,0

ˆ ˆ ˆ ˆ 0 0 0 00,0 1,1 0,0 1,0 0,0 0,1 0,0 0,0

a a a a

a a a a

a a a a

a a a a

  
  
  = =
  
 
 

 

a






 


   

† † † †

2 2 2 2

† † † †

2 2 2 2†

2 † † † †

2 2 2 2

† † † †

2 2 2 2

ˆ ˆ ˆ ˆ 0 1 0 01,1 1,1 1,1 1,0 1,1 0,1 1,1 0,0

ˆ ˆ ˆ ˆ 0 0 0 01,0 1,1 1,0 1,0 1,0 0,1 1,0 0,0

ˆ ˆ ˆ ˆ 0 0 0 10,1 1,1 0,1 1,0 0,1 0,1 0,1 0,0

ˆ ˆ ˆ ˆ 0 0 0 00,0 1,1 0,0 1,0 0,0 0,1 0,0 0,0

a a a a

a a a a

a a a a

a a a a

  −
  
  = =
 
 
 

 

a





 
 



  . 

(c)  

We can readily see that the anticommutation relations for fermions, Eqs. (20.1.19, 20.1.20), are 

satisfied by these matrices, 

( )
2

1 1 1

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
{ , }

1 0 0 0 1 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0 0 0 0 0

    
    
    = =  =
    
    
    

a a a 0  

( )
2

2 2 2

0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 1 0 0 0 0 0 0 0
{ , }

0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 1 0 0 0 0 0

    
    
− −    = =  =
    
    
    

a a a 0  

( )
2

† † †

1 1 1

0 0 1 0 0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 1 0 0 0 0
{ , }

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

    
    
    = =  =
    
    
    

a a a 0  

( )
2

† † †

2 2 2

0 1 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
{ , }

0 0 0 1 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

− −    
    
    = =  =
    
    
    

a a a 0  



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

391 
 

1 2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
{ , }

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 0 0 0 1 0 0 0

     
     

− −     = +
     
     
     

   
   
   = + =
   
   
−   

a a

0

 

† †

1 2

0 0 1 0 0 1 0 0 0 1 0 0 0 0 1 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1
{ , }

0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

− −     
     
     = +
     
     
     

−   
   
   = + =
   
   
   

a a

0

 

†

1 2

0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 1
{ , }

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 1 0 0 0 1 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

     
     

− −     = +
     
     
     

   
   

−   = + =
   
   
   

a a

0

 

†

1 2

0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
{ , }

1 0 0 0 0 0 0 1 0 0 0 1 1 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0

0 0 0 0 0 0 0 0

− −     
     
     = +
     
     
     

   
   
   = + =
   −
   
   

a a

0
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†

1 1

0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0
{ , }

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

     
     
     = +
     
     
     

   
   
   = + =
   
   
   

a a

I

 

†

2 2

0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
{ , }

0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0

− −     
     
− −     = +
     
     
     

a a  

0 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0

   
   
   = + =
   
   
   

I  . 

 

Exercise 20.2.1 (a) Using the binary string representation of a single determinant state (Eq. 

(20.1.7)), show that the expectation value of the second quantization Hamiltonian, Eqs. (20.2.3, 20.2.4), 

is given by Eq. (20.2.5). Compare the result to Ex. 13.3.6 for the energy expectation value of a single 

N -electron determinant. (b) Generalize the result of Ex. 13.3.6 for off-diagonal Hamiltonian matrix 

elements between different determinants, 
1 2 3 1 2 3

( ) ( ) ( )

{ ', ', ',..., '} { , , ,..., }
ˆ

N N

N N N

l l l l l l l lH  , and show that the result 

coincides with the second quantization Hamiltonian matrix elements, 
1 2 3 1 2 3

( ) ( )

{ ', ', ',..., '} { , , ,..., }
ˆ

N N

N N

l l l l l l l lH 

.  

Solution 20.2.1 

(a) 

The second quantization Hamiltonian in a space of M  single particle states (Eqs. (20.2.3, 20.2.4)) 

reads 
† † †

, , , ,

, 1 , , , 1

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2

M M

i j i j i j k l i j l k

i j i j k l

H h a a w a a a a
= =

= +  . Using Eq. (20.1.7) to represent a single 

determinant of N  electrons, 
1 2 3

( )

{ , , ,..., } 1 2 3, , ,...,
N

N

l l l l Mn n n n = , where 1ln =  for 1 2{ , ,..., }Nl l l l  and  

0ln =  otherwise, the diagonal matrix elements of Ĥ  read 
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†

1 2 1 2 , 1 2 1 2

, 1

ˆ ˆ ˆ, ,..., , ,..., , ,..., , ,...,
M

M M i j M i j M

i j

n n n H n n n h n n n a a n n n
=

=  

† †

, , , 1 2 1 2

, , , 1

1
ˆ ˆ ˆ ˆ, ,..., , ,...,

2

M

i j k l M i j l k M

i j k l

w n n n a a a a n n n
=

+     . 

Using the orthogonality condition, 
1 2 1 2 ' 1 2 1 2

( ) ( )

{ , ,..., } { ', ',..., '} { , ,..., },{ ', ',..., '}N N N N

N N

l l l l l l l l l l l l  =  (Eq. (20.1.6)), we 

conclude that the terms 
†

1 2 1 2
ˆ ˆ, ,..., , ,...,M i j Mn n n a a n n n  and 

† †

1 2 1 2
ˆ ˆ ˆ ˆ, ,..., , ,...,M i j l k Mn n n a a a a n n n  vanish unless the determinants 

†

1 2
ˆ ˆ , ,...,i j Ma a n n n  or 

† †

1 2
ˆ ˆ ˆ ˆ , ,...,i j l k Ma a a a n n n  have the same set of occupation numbers as the determinant 

1 2, ,..., Mn n n . 

This is the case only if successive annihilation and creation operations are associated with the same 

single particle states, namely,   

† †

1 2 1 2 , 1 2 1 2
ˆ ˆ ˆ ˆ, ,..., , ,..., , ,..., , ,...,M i j M i j M i i Mn n n a a n n n n n n a a n n n= , 

and 

† † † †

1 2 1 2 , , 1 2 1 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, ,..., , ,..., , ,..., , ,...,M i j l k M i l j k M i j i j Mn n n a a a a n n n n n n a a a a n n n =

† †

, , 1 2 1 2
ˆ ˆ ˆ ˆ, ,..., , ,...,i k j l M i j j i Mn n n a a a a n n n +  . 

Recalling the definition of the number operator (Eq. (20.1.25)), 

†

1 2 1 2 1 2
ˆˆ ˆ , ,..., , ,..., , ,...,k k M k M k Ma a n n n N n n n n n n n= = , and using the fermionic commutation 

relations, we obtain 

† †

1 2 1 2 , 1 2 1 2
ˆ ˆ ˆ ˆ, ,..., , ,..., , ,..., , ,...,M i j M i j M i i Mn n n a a n n n n n n a a n n n=

, 1 2 1 2 ,
ˆ, ,..., , ,...,i j M i M i j in n n N n n n n = =  , 

† †

1 2 1 2

† † † †

, , 1 2 1 2 , , 1 2 1 2

† †

, , 1 2 1 2 , , 1 2

ˆ ˆ ˆ ˆ, ,..., , ,...,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, ,..., , ,..., , ,..., , ,...,

ˆ ˆ ˆ ˆ, ,..., , ,..., , ,...,

M i j l k M

i l j k M i j i j M i k j l M i j j i M

i l j k M i i j j M i k j l

n n n a a a a n n n

n n n a a a a n n n n n n a a a a n n n

n n n a a a a n n n n n n

   

   

= +

= − + † †

1 2

† †

, , , , 1 2 1 2

, , , , 1 2 1 2

ˆ ˆ ˆ ˆ , ,...,

ˆ ˆ ˆ ˆ( ) , ,..., , ,...,

ˆ ˆ( ) , ,..., , ,...,

M i i j j M

i k j l i l j k M i i j j M

i k j l i l j k M i j M

a a a a n n n

n n n a a a a n n n

n n n N N n n n

   

   

= −

= −

, , , ,( )i j i k j l i l j kn n    = −  . 

Substitution in the expression for the Hamiltonian matrix element, we obtain 
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( )

1 2 1 2

† † †

, 1 2 1 2 , , , 1 2 1 2

, 1 , , , 1

, , , , , , , , ,

, 1 , , , 1

ˆ, ,..., , ,...,

1
ˆ ˆ ˆ ˆ ˆ ˆ, ,..., , ,..., , ,..., , ,...,

2

1

2

M M

M M

i j M i j M i j k l M i j l k M

i j i j k l

M M

i j i j i i j k l i j i k j l i l j k

i j i j k l

n n n H n n n

h n n n a a n n n w n n n a a a a n n n

h n w n n    

= =

= =

= +

= + −

 

 

( ), , , , , , ,

1 , 1

1

2

M M

i i i i j i j i j j i i j

i i j

h n w w n n
= =

= + −   . 

Since 1in =  or 0 , depending on whether the single-particle state is occupied or not, respectively, the 

summations can be restricted to the ( N ) occupied single particle states, hence,  

( )1 2 1 2 , , , , , , ,

1 , 1

1ˆ, ,..., , ,...,
2

M M

M M i i i i j i j i j j i i j

i i j

n n n H n n n h n w w n n
= =

= + − 

( )
1 2 1 2

, , , , , , ,

{ , ,..., } 1 , { , ,..., } 1

1

2
N N

N N

i i i j i j i j j i

i l l l i j l l l

h w w
 =  =

= + −   . 

Considering the definitions of ,i jh  and , , ,i j k lw  (Eq. (20.2.4)), we obtain 

1 2

2
*

1 2 1 2

{ , ,..., } 1

ˆ ˆ, ,..., , ,..., ( ) ( ) ( )
2

N

N

M M i i

i l l l e

n n n H n n n d V
m

 
 =

 −
=  + 

 
  rr r r r

, ,

1 2

* * * *2

,

, { , ,..., } 1

( ) ( ') ( ) ( ') ( ) ( ') ( ) ( ')
' '

2 | ' | | ' |s i s j

N

N
i j i j i j j i

m m

i j l l l

Ke
d d d d

       


 =

 
+ −  − − 

    
r r r r r r r r

r r r r
r r r r

. 

 As we can see, this result perfectly matches the result obtained in chapter 13 for the expectation value 

of the N -electron Hamiltonian, for a single determinant state (Eqs. (13.3.26-13.6.28)), 

Ĥ =    

, ,, ,

1 1 1

1ˆ ˆ [ ]
2 s j s k

N N N

k k k k j k j k j m m j k

k k j

h w        
= = =

= +   −   . 

(b) The solution of this exercise is left for self-practice.  

 

Exercise 20.2.2 (a) Use the anti-commutation relations for fermion creation and annihilation 

operators (Eqs. (20.1.19, 20.1.20)) and the definition of the electron number operator (Eq.  (20.1.26)) 

to show that, 
† †ˆˆ ˆ[ , ]j ja N a= −  and ˆˆ ˆ[ , ]j ja N a= . (b) Use the general operator identity, 
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ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ[ , ] [ , ] [ , ]AB C A B C A C B= + , and the result of (a) to show that † ˆˆ ˆ[ , ] 0i ja a N = . (c) Use the results of (a) 

and (b) to show that the second quantization Hamiltonian (Eq. (20.2.3)) commutes with the total 

electron number operator.  

Solution 20.2.2 

(a) 

The total number operator (Eq. (20.1.26)) reads  †

1 1

ˆ ˆ ˆ ˆ
M M

k k k

k k

N N a a
= =

 =  . Therefore,

† † † † †

1 1

ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ]
M M

j j k k j k k

k k

a N a a a a a a
= =

= =   

† †

1 1

ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ]
M M

j j k k j k k

k k

a N a a a a a a
= =

= =    . 

Using the anticommutation relations for fermion creation and annihilation operators (Eqs. (20.1.19, 

20.1.20)), we obtain 

† † † † †

† †

† † † † † † † †

ˆ ˆ ˆ ˆ ˆ ˆ ˆ;
ˆ ˆ ˆ[ , ]

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ; 0

j j j j j j j

j k k

j k k k k j j k k j k k

j k a a a a a a a
a a a

j k a a a a a a a a a a a a

 = − = −
= 

 − = − =

 

† † † †

1

ˆˆ ˆ ˆ ˆ ˆ[ , ] [ , ]
M

j j k k j

k

a N a a a a
=

 = = −  

† †

†

† † † †

ˆ ˆ ˆ ˆ ˆ ˆ ˆ;
ˆ ˆ ˆ[ , ]

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ; 0

j j j j j j j

j k k

j k k k k j j k k j k k

j k a a a a a a a
a a a

j k a a a a a a a a a a a a

 = − =
= 

 − = − =
   

†

1

ˆˆ ˆ ˆ ˆ ˆ[ , ] [ , ]
M

j j k k j

k

a N a a a a
=

 = =   . 

(b) 

Using, ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ[ , ] [ , ] [ , ]AB C A B C A C B= + , we obtain † † †ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ]i j i j i ja a N a a N a N a= + . Using the results of (a), 

we obtain † † †ˆˆ ˆ ˆ ˆ ˆ ˆ[ , ] 0i j i j i ja a N a a a a= − = . 

(c) 

Given the second quantization Hamiltonian (Eq. (20.2.3)), 

† † †

, , , ,

, 1 , , , 1

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2

M M

i j i j i j k l i j l k

i j i j k l

H h a a w a a a a
= =

= +  ,  
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and the results of (b), † ˆˆ ˆ[ , ]i ja a N , we obtain 

† † †

, , , ,

, 1 , , , 1

† †

, , ,

, , , 1

1ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ]
2

1 ˆˆ ˆ ˆ ˆ[ , ]
2

M M

i j i j i j k l i j l k

i j i j k l

M

i j k l i l j k

i j k l

H N h a a N w a a a a N

w a a a a N

= =

=

= +

= −

 



( )† † † †

, , ,

, , , 1

1 ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] 0
2

M

i j k l i l j k i l j k

i j k l

w a a a a N a a N a a
=

= − + =   . 

   

Exercise 20.2.3 Show that the second quantization Hamiltonian (Eq. (20.2.3)) for a system of 

two orthonormal single particle states ( 1  and 2 , selected as the eigenstates of the single particle 

Hamiltonian, , ,i j i i jh  = ) reads 
† † † †

1 1 1 2 2 2 1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH a a a a Ua a a a = + + , where, 1,2,1,2 1,2,2,1( )U w w= − .  

Solution 20.2.3 

Given the second quantization Hamiltonian (Eq. (20.2.3)),

† † †

, , , ,

, 1 , , , 1

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2

M M

i j i j i j k l i j l k

i j i j k l

H h a a w a a a a
= =

= +  ,  for 2M = , we have  

† † † † †

, 1,1 1 1 1,2 1 2 2,1 2 1 2,2 2 2

, 1

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
M

i j i j

i j

h a a h a a h a a h a a h a a
=

= + + + , and given , ,i j i i jh  = , we obtain 

† † †

, 1 1 1 2 2 2

, 1

ˆ ˆ ˆ ˆ ˆ ˆ
M

i j i j

i j

h a a a a a a 
=

= + . 

Recalling the anticommutation relations for fermion creation and annihilation operators, the terms 

† †ˆ ˆ ˆ ˆ
i j l ka a a a  vanish, unless i j  and k l . Hence, for 2M =  we have 

( )
2

† † † † † † † † † †

, , , 1,2,2,1 1 2 1 2 1,2,1,2 1 2 2 1 2,1,2,1 2 1 1 2 2,1,1,2 2 1 2 1

, , , 1
,

1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

2 2
i j k l i j l k

i j k l
i j k l

w a a a a w a a a a w a a a a w a a a a w a a a a
=

 

= + + + . 

Using 
† † † † † †

1 2 2 1 2 1 1 2 1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆa a a a a a a a a a a a= =  and 

† † † † † †

1 2 1 2 2 1 2 1 1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆa a a a a a a a a a a a= = − , we obtain 

( )
2

† † † †

, , , 1,2,1,2 2,1,2,1 1,2,2,1 2,1,1,2 1 1 2 2

, , , 1
,

1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )

2 2
i j k l i j l k

i j k l
i j k l

w a a a a w w w w a a a a
=

 

= + − + . 
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Recalling the definition of , , ,i j k lw  (Eq. (20.2.4)) and using the invariance of the results to exchange of 

the two particle coordinates under the integrals, we obtain 

* *
2 1 2 1 2

1,2,1,2 2,1,2,1

( ) ( ') ( ) ( ')
'

| ' |
w Ke d d w

   
= =

− 
r r r r

r r
r r

 

,1 ,2

* *
2 1 2 2 1

1,2,2,1 , 2,1,1,2

( ) ( ') ( ) ( ')
'

| ' |s sm mw Ke d d w
   

= =
− 

r r r r
r r

r r
 .    

Consequently, 

2
† † † †

, , , 1,2,1,2 1,2,2,1 1 1 2 2

, , , 1
,

1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( )

2
i j k l i j l k

i j k l
i j k l

w a a a a w w a a a a
=

 

= − , 

and finally,  

† † † † † † †

, , , , 1 1 1 2 2 2 1,2,1,2 1,2,2,1 1 1 2 2

, 1 , , , 1

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( )
2

M M

i j i j i j k l i j l k

i j i j k l

H h a a w a a a a a a a a w w a a a a 
= =

= + = + + −  . 

 

Exercise 20.2.4 Use the anti-commutation relations for fermion creation and annihilation 

operators (Eqs. (20.1.19, 20.1.20)), and the definition of the field operators (Eqs. (20.2.8, 20.2.9)) to 

derive Eq. (20.2.10). Recall the formal definition of Dirac’s delta in terms of a complete orthonormal 

set, Eq. (11.3.12).  

Solution 20.2.4 

Given the definitions of the field operators (Eqs. (20.2.8, 20.2.9)), † * †

, ,

1

ˆ ˆ( )
k k k

k

a    


=

=r r   and

, ,

1

ˆ ˆ( )
k k k

k

a    


=

=r r , the anticommutation relations for fermion creation and annihilation operators 

(Eqs. (20.1.19, 20.1.20)), and the representation of Dirac’s delta in terms of a complete orthonormal 

set, 
*

'

1

( ') ( ) ( ')k k

k

  


=

− =r r r r , we obtain 
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'

' '

'

† * †

, ', ' , , ' ' '

1 ' 1

* † * †

, , ' ' ' , , ' ' '

, ', 1 , ', 1

*

, , ' ' , '

, ', 1

ˆ ˆ ˆ ˆ{ , } { ( ) , ( ') }

ˆ ˆ ˆ ˆ{ ( ) , ( ') } ( ) ( '){ , }

( ) ( ')

k k

k k k k

k k k

k k k k

k k

k k k k k k k k

k k k k

k k k k

k k

a a

a a a a

     

       

    

     

       

     

 

= =

 

= =



=

=

= =

= =

 

 



r r r r

r r r r

r r
*

, , '

1

*

', ' ',

1

( ) ( ')

( ) ( ') ( ')

k k k

k

k k

k

  

   

  

    



=



=

= = −





r r

r r r r

 

'

'

'

† † * † * †

, ', ' , , ' ' '

1 ' 1

* † * †

, , ' ' '

, ', 1

* * † †

, , ' ' '

, ', 1

ˆ ˆ ˆ ˆ{ , } { ( ) , ( ') }

ˆ ˆ{ ( ) , ( ') }

ˆ ˆ( ) ( '){ , } 0

k k

k k

k k

k k k k

k k

k k k k

k k

k k k k

k k

a a

a a

a a

     

   

   

     

   

   

 

= =



=



=

=

=

= =

 





r r r r

r r

r r

 

'

'

, ', ' , , ' ' '

1 ' 1

, , ' ' '

, ', 1

ˆ ˆ ˆ ˆ{ , } { ( ) , ( ') }

ˆ ˆ{ ( ) , ( ') }

k k

k k

k k k k

k k

k k k k

k k

a a

a a

     

   

     

   

 

= =



=

=

=

 



r r r r

r r

 

', , ' ' '

, ', 1

ˆ ˆ( ) ( '){ , } 0
k k k k k k

k k

a a      


=

= = r r   . 

In summary, we obtained Eq. (20.2.10), 
†

, ', ' , '
ˆ ˆ{ , } ( ')      = −r r r r , and 

† †

, ', ' , ', '
ˆ ˆ ˆ ˆ{ , } { , } 0      = =r r r r

. 

 

Exercise 20.2.5 Accounting explicitly for the spin, k , associated with each k th singe particle 

state, the second quantization Hamiltonian (Eq. (20.2.3)) reads 

'

† † †

, , ' ' , , , , ,

, ' 1 , , , 1

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2k k l i k jk k k k i j k l i j l k

k k i j k l

H h a a w a a a a       
 

= =

= +  . Use the definitions of the field 

operators to derive this result from Eq. (20.2.11).  

Solution 20.2.5 

Using the definition of the field operators (Eqs. (20.2.8, 20.2.9)), and of the second quantization 

Hamiltonian (Eqs. (20.2.3, 20.2.4)), we obtain 
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'

'

'

† * †

, , , , ' '

1 ' 1

* †

, , ' '

, ' 1

†

, , ' '

, ' 1

ˆ ˆˆ ˆ ˆ ˆ( ) ( )

ˆ ˆ ˆ( ) ( )

ˆ ˆ

k k

k k

k k

k k k k

k k

k k k k

k k

k k k k

k k

d h d a h a

d h a a

h a a

     


   


 

     

   



 

= =



=



=

=

 
=  

 

=

   

  



r rr r r r

r r r  

† †

, ', ' ', ' ,

, '

* † * †

, , ' , ' ,

, ' 1 1 1 1

* *

, , ' , ' ,

, , , 1 , '

1
ˆ ˆ ˆ ˆˆ'

2

1
ˆ ˆ ˆ ˆ ˆ' ( ) ( ') ( ') ( )

2

1
' ( ) ( ')

2

i j k l

i j k l

i i j j k k l l

i j k l

i j

i j k l

d d w

d d a a w a a

d d

   
 

       
 

       
 

   

       

     

   

= = = =



=

=

=

  

     

   

r r r rr r

r r r r r r

r r r r † †ˆ ˆ ˆ ˆ ˆ( ) ( ')l k i j k lw a a a a 
 
 
 

r r

† †

, , , , ,

, , , 1

1
ˆ ˆ ˆ ˆ

2 l i k j i j l k i j k l

i j k l

w a a a a    


=

=   . 

Hence, we obtain Eq. (20.2.11), 

† † †

, , , ', ' ', ' ,

, '

1ˆˆ ˆ ˆ ˆ ˆ ˆˆ'
2

d h d d w     
  

     +   r r r r r rr r r

'

† † †

, , ' ' , , , , ,

, ' 1 , , , 1

1
ˆ ˆ ˆ ˆ ˆ ˆ

2k k l i k jk k k k i j l k i j k l

k k i j k l

h a a w a a a a       
 

= =

= +    .              

 

Exercise 20.3.1 (a) Recalling that the trace of a tensor product of operators is a product of 

their traces,        1 2 1 2
ˆ ˆ ˆ ˆ ˆ ˆ

N Ntr A A A tr A tr A tr A   =   (Ex. 15.5.1), use the commutativity 

of the number operators associated with the single particle states to show that 

† †1 1
ˆ ˆ ˆ ˆ( ) ( )

( ) †ˆ ˆ ˆ ˆ{ } { }/ { }
l l l ll l

B B

a a a a
k T k Teq

l l l l ltr N tr a a e tr e
   



− −
− −

= . (b) Evaluate explicitly the trace in the subspace 

of l th single particle state to derive Eq. (20.3.5). 

Solution 20.3.1 

(a)  
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Using  Eq. (20.3.4)  for 
( )ˆ eq , we obtain  

†

†

1
ˆ ˆ( )

( ) †

1
ˆ ˆ( )

ˆ ˆ ˆ ˆ{ } { }

{ }

k kk
B k

k kk
B k

a a
k T

eq

l l l l
a a

k T

e
N tr N tr a a

tr e

 

 



−
−

−
−



 =


. 

Since 
† †

' '
ˆ ˆ ˆ ˆ[ , ] 0k k k ka a a a =  (see Ex. 20.2.2), the exponent of the sum can be rewritten as a product of 

exponents, 

† † †
1 1 2 21 2

1 1 1ˆ ˆ( ) ˆ ˆ ˆ ˆ( ) ( )k kk
B k B B

a a a a a a
k T k T k Te e e

     
− − −

− − −
=   . Hence, 

 

† † † †
1 1 2 21 2

1 1 1 1ˆ ˆ( ) ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

1 2{ } { } { } { }
k kk k kk

B k B B B

a a a a a a a a
k T k T k T k T

k

k

tr e tr e tr e tr e
       

− − − −
− − − −

=  = ,  

and  

†

†

1
ˆ ˆ( )

†

1
ˆ ˆ( )

ˆ ˆ{ }

{ }

k kk
B k

k kk
B k

a a
k T

l l l
a a

k T

e
N tr a a

tr e

 

 

−
−

−
−



=


 

† †† †
1 1 2 21 2

† † †
1 1 2 21 2

1 11 1
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ( ) ( )( ) ( )

† †

1 21 1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) (

1 2

ˆ ˆ ˆ ˆ
{ } { } { } {

{ } { } { } {

l l l ll l
B BB B

l l ll
B B B B

a a a aa a a a
k T k Tk T k T

l l l l
l l

a a a a a a
k T k T k T k T

l l

a a e a a ee e
tr tr tr tr

tr e tr e tr e tr e

      

      

− −− −
− −− −

− − − −
− − −

=   =
†ˆ ˆ)

}

}
lla a−

. 

As we can see, the evaluation of the multidimensional trace reduces to the calculation of the trace in 

the subspace of 
thl  single particle state.  

(b)  

To evaluate explicitly the trace in the subspace of 
thl  single particle state, we use the complete basis for 

this subspace, namely the occupation states 0  and 1 , which correspond to 0ln =  and 1ln = , 

respectively. Hence, we obtain Eq. (20.3.5),  

† †

† † † †

1 1
ˆ ˆ ˆ ˆ( ) ( )

† †

1 1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆ
0 0 1 1

0 0 1 1 0 0 1 1

l l l ll l
B B

l l l l l l l ll l l l
B B B B

a a a a
k T k T

l l l l
l

a a a a a a a a
k T k T k T k T

a a e a a e
N

e e e e

   

       

− −
− −

− − − −
− − − −

= +

+ +

 

1
( )

1 1 1
( ) ( ) ( )

0 1

1 1 1

l
B

l l l
B B B

k T

k T k T k T

e

e e e

 

     

−
−

− −
− − −

= + =

+ + +

   . 
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Exercise 20.4.1 The “electrode” part in the model depicted in Eq. (20.4.1) consists of a uniform 

linear tight-binding chain of 
EM  sites at the on-site energy,  , with the nearest-neighbor coupling 

matrix elements, | | = − . The eigenvalues and eigenvectors of the corresponding model Hamiltonian 

were first introduced in Eqs. (14.4.25, 14.4.26) and are quoted in Eq. (20.4.4). Let us consider a “half-

filling model” where the system is populated by non-interacting electrons whose number equals the 

number of electrode sites, EM . (a) Considering the Pauli exclusion and the Aufbau principles (chapter 

13), show that for an even EM , the energy of the highest occupied and lowest unoccupied eigenvectors 

of the chain Hamiltonian at zero temperature are, respectively, 
1

2 cos[ (1 )]
2 1EM


  = + −

+
 and 

1
2 cos[ (1 )]

2 1EM


  = + +

+
. (b) Show that for an infinite chain length, EM → ,  these two 

energies coincide to the same value (the chemical potential of the many-electron system), which is equal 

to the on-site energy,  . (c)  Show that the energy of the highest occupied and lowest unoccupied 

eigenvectors of the chain Hamiltonian have the same value also for an odd EM . 

Solution 20.4.1 

(a) 

The model of a uniform linear tight-binding chain of EM  sites is associated with the eigenvalues and 

eigenstates as given in Eq. (20.4.4),   

 
1

2
2 cos( ) ; sin( )

1 1 1

EM

n n j

jE E E

n n j

M M M

 
    

=

= + =
+ + +

 . 

Given that the number of electrons is equal to the number of sites ( EM ), and given that at zero 

temperature the electrons populate the eigenvectors with the lowest possible eigenvalues, subject to the 

Pauli exclusion (namely, up to two electrons per spatial state), and recalling that for negative  , the 

energy n  is an increasing function of n , the index of the highest occupied eigenvector must be / 2EM  

(for an even 
EM ) . Consequently, the highest occupied state is associated with the energy,  

 /2

1
2 cos[ ] 2 cos[ (1 )]

2( 1) 2 1E

E
M

E E

M

M M

 
    = + = + −

+ +
, 

and the lowest unoccupied state is associated with the energy, 

/2 1

( / 2 1) 1
2 cos[ ] 2 cos[ (1 )]

1 2 1E

E
M

E E

M

M M

 
    +

+
= + = + +

+ +
. 

(b)  
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For an infinite chain length, EM → ,  these two energies coincide to the same value, 

/2

1
2 cos[ (1 )] 2 cos[ ]

2 1 2E E
M M

EM

 
     

→
= + − ⎯⎯⎯→ + =

+
 

/2 1

1
2 cos[ (1 )] 2 cos[ ]

2 1 2E E
M M

EM

 
     + →

= + + ⎯⎯⎯→ + =
+

  . 

Hence, the chemical potential of this half-filled chain model coincides with the on-site energy,  . 

(c)   

For an odd EM , the highest occupied eigenvector is also the lowest unoccupied, since it is occupied 

by a single “unpaired” electron.  

 

 

 

Exercise 20.4.2 Using the explicit form of the single particle Hamiltonian, Eqs. (20.4.2, 

20.4.3), in Eq. (20.4.5) and restricting the electron-electron interaction to the adsorbate space (Eq. 

(20.4.6)), derive Eq. (20.4.7). 

Solution 20.4.2 

Adopting the single particle Hamiltonian as given by Eqs. (20.4.2, 20.4.3) we obtain 

( )*

0 0

0 1

ˆ
E EM M

n n n n n n n

n n

h         
= =

= + +  .         

Using { n }, 0,1,2,..., En M=  as an orthonormal set of spatial single particle states to represent the 

single-particle Hamiltonian, we obtain *

, , ,0 ,0 ,0 ,0
ˆ (1 ) (1 )i j i j i i j j i j i j ih h         = = + − + − . 

Rrestricting the electron-electron interaction to the adsorbate space (Eq. (20.4.6)), we obtain 

, , , ,0 ,0 ,0 ,0i j k l i j k lw U   = . 

Substitution these specific results in the formal expression for the many-electron Hamiltonian (Eq. 

(20.4.5)), and using the anti-commutation relation between the fermionic annihilation and creation 

operators, we obtain Eq. (20.4.7),  



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

403 
 

( )

1/2 1/2
† † †

, , , , , , , , ' , ' ,

1/2 , 0 , ' 1/2 , , , 0

1/2
* †

, ,0 ,0 ,0 ,0 , ,

1/2 , 0

1/2

,0 ,0 ,0 ,0

, ' 1/2 , ,

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2

ˆ ˆ(1 ) (1 )

1

2

E E

E

M M

i j i j i j k l i j l k

i j i j k l

M

i i j j i j i j i i j

i j

i j k l

i j

H h a a w a a a a

a a

U

     
  

 


 

       

   

=− = =− =

=− =

=−

= +

= + − + −

+

   

 

 † †

, , ' , ' ,

, 0

1/2
† † * †

, , 0, , , 0,

1/2 0 1

1/2
† †

0, 0, ' 0, ' 0,

, ' 1/2

† † †

0 0,1/2 0,1/2 0 0, 1/2 0, 1/2 ,

1

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ

1
ˆ ˆ ˆ ˆ

2

ˆ ˆ ˆ ˆ ˆ ˆ

E

E E

E

M

i j l k

k l

M M

i i i i i i i

i i

M

i i i

i

a a a a

a a a a a a

Ua a a a

a a a a a a

   

     


   
 



  

  

=

=− = =

=−

− −

=

 
= + + 

 

+

= + +



  



 ( )

( )

1/2
† * †

, 0, , , 0,

1/2

† † † † † † † †

0,1/2 0,1/2 0,1/2 0,1/2 0,1/2 0, 1/2 0, 1/2 0,1/2 0, 1/2 0,1/2 0,1/2 0, 1/2 0, 1/2 0, 1/2 0, 1/2 0, 1/2

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2

i i i ia a a a

U
a a a a a a a a a a a a a a a a

    


 
=−

− − − − − − − −

+ +

+ + + +



( )
1/2

† † † † † † * †

0 0,1/2 0,1/2 0 0, 1/2 0, 1/2 0,1/2 0,1/2 0, 1/2 0, 1/2 , , 0, , , 0,

1/2 1

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
EM

i i i i i i i

i

a a a a Ua a a a a a a a a a     


    − − − −

=− =

= + + + + +   . 

 

Exercise 20.5.1 (a) Use the anti-commutation relation between the fermionic annihilation and 

creation operators, 
† †

'
ˆ ˆ{ , } 0l la a = , '

ˆ ˆ{ , } 0l la a = , 
†

' , '
ˆ ˆ{ , }l l l la a =  (Eqs. (20.1.19, 20.1.20)), to show that 

the traces over a single orbital Fock space, 
†ˆ ˆ ˆ{ ( )}k k k ktr a f a a  and 

† †ˆ ˆ ˆ{ ( )}k k k ktr a f a a , vanish for any 

analytic function, 
0

ˆ ˆ( ) n

nn
f A f A



=
= . (b) Given the definition of the fermion bath Hamiltonian and 

coupling operators (Eq. (20.5.1) with 
1

ˆ ˆ
EM

B k k

k

U a
=

 ), and the bath density operator (Eq. (20.5.2)), use 

the result of (a) to show that 
†ˆ ˆˆ ˆ{ } { } 0B B B B B Btr U tr U = = . 

Solution 20.5.1 

(a) 

For an analytic function we can expand, 
† †

0

ˆ ˆ ˆ ˆ( )
n

k k n k k

n

f a a f a a


=

 =    . Hence, it is sufficient to show 

that, † † †ˆ ˆ ˆ ˆ ˆ ˆ{ ( ) } { ( ) } 0n n

k k k k k k k ktr a a a tr a a a= =  for any n . Using 
† †

'
ˆ ˆ{ , } 0l la a = , '

ˆ ˆ{ , } 0l la a = , 

†

' , '
ˆ ˆ{ , }l l l la a = , we can readily see that: 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

404 
 

For 0n = , ˆ ˆ ˆ{ } 0 0 1 1 0k k k ktr a a a= + =  and † † †ˆ ˆ ˆ{ } 0 0 1 1 0k k k ktr a a a= + = . 

For 1n = , 
† † †ˆ ˆ ˆ ˆ ˆ ˆ ˆ{ } { 1 } { } { } 0k k k k k k k k k ktr a a a tr a a a tr a tr a a a = − = − =   and 

† †ˆ ˆ{ } 0k k ktr a a a = . 

For any 1n  , we have 
† 1 † † † † †ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) [1 ]( ) ( )n n n n

k k k k k k k k k k k ka a a a a a a a a a a a+ = = − =   and therefore, 

† 1 † 1ˆ ˆ ˆ ˆ ˆ ˆ{ ( ) } { ( ) } 0n

k k k k k k k ktr a a a tr a a a+ = =  and 
† † 1 † † 1ˆ ˆ ˆ ˆ ˆ ˆ{ ( ) } { ( ) } 0n

k k k k k k k ktr a a a tr a a a+ = = .  

Consequently, 
†ˆ ˆ ˆ{ ( )}k k k ktr a f a a  and 

† †ˆ ˆ ˆ{ ( )}k k k ktr a f a a  vanish for any analytic function, 

( )† †

0
ˆ ˆ ˆ ˆ( )

n

k k n k kn
f a a f a a



=
= . 

(b) 

Using Eq. (20.5.1) for the bath Hamiltonian, 
†

1

ˆ ˆ ˆ
EM

B k k k

k

H a a
=

= , and for the coupling operator, 

1

ˆ ˆ
EM

B k k

k

U a
=

 , using Eq. (20.5.2) for the bath density, 

†

†

†

1
ˆ ˆ( )

1
ˆ ˆ( )

1
ˆ ˆ( )

1
ˆ

{ }

k kk
B k k kk

B k

k kk
B k

a a
k T a a

k T

B
a a

k T

e
e

Z
tr e

 
 

 



−
−

−
−

−
−




= =


, 

and recalling that  
1 ' ' '
ˆ ˆ ˆ ˆ{ } { } { }j j j j j jtr O O tr O tr O =  , we obtain 

† †
' '' ' ''

' 1

† † †
1 1 2 21 2

1 1ˆ ˆ( ) ˆ ˆ( )

1 1 ' 1

1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

1 2

1

1 1ˆ ˆ ˆ ˆ{ } { } { }

1
ˆ{ } { } { }

ME

EE j jj j jj
B j B

j j j
B B B

MNM a a a a
k T k T

B B B B j j j j B

j j j

N a a a a a a
k T k T k T

j j j

j

tr U tr a e a tr e
Z Z

tr e tr e tr a e
Z





   

     

  



=

− −− −

= = =

− − −
− − −

=


= =

= 

  



† †
' '' ' ''

' 1

1 1ˆ ˆ( ) ˆ ˆ( )
† * † * †

1 1 ' 1

1 1ˆ ˆ ˆ ˆ{ } { } { }

ME

EE j jj j jj
B j B

MNM a a a a
k T k T

B B B B j j j j B

j j j

tr U tr a e a tr e
Z Z

   

  =

− −− −

= = =


= =  

† † †
1 1 2 21 2

1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

* †

1 2

1

1
ˆ{ } { } { }

j j j
B B B

N a a a a a a
k T k T k T

j j j

j

tr e tr e tr a e
Z

      



− − −
− − −

=

=    . 

Using (a) we have 

† †1 1
ˆ ˆ ˆ ˆ( ) ( )

†ˆ ˆ{ } { } 0
j j j j j j

B B

a a a a
k T k T

j j j jtr a e tr a e
   

− −
− −

= = , and therefore, 

†ˆ ˆˆ ˆ{ } { } 0B B B B Btr U U = = . 
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Exercise 20.5.2 (a) Use the explicit expressions, 
1

ˆ ˆ
EM

B k k

k

U a
=

 , 
†

1

ˆ ˆ ˆ
EM

B k k k

k

H a a
=

= , 

† †1 1
ˆ ˆ ˆ ˆ( ) ( )

ˆ / { }
k k k kk k

B Bk k

a a a a
k T k T

B e tr e
   



− −
− − 

= , and the fermionic anti-commutation relations to show that 

the bath correlation functions, ( )ec  =
ˆ ˆ

†ˆ ˆ ˆ{ }
B B

i i
H H

B B B Btr U e U e
 


−

 and 

ˆ ˆ
†ˆ ˆ ˆ( ) { }

B B

i i
H H

a B B B Bc tr U e U e
 

 
−

= , read 
2

1
( )

1

1
( ) | | [1 ]

1

E
k

k
B

iM

e k

k k T

c e

e




 
 

−

−
=

= −

+

   and 

2

1
( )

1

1
( ) | |

1

E
k

k
B

iM

a k

k k T

c e

e




 
 

−
=

=

+

 .  

(b) For a general system-bath coupling operator, ( ) ( )ˆ ˆ ˆS B

SBH V U 


  (Eq. (19.3.12)), the Redfield 

(Born-Markov) dissipator obtains the form  of Eqs. (19.3.21, 19.3.22), ˆ ˆ ( )SD t =  

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

       
 

    
− −

− +   where, 

ˆ ˆ
( ) ( )

, ' '
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

    
−

  and , ' , '( ) ( )c c    = − . Map the coupling operator defined 

in Eq. (20.5.1), 
† †ˆ ˆ ˆ ˆ ˆ

SB S B S BH V U V U + , on this general form by identifying: 

( ) ( ) † ( ) † ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,S B S B

S B S BV V U U V V U U     to show that,  

ˆ ˆ ˆ ˆ
† * †

1,2 2.12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

S

t i i i i
H H H H

S S S S S S

D t

d c V e V e t c t e V e V
   



    
− −

=

− +
 

ˆ ˆ ˆ ˆ
† * †

2,1 1,22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S Sd c V e V e t c t e V e V
   

    
− −

− + . 

(c) Use the identities, 1,2 ( ) ( )ec c = , 2,1( ) ( )ac c = , to derive Eq. (20.5.3).   

Solution 20.5.2 

(a) 

Using:
†

1

ˆ ˆ ˆ
EM

B k k k

k

H a a
=

= , 
1

ˆ ˆ
EM

B k k

k

U a
=

 , 
† * †

1

ˆ ˆ
EM

B k k

k

U a
=

  and 

†1
ˆ ˆ( )1

ˆ }
k kk

B k

a a
k T

B e
Z

 



−
−

= , we obtain 
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ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

ˆ ˆ ˆ ˆˆ ˆ( ) { } { }
E

B B B B

i i i iM
H H H H

a B B B B j j B j j B

j j

c tr U e U e tr a e a e
   

    
− −

=

= = 

ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

ˆ ˆ ˆ ˆˆ ˆ( ) { } { }
E

B B B B

i i i iM
H H H H

e B B B B j j B j j B

j j

c tr U e U e tr a e a e
   

    
− −

=

= =  . 

Focusing on 
ˆ ˆ

†

'
ˆˆ ˆ{ }

B B

i i
H H

B j j Btr a e a e
 


−

, we notice that 
ˆˆ

1

E
B j

i iM
H h

j

e e
 − −

=

=  and 

1 ˆ ˆ( )
ˆˆ

1

ˆ

j j
E B

B j

h N
i iM k T

H h

B

j j

e
e e

Z


 



−
−

=

= , where, †ˆ ˆ ˆ
j j j jh a a , †ˆ ˆ ˆ

j j jN a a  and  

1 ˆ ˆ( )

{ }
j j

B

h N
k T

j jZ tr e


−
−

= .   

Therefore, for 'j j= ,  

 

1 1 2 2

1 1 1ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )
ˆ ˆˆ ˆ

† †

1 2

1 2

ˆˆ ˆ ˆ ˆ{ } { } { } { }

j j
B B B

B B j j

h N h N h N
i i i ik T k T k T

H H h h

B j j B j j j

j

e e e
tr a e a e tr tr tr a e a e

Z Z Z

  
   



− − −
− − −

− −

=  , 

and for 'j j , 

1 1 2 2

1 1ˆ ˆˆ ˆ( ) ( )
ˆ ˆ

†

' 1 2

1 2

ˆˆ ˆ{ } { } { }
B B

B B

h N h N
i i k T k T

H H

B j j B

e e
tr a e a e tr tr

Z Z

 
 



− −
− −

−

= 

' '

' '

1 1ˆ ˆˆ ˆ( ) ( )
ˆ ˆ ˆ ˆ

†

' '

'

ˆ ˆ{ } { }

j j j j
B B

j j j j

h N h N
i i i ik T k T

h h h h

j j j j

j j

e e
tr a e e tr e a e

Z Z

 
   

− −
− −

− −

. 

Since 

1 ˆ ˆ( )

{ } 1

j j
B

h N
k T

j

j

e
tr

Z


−

−

= , and 

1 ˆ ˆ( )
ˆ ˆ

†ˆ{ }

j j
B

j j

h N
i i k T

h h

j j

j

e
tr a e e

Z


 

−
−

−
' '

' '

1 ˆ ˆ( )
ˆ ˆ

' '

'

ˆ{ } 0

j j
B

j j

h N
i i k T

h h

j j

j

e
tr e a e

Z


 

−
−

−

= =  

(see Ex. 20.5.1 (a)), we obtain  

1 ˆ ˆ( )
ˆ ˆˆ ˆ

† †

' , '
ˆˆ ˆ ˆ ˆ{ } { }

j j
B

B B j j

h N
i i i i k T

H H h h

B j j B j j j j j

j

e
tr a e a e tr a e a e

Z


   

 

−
−

− −

= ,   

and similarly, 

1 ˆ ˆ( )
ˆ ˆˆ ˆ

† †

' , '
ˆˆ ˆ ˆ ˆ{ } { }

j j
B

B B j j

h N
i i i i k T

H H h h

B j j B j j j j j

j

e
tr a e a e tr a e a e

Z


   

 

−
−

− −

= . 

Consequently:  
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ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

ˆ ˆ ˆ ˆˆ ˆ( ) { } { }
E

B B B B

i i i iM
H H H H

a B B B B j j B j j B

j j

c tr U e U e tr a e a e
   

    
− −

=

= = 

1 1ˆ ˆˆ ˆ( ) ( )
ˆ ˆ ˆ ˆ

* † 2 †

' , '

, ' 1 1

ˆ ˆ ˆ ˆ{ } | | { }

j j j j
E B E B

j j j j

h N h N
i i i iM k T M k T

h h h h

j j j j j j j j j j j

j j jj j

e e
tr a e a e tr a e a e

Z Z

 
   

   

− −
− −

− −

= =

= =    , 

ˆ ˆ ˆ ˆ
† * †

' '

, ' 1

ˆ ˆ ˆ ˆˆ ˆ( ) { } { }
E

B B B B

i i i iM
H H H H

e B B B B j j B j j B

j j

c tr U e U e tr a e a e
   

    
− −

=

= = 

1 1ˆ ˆˆ ˆ( ) ( )
ˆ ˆ ˆ ˆ

* † 2 †

' , '

, ' 1 1

ˆ ˆ ˆ ˆ{ } | | { }

j j j j
E B E B

j j j j

h N h N
i i i iM k T M k T

h h h h

j j j j j j j j j j j

j j jj j

e e
tr a e a e tr a e a e

Z Z

 
   

   

− −
− −

− −

= =

= =  . 

Using the fermionic anticommutation relations, we obtain 

†ˆ ˆ ˆ
† † † † †

0

1
ˆ ˆ ˆ ˆ ˆ ˆ( )

!

j j j j

ni i
h a a

n

j j j j j j j

n

i
a e a e a a a a

n

 
 


  

=

 
= = = 

 
  

and 

†ˆ ˆ ˆ
† †

0 0

1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )

! !

j j j j

n ni i
h a a

n n

j j j j j j j j j j

n n

i i
a e a e a a a a a a

n n

 
  

 
   

= =

    
= = =   

   
   

0

1
ˆ ˆ

!

j

n i

j j j

n

i
a a e

n







=

 
= = 

 
 . 

Therefore,  

1 ˆ ˆ( )

2 †

1

ˆ ˆ( ) | | { }

j j
E B

j

h N
iM k T

a j j j j

j j

e
c e tr a a

Z





 

−
−

=

=  

 and 

 

1 ˆ ˆ( )

2 †

1

ˆ ˆ( ) | | { }

j j
E B

j

h N
iM k T

e j j j j

j j

e
c e tr a a

Z





 

−
−

−

=

= . 

For the explicit calculation of the traces, we recall the result of Ex. 20.3.1 (b) for the average thermal 

occupation numbers of electrons,  

 

†1 1ˆ ˆ ˆ ˆ( ) ( )

† †

1
( )

1
ˆ ˆ ˆ ˆ{ } { }

1

j j j j j
B B

j
B

h N a a
k T k T

j j j j j j

j j k T

e e
tr a a tr a a

Z Z
e

  

 

− −
− −

−

= =

+

 , 
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and consequently, for holes, 

( )

†1 1ˆ ˆ ˆ ˆ( ) ( )

† †

1
( )

1
ˆ ˆ ˆ ˆ{ } { 1 } 1

1

j j j j j
B B

j
B

h N a a
k T k T

j j j j j j

j j k T

e e
tr a a tr a a

Z Z
e

  

 

− −
− −

−

= − = −

+

. 

Hence, the correlation functions read 

2

1
( )

1

( ) | |

1

j
E

j
B

i
M

a j

j k T

e
c

e




 
 

−
=

=

+

         ;        

1
( )

2

1
( )

1

( ) | |

1

j
E B

j

j
B

iM k T

e j

j k T

e
c e

e

 



 
 

−
−

−
=

=

+

 . 

(b) 

  

For a general system-bath coupling operator, ( ) ( )ˆ ˆ ˆS B

SBH V U 


  (Eq. (19.3.12)), the Redfield (Born-

Markov) dissipator obtains the form  of Eqs. (19.3.21, 19.3.22), ˆ ˆ ( )SD t =  

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

, ' ' ', '2
, ' 0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

       
 

    
− −

− +   where, 

ˆ ˆ
( ) ( )

, ' '
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

    
−

 , and , ' , '( ) ( )c c    = − .  

Defining: 
( ) ( ) † ( ) † ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,S B S B

S B S BV V U U V V U U    , the system-bath coupling operator in Eq. 

(20.5.1) can be written as, 
† † ( ) ( ) ( ) ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆS B S B

SB S B S BH V U V U V U V U + = + . Using the general Redfield 

dissipator for 
2

( ) ( )

1

ˆ ˆ ˆS B

SBH V U 
=

  (Eqs. (19.3.21, 19.3.22)), we obtain 

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

1,1 1 1 1,1 1 12

0

ˆ ˆ ˆ ˆ
( ) ( ) ( )

1,2 1 2 2,1 2 12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) ,

S S S S

S S S S

S

t i i i i
H H H H

S S S S

S S

t i i i i
H H H H

S S S

S S

D t

d c V e V e t c t e V e V

d c V e V e t c t e V e V

   

   



    

    

− −

− −

=

− +

− +




( )

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

2,1 2 1 1,2 1 22

0

]}

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

    
− −

− +

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

2,2 2 2 2,2 2 22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

S Sd c V e V e t c t e V e V
   

    
− −

− + , 
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where,  

ˆ ˆ
( ) ( )

1,1 1 1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  

ˆ ˆ
( ) ( )

1,2 1 2
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  

ˆ ˆ
( ) ( )

2,1 2 1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  

ˆ ˆ
( ) ( )

2,2 1 1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

B Bc tr U e U e
 

 
−

  . 

Using the mapping, ( ) ( ) † ( ) † ( )

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,S B S B

S B S BV V U U V V U U     , we obtain 

ˆ ˆ ˆ ˆ

1,1 1,12

0

ˆ ˆ ˆ ˆ
† †

1,2 2,12

0

2,12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

1
{ ( )

S S S S

S S S S

S

t i i i i
H H H H

S S S S S S

t i i i i
H H H H

S S S S S S

t

D t

d c V e V e t c t e V e V

d c V e V e t c t e V e V

d c

   

   



    

    

 

− −

− −

=

− +

− +

−






ˆ ˆ ˆ ˆ

† †

1,2
ˆ ˆ ˆ ˆˆ ˆ[ , ( )] ( )[ ( ) , ]}

S S S S

i i i i
H H H H

S S S S S SV e V e t c t e V e V
   

  
− −

+

ˆ ˆ ˆ ˆ
† † † †

2,2 2,22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S Sd c V e V e t c t e V e V
   

    
− −

− +  , 

where,  

ˆ ˆ

1,1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

=  

ˆ ˆ
†

1,2
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

=  

ˆ ˆ
†

2,1
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

=  

ˆ ˆ
† †

2,2
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B B Bc tr U e U e
 

 
−

= . 

Using the definitions in (a), we identify,  

ˆ ˆ
†

1,2
ˆ ˆ ˆ( ) { } ( )

B B

i i
H H

B B B B ec tr U e U e c
 

  
−

= =  and  
ˆ ˆ

†

2,1
ˆ ˆ ˆ( ) { } ( )

B B

i i
H H

B B B B ac tr U e U e c
 

  
−

= = , 
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where, using considerations like those applied in (a), the other correlation functions vanish,  

ˆ ˆ ˆ ˆ

1,1 ' '

, ' 1

1 1ˆ ˆˆ ˆ( ) ( )
ˆ ˆ ˆ

2 2

1 1

ˆ ˆ ˆ ˆˆ ˆ( ) { } { }

ˆ ˆ ˆ ˆ{ } { } 0

E
B B B B

j j j j
E B E B

j j j j

i i i iM
H H H H

B B B B j j B j j B

j j

h N h N
i i i iM k T M k T

h h h

j j j j j j j j

j jj j

c tr U e U e tr a e a e

e e
tr a e a e tr e a a e

Z Z

   

 
   



    

 

− −

=

− −
− −

− −

= =

= =

= = =



 

 

ˆ ˆ ˆ ˆ
† † * * † †

2,2 ' '

, ' 1

ˆ ˆ ˆ ˆˆ ˆ( ) { } { }
E

B B B B

i i i iM
H H H H

B B B B j j B j j B

j j

c tr U e U e tr a e a e
   

    
− −

=

= = 

1 1ˆ ˆˆ ˆ( ) ( )
ˆ ˆ ˆ

* 2 † † * 2 † †

1 1

ˆ ˆ ˆ ˆ( ) { } ( ) { } 0

j j j j
E B E B

j j j

h N h N
i i iM k T M k T

h h h

j j j j j j j j

j jj j

e e
tr a e a e tr a a e

Z Z

 
  

 

− −
− −

−

= =

= = =   . 

Hence, 

ˆ ˆ ˆ ˆ
† †

1,2 2,12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

S

t i i i i
H H H H

S S S S S S

D t

d c V e V e t c t e V e V
   



    
− −

=

− +

ˆ ˆ ˆ ˆ
† †

2,1 1,22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S Sd c V e V e t c t e V e V
   

    
− −

− +   . 

Using Eq. (19.3.21), we have 2,1 2,1( ) ( )c c = −  and 1,2 1,2( ) ( )c c = − . Using 
† *ˆ ˆ{ } { }Btr O tr O=  and 

cyclic permutations under the trace, we obtain 

ˆ ˆ ˆ ˆ ˆ ˆ
† † * † * *

1,2 1,2
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { } { } { } ( )

B B B B B B

i i i i i i
H H H H H H

B B B B B B B B B B B Bc tr U e U e tr e U e U tr U e U e c
     

    
− − −

− = = = =

ˆ ˆ ˆ ˆ ˆ ˆ
† † * † * *

2,1 2.1
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { } { } { } ( )

B B B B B B

i i i i i i
H H H H H H

B B B B B B B B B B B Bc tr U e U e tr e U e U tr U e U e c
     

    
− − −

− = = = = .  

Hence, 

ˆ ˆ ˆ ˆ
† * †

1,2 2.12

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

S

t i i i i
H H H H

S S S S S S

D t

d c V e V e t c t e V e V
   



    
− −

=

− +

ˆ ˆ ˆ ˆ
† * †

2,1 1,22

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S S Sd c V e V e t c t e V e V
   

    
− −

− + . 

(c)  
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Using the identities, 
1,2 ( ) ( )ec c = , 

2,1( ) ( )ac c =  (see (b)), we can rewrite the result of (b) as, 

ˆ ˆ ˆ ˆ
† * †

2

0

ˆ ˆ ( )

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )( )[ ( ) , ]}
S S S S

S

t i i i i
H H H H

e S S S a S S S

D t

d c V e V e t c t e V e V
   



     
− −

=

− +
 

ˆ ˆ ˆ ˆ
† * †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

a S S S e S S Sd c V e V e t c t e V e V
   

    
− −

− +    . 

Identifying  

ˆ ˆ ˆ ˆ
† † †ˆ ˆ ˆ ˆˆ ˆ[ , ( )] [ ( ) , ]

S S S S

i i i i
H H H H

S S S S S SV e V e t t e V e V
   

 
− −

=   

and 

ˆ ˆ ˆ ˆ
† † †ˆ ˆ ˆ ˆˆ ˆ[ , ( )] [ ( ) , ]

S S S S

i i i i
H H H H

S S S S S SV e V e t t e V e V
   

 
− −

= , 

we obtain the dissipator in Eq. (20.5.3),  

ˆ ˆ ˆ ˆ
† †

2

0

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( ) { ( )[ , ( )] ( )[ , ( )] . .}
S S S S

t i i i i
H H H H

S e S S S a S S SD t d c V e V e t c V e V e t h c
   

     
− −

= − + + .   

 

Exercise 20.5.3 Consider the adsorbate-electrode model, characterized by the single particle 

Hamiltonian in Eqs. (20.4.2, 20.4.3). The eigenvalues and eigenvectors of the single particle electrode 

Hamiltonian (corresponding to a linear uniform chain) are given by Eq. (20.4.4) (see also Eqs. (14.4.25, 

14.4.26)) where the adsorbate-electrode coupling is restricted to the terminal electrode site and 

depends on the projections of the chain eigenvectors ({ k }) on the first electrode site, namely 

1k k   =  (see Eq. (20.4.3)). Show that: (a) 

2
2 2

2

( )
| | 2 | | [1 ] / ( 1)

4

k
k EM

 
 



−
= − + . (b) The 

density of states for the linear chain model reads 

2 2( )
( ) ( 1) / ( 4 ( ) )

k

k E k

n
M

 


     

 =


  + − −


. (c) The respective spectral density of the 

adsorbate-electrode interaction (Eq. (20.5.5)) is given by Eq. (20.5.7).  

Solution 20.5.3 

(a) 
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Using the explicit expression for the linear chain eigenvectors (Eq. (20.4.4)), 

1

2
sin( )

1 1

EM

n j

j E E

n j

M M


 

=

=
+ +

 , the coupling matrix elements read 

1

2
sin( )

1 1
k k

E E

k

M M


    = =

+ +
.  

Consequently, 

2 2
2 2 2 2

1

2 | | 2 | |
| | | | sin ( ) [1 cos ( )]

1 1 1 1
k k

E E E E

k k

M M M M

   
   = = = −

+ + + +
. 

Using the explicit expression for the linear chain eigenvalues (Eq. (20.4.4)), 

2 cos( )
1

n

E

n

M


  = +

+
, we obtain  

22 2
2 2

2

( )2 | | 2 | |
| | [1 cos ( )] [1 ]

1 1 1 4

k
k

E E E

k

M M M

   




−
= − = −

+ + +
. 

(b)  

For the linear chain model with 2 cos( )
1

n

E

n

M


  = +

+
 and 0  , the number of states up to an 

energy,  , in an interval  1n n   +    is n , namely 
1

( ) cos[ ]
2

EM
n arc

 


 

+ −
= . For sufficiently 

large EM  we can regard the energy as a continuous variable to obtain 

2

1 1 1 1
( ) ( ) cos( )

2 2
1 ( )

2

E EM Md d
n arc

d d

 
  

      



+ +− −
= = =

−
−

 

2 2
2

1 11 1 1

2 | | 4 ( )
1 ( )

2

E EM M

      



+ +
= =

− − −
−

  . 

(c)  

Using the definition of the spectral density, 
2( ) 2 ( ) ( )J      , with (see (a) and (b)), 

22
2 2

2

( )2 | |
( ) | | [1 ]

1 4

k
k k

EM

 
  



−
= = −

+
,  and 

2 2

1 1
( )

4 ( )

E
k

M
 

   

+
=

− −
, we obtain Eq. 

(20.5.7),  

22 2
2 2

2 22 2

( ) 12 | | 1 | |
( ) 2 [1 ] 4 ( )

1 4 4 ( )

k E
k k

E

M
J

M

  
    

    

− +
 − = − −

+ − −
. 
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Exercise 20.5.4 Show that the matrix representation of Eq. (20.5.8) in the basis of the system 

Hamiltonian eigenstates (Eq. (20.5.9)) is given by Eqs. (20.5.11, 20.5.12).  

Solution 20.5.4 

Starting from the reduced equation, Eq. (20.5.8),   

ˆˆ ˆ( ) [ , ( )]S S S

i
t H t

t
 


 −



ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ , ( )] . .}
S S S S

i i i i
H H H H

e S S S a S S Sd c V e V e t c V e V e t h c
   

    
 − −

− + +  , 

we introduce a complete orthonormal set of ˆ
SH -eigenstates, ˆ S m m mH E =   (Eq. (20.5.9)). The 

corresponding equation for the matrix elements,   '',
ˆ ˆ( ) ( )S n S nn n

t t =   , in terms of the matrix 

representations of the system operators, '
',

ˆ ˆ
S n S n

n n
V V  =  
    reads    

   

  

 

'

' '

'', ',

†

2 ',', , '
, '0

†

',', ' ,
, '

†

', ,
, '

ˆ ˆ( ) [ ] ( )

1 ˆ ˆ ˆ( ) ( )

ˆ ˆˆ ( )

ˆ ˆ( )

k m

n m

k

S n n Sn n n n

i i
E E

e S S S m nn k k m
k m

i i
E E

S S Sm mn m m n
m m

i
E

a S S
n k k

k m

i
t E E t

t

d c V e V e t

e V e t V

c V e V

 

 



 

  





 −

−

−


 − −




   −     




   −    



   +
   





  

   

'

' '

','

†

', ',' ' ,
, '

ˆ ( )

ˆ ˆˆ ( ) . . }

m

n m

i
E

S m nm

i i
E E

S S Sm m n nn m m n
m m

e t

e V e t V h c



 




−






   − +   




  *

' ', , '',
ˆ[ ] ( )n n S n n n nn n

i
E E t B B − − + +  , 

where, 
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'

' '

'

', 2

0

†

',', , '
, '

†

',', ' ,
, '

†

',', , '
, '

, '

1

ˆ ˆ ˆ( ) ( )

ˆ ˆˆ ( )

ˆ ˆ ˆ( ) ( )

k m

n m

k m

n n

i i
E E

e S S S m nn k k m
k m

i i
E E

S S Sm mn m m n
m m

i i
E E

a S S S m nn k k m
k m

m m

B d

c V e V e t

e V e t V

c V e V e t

e

 

 

 



 



 



−

−

−

= −


       




   −    




   +     



−









  
' ' †

',' ' ,

ˆ ˆˆ ( ) }
n m

i i
E E

S S Sm mn m m n
V e t V

 


− 

       


 

 

 

 

'

' '

'

2

0

( )
†

, ',', , '
, , '

( )
†

',', ' ,
, '

( )
†

, ',', , '
, , '

1

ˆ ˆ ˆ{ ( ) ( )

ˆ ˆˆ ( )

ˆ ˆ ˆ( ) ( )

k m

n m

k m

i
E E

e S S m n S m mn k k m
k m m

i
E E

S S Sm mn m m n
m m

i
E E

a S S m n S m mn k k m
k m m

m

d

c e V V t

e V t V

c e V V t









  



  



−
−

−
−

−
−

= −


       




   −    




   +     



−









 
' '( )

†

',' ' ,
, '

ˆ ˆˆ ( ) }
n m

i
E E

S S Sm mn m m n
m

e V t V



−

− 
       




 

( )'( )
, † †

2 ', , ' ', , '
, ' 0

ˆ ˆ ˆ ˆ( ) ( )
k m

i
E E

m n

e S S a S S
n k k m n k k m

m m k

d e c V V c V V


  
 −

−
       = − +        


  

( )  
' '( )

† †

2 ',', ' , ' ' ,
0

1 ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )
n m

i
E E

e S S a S S S m mn m m n n m m n
d e c V V c V V t



   
 −

− 
       + +        


   . 

Defining,   

( )'( )
† †

', , ', , 2 ' , ' ', , '
0

1 ˆ ˆ ˆ ˆ( ) ( )
k m

i
E E

n n m m m n e S S a S S
n k k m n k k m

k

A d e c V V c V V


   
 −

−
        +
         ,

 

( )' '( )
† †

2 ', ' , ', ' ,
0

1 ˆ ˆ ˆ ˆ( ) ( )
n m

i
E E

e S S a S S
n m m n n m m n

d e c V V c V V


  
 −

−
       − +
        , 

we obtain,  ', ', , ', ',
, '

ˆ ( )n n n n m m S m m
m m

B A t= − , and therefore,  
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*

' ', , ', , ', ',', ', ', , '
, ' , '

*

' ', , ', , ', , '', ', ',
, ' ',

ˆ ˆ ˆ ˆ( ) [ ] ( ) ( ) ( )

ˆ ˆ ˆ[ ] ( ) ( ) ( )

S n n S n n m m S n n m m Sn n n n m m m m
m m m m

n n S n n m m S n n m m Sn n m m m m
m m m m

i
t E E t A t A t

t

i
E E t A t A t

   

  


 − − − −



= − − − −

 

 

  ( ) *

' ', , ', , ', , '', ',
, '

ˆ ˆ[ ] ( ) ( )n n S n n m m n n m m Sn n m m
m m

i
E E t A A t = − − − +    . 

 

Exercise 20.5.5 Show that setting the coherences of the reduced density matrix to zero in Eqs. 

(20.5.11, 20.5.12) leads to Eq. (20.5.13).   

Solution 20.5.5 

Starting from Eqs. (20.5.11), 

    ( ) *

' ', , ', , ', , '', ', ',
',

ˆ ˆ ˆ( ) ( ) ( ) ( )S n n S n n m m n n m m Sn n n n m m
m m

i
t E E t A A t

t
  


 − − − +


 ,  

and setting the coherences to zero,     , '', ,
ˆ ˆ( ) ( )S S m mm m m m

t t   , we obtain 

  ( )  ( ) *

, , , , , , , , ,, , ,
ˆ ˆ ˆ( ) ( ) 2Re ( )S n n m m n n m m S n n m m Sn n m m m m

m m

t A A t A t
t
  


 − + = −


  .  

Using Eq. (20.5.12) for ', , ',n n m mA , we obtain 

( )
† †

, , , , 2 , , ,
0

( )
† †

2 , , , ,
0

( )

, 2

0

1 ˆ ˆ ˆ ˆ{ ( ) ( ) }

1 ˆ ˆ ˆ ˆ{ ( ) ( ) }

1 ˆ{ ( )

k m

n m

k n

i
E E

n n m m m n e S S a S S
n k k m n k k m

k

i
E E

e S S a S S
n m m n n m m n

i
E E

m n e

k

A d e c V V c V V

d e c V V c V V

d e c







   

  

  

 −
−

 −
−

 −
−

       = +
       

       − +
       

=

 





,

2 2
†

,

ˆ( ) }S a S
n k n k

V c V   +
   ,

2 2
( )

†

2 , ,
0

1 ˆ ˆ{ ( ) ( ) }
n m

i
E E

e S a S
m n m n

d e c V c V


  
 −

−
   − +
    , 

and therefore,  
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,

2 2
( ) ( )

†

2 2 ,,
0 0

2 2
( ) ( )

†

2 2, ,
0 0

ˆ ( )

2 2ˆ ˆ ˆRe ( ) Re ( ) ( )

2 2ˆ ˆ ˆRe ( ) Re ( ) (

k n k n

n m n m

S n n

i i
E E E E

S e S a S n nn k n k
k

i i
E E E E

S e S a S
m n m n

m

t
t

V d e c V d e c t

V d e c V d e c

 

 



    

    

 − −
− −

 − −
− −






 
   − +    

 

 
   + +    

 

  

  

,

 

 
' '

,

2 2
( ) ( )

†

2 2 ,' , '
' 0 0

)

2 2ˆ ˆ ˆRe ( ) Re ( ) ( )
n n n n

m m

i i
E E E E

S e S a S n nn n n n
n

t

V d e c V d e c t
 

    
 − −

− − 
   = − +    

 
  ,

 
' '

2 2
( ) ( )

†

2 2 ', '', ',
' 0 0

2 2ˆ ˆ ˆRe ( ) Re ( ) ( )
n n n n

i i
E E E E

S e S a S n nn n n n
n

V d e c V d e c t
 

    
 − −

− − 
   + +    

 
     . 

Recalling the expressions for the correlation functions in terms of the continuous reservoir spectral 

density (Eq. (20.5.6)), 
/ /1 1

( ) ( ) ( ) ; ( ) ( ) ( )
2 2

i i

a e e hc d e J f c d e J f        
 

−= =  , we 

obtain 

 

' '

'

( ) ( )
/

2 2

0 0

( )

'2

2 2 1
Re ( ) Re ( ) ( )

2

1 1 1
Re ( ) ( ) ( ) ( ) ( )

2

n n n n

n n

i i
E E E E

i

e h

i
E E

h n n h

d e c d d e e J f

d d e J f d E E J f

 





     


       


 − −
− −

−

 −
+ −

−

=

= = + −

  

  

 

' '

1
( ) ( )n n h n nJ E E f E E= − −   

and 

' '

'

( ) ( )
/

2 2

0 0

( )

'2

2 2 1
Re ( ) Re ( ) ( )

2

1 1 1
Re ( ) ( ) ( ) ( ) ( )

2

n n n n

n n

i i
E E E E

i

a e

i
E E

e n n e

d e c d d e e J f

d d e J f d E E J f

 





     


       


 − −
− −

 −
− + −

−

=

= = − + −

  

  

 

' '

1
( ) ( )n n e n nJ E E f E E= − − . 

Consequently,  

 

 

,

2 2
†

' ' ' ' ,' , '
'

ˆ ( )

1 1ˆ ˆ ˆ( ) ( ) ( ) ( ) ( )

S n n

S n n h n n S n n e n n S n nn n n n
n

t
t

V J E E f E E V J E E f E E t










 
   − − − + − −    

 


,
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2 2

†

' ' ' ' ', '', ',
'

1 1ˆ ˆ ˆ( ) ( ) ( ) ( ) ( )S n n h n n S n n e n n S n nn n n n
n

V J E E f E E V J E E f E E t
 
   + − − + − −    

 
  . 

Defining,  
,

ˆ( ) ( )n S n n
P t t  and 

2 2
†

' ' ' ' '
' , '

1 1ˆ ˆ( ) ( ) ( ) ( )n n S n n h n n S n n e n n
n n n n

k V J E E f E E V J E E f E E→
    − − + − −
   ,

,  

we obtain the master equation for the system eigenstate populations (Eq. (20.5.13)),   

' ' '

' '

( ) ( ) ( )n n n n n n n

n n

P t k P t k P t
t

→ →


 − +


  . 

 

Exercise 20.5.6 The adsorbate-electrode Hamiltonian can be conveniently split into zero order 

and perturbation Hamiltonians, 
0

ˆ ˆ ˆH H V= + , where,  
0
ˆ ˆ ˆ

S BH H H= + , and ˆ ˆ
SBV H=  (see Eq. 

(20.5.1)). Using Eq. (20.5.9), the eigenvectors of 0Ĥ  are defined by the equation, 

0 1 2 1 2

1

ˆ , ,...., ( ) , ,....,
E

E E

M

n M n k k n M

k

H n n n E n n n n
=

  = +   . A charge transfer event 

between the electrode and the adsorbate can be formulated as a transition between incoherent 

ensembles of (orthogonal) 0Ĥ  eigenstates, where the initial and final states are defined, respectively, 

by projection operators to the initial and final system Hamiltonian eigenstates, 
{ }
ˆ

i n nP =   , and 

{ } ' '
ˆ

f n nP =   . In the weak molecule-electrode coupling limit, the charge transfer rate can be 

evaluated by Fermi’s golden rule (see chapter 17), where the electrode is initially in a thermal state,  

{ }
ˆ ˆ(0)i n n B =    . Starting from the generic perturbative rate expression (Eq. (17.3.12)), 

0 0
ˆ ˆ

(1)

{ } { } { } { } { }2

0

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) }

t iH iH

i f i i fk t tr P VP e Ve d
 

 
−

→   , and using Eq. (20.5.4) for the bath 

correlation functions, show that the transition rates appearing in the master equation are reproduced 

at the infinite time limit (under fast bath relaxation assumption), namely 
(1)

' { } { }lim ( )n n t i fk k t→ → →= . 

Solution 20.5.6 

Identifying the uncoupled system and bath as a zero-order Hamiltonian, 0
ˆ ˆ ˆ

S BH H H +  with 

† † †

, , ,

1 , , , { }

ˆ ˆ ˆ ˆ ˆ ˆ ˆ
AM

S m m m i j k l i j l k

m i j k l m

H a a w a a a a
= 

= +  , and  
†

1

ˆ ˆ ˆ
EM

B k k k

k

H a a
=

= , where, 
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0 1 2 1 2

1

ˆ , ,...., ( ) , ,....,
E

E E

M

n M n k k n M

k

H n n n E n n n n
=

  = +   , we introduce projection 

operators into ensembles of 0Ĥ -eigenstates, characterized by specific system eigenstates, 

{ }
ˆ

i n nP     and 
{ } ' '
ˆ

f n nP    .  

The initial and final ensembles are coupled by the system-bath interaction, which reads

† †ˆ ˆ ˆ ˆ ˆ ˆ
SB S B S BV H V U V U =  +  , with 

†

1

ˆ ˆ
AM

S m m

m

V a
=

  and 
1

ˆ ˆ
EM

B k k

k

U a
=

 . 

Assuming an initial thermal state of the bath, the initial density reads 

†

1

1
ˆ ˆ( )

{ } { }

1ˆˆ ˆ ˆ(0)

ME

k kk
B k

a a
k T

i i B n n B n nP e
Z

 

   =

−
−

  =    =    . 

The transition rate to the final system eigenstate in the weak coupling limit is given by the approximation 

(Eq. (17.3.12)), 
0 0
ˆ ˆ

(1)

' { } { } { }2

0

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) }

t iH iH

n n i i fk t tr P VP e Ve d
 

 
−

→   .  

Substituting the relevant operators, we obtain in this case 

0 0
ˆ ˆ

(1)

{ } { } { } { } { }2

0

ˆ ˆˆ ˆ

' '2

0

ˆ ˆˆ ˆ

' '2

0

2 ˆ ˆ ˆ ˆˆ( ) Re { (0) }

2 ˆ ˆˆRe { }

2 ˆ ˆˆRe { }

S SB B

S SB B

t iH iH

i f i i f

t iH iHiH iH

n n B n n n n

t iH iHiH iH

B B n n n n

k t tr P VP e Ve d

tr V e e Ve e d

tr V e e Ve e d

 

  

  

 

 

 

−

→

− −

− −



=       

=    







ˆ ˆˆ ˆ

' '2

0

ˆ ˆˆ ˆ

† †

' '2

0

ˆ ˆ

† †

' '2

0

2 ˆ ˆ ˆ ˆˆRe { }

2 ˆ ˆ ˆ ˆˆRe { }

2 ˆ ˆ ˆ ˆˆRe {

S SB B

S SB B

S B

t iH iHiH iH

B B n S B n n S B n

t iH iHiH iH

B B n S B n n S B n

t iH iH

B B n S B n n S

tr V U e e V U e e d

tr V U e e V U e e d

tr V U e e V

  

  

 

 

 



− −

− −

=      

+      

+     






ˆ ˆ

ˆ ˆˆ ˆ

† † † †

' '2

0

}

2 ˆ ˆ ˆ ˆˆRe { }

S B

S SB B

iH iH

B n

t iH iHiH iH

B B n S B n n S B n

U e e d

tr V U e e V U e e d

 

  



 

− −

− −



+      
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ˆ ˆˆ ˆ

' '2

0

ˆ ˆˆ ˆ

† †

' '2

0

ˆˆ ˆ

† †

' '2

0

2 ˆ ˆ ˆ ˆˆRe { }

2 ˆ ˆ ˆ ˆˆRe { }

2 ˆ ˆ ˆˆRe { }

S SB B

S SB B

SB B

t iH iHiH iH

B B B B n S n n S n

t iH iHiH iH

B B B B n S n n S n

t iHiH iH

B B B B n S n n

tr U e U e V e V e d

tr U e U e V e V e d

tr U e U e V e

  

  

 

 

 



−−

−−

−

=    

+    

+   






ˆ

ˆ
SiH

S nV e d
 


−



ˆ ˆˆ ˆ

† † † †

' '2

0

2 ˆ ˆ ˆ ˆˆRe { }
S SB Bt iH iHiH iH

B B B B n S n n S ntr U e U e V e V e d
  

 
−−

+       . 

Identifying the correlation functions for the fermion reservoir (Eqs. (20.5.4, 20.5.6) and Ex. 20.5.2), we 

have 

ˆ ˆ
† /

ˆ ˆ
† /

1ˆ ˆˆ{ } ( ) ( ) ( )
2

1ˆ ˆˆ{ } ( ) ( ) ( )
2

B B

B B

i i
H H

i

B B B B a e

i i
H H

i

B B B B e h

tr U e U e c d e J f

tr U e U e c d e J f

 


 


    


    


−

−

−

= − =

= − =





ˆ ˆ ˆ ˆ
† †ˆ ˆ ˆ ˆˆ ˆ{ } { } 0

B B B B

i i i i
H H H H

B B B B B B B Btr U e U e tr U e U e
   

 
− −

= =  .                    

Therefore,  

(1)

{ } { }

ˆ ˆ

/ †

' '2

0

ˆ ˆ

/ †

' '2

0

( )

2 1 ˆ ˆRe ( ) ( )
2

2 1 ˆ ˆRe ( ) ( )
2

S S

S S

i f

t iH iH

i

h n S n n S n

t iH iH

i

e n S n n S n

k t

d e J f V e V e d

d e J f V e V e d

 


 


   


   


→

−

−

−

=    

+    

 

 

'( )

2

'2

0

2 1 ˆRe ( ) ( ) | |
2

n nt i E E

h n S nd e J f V d
 

   


− +

=   

'( )

2

'2

0

2 1 ˆRe ( ) ( ) | |
2

n nt i E E

e n S nd e J f V d
 

   


− −

+      . 

Under fast bath relaxation assumption, we associate the rate with the infinite time limit,

(1)

' { } { }lim ( )n n t i fk k t→ → →= . Noticing that the time integrand is an even function of time, we obtain 
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'

'

(1)

' { } { }

( )

2

'2

( )

2

'2

2

' '

lim ( )

1 1 ˆRe ( ) ( ) | |
2

1 1 ˆRe ( ) ( ) | |
2

1 ˆ( ) ( ) ( ) | |

n n

n n

n n t i f

i E E

h n S n

i E E

e n S n

n n h n S n

k k t

d e J f V d

d e J f V d

d E E J f V

 

 

   


   


   

→ → →

 − +

−

 − −

−

=

=  

+  

= − +  

 

 



2

' '

1 ˆ( ) ( ) ( ) | |n n e n S nd E E J f V   + − −     . 

Hence,  

2 2

' ' ' ' ' ' '

1 1ˆ ˆ| | ( ) ( ) | | ( ) ( )n n n S n n n h n n n S n n n e n nk V J E E f E E V J E E f E E→ =   − − +   − − . 

The Fermi golden rule result is therefore shown to coincide precisely with the rates appearing in the 

master equation as obtained within the stationary Born-Markov and secular approximations (Eq. 

(20.5.13)). 

 

Exercise 20.5.7 In the absence of electron-electron interaction, the system Hamiltonian in Eq. 

(20.5.1) reads 
†

1

ˆ ˆ ˆ
AM

S m m m

m

H a a
=

= . (a) Show that the eigenvectors of ˆ
SH  in this case are the 

AM -

particle determinants, { 1 2 3, , ,...,
AMn n n n } (defined in Eqs. (20.1.3, 20.1.7)), with the corresponding 

eigenvalues, {
1

AM

m m

m

n
=

 }, where { m } are the single particle Hamiltonian eigenstates. (b) Denoting 

each eigenstate by the vector of occupation numbers, 1 2 3, , ,...,
AMn n n n  n  and using the system-

bath coupling ( ˆSV ) in Eq. (20.5.1), show that the transition rate between nondegenerate ˆ
SH  

eigenvectors  (Eq. (20.5.13)) reads in this case ' ', , ' , ,1
[ ]

A

m m

M

e m a mm
k k k → − −=

= +n n n n e n n e , where me  is 

a unit vector of length AM  with elements   , ''m m mm
=e . Here 

2

,

( )
( )m

e m m h m

J
k f


   and 

2

,

( )
( )m

a m m e m

J
k f


   are rates of single-electron emission to the reservoir, or absorption from 

the reservoir. Notice that the rate vanishes unless the two occupation vectors are identical except of a 
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flip between zero and one at the m th entry, which corresponds to either absorption or emission of a 

single electron at m th single particle state.    

Solution 20.5.7 

(a) 

Using Eqs. (20.1.23, 20.1.24) we obtain 

†

1 2 3 1 2 3

1 1

ˆ ˆ , , ,..., , , ,...,
A A

A A

M M

m m m M m m M

m m

a a n n n n n n n n n 
= =

 
=  
 

 

†

1 2 3 1 2 3

1 1

ˆ ˆ , , ,..., , , ,...,
A A

A A

M M

m m M m M

m m

a a n n n n n n n n n
= =

 
=  
 

    . 

Hence, the state 1 2 3, , ,...,
AMn n n n  is an eigenstate of 

†

1

ˆ ˆ ˆ
AM

S m m m

m

H a a
=

=  and 
†

1

ˆ ˆ ˆ
AM

S m m

m

N a a
=

=  with 

the eigenvalues 
1

AM

m m

m

n
=

 , and 
1

AM

m

m

n
=

 , respectively. 

(b) 

Denoting each eigenstate by the vector of occupation numbers, 1 2 3, , ,...,
AMn n n n  n , and 

introducing the system-bath coupling, 
†

1

ˆ ˆ
AM

S m m

m

V a
=

  (Eq. (20.5.1)), the respective coupling matrix 

elements read 

2

2

†

1 2 3 1 2 3

1

2

†

1 2 3 1 2 3

1

ˆ| ' |

ˆ', ', ',..., ' , , ,...,

ˆ', ', ',..., ' , , ,...,

A

A A

A

A A

S

M

M m m M

m

M

m M m M

m

V

n n n n a n n n n

n n n n a n n n n





=

=



=





n n

2

2

',1 ,0 , ' ',1 ,0 , '

1 11 1

A AA A

m m k k m m k k

M MM M

m n n n n m n n n n

m mk k
k m k m

       
= == =

 

= =     , 
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where we have used Eqs. (20.1.23, 20.1.24) and the orthonormality of the eigenstates. The product of 

Kronecker deltas ( ',1 ,0 , '

1

A

m m k k

M

n n n n

k
k m

  
=


 ) vanishes unless the vector 'n  is identical to the vector n , 

except for a single entry at the m th position, where mn  must equal one in 'n  and zero in n . Given 

this constraint on 'n  and n , the energy difference between the two states must be the respective 

orbital energy, ' mE E − =n n . Notice that the product of Kronecker deltas can be compactly 

presented by introducing a unit vector me  of length 
AM , with elements   , ''m m mm

=e , where,  

',1 ,0 , ' ' ,

1

A

m m k k m

M

n n n n

k
k m

    −

=


 n n e  . Hence,  
22

' ,

1

ˆ| ' |
A

m

M

S m

m

V   −

=

= n n en n . 

Using this result in the rate expression for transition between nondegenerate eigenstates (Eq. 

(20.5.13)), we obtain

2 2
' '

' ' '
, ',

2 2

', ' ,

1 1

( ) ( )ˆ ˆ( ) ( )

( ) ( )
( ) ( )

A A

m m

S h S e

M M

m m
m h m m e m

m m

J E E J E E
k V f E E V f E E

J J
f f

 
     

→

− −

= =

− −
    − + −
   

= + 

n n n n
n n n n n n

n n' n n

n n e n n e

', , ' , ,

1 1

A A

m m

M M

e m a m

m m

k k − −

= =

= + n n e n n e
, 

where we defined rates for single electron emission (
2

,

( )
( )m

e m m h m

J
k f


  ) or absorption (

2

,

( )
( )m

a m m e m

J
k f


  ), associated with the m th single particle state.  

 

Exercise 20.5.8 Use the explicit rate expressions (Eq. (20.5.15)) to derive the ratio in Eq. 

(20.5.16). 

Solution 20.5.8  

Using the explicit expressions for electron absorption and emission rates (Eq. (20.5.15)), and the Fermi 

distribution functions (Eq. (20.3.6)), we obtain Eq. (20.5.16),   
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2
'

'
, '' ' '

2
'' ' '

'
, '

( )ˆ ( )
( ) 1 ( )

( ) ( ) ( )ˆ ( )

n n
S h n n

n nem n n h n n e n n

n nab n n e n n e n n
S e n n

n n

J E E
V f E E

k k f E E f E E

J E Ek k f E E f E E
V f E E

→

→

−
  −
  − − −

= = = =
− − −  −

 

'

'

1
1

( )

n n

B

E E

k T

e n n

e
f E E

− −

= − =
−

. 

 

Exercise 20.5.9 Recalling that each system eigenstate is associated with a well-defined number 

of electrons (see Eqs. (20.5.9, 20.5.10)) and restricting to 
' 1n nN N= − , Eq. (20.5.16) can be written 

as     
' '( ) ( )

'

'

n n n n

B

E N E N

k Tn n

n n

k
e

k

 − − −

→

→

= . Use this to show that the probability distribution in Eq. (20.5.17) is a 

stationary solution to the master equation, Eq. (20.5.13). 

Solution 20.5.9 

Let us considering two system Hamiltonian eigenstates, n  and 'n , associated with the occupation 

numbers, 
nN  and 

' 1n nN N= − , respectively. Eq. (20.5.16) therefore yields  

' ' ' '( ) ( ) ( ) ( )

'
' '

'

n n n n n n n n

B B

E N E N E N E N

k T k Tn n
n n n n

n n

k
e k k e

k

   − − − − − −

→
→ →

→

=  = .  

Using this result in the master equation (Eq. (20.5.13)), we obtain 

' '( ) ( )

' ' ' ' ' '

' ' ' '

( ) ( ) ( ) ( ) ( )
n n n n

B

E N E N

k T

n n n n n n n n n n n n n

n n n n

P t k P t k P t k P t k e P t
t

 − − −

→ → → →


 − = −


    . 

Setting the probability distribution according to Eq. (20.5.17), 

( )
1

n n

B

E N

k T

nP e
Z

− −

= , we readily see that 

the stationarity condition is satisfied, 

 

' ' ' '( ) ( ) ( ) ( )

' '

' '

1 1
n n n n n n n n

B B B

E N E N E N E N

k T k T k T

n n n n n

n n

P k e k e e
t Z Z

   − − − − − − −

→ →


 −


 

' ' ' '( ) ( )

' '

' '

1 1
0

n n n n

B B

E N E N

k T k T

n n n n

n n

k e k e
Z Z

 − − − −

→ →= − =  . 
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Exercise 20.5.10 (a) Given Eq. (20.5.8), and defining the TLS eigenstate populations, 

0,0
ˆ( ) 0 ( ) 0St t = , and 

1,1
ˆ( ) 1 ( ) 1St t = , show that 

0,0 2

0

1
( ) 2Ret d

t
 




 −
    

ˆ ˆ ˆ ˆ
† †ˆ ˆ ˆ ˆˆ ˆ{ ( ) 0 [ , ( )] 0 ( ) 0 [ , ( )] 0 }

S S S S

i i i i
H H H H

e S S S a S S Sc V e V e t c V e V e t
   

   
− −

+ . 

(b) Introduce the identity operator in the Fock space of the adsorbate, ˆ 0 0 1 1I = + , to show that 

for the off-diagonal TLS coupling operators (Eq. (20.5.20)), ˆ 1 0SV = , and †ˆ 0 1SV = , this result 

reads 
0,0 ( )t

t



=


 

1 0 1,1 0 1 0,0( ) ( )em abk t k t → →− , where 
0

1 0 2

0

1
2Re ( )

i

em

ek d c e



 


→ =   and 

0

0 1 2

0

1
2Re ( )

i

ab

ak d c e



 
 −

→ =  . (c) Show similarly that 
1,1( )t

t



=


 

0 1 0,0 1 0 1,1( ) ( )ab emk t k t → →− . (d) 

Use the explicit expressions for the correlation functions (Eq. (20.5.4)) to derive Eq. (20.5.23). (e)  Use 

the expressions for the correlation functions for a continuous bath (Eq. (20.5.6)) to derive Eq. (20.5.24). 

Solution 20.5.10 

(a) 

Starting from Eq. (20.5.8),  

ˆˆ ˆ( ) [ , ( )]S S S

i
t H t

t
 


 −



ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( )[ , ( )] ( )[ , ( )] . .}
S S S S

i i i i
H H H H

e S S S a S S Sd c V e V e t c V e V e t h c
   

    
 − −

− + + , 

and recalling that 
*†ˆ ˆ0 0 0 0A A= , we obtain 

ˆ ˆ ˆ ˆ
† †

2

0

ˆˆ ˆ0 ( ) 0 0 [ , ( )] 0

1 ˆ ˆ ˆ ˆˆ ˆ{ ( ) 0 [ , ( )] 0 ( ) 0 [ , ( )] 0 . .}
S S S S

S S S

i i i i
H H H H

e S S S a S S S

i
t H t

t

d c V e V e t c V e V e t c c
   

 

    
 − −


 −



− + +

ˆ ˆ ˆ ˆ
† †

2

0

1 ˆ ˆ ˆ ˆˆ ˆ2Re{ ( ) 0 [ , ( )] 0 ( ) 0 [ , ( )] 0 }
S S S S

i i i i
H H H H

e S S S a S S Sd c V e V e t c V e V e t
   

    
 − −

= − +  .       

(b) 



Quantum Mechanics in Nanoscience and Engineering                                                                             Uri Peskin 

 
 

425 
 

Introducing the identity operator in the Fock space of the adsorbate, ˆ 0 0 1 1I = + , and using Eqs. 

(20.5.19, 20.5.20), namely, ˆ 1 0SV = , †ˆ 0 1SV = , ˆ 0 0 0SH =  and 
0

ˆ 1 1SH = , the result 

of (a) reads 

ˆ ˆ ˆ ˆ
† †

2 2

0 0

ˆ ˆ ˆ ˆ
†

2 2

0 0

ˆ0 ( ) 0

1 1ˆ ˆ ˆ ˆˆ ˆ2Re{ ( ) 0 ( ) 0 } 2Re{ ( ) 0 ( ) 0 }

1 1ˆ ˆ ˆˆ ˆ2Re{ ( ) 0 ( ) 0 } 2Re{ ( ) 0 (

S S S S

S S S S

S

i i i i
H H H H

e S S S e S S S

i i i i
H H H H

a S S S a S S

t
t

d c V e V e t d c e V e t V

d c V e V e t d c e V e

   

   



     

     

 − −

 − −






− +

− +

 

 
†

ˆ ˆ ˆ ˆ
† †

2 2

0 0

ˆ) 0 }

1 1ˆ ˆ ˆ ˆˆ ˆ2Re{ ( ) 0 ( ) 0 } 2Re{ ( ) 0 ( ) 0 }
S S S S

S

i i i i
H H H H

e S S S a S S S

t V

d c e V e t V d c V e V e t
   

     
 − −

= − 

0 0

2 2

0 0

1 1
ˆ ˆ2Re{ ( ) 1 ( ) 1 } 2Re{ ( ) 0 ( ) 0 }

i i

e S a Sd c e t d c e t
 
 

     
  −

= −   . 

Consequently,  

0 0

0,0 1,1 0,02 2

0 0

2 2
( ) Re{ ( ) } ( ) Re{ ( ) } ( )

i i

e at d c e t d c e t
t

 
 

      
  −


 −

    

1 0 1,1 0 1 0,0( ) ( )em abk t k t → →= − , 

where,  

0

1 0 2

0

1
2Re ( )

i

em

ek d c e



 


→ =   and  
0

0 1 2

0

1
2Re ( )

i

ab

ak d c e



 
 −

→ =  . 

(c) 

Similarly,  
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ˆ ˆ ˆ ˆ
† †

2 2

0 0

ˆ ˆ ˆ ˆ
†

2 2

0 0

ˆ1 ( ) 1

1 1ˆ ˆ ˆ ˆˆ ˆ2Re{ ( ) 1 ( ) 1 } 2Re{ ( ) 1 ( ) 1 }

1 1ˆ ˆ ˆˆ ˆ2Re{ ( ) 1 ( ) 1 } 2Re{ ( ) 1 (

S S S S

S S S S

S

i i i i
H H H H

e S S S e S S S

i i i i
H H H H

a S S S a S S

t
t

d c V e V e t d c e V e t V

d c V e V e t d c e V e

   

   



     

     

 − −

 − −






− +

− +

 

 
†

ˆ ˆ ˆ ˆ
† †

2 2

0 0

ˆ) 1 }

1 1ˆ ˆ ˆ ˆˆ ˆ2Re{ ( ) 1 ( ) 1 } 2Re{ ( ) 1 ( ) 1 }
S S S S

S

i i i i
H H H H

e S S S a S S S

t V

d c V e V e t d c e V e t V
   

     
 − −

= − + 

0 0

2 2

0 0

1 1
ˆ ˆ2Re{ ( ) 1 ( ) 1 } 2Re{ ( ) 0 ( ) 0 }

i i

e S a Sd c e t d c e t
 
 

     
  −

= − +   . 

Hence, 
1,1 1 0 1,1 0 1 0,0( ) ( ) ( )em abt k t k t

t
  → →


 − +


. 

(d) 

Using the explicit expressions for the correlation functions (Eq. (20.5.4)), 

ˆ ˆ
† 2

1

ˆ ˆ ˆ( ) { } | | ( )
E

B B k

i i iM
H H

a B B B B k e k

k

c tr U e U e e f
  



   
−

=

= =

ˆ ˆ
† 2

1

ˆ ˆ ˆ( ) { } | | ( )
E

B B k

i i iM
H H

e B B B B k h k

k

c tr U e U e e f
  



   
− −

=

= = , 

we obtain Eq. (20.5.23), 

0 0

0 0

2

1 0 2 2
10 0

( ) ( )
2 2

2 2
1 10

2

0

1

1 1
2Re ( ) 2Re | | ( )

1 1
| | 2Re ( ) | | Re ( )

2
| | ( ) ( )

E
k

E E
k k

E

i i iM
em

e k h k

k

i iM M

k h k k h k

k k

M

k k h k

k

k d c e d e f e

d e f d e f

f

  
  

 
   

    

     


    

  −

→

=

 − −
− −

= = −

=

= =

= =

= −

 

  



0 0

0 0

2

0 1 2 2
10 0

( ) ( )
2 2

2 2
1 10

1 1
2Re ( ) 2Re | | ( )

1 1
| | 2Re ( ) | | Re ( )

E
k

E E
k k

i i iM
ab

a k e k

k

i iM M

k e k k e k

k k

k d c e d e f e

d e f d e f

  
  

 
   

    

     

 − −

→

=

 
− −

= = −

= =

= =

 

  

2

0

1

2
| | ( ) ( )

EM

k k e k

k

f


    
=

= −  . 

(e)   
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Using the expressions for the correlation functions for a continuous bath (Eq. (20.5.6)), 

/1
( ) ( ) ( )

2

i

a ec d e J f   


=      ;     
/1

( ) ( ) ( )
2

i

e hc d e J f   


−=  , 

we obtain Eq. (20.5.24), 

0 0

0 0

/

1 0 2 2

0 0

( ) ( )

2 2

0

0 0 0

1 1 1
2Re ( ) 2Re ( ) ( )

2

1 1
( ) ( )2Re ( ) ( ) Re

2 2

1 1
( ) ( ) ( ) ( ) ( )

i i

em i

e h

i i

h h

h h

k d c e d d e J f e

d J f d e d J f d e

d J f J f

 
 



 
   

     


       
 

       

 

−

→

 − −
− −

−

= =

= =

= − =

  

   



 

0 0

0 0

/

0 1 2 2

0 0

( ) ( )

2 2

0

1 1 1
2Re ( ) 2Re ( ) ( )

2

1 1
( ) ( )2Re ( ) ( ) Re

2 2

i i

ab i

a e

i i

e e

k d c e d d e J f e

d J f d e d J f d e

 
 



 
   

     


       
 

 − −

→

 
− −

−

= =

= =

  

   

 

0 0 0

1 1
( ) ( ) ( ) ( ) ( )e ed J f J f       = − =  . 

 

 

Exercise 20.5.11 Use Eq. (20.5.24) and the definition of the Fermi-Dirac distribution function 

(Eq. (20.3.6)) to derive Eq. (20.5.25). 

Solution 20.5.11 

The equations for the adsorbate space populations read (Eq. (20.5.22)) 

0,0 1 0 1,1 0 1 0,0( ) ( ) ( )em abt k t k t
t
  → →


= −


 and 1,1 0 1 0,0 1 0 1,1( ) ( ) ( )ab emt k t k t

t
  → →


= −


. 

One can readily verify that the solution to these equations is (see Ex. 17.3.7), 

0 1 1 0 0 1 1 0( ) ( )1 0
0,0 0,0

0 1 1 0

( ) (0)e (1 e )
ab em ab em

em
k k t k k t

ab em

k
t

k k
  → → → →− + − +→

→ →

= + −
+

     ;      1,1 0,0( ) 1 ( )t t = − . 
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Consequently, 1 0
0,0

0 1 1 0

lim ( )
em

t ab em

k
t

k k
 →

→

→ →

=
+

, and 0 1
1,1

0 1 1 0

lim ( )
ab

t ab em

k
t

k k
 →

→

→ →

=
+

, which means that the 

asymptotic population ratio reads  
1,1 0 1

0,0 1 0

( )

( )

ab

em

k

k




→

→


=


.  

Using 
1 0 0 0

1
( ) ( )em

hk J f → = , 
0 1 0 0

1
( ) ( )ab

ek J f → = , 
( )/( )

1
( )

1 B
e k T

f
e  


−

=
+

 and ( ) 1 ( )h ef f = −  

(Eqs. (20.3.6, 20.5.4)), we obtain Eq. (20.5.25), 

0

0

0

1,1 ( )/( )0 1 0 0

( )/( )0,0 1 0 0 0
( )/( )

( ) ( ) ( ) 1

1( ) ( ) 1 ( )
(1 )(1 )

1

B

B

B

ab
k Te e

em
k Th e

k T

k f f
e

k f f
e

e

 

 

 

  

  

− −→

−→
−


= = = = =

 −
+ −

+

. 

 

Exercise 20.6.1 For a generic system-bath coupling term, ( ) ( )ˆ ˆ ˆS B

SBH V U 
 , the dissipator 

in the Born Markov approximation obtains the form shown in (Eqs. (19.3.21, 19.3.22)). To bring to this 

form the coupling operator, ( )† †

, , , ,
ˆ ˆ ˆ ˆ ˆ

SB S K B K S K B K

K

H V U V U=  +  , let us define 

( ) ( )

,

ˆ ˆ ˆS B

SB K n
H V U 


2 ( ) ( )

, ,1

ˆ ˆS B

K n K nK n
V U

=
=  , where ( )

,1 ,
ˆ ˆS

K S KV V=  , ( ) †

,2 ,
ˆ ˆS

K S KV V= , 

( )

,1 ,
ˆ ˆ ˆ

K K

K

B

K B K k k

k

U U a= = , 
( ) † * †

,2 ,
ˆ ˆ ˆ

K K

K

B

K B K k k

k

U U a= = , such that the dissipator (Eq. (19.3.22)) obtains 

the form 

ˆ ˆ ( )SD t =  

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

, , ', ' , ', ' ', ', , ', ' ,2
, ' , ' 1,2 0

1 ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

K n K n K n K n S K n K n S K n K n

K K n n

d c V e V e t c t e V e V
   

    
− −



− +  

, with the bath correlation functions, 
ˆ ˆ

( ) ( )

, , ', ' , ', '
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

K n K n B K n K n Bc tr U e U e
 

 
−

= , 

, , ', ' , , ', '( ) ( )K n K n K n K nc c = − , where ˆ ˆ
B K

K

H H= , ˆ ˆ
B K

K

 = . (a) Use the results of Ex. 20.5.1. to 

show that the correlation functions involving different reservoirs vanish, namely 

( )

, , ', ' , ' , '( ) ( )K

K n K n K K n nc c  = , where 
ˆ ˆ

( ) ( ) ( )

, ' , , '
ˆ ˆ ˆ( ) { }

K K

i i
H H

K B B

n n K K n K n Kc tr U e U e
 

 
−

= . (b) Using this result, 

show that the dissipator reads    

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( ) ( ) ( )

, ' , , ' ', , ' ,2
, ' 1,2 0

1ˆ ˆ ˆ ˆ ˆˆ ( ) { ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

K S S K S S

S n n K n K n S n n S K n K n

K n n

D t d c V e V e t c t e V e V
   

     
− −



= − +    
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(c) Apply the treatment in Ex. (20.5.2) to the dissipator in (b) to derive Eq. (20.6.4), where the 

absorption and emission correlation functions are defined in Eq. (20.6.5).  

Solution 20.6.1 

(a) 

Starting from the definition of the coupling correlation function for multiple reservoirs,  

ˆ ˆ
( ) ( )

, , ', ' , ', '
ˆ ˆ ˆ( ) { }

B B

i i
H H

B B

K n K n B K n K n Bc tr U e U e
 

 
−

= , and using the decomposition of the bath Hamiltonian, 

ˆ ˆ
B K

K

H H= , and hence, ˆ ˆ
B K

K

 = , we obtain 

' '

' '

ˆ ˆˆ ˆ
( ) ( ) ( ) ( )

, , ', ' , ', ' , ', '
ˆ ˆ ˆ ˆˆ ˆ( ) { } { }

K K
B B

K K

i ii i H HH H
B B B B

K n K n B K n K n B B K n K n Bc tr U e U e tr U e U e

  

  

−−  
= =  

( )
1 2 1 2
ˆ ˆ ˆ ˆ

( ) ( )

, ', ' 1 2
ˆ ˆ ˆ ˆ{ }

i i i i
H H H H

B B

B K n K ntr U e e U e e
   

 
− −   

=    
   

 . 

Noticing that the operator under the trace is a tensor product of operators associated with the single 

reservoir spaces, and recalling that  ˆ ˆˆ ˆ{ } { } { }tr A B tr A tr B = , we obtain for 'K K= ,   

 

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ

( ) ( )

, , , ' 1 1 2 2 , , '

ˆ ˆ
( ) ( )

1 1 2 2 , , '

ˆ ˆˆ ˆ ˆ( ) { } { } { }

ˆ ˆˆ ˆ ˆ{ } { } { }

K K

K K

i i i i i i
H H H H H H

B B

K n K n K K n K n K

i i
H H

B B

K K n K n K

c tr e e tr e e tr U e U e

tr tr tr U e U e

     

 

   

  

− − −

−

=

=

ˆ ˆ
( ) ( )

, , '
ˆ ˆ ˆ{ }

K K

i i
H H

B B

K K n K n Ktr U e U e
 


−

= , 

and similarly, for 'K K , 

' '
ˆ ˆ ˆ ˆ

( ) ( )

, , ', ' 1 1 2 2 , ' ', ' '

( ) ( )

1 1 2 2 , ' ', ' '

ˆ ˆˆ ˆ ˆ ˆ( ) { } { } { } { }

ˆ ˆˆ ˆ ˆ ˆ{ } { } { } { }

K K K K

i i i i
H H H H

B B

K n K n K K n K K K n K

B B

K K n K K K n K

c tr tr tr U e e tr e U e

tr tr tr U tr U

   

    

   

− −

=

=

( ) ( )

, ' ', ' '
ˆ ˆˆ ˆ{ } { }B B

K K n K K K n Ktr U tr U =   . 

Recalling that ( )

,
ˆ B

K nU  is either 
( )

,1

1

ˆ ˆ
K K

K

B

K k k

k

U a
=

= , or 
( ) * †

,2

1

ˆ ˆ
K K

K

B

K k k

k

U a
=

= , and using the result of 

Ex.20.5.1, we have  

† † † ( ) ( )

,1 ,2
ˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ ˆ{ ( )} { ( )} 0 { } { } 0

K K K K K K K K

B B

k k k k k k k k K K K K K Ktr a f a a tr a f a a tr U tr U = =  = = . 

Consequently,  

ˆ ˆ
( ) ( ) ( )

, , ', ' , ' , , ' , ' , '
ˆ ˆ ˆ( ) { } ( )

K K

i i
H H

B B K

K n K n K K K K n K n K K K n nc tr U e U e c
 

    
−

=  . 

(b) 

Using the result of (a) in the dissipator for multiple reservoirs,  
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ˆ ˆ ( )SD t =  

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

, , ', ' , ', ' ', ', , ', ' ,2
, ' , ' 1,2 0

1 ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

S S S S

K n K n K n K n S K n K n S K n K n

K K n n

d c V e V e t c t e V e V
   

    
− −



− +   , 

where, , , ', ' , , ', '( ) ( )K n K n K n K nc c = − , we obtain, 

2
, ' , ' 1,2

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( ) ( ) ( )

, ' , ' , ', ' , ' ', ', ' ,

0

2
, ' 1,2

ˆ ˆ ( )

1

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

1

S S S S

S

K K n n

t i i i i
H H H H

K S S K S S

K K n n K n K n S K K n n S K n K n

K n n

D t

d c V e V e t c t e V e V
   



      



− −



= −

+

= −

 



 

 

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( ) ( ) ( )

, ' , , ' ', , ' ,

0

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

K S S K S S

n n K n K n S n n S K n K nd c V e V e t c t e V e V
   

    
− −

+  . 

(c) 

 Starting from the dissipator in (b) we obtain 

2

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( ) ( ) ( )

1,1 ,1 ,1 1,1 ,1 ,1

0

ˆ ˆ ˆ
( ) ( ) ( ) ( )

1,2 ,1 ,2 2,1

0

1ˆ ˆ ( )

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

ˆ ˆ{ ( )[ , ( )] ( )[ ( )

S S S S

S S

S

K

t i i i i
H H H H

K S S K S S

K K S S K K

t i i i
H H H

K S S K

K K S S

D t

d c V e V e t c t e V e V

d c V e V e t c t e

   

  



    

    

− −

− −

= −

+

+






ˆ

( ) ( )

,2 ,1

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( ) ( ) ( )

2,1 ,2 ,1 1,2 ,1 ,2

0

ˆ ˆ, ]}

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}

S S

S S S S

i
H

S S

K K

t i i i i
H H H H

K S S K S S

K K S S K K

V e V

d c V e V e t c t e V e V



   

    
− −

+

ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( ) ( ) ( )

2,2 ,2 ,2 2,2 ,2 ,2

0

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

K S S K S S

K K S S K Kd c V e V e t c t e V e V
   

    
− −

+   . 

Using ( )

,1 ,
ˆ ˆS

K S KV V=  , ( ) †

,2 ,
ˆ ˆS

K S KV V= , 
( )

,1 ,

1

ˆ ˆ ˆ
K K

K

B

K B K k k

k

U U a
=

= = , 
( ) † * †

,2 ,

1

ˆ ˆ ˆ
K K

K

B

K B K k k

k

U U a
=

= = ,  

we can identify the single reservoir correlation functions (see Ex. 20.5.2 and Eqs. (20.5.4, 20.5.6)),  

ˆ ˆ ˆ ˆ
( ) ( ) ( )

1,1 ,1 ,1 , ,

ˆ ˆ ˆ ˆ
( ) ( ) ( ) † †

2,2 ,2 ,2 , ,

ˆ ˆ ˆ ˆˆ ˆ( ) { } { } 0

ˆ ˆ ˆ ˆˆ ˆ( ) { } { } 0

K K K K

K K K K

i i i i
H H H H

K B B

K K K K K B K B K K

i i i i
H H H H

K B B

K K K K K B K B K K

c tr U e U e tr U e U e

c tr U e U e tr U e U e

   

   

  

  

− −

− −

= = =

= = =
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ˆ ˆ ˆ ˆ
( ) ( ) ( ) †

1,2 ,1 ,2 , ,

1
( )

2

,1
( )

1

ˆ ˆ ˆ ˆˆ ˆ( ) { } { }

| | ( )

1

K K K K

k KK
B

kK

K
k KKK B

i i i i
H H H H

K B B

K K K K K B K B K K

i k T

k e K

k k T

c tr U e U e tr U e U e

e
e c

e

   

 



 

  

 

− −

−
−

−
=

= =

= 

+


 

ˆ ˆ ˆ ˆ
( ) ( ) ( ) †

2,1 ,2 ,1 , ,
ˆ ˆ ˆ ˆˆ ˆ( ) { } { }

K K K K

i i i i
H H H H

K B B

K K K K K B K B K Kc tr U e U e tr U e U e
   

  
− −

= =  

2

,1
( )

1

| | ( )

1

kK

K
k KKK B

i

k a K

k k T

e
c

e




 
 

−
=

= 

+

  . 

Consequently, and using  
*

, ,( ) ( )e K e Kc c − = , 
*

, ,( ) ( )a K a Kc c − =  we obtain 

2

ˆ ˆ ˆ ˆ
† * †

, , , , , ,

0

1ˆ ˆ ( )

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

S

K

t i i i i
H H H H

e K S K S K S a K S S K S K

D t

d c V e V e t c t e V e V
   



    
− −

= −

+





 

ˆ ˆ ˆ ˆ
† * †

, , , , , ,

0

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ ( ) , ]}
S S S S

t i i i i
H H H H

a K S K S K S e K S S K S Kd c V e V e t c t e V e V
   

    
− −

+  . 

Using the identities,  

ˆ ˆ ˆ ˆ
† † †

, , , ,
ˆ ˆ ˆ ˆˆ ˆ[ , ( )] [ ( ) , ]

S S S S

i i i i
H H H H

S K S K S S S K S KV e V e t t e V e V
   

 
− −

=  

and   

ˆ ˆ ˆ ˆ
† † †

, , , ,
ˆ ˆ ˆ ˆˆ ˆ[ , ( )] [ ( ) , ]

S S S S

i i i i
H H H H

S K S K S S S K S KV e V e t t e V e V
   

 
− −

= ,  

we obtain the dissipator appearing in Eq. (20.6.4),   

2

1ˆ ˆ ( )S

K

D t = − 

ˆ ˆ ˆ ˆ
† †

, , , , , ,

0

ˆ ˆ ˆ ˆ{ ( )[ , ( )] ( )[ , ( )] . .}
S S S S

t i i i i
H H H H

e K S K S K S a K S K S K Sd c V e V e t c V e V e t h c
   

    
− −

+ +  . 

 

Exercise 20.6.2 Use Eq. (20.6.22) for calculating the system eigenstate populations at steady 

state, 
( )

0

stP  and 
( )

1

stP , and show that the normalized populations (
( ) ( )

0 1 1st stP P+ = ) are given by Eq. 

(20.6.24).  

Solution 20.6.2 

At steady state, Eq. (20.6.22) reads 
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( ) ( ) ( ) ( ) ( ) ( ) ( )

0 1 0 1 0 1 0 1 0 1 0( ) ( ) 0st R L st R L stP k k P k k P
t

→ → → →


= + − + =



( ) ( ) ( ) ( ) ( ) ( ) ( )

1 0 1 0 1 0 1 0 1 0 1( ) ( ) 0st R L st R L stP k k P k k P
t

→ → → →


= + − + =


 . 

Consequently,  

( ) ( ) ( ) ( ) ( ) ( )

1 0 1 0 1 0 1 0 1 0

( ) ( )( )

0 1 0 11

( ) ( ) ( )

0 1 0 1 0

( ) ( )R L st R L st

R Lst

st R L

k k P k k P

k kP

P k k

→ → → →

→ →

→ →

+ = +

+
 =

+

 

( ) ( )
( ) ( )0 1 0 1

1 0( ) ( )

1 0 1 0

R L
st st

R L

k k
P P

k k

→ →

→ →

+
 =

+
. 

Requiring normalization, we obtain Eq. (20.6.24),   

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )0 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0

1 0 0 0 0( ) ( ) ( ) ( ) ( ) ( )

1 0 1 0 1 0 1 0 1 0 1 0

( ) ( )
( ) 1 0 1 0

0 ( ) ( ) ( ) ( )

0 1 0 1 1 0 1 0

1
R L R L R L R L

st st st st st

R L R L R L

R L
st

R L R L

k k k k k k k k
P P P P P

k k k k k k

k k
P

k k k k

→ → → → → → → →

→ → → → → →

→ →

→ → → →

+ + + + +
= + = + =

+ + +

+
 =

+ + +

( ) ( )
( ) 0 1 0 1

1 ( ) ( ) ( ) ( )

0 1 0 1 1 0 1 0

R L
st

R L R L

k k
P

k k k k

→ →

→ → → →

+
 =

+ + +
. 

 

Exercise 20.6.3 Use Eqs. (20.6.24, 20.6.26) to derive Eq. (20.6.27). 

Solution 20.6.3 

Starting from Eq. (20.6.24) for the steady state probabilities,  

( ) ( ) ( ) ( )
( ) ( )1 0 1 0 0 1 0 1

0 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1

;
R L R L

st st

R L R L R L R L

k k k k
P P

k k k k k k k k

→ → → →

→ → → → → → → →

+ +
= =

+ + + + + +
,          

we can use Eq. (20.6.26) for the transition rates,  
( )

1 0 0 , 0

1
( ) ( )K

K h Kk J f → = , 
( )

0 1 0 , 0

1
( ) ( )K

K e Kk J f → =

. Recalling that , 0 , 0 , 0 , 0( ) ( ) ( ) ( ) 1e R h R e L h Lf f f f   + = + = , we obtain Eq. (20.6.27), 

0 , 0 0 , 0( )

1

0 , 0 0 , 0 0 , 0 0 , 0

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

R e R L e Lst

R h R L h L R e R L e L

J f J f
P

J f J f J f J f

   

       

+
=

+ + +

0 , 0 0 , 0 0 0
, 0 , 0

0 0 0 0 0 0

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

R e R L e L R L
e R e L

R L R L R L

J f J f J J
f f

J J J J J J

     
 

     

+
= = +

+ + +
 .     

 

Exercise 20.6.4 Use Eqs. (20.6.26, 20.6.27) in Eq. (20.6.25) to derive Eq. (20.6.28). 

Solution 20.6.4    
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Substitution of the rate expressions (Eq. (20.2.26)) in Eq. (20.6.25) for the steady state current, we 

obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( )

0 1 0 1 0 1 0 , 0 0 0 , 0 1( ) ( ) ( ) ( )st L st L st st st

L R L e L L h L

e e
I ek P ek P J f P J f P   → → →= − = −

( ) ( ) ( )

0 , 0 1 0 , 0 1 0 , 0 1( ) ( )[1 ] ( ) ( ) ( )[ ( ) ]st st st

L e L L h L L e L

e e e
J f P J f P J f P     = − − = − . 

Using Eq. (20.6.27) for the steady state probability, we obtain Eq. (20.6.28),  

( ) ( )

0 , 0 1

0 , 0 0 , 0

0 , 0

0 0 0 0

0 , 0 , 0 0 0 , 0 0 , 0

0

0 0

( )[ ( ) ]

( ) ( ) ( ) ( )
( )[ ( ) ]

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )[ ]

( ) ( )

st st

L R L e L

R e R L e L

L e L

R L R L

R e L e L L R e R L e L

L

R L

e
I J f P

J f J fe
J f

J J J J

J f f J J f J fe
J

J J

 

   
 

   

       


 

→ = −

= − −
+ +

+ − −
=

+

0 , 0 0 , 0 0 0
0 , 0 , 0

0 0 0 0

( ) ( ) ( ) ( ) ( ) (
( )[ ] )[ ( ) ( )]

( ) ( ) ( ) ( )

R e L R e R L R
L e L e R

R L R L

J f J f J Je e
J f f

J J J J

     
  

   

−
= = −

+ +
 . 

 

Exercise 20.6.5 (a) Use the results of Ex. 20.5.7 to show that for a system of noninteracting 

fermions, the equation for the steady state population of the n th  many-particle state (
( )stPn , Eq. 

(20.6.16)) reads ( )

' , , ', ,1
[ ]

AM st

e m a mm
k k P − −=

+ m mn n e n n e n'

( )

', , ' , ,[ ] 0st

e m a mk k P − −− + =
m mn n e n n e n , where 

, , , , ,

1 1
( ) ( ) ( ) ( )e m R m m h R m L m m h L mk J f J f   = + , , , , , ,

1 1
( ) ( ) ( ) ( )a m R m m e R m L m m e L mk J f J f   = +

, and 
2

, ,( ) ( )K m m K KJ J  = . (b) Show that ( )( ) ( )

,[ ]

1

A

m

M
st st

m

m

P P
=

=n n , with 

, ,( )

,[ ] [ ] ,1 [ ] ,0

, , , ,
m m m

a m e mst

m

e m a m e m a m

k k
P

k k k k
 = +

+ +
n n n

, satisfies the equation for the steady state population of 

the 
th

n  many particle-state in (a). (c) Show that 
( ) ( )

,1 ,0 1st st

m mP P+ = , and therefore the sum over all the 

eigenstate populations reads ( ) 1stP = nn
. (d) Use the explicit expressions for the absorption and 

emission rates in (a) to derive Eq. (20.6.31) for the occupation probabilities of the single particle states, 

at steady state.  

Solution 20.6.5 

(a) 

We recall that for a system of non-interacting electrons, the system Hamiltonian eigenstates are 

associated with determinants, each denoted by a vector of occupation numbers, n , of the single 

particle states. The transition rates between the system Hamiltonian eigenstates, induced by the K th 
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reservoir, read (Ex. 20.5.7) 

2 2( )

' ', , , ' , , ,1

( ) ( )
( ) ( )

A

m m

MK K m K m
m K h K m m K e K mm

J J
k f f

 
     → − −=

 
= + 

 
n n n n e n n e . 

Hence, 

( )

( ) ( )

' '

2 2

', , , , ,1

2 2

' , , , , ,

', , ' , ,1

( ) ( )
( ( ) ( )

( ) ( )
( ) ( ) )

A

m

A

m m

R L

M R m L m
m R h R m m L h L mm

R m L m
m R e R m m L e L m

M

e m a mm

k k

J J
f f

J J
f f

k k

 
    

 
    

 

→ →

−=

−

− −=

+

 
= + 

 

 
+ + 

 

= +





m

n n n n

n n e

n n e

n n e n n e

 

where we define,  

2 2

, , , , ,

( ) ( )
( ) ( )R m L m

e m m R h R m m L h L m

J J
k f f

 
   = +  

2 2

, , , , ,

( ) ( )
( ) ( )R m L m

a m m R e R m m L e L m

J J
k f f

 
   = + . 

Using this expression in the general condition for steady state (Eq. (20.6.16)) according to the master 

equation, we obtain for any n ,   

( ) ( )

( )( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )

' ' ' ' '

' '

( ) ( )

' , , ', , ' ', , ' , ,1 1
' '

0

0
A A

m m m m

R L st R L st

M Mst st

e m a m e m a mm m

k k P k k P

k k P k k P   

→ → → →

− − − −= =

+ − + =

 + − + =

 

   

n n n n n n n n n n

n n

n n e n n e n n n e n n e n

n n

 

( ) ( )( ) ( )

' , , ', , ' ', , ' , ,1
0

A

m m m m

M st st

e m a m e m a mm
k k P k k P   − − − −=

  + − + =
  n n e n n e n n n e n n e n , 

where in the last step we used the fact that the double summation over 'n  and m  is redundant due to 

the Kronecker deltas.  

(b) 

To show that the probabilities of occupying the many-electron eigenstates at steady state are given as 

products, ( )( ) ( )

,[ ]

1

A

m

M
st st

m

m

P P
=

n n , with , ,( )

,[ ] [ ] ,1 [ ] ,0

, , , ,
m m m

a m e mst

m

e m a m e m a m

k k
P

k k k k
 = +

+ +
n n n

, we check for 

consistency with the stationarity condition derived from the master equation in (a), which we rewrite 

as,  ( ) ( )( ) ( ) ( ) ( )

' , , ' , ', , ' ,1
0

A

m m

M st st st st

e m a m a m e mm
k P k P k P k P − −=

− + − = n n e n n n n e n n
. 

First, let us notice that the term, ( )( ) ( )

' , , ' ,

st st

e m a mk P k P − −
mn n e n n

, vanishes identically unless the vectors 

'n  and n  are the same except for a single entry at the m th  position, where mn  must equal one in 
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'n  and zero in n . In this case, assigning 

( ) , ,( ) ( )

,[ ] [ ] ,1 [ ] ,0

1 1 , , , ,

A A

m m m

M M
a m e mst st

m

m m e m a m e m a m

k k
P P

k k k k
 

= =

 
= = +  + + 
 n n n n  ,   

means that 

 
1 2

1 2

( ) ( ) ( ) ( ) ( )( )
1,[ ] 2,[ ] ,0 ,[ ] ,0 ,

( ) ( ) ( ) ( ) ( ) ( )

' 1,[ ] 2,[ ] ,1 ,[ ] ,1 ,

A M A

A M A

st st st st stst
m M m e m

st st st st st st

m M m a m

P P P P P kP

P P P P P P k
= = =

n n n
n

n n n n

( ) ( )

, ' ,

st st

a m e mP k P k =n n
. 

 Consequently, we obtain in this case, 
( ) ( )

, ' , 0st st

e m a mk P k P− =n n
, and therefore, for any 'n  and n ,  

 ( ), ,( ) ( ) ( )

[ ] ,1 [ ] ,0 ' , , ' ,

1 , , , ,

0
A

m m m

M
a m e mst st st

e m a m

m e m a m e m a m

k k
P k P k P

k k k k
   −

=

 
 +  − =  + + 
n n n n n e n n .  

Similarly, we can see that,  

( ), ,( ) ( ) ( )

[ ] ,1 [ ] ,0 ', , ' ,

1 , , , ,

0
A

m m m

M
a m e mst st st

a m e m

m e m a m e m a m

k k
P k P k P

k k k k
   −

=

 
 +  − =  + + 
n n n n n e n n  . 

We therefore conclude that the assignment, 
, ,( )

[ ] ,1 [ ] ,0

1 , , , ,

A

m m

M
a m e mst

m e m a m e m a m

k k
P

k k k k
 

=

 
 +  + + 
n n n , 

leads to, ( ) ( )( ) ( )

' , , ', , ' ', , ' , ,1
0

A

m m m

M st st

e m a m e m a mm
k k P k k P   − − − −=

+ − + = mn n e n n e n n n e n n e n , for any 'n  

and n , which is the condition for a steady state solution of the master equation (Eq. (20.6.16)),  

( ) ( )( ) ( ) ( ) ( ) ( ) ( )

' ' ' ' '

' '

0R L st R L stk k P k k P→ → → →+ − + = n n n n n n n n n n

n n

.        

(c)  

Using, ( )( ) ( )

,[ ]

1

A

m

M
st st

m

m

P P
=

n n , and the identity,
, ,( ) ( )

,1 ,0

, , , ,

1
a m e mst st

m m

e m a m e m a m

k k
P P

k k k k
+ = + =

+ +
, we can see that 

the sum of 
( )stPn over the system eigenstates equals unity,  
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( )

1 2 3

1 2 3

1 2 3
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1 2 3

1 2 3

2 3

2 3

2 3

2 3

( ) ( )

, , ,....

( ) ( ) ( )

1, 2, 3,

( ) ( ) ( )
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1,0 1,1 2, 3,
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2, 3,

(
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n n n
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st st
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n n

P P

P P P

P P P

P P P P

P P

P

=

=

 
=  
 

= +

 
=  
 

=

   

  

  

 

 

n

n

( )
3

3

) ( ) ( )

2,1 3,

st st st

n

n

P P+ 

 

3

3

( )

3, 1st

n

n

P= =  .  

(d)  

Using, , ,( )

,[ ] [ ] ,1 [ ] ,0

, , , ,
m m m

a m e mst

m

e m a m e m a m

k k
P

k k k k
 = +

+ +
n n n

, and the explicit expressions for the absorption 

and emission rates, , , , , ,

1 1
( ) ( ) ( ) ( )e m R m m h R m L m m h L mk J f J f   = +  and 

, , , , ,

1 1
( ) ( ) ( ) ( )a m R m m e R m L m m e L mk J f J f   = +  we obtain Eq. (20.6.31) for the occupation 

probabilities of the single particle states at steady state,  
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e m a m e m a m

R m m e R m L m m e L m
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=
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=
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Exercise 20.6.6 For a system of noninteracting fermions, the equation for the steady-state 

current (Eq. (20.6.20)) can be written as ( ) ( ) ( )

' ' '

, '

[ ]st L st

L RI e k P N N→ →= − n n n n n

n n

, where n  is an occupation 

vector, 1 2 3( , , ,..., )
AMn n n n=n . (a) Using Eq. (20.6.29) for the state-to-state transition rates, and the 

results of Ex. 20.6.5 for the corresponding steady state populations in this case, ( )( ) ( )

,[ ]

1

A

m

M
st st

m

m

P P
=

=n n , 

with , ,( )

,[ ] [ ] ,1 [ ] ,0

, , , ,
m m m

a m e mst

m

e m a m e m a m

k k
P

k k k k
 = +

+ +
n n n

, show that ( ) ( ) ( ) ( ) ( )

,1 , ,0 ,1
[ ]

AMst st L st L

L R m e m m a mm
I e P k P k→ =

= − + . 

(b) Use the explicit expressions for the emission and absorption rates (see Ex. 20.6.5), 

, , , , ,

1 1
( ) ( ) ( ) ( )e m R m m h R m L m m h L mk J f J f   = + , 

, , , , ,

1 1
( ) ( ) ( ) ( )a m R m m e R m L m m e L mk J f J f   = +

, to derive Eq. (20.6.33) for the steady-state current. 

Solution 20.6.6 

(a) 

 

The transition rates induced by coupling to the left electrode read (see Eq. (20.6.29) and Ex. 20.6.5),    

2 2( )

' ', , , ' , , ,1

( ) ( )
( ) ( )

A

m m

ML L m L m
m L h L m m L e L mm

J J
k f f

 
     → − −=

 
= + 

 
n n n n e n n e  

( )( ) ( )

', , ' , ,1

A

m m

M L L

e m a mm
k k − −=

= + n n e n n e  . 

Using this expression in Eq. (20.6.20) for the current, we obtain 

( )

( ) ( ) ( )

' ' '

, '

( ) ( ) ( )

' , , ', , ' '1
, '

[ ]

[ ]
A

m m

st L st
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= −
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, ' , '

A A

m m

M ML st L st
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e k P e k P − −= =

= − n n e n n n e n

n n n n

 , 

where in the last step we noticed that ' , '1 1N N − =  − = −
mn n e n n  and ', '1 1N N − =  − =

mn n e n n . 

We now notice that 'n  and m  define uniquely a single vector n  with non-zero contribution to the 

summations. Therefore, the sum over n  can be omitted, while adjusting the respective Kronecker 

deltas,  

( ) ( ) ( ) ( ) ( )
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. 
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Recalling that the full summation is normalized, ( )

'

'

1stP = n

n

 (see Ex. 20.6.5 (c)), we obtain 

( ) ( )

[ '] ,1 ' ,1

'
m

st st

mP P = n n

n

, and ( ) ( )

[ '] ,0 ' ,0

'
m

st st
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n

. Consequently, the steady state current reads  
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=
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(b) 

Using the explicit expression for ( )

,1

st

mP  and ( )

,0

st

mP , namely , ,( )
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, we obtain 

( )( ) ( ) ( ) ( ) ( )

, ,0 , ,11

, ,( ) ( )

, ,1
, , , ,

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

, , , , , , , ,

1
, , , ,

A

A

A

Mst L st L st

L R a m m e m mm

M e m a mL L

a m e mm
e m a m e m a m

L L R L R L L L
M e m a m e m a m a m e m a m e m

m
e m a m e m a m

I e k P k P

k k
e k k

k k k k

k k k k k k k k
e

k k k k

→ =

=

=

= −

 
= −  + + 

 + +
= −  + + 







 

( ) ( ) ( ) ( )

, , , ,

1
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R L R L
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m
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k k k k
e
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 −
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  . 

Using the explicit expressions for the rates,  

, , , , ,

1 1
( ) ( ) ( ) ( )e m R m m h R m L m m h L mk J f J f   = +   

and 

 , , , , ,

1 1
( ) ( ) ( ) ( )a m R m m e R m L m m e L mk J f J f   = + , 

we obtain Eq. (20.6.33),  
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