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Appendix A

Solutions to Exercises

Here we intend to present solutions to all exercises embedded in the
main text of each chapter. Most of the exercises are concerned with
corroborating the results described in the text. It is expected that solv-
ing these exercises will give the reader the opportunity to find better
solutions than the ones given here.

Chapter 1

1.1.1 Since it holds that

2
i E (W(t+h)—W(t))l A 1

lim I = lim — = lim

 —
h—0 h%  h—0 |h| ’

{W (1)} is not m.s. differentiable.

1.1.2 Since Var(X(¢)) = E(X?(¢)) = t, it holds that E(X?(0)) = 0, which
implies P(X(0) = 0) = 1. Increments of X (¢) are linear combinations of
normal random variables so that they are normal with means 0 and

Var(X(s) — X(¢)) = s —2min(s,?) +t = |s — t].
Thus X () — X(s) ~N(O,|s —¢t]). For0 <t <t <tz <t4y <1, wehave
Cov (X(t2) — X (1), X(143) = X(3)) =ta —tr — 11 +1; =0,

which implies that increments are independent. Thus {X (¢)} is Bm since it
satisfies all the conditions of the definition of Bm.

1.1.3 Put AW, = W(tx) — W(tx—1) and At = t; — ti_1. Then we have
ZE [(aw)?] = Z Aty =b—a < max [AW] ZE(lAWkI).
k=1 k=1 sk=sn k=1

The left side is a positive constant, but the first factor on the right side



converges to 0. Thus the second factor on the right must diverge, which
implies that W (¢) is of unbounded variation. We next have

n 2 n 2
{ (AW,)? - (b—a)} {Z ((Awp)? —Atk)}
k=1

k=1
= Zn: Var [(AWk)z]
k=1

- 2;(Atk)2 <2 max Ane(b-a) — 0.

E =E

Thus the quadratic variation is finite and bounded away from 0.

1.1.4 1t is clear that {X(¢)} is a Gaussian process with X(0) = 0 and
E(X(¢)) = 0. Using the formula presented in the problem, we also have

© 2sin(n— 1) xs sin(n—1)nt
Cov(X (). X(1) = ) = g)rssnfe3)

2
— 1 2
n=1 (n 2) T

1 1
=5 (I—=|s—1t]) - 3 (1 = (s+1)) =min(s,1).

It follows from Exercise 1.1.2 that {X (¢)} is Bm. Note here that we used
the fact that “l.i.m.” and “expectation” commute [see (1.6)].
1.1.5 For s <t we have

W(s) s s S
()}f): W([) NN(O’E), = s t t :(ixx éxy),

w() s t 1 yx Yy

where X = (W(s),W(t))" andY = W(1). Then it follows from the property
of the multivariate normal distribution that

E(X|Y =0) = E(X) + Z,,%, (0 - E(Y)) = 0,

2

o _ 1 _[s—=s8" s—st

Var(X|Y =0) = Z,, - £, 218, = (S o z2) )
Thus Cov(W (s), W ()W (1) = 0) = min(s,z) — st so that {W(#)|W (1) =
0} is the Bb. It is clear that W(r) = W(r) — tW(1) is a Gaussian pro-
cess with Cov(W (s), W(¢)) = min(s,t) — st. Thus W(¢) is the Bb. Since

Cov(W(1),W (1)) = 0, W(z) is independent of W(1).



1.1.6 Itis clear that {X (¢)} is a zero-mean Gaussian process with X (0) =
X (1) = 0and E(X(¢)) = 0. Using the formula presented in the problem,
we have

E(X()X(0) =)

(o) . .
2sinnxs sin nit
n? n?
n=1

1

n’m?

(cosnm(s —t) —cosnm(s +1))

Me

—_—

(Is =11 = 1)* - %(Isﬂl -1’

S A

in(s,t) — st,

which proves that {X(¢)} is the Bb. Note here that we used the fact that
“li.m.” and “expectation” commute [see (1.6)].

1.2.1 We have

VE{(aX, + bY, — (aX + bY))?}
= VE{(a(X, — X) + b(Y, - Y))?}
< VE{(a(X, - X))} + VE{(b(Y, - ))?)

= lalVE{(X, — X)?} + [BIVE{(Y, - Y)?}

-0,

which implies that Li.m. (aX,, + bY;)) = aX + bY. We also have

[E(X,.Y,) - E(XY)|
[E{X(¥, = V)} + E{(X,, - X)Y} + E{(X,, = X)(¥, = )} |
E{IX(Y, = D)} + E{l(X,, = X)Y |} + E{|(X,, - X)(¥, = V)]}
VE(X?)E{(Y, - ¥)?} + VE{(X,, - X)?} E(Y?)

+VE{(X,, - X))} E{(Y, - Y)?} — 0,

IA

IA

which implies that lim,,, , . E(X,,,Y,,) = E(XY).
1.2.2 The m.s. integral given by

1
Y = f X (1) dt
0

is well defined if ¥, = }7_; X(¢/)(¢; — t;;) converges in the m.s. sense,
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which is ensured if

Jim E() = lim >3 EIXGDX s = -0ty = 1j-1)
’ ’ i=1 j=1
' (A.1)
exists for any sequence of subdivisions p,,, : 0 =59 <51 <--- <5, =1,
qn - O=t9y<t;<---<t, =1andfor any S; S [S,‘,l,S[), l;- € [tjflstj)- If
X (¢) is m.s. continuous, it follows from Exercise 1.2.1 that E(X (s)X (7)) is
continuous so that the right side of (A.1) exists.

1.2.3 Let us consider
n 1
A=Y X -, A= f X (@),

where it holds that l.i.m. A,, = A. It follows from the m.s. property that

n 1
E(A) = E(lim. A,) = lim ZE(X(t;))(ti —ti.1) =f E(X (1)) dt.
n—00 n—oo l:I O
Noting that E(A?) = lim,,_,, E(A2), we obtain
1 1
E(A?) :E(f f X ()X (1) ds dt) = lim E(A2)
O 0 n—oo

= lim > " BOXUDXUD) @t = ti-) () = 15-1)

i=1 j=1

1 1
ffE(X(s)X(t))dsdt.
0 0

1.2.4 Since {X,(¢)} is a Gaussian process, any finite-dimensional distri-
butions of X,,(¢;) (i = 1, ..., k) for each finite k and each collection 1y <
-+ < 1} are normal for all n. Then, puttingY,, = (X,, (t), ..., X, (tk)) , it
holds that

¢,(0) = E{exp(i@’Y )} = exp {i0’'E(Y ) — 8" Var(Y )8/ 2} .

Since l.im.Y, =Y, whereY = (X(tl), R X(tk)),, we have, from Exer-

n—oo

cise 1.2.1, E(Y,) — E(Y) and Var(Y,) — Var(Y). Thus it follows that
lim ¢,(0) = lim exp {{'E(Y,,) — 6" Var(Y )0/ 2}
=exp {{0'E(Y) — 6'Var(Y)0/ 2},



which implies that ¥ ~ N(E(Y), Var(Y)).

1.2.5 Itis evident that E(/;) = 0, whereas we obtain

1 1 1 1
E(I%)=E(f f W(s)W(t)dsdt):f f min(s, 1) ds dt
0 0 0 0
1 t 1 1
=f (f sds+tf ds)dt=—.
o \Jo ‘ 3

It follows from W () ~ N(0,¢) that

® 1 2 2Vt e )
WD = [ e - \/Ti o g
- u m Jo
-2 [—e‘zz/z]m .
T 0 T :

Then we have

1
E(l) =f w/gdt = z\/2
0 n 3V

To compute E(|W (s)W (#)|), note that (W(s),W(z))" ~ N(0,X), where

) .

o OOy min(s,?)

:( X pXZ))’ O')zc:S, 0—3:[, p=—————.
PO Oy, oy o

Denoting the joint density of W(s) and W(¢) as

! exp { ! ( x 2 i + y )}
- — T a1 o s = p 5 9
ooy - o2 2(1 - p») \o2 OOy 0'5

and putting x = oyrcos€ and y = o7 sin6, E(JW (s)W(¢)]) is equal to

[ s avay
oo 2
Ox0y f f 3 .
_ r’| cos 0 sin 0|
2r/1 = p? Jo Jo

2
X exp {—ﬁ(l —2pcosfsin 9)} dr dé
_ ooy (1 = p*)*? fz” |cos€sin?| d@fmue_” i
Vg o (1 =2pcosfsinfh)? 0
20,0, (1 - p?)3? f”/z cos@sin @ N cos 6 sin @
0 (1 -2pcos@sin®)? (1 +2pcosfsinfh)?

O_xo_y(l _92)3/2if”/2 1 ~ 1 dg
s dp Jy 1-2pcosfsinf 1+2pcosfsind

5
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Putting u = tan 6, it follows that

E(IW(s)W (D

O_xo-y(l - )3/2 1
= P - du
i 2pu+u2 1+ 2pu + u?
_ o-xo-y(l - p )3/2 2 -1 P
g - 1-p2
_ O_xo-y(l - )3/2 d 2
B /s N

:2;y(\/1—p + p sin” p)
2 - . . _;, min(s,?)

= — —_ , 2 , 1 )
p (\/st (min(s,?))? + min(s,?) sin Nr

st

Then we have

1 1
E(I) = f f E(W ()W (®)]) ds dt

f [f s(t—s)+ssm'\/s_/t}ds}dt

_f [m2 . Snt? 2\/_(1 —1)3?
0

Pl 8 32 3
12 3
+tsin ' VE+ V1L =17 - %] dt = 3

We also have

1 1
E(’3>:f E(e") dt=f e dr = 2(ve - 1),
0 0

1 t 1
E(3) :f(; [fo‘ E(ew(s)+w(')) ds+f E(ew(s)+w(’)) ds] dt
t
1 '
=2f0 [fo exp(3—2s+%)ds

2¢>  8+e
2 _SNe L,
33




1.2.6 Putting W(z) = W(¢) — tW(1) and noting that
Cov(W(s),W(r)) = min(s,7), Cov(W(s),W(t)) = min(s,t) — st,
2., 02 1
Wy =wa) - f W (u) du,
0

o 1
Cov(W(5).W (1)) = 3 - max(s.1) + g
we have E(,) = 1/2 and E(Is) = E(Is) = 1/6. When (X,Y)’ ~ N(0,%),
where
Y= (0_)2( O'xzy) ’
Txy Oy

it holds that E(X?Y?) = 0303 + 207;,,. Thus

1 1
E(I7) =f0 fo [st+2(min(s,t))2] dsdt=]7—2,
1 1
E(L5) = fo fo [st(1 = $)(1 = 1) + 2(min(s. 1) - s1)] dsdtz%,

E(Iz)—flf] [(1_54_52)(1_“_;2)
= Jo Jo I\3 3

1 2412\ 1
+2(§—max(s,t)+s2 ) dsdt = —.

20

1.2.7 Since
1 n
A= f g AW () =Lim. > g()(W(t:) = W(t; 1)),
0 n—oo l=1
and the m.s. limit retains normality, A is normal. Moreover we have

E(A) = lim 3" g(DEW (1) = W(ti-1) =0,
i=1

Var(A) = lim Z gz(tl’-)Var(W(tl-) - W(t;—1))
i=1

n 1
= lim > ()t 1) = f g () d.
n—oo l=] O

1.3.1 Let us consider

Xpn = Z‘ > K (s},t)AW (s) AW (1)),
i=l j=



where 0 = s < 51 < -+ <55, = 1,0 =1y <t; < ---<t, =1,
57 € [si-1,80), t’. € [tj_1,t;), and AW (s;) = W(s;) — W(s;-1). Then

A11m Xpn=X= ffK(st)dW(s)dW(t)

where A, ,, = max(s; — 80, - -+ Sm = Sm—1,11 =105 - - -5 In —1n—1). The m.s.
limit X is independent of the partition as well as the choice of s} and t;..
Putting m = n, s; = t; and As; = s; — 5;_1, we now have

n 1
E(X) = lim E(X,,) = lim > K(s},s)As; = f K(s,s) ds,
n— oo n—oo = 0

E(X*) = lim B(X;,) = lim S S KK s A

i=1 j=1 k=1 I=1
where
Aijir = B (AW (s) AW (5,)AW (s:)AW (s1))
3(As)* (i=j=k=1)

AsiAsy  (i=j,k=1i+k)

AsiAs; (i=k.j=1i#))

AsiAs;  (i=1,j=k,i#j).

Therefore we have

E(x,) = 32 K3(5.5)(As)? + Y| K (s 5DK (s, 57)AsAs

i#]
+2 3 KX (s}, ) AsiAs,
i£]
" 2
= ZZZ Kz(sl,s YAs;As; + (Z K(s;,sl'-)As,-)
i=1 j= i=1

2

1
—>E(X2)=2f f Kz(s,t)dsdt+(f K(s,s)ds),
0 0 0

which implies that

1 1 1 t
Var(X) =2 f f K?(s,t)dsdt = 4 f f K?(s,t) ds dt,
0 0 0 0

8



where this last equality holds because K(s,¢) is symmetric. Another way
for the solution will be given in Theorem 2.4 of Chapter 2.

1.3.2 For Ky(s,1) = g1(5)g1(t) + g2(s)g2(¢) with g;(r) = 1 and g»(¢) =1,
we have

1 1
E(Xz)=f Kz(t,t)dt=f (1+t2)dt:§,
0 0
1

1 1 1 29
Var(X;) = 2f f K;(s,t)dsdt = 2f (1+st)*dsdt = —.
0 0 0 0 9

Since

1
g1(1)dW (1)
f% < NO.5), %= (1}2 iﬁ)
f &) dW (1)
0
we obtain
_ ~ 1\
E(e"’XZ) = |12 - 2i922\ V2 (1 - gie - §92) .

For K3(s,t) = g1(5)g1(¢) + g2(5)g2(2) + g3(s5)g3(2) with g (1) = 1, g2(2) = ¢
and g3(¢) = t*, we have

1 1
E(Xs)=f Ka(t,t)dt=f (U474 hydi = =2,
0 0 15
bt 1199
Var(X3)=2fO j(; (1+sl+s2t2)2dsdt=m,
Since
1
fgl(t)dW(t)
2 112 1/3
fgz(f)dW(t) ~ N(0,Z3), X3=(1/2 1/3 1/4],
04 1/3 1/4 1/5
fgs(t)dW(t)
0
we obtain

-1/2
10X\ _ . -2 46 . 127 , 1 . 4
E(e )—|I3—21923| —(1——1519—m0 +ml€



t
1.3.3 Noting that W(z) = f dW (u), we have
0

1 1 t t
f g(HW2(1) dt:f g (1) (f f dW (u) dW(v)) dt
0 0 0 0
1 1 1
=f f (f g() dt) dWu) dwW (v).
0 0 max(u,v)

1.3.4 It holds that

1 pl
f f min(s,t) dW(s) dW(t)
0 Jo
1 t 1
= f (f de(s)+tf dW(s)) dW (1)
0 0 t
1 '
f (tW(l)—f W(s) ds) dwW (1)
0 0

1 1
W(l) (W(l) —2[ W(t)dt) +f W2(t) dt
0 0

1
f (W(1) — W())* dt.
0
On the other hand, we have
1
f (W(1) — W())* dt
0

1 1
= Wz(l)—ZW(l)f W(t)dt+f W2(t) dt
0 0

1 1
f f [1—(1-s+1-1)+1-max(s,t)] dW(s)dW(t)
0 0
1 1
= f f min(s,?) dW(s) dW (t).
0 0

1.3.5 Since

Ki(s,1) = Z M = min(s,t) — st,
n=1 n

10



where A,, = 272 and f,,(t) = V2 sin nxt, it holds that

1 1
E(X7) = f K7 (t,1) dt = f t(1—t)dt = l
0 0 6

1 1
Var(X;) =2 f f (min(s,7) — st))? dsdt = i.

We also have

o _ . —1/2
_ 1_[ (1 2i9) 12 _ [sinv2i0
| An V2i6 '

1.3.6 Noting that 1 — max(s,7) — (1 — s)(1 —¢) = min(s,?) — st and

1 1 1
f W2(t) dt = f f [1 — max(s,1)] dW(s) dW (1),
0 0 0

1 1
f W) dt = f (1-1)dw(@),
0 0

the equality can be proved.

1.3.7 For W(t) = W(zr) — tW (1), we have Cov(W(s), W(¢)) = min(s,?) —
st. Since

1 1 1
f W%z)d;:f Wz(t)dt—ZW(l)f tW(t)dt+%W2(1),
0 0 0

1 1 t 1
f tW(t)dtzf z(f dW(u)) dz:lf (1 —u®)dW (u),
0 0 0 2 0

it holds that [} W2(r) dt is equal to

1 1
f f [1 —max(s,) - (1= 41— 1) + 1] dW (s) dW (1),
0 Jo 2 3

which leads to the required equality.

11



1.4.1 Putting AW; = W(s;) — W(s;_) and As; = 5; — 5;_1, we have

n 2
E {Z X(si1) ((AW)? - Asi)}

i=1

=E | > X)X (se) (AW = Asi) ((AWL)* ~ As)

i=1 k=1

= 2Zn" B (X(si-1)) (As;)* < 2max As; iE (X2(si-1)) As;
i=1 i=1

-0

as n — oo and max; As; — 0 so that the relation for j = 2 is established.
For j > 3 it holds that

n 2
{Z X(si_l)mwi)f}

i=1

E

n

> X(sl-_l)X(sk_l)mw,-)f(AWk)fl

i=1 k=1

=E

n

E (X°(si-1)) E(AW)Y)
i=1

+ Z E (X (si-1)X (st-1)) E(AW)))E((AW)),

i#k

where E((AW;)?) = const. X (As;)¢/? for even ¢ and O for odd ¢, which
leads to the conclusion.

1.4.2 Consider

i Vj-1€; = i Yi-1(yj = ¥j-1)
= =
= —% Zn: (v = ¥j-1)* = Zn: v+ Zn: Yia
j=1 j=1 Jj=1

1, 1,
= z Yn — 5 . Sj’
Jj=1
which establishes the required relation by the FCLT and CMT.

1.4.3 Put Ti-1 = (1 - /l)t[,l + At; and AW, = W(t[) - W(t,',l). Then we

12



have

Wt AW, + > (W(Ti1) = W(ti1) AW,.

1 i=1

D W )AW, =

m m
i=1 i=
Here the first term on the right side converges in m.s. to (W2(¢) — t)/2,
whereas the second term can be rewritten as

DL W) =Wt + )L (Wmio) = Witi) (W(t) = Wiri).
i=1 i=1 (A2)
Since it holds that

E[> (W) - W(m))zl =) @ —ti) =AY (=t = A,
i=1 i=1 i=1
Var Z W(rio) - W(ti—l))zl = 22 (Ti=1 — t;—1)* < 22%t max At;,

i=1 i=1

the first term in (A.2) converges in m.s. to A¢. Noting that#; | < 7;_; < ¢;,

the second term can be shown to converge in m.s. to 0, which establishes
the required relation.

1.4.4 Since it holds that
d (sW (1)) = 25(OW (1) AW (1) + (8" (VW (1) + g(1)) dt,

we obtain

1
j(; gOW () dW (1)

1 1 1
5[ f d(g(OW* (1)) - f (& OW @) +2®) dr]
0 0

1 1 1
3 [g(l)Wz(l) —f f [g(1) — g(max(s,1))]dW(s) dW (1)
0 0

1
—f g(t)dt]
1 1 1 ’ 1 1
-f f g(max(s,t))dW(s)dW(t)——f g(t)dt.
2 0 0 2 0

1.4.5 Noting that

X)) = ewf e Y dW (u),
0

13



it follows that

1 1 t t
f X2(r) dr = f o ( f f e‘V(”"V)dW(u)dW(v)) dt
0 0 0 0
1 1 1
- f f ( f et dt) e ) dW (u) dW (v)
max(u,v)

27 max(u,v)
f f e W) dW (u) dW (v)

2-s— t) |s—t]
f f e AW (s) dW ().

Cov(X(s),X (1)) ZE(eV(”’) fxf e 77U AW (u) dW (v)
0 0

min(s,?) ey(s+t) _ eyls—tl
= ¥t f e dy = —
0 2y

We also have

1.4.6 When H is symmetric, we have, from (1.69),
1
1
N f W' (H)H dW () = 3 (W ((DHW() — tr (H)) . (A.3)
0

Then we obtain

E(eie&) = }zq - i@H(_”2 exp ( - thr(H)/Z)

— e

—1/2 0 &
(1-i0a:)" " exp [—’— /Ik],
2
k=1 k=1

where A; (k =1, ..., q) are the eigenvalues of H.
1.4.7 It follows from (A.3) that

1
S = f W (t)H dW () = %W’(I)HW(I),
0

0 1
ne(t)
-1/2
Since the eigenvalues of H is +1, the c.f. of S is (1 + 02) , which is also
the c.f. of (W2(1) = W3(1))/2.

where

14



1.4.8 Given {W;(¢)}, it holds that

(Wi} ~ ( f Wz(t)dt)
Using (1.29) we have

E(e) =E[E(U|{wi(n})] =E [exp{—%zfol le(t)dt}]

-1/2

f Wi (1) dWs (1)

= (cos —92)71/2 = (cosh@)

On the other hand we obtain

o SE -

which proves the distributional equivalence.

1.5.1 Putting F(x; §9) = F(x), we obtain

E

n=1 I’l—i

W2(é) = n f (F,(x) = F(x))* dF (x)

x|
[Zf (——F(x)) dF(x)+f F?(x) dF (x)

+f (1 —F(x))zdF(x)].
X7

Using
f F(x)dF(x) = lFz(x) f Fz(x)dF(x)=%F3(x),

we can arrive at the final expression after some manipulations.

1.5.2 Since F(X)), ..., F(X,) are independent and uniformly distributed
over [0, 1], it holds that

E[e(t - F(Xj))] = E[ez(t - F(Xj))] =P(X; <1) =t,
Covle(s — F(X;)).€(t - F(Xu))1 = Ele(s - F(X))) e(t = F(X0))1 - st
{min(s,t) —-st (j=k)

0 G # k).
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1
Thus, putting H, () = — Z;’ZI e(t - F(Xj)), we have
n

E(H, (1)) = %Z t=t, Cov(H,(s),H,(t)) = % (min(s,?) — st).

j=1

1.5.3 When F(x;¢) = R(x — &) =t, we have
OF(x;€) _OR(x - &) _
¢ ¢

(010gf(x;§))2 _E (r(x f)) f"" )
& r(x—=¢§) e F(X)

Thus we obtain
oo ’ 2 -1/2
o (£) g (1) = - ( [ e dx) FR (1),
oo T(X)
which does not depend on &. When F(x;&) = R(x/§) = t, we have x =
ER7(¢) and
OF (x; OR 1 _
G = T =), ) =~ R OB ).
It follows from f(x; &) = r(x/&)/& that

(610gf(x;§))2 _ g (ng'(x/f))z
o€ & £ r(x/é)

2O\ 1
(1 £ rx /f)) g /8)dx

S
f ( xr (x)) F(x) di
)

(xr’(x))?
o0 ) dx

=-r(x=§), g)=-r(R'1),

o) =E

o3 (é) =E

(r(x) + 2xr’(x) +

(f (xr’(x))7 (x))? dr — 1) _
w (X))
Thus we obtain

[S) ’ 2 =1/2
cr<§>g§<t>=—( f %"x‘l) R (R (1)),

1
&
_ L
&
_ L
&
1
&

which does not depend on £.
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1.5.4 Since f(x; &) = £(R(x))*~'r(x), we have

. 2 2
(o)) )]

(¢ =E =E

where

A=E E log R(x) + (log R(x))z]
_ f . (% log R(x) + (log R(x>>2) ER(x)*'r(x) dx

1
= f (% logu + (log u)z) Eut " du = 0.
o \&

Thus 02(¢) = £2. We now have
OF (x;¢)
0¢ x=x(t:€)
which yields o (§) g:(t) = t log?t.

_

= (R(x))* IOgR(x)L:xu;.f) S ¢

g:(1) = logt,

1.5.5 The log-likelihood for y is given by

1
y' (I, + pCC")7'y.

1
L(p,02) = _g log 270} - 5 log1, + pCC'| -

202
Then we have
dL(p,0?) 1 1 nn+1)
el = _——tr (CC’ 'CC'y==-2'CC'Z - ,
op | 2 HCC)+ 55y CCy =3 4

where Z ~ N(0,1,,). Since the (j, k)th element of CC’/n is min(j, k)/n and
its uniform limit in the sense of (1.105) is K(s,t) = min(s,t), it follows
from Theorem 1.11 that

2 AL(p,02 1 1
2 0pae) 1 eyt
n? 2

1 1
= f f min(s,t) dW(s) dW(t)—l.
0o Jo 2

n2  dp n

1.5.6 Define P = HF; and Q = XF;, where F| isan (n — p) X (n — p)
matrix such that P’P = I,,_, and F; is a p X p matrix such that Q’Q = I,,.
Since P’Q = F{H'XF, = 0, it follows from Lemma 1.12 that, putting
A=Q,

P(P’AP)'P" = HH'QH)'H' = N'A"'N = N'Q™'N,

17



where N =1, - Q(Q’A™'Q)'Q’A~ = I, - X(X’Q ' X)"'X’Q~ ! Tt also
follows from Lemma 1.12 that

P(P’AP)™ 2P’ = P(P’AP)"'P’P(P’AP)"'P’ = N'A'A"'N,

which leads to H(H'QH)2H’ = N'Q72N.

1.5.7 Sincey = (y1, ..., yu) ~ N(O,UiQ(a)), the log-likelihood for y is
given by

1
L(a,of,) = —g log 2710'3, ) log |Q(a)| — o

)
>y'Q (a)y.
We have dL(a,0?%)/da|y, = 0 and

*L(a,0?)
0a?

_ny’Q‘zy n(n+5)
S yQly 6

Q=Q(1).

Hy

Then we obtain the LBIU statistic S, = y’Q2y/(ny’Q"'y). Since & =
Q12y /o, ~N(0,1,) under Hy, it follows that y’Q~ly /(no2) = £&/n —
1 in probability. Noting that the (j,k)th element of Q~'/n is given by
min(j,k)/n — jk/(n(n + 1)), it follows from Theorem 1.11 that

1 1
21 Sy’ Q7% = oy (1521)5 =S =f f [min(s,)—st] dW (s) dW (1).
n n 0 0

n*o;

-1/2
Thus S, = Sand the c.f. of S is given from (1.35) by (sin V2i6/V2i6) .

1.5.8 Define the partial sum process

1 ]—1 MJ‘—MJ',I (]—1 ])
Y, (1) = uj_+nlt-— <r<=).
= T, ( ) Vic,  \n .

It follows from the FCLT that {Y,,(#)} = {W(¢)}. Consider

uj =)’j—/§'1 —sz

[Zn:kz—jik]: uk+(jn—§kJZn:kuk




which yields, because of the FCLT and CMT,

n

1 2
g i3 +0,(1)

& j=1

S A RCR AR B

J

1 1 1
= f (W(t) + (6t —4) f W(s)ds — (12t - 6)f sW(s) ds) dt.
0 0 0

1.5.9 The (j,k)th element @ (p) of ®(p) = C(p)C’(p) is given for
Jj < kby

j-1
O (p) = Y pFI

i=0
Thus we obtain, for j < k,

d®; (p)
dp

j-1

= S k- j+20 0 = k- j = jk - minGi. k.
p=1 i=0 p=1
which leads to the required result.

1.5.10 Since ®~'(p) = (C’(p))~'C~'(p), where C(p) is defined in (1.131),
and

1
-p 1 0
C ' (p) = ,
0 .
-p 1
we have
do-! dyC e~y ., dc!
dp dp dp
2p -1
-1 2p -1 0
0 -1 2p -1

-1 0
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Thus we obtain
0! (p)

s =2(I, —e,e)).

p=1

_d (dcbl(p))
T dp dp

p=1

1.5.11 Note first that y’ N’Ny = u’N’Nu and y’My = u’ Mu. Consider
Nu = (I, - X(X'(CC")™'X)~'X"(CC")~'u, where

) iy 11 , ORI S n -1
X(ccr)'x_(1 n), (X(CC)IX) _m(_l 1)-

Then we obtain
_ 1 n _1 e’ =1 ,—1
Nu—u—nTl(e,d) (_1 1 )(d,) (C) C'u

I = thl d-e),

=u—eu —

which leads to the first relation. Since u’Mu = u’N’(C’)~'C~'Nu and it
holds that

Vi

1 , Vo = V1
C"'Nu=Cv= . s

Vn = Vn-1
where v = Nu and v; is the jth component of Nu, which is u; —u; — (j -
1)(u, —uy)/(n —1). Thus the second relation is established.
1.5.12 Let the left side be S,,, for which

1 n . 2 1 n . . 2
S, = = Z (uj - %un) +o0,(1) = ;Z (Yn (%) - iYn(l)) +0, (1),

J=1 J=1

where {Y,(¢)} is the partial sum process for {u;}. It follows from the FCLT
that {Y,,(z)} = {W(¢)}. Then we arrive at the conclusion from the CMT.
Alternatively it follows from Exercise 1.5.11 thatu’ N’ Nu 2 ¢/NCC'N ‘e,
where & ~ N(0,021,,) and

NCC’'N’ = CC’ - X(X'(CCH'x)~'x’
, 1 n -1\ (e
SCC e (—1 I ) (d’)

=CC’ - (nee’ —de’ —ed’ +dd’) .

1
n—1
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Since the (j, k)th element of NCC’ N’ /n is given by

min(j, k) 3 n—j—k+jk
nn-1) ~°

B, (j.k) =

it follows from Theorem 1.11 and (1.33) that

1 1 1
— &NCC'N'e = f f [min(s,t) — st]dW (s) dW(t)
n 0o Jo

1
2[ (W(r) — tW(1))? dt.
0

Chapter 2

2.1.1 Following Hochstadt (1973), consider

d
il Dyn(A) = (0, + 8, +---+0n)Dn(D),

where 0; is a differentiation operator with respect to A, acting only on the
terms in the jth column. Then it holds that

d n
a,(N) = (ﬁ) Dy(D)| =@ +d+--+n)"Dn()|
=0
I’l! (e 3] an
- Z m@ -0y Dy ()
aj+--tany=n =0

Since each column of Dy (1) is linear in A, every term with a; > 2 van-
ishes. Thus we have

a,(N) = n! o ---8;’,"’ Dy ()
Yaj=n;a;(l-a;)=0 1=0
- Z ajlajz o aj" a;)n+la;?n+2 e BJON DN(A) ’ (A4)
" =0
where this last sum Z runs over all permutations of the subscripts 1,2, ..., N.

T
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Observing that 9, - - - d,, Dy ()] 1=¢ is equal to

WK (¥) K (F) o RK(RE) 00
WK (F) RK(RF) o Rk (Rg) 00
K () K (5R) o RK(hE) 1o |
HE(FE) RK(FE) o SRK(RE) 0

and similarly for the other terms in (A.4). Then we can arrive at the required
expression.

2.1.2 Putting M = max |K(s,?)| and using the Hadamard inequality, we
have
W
tl . . . tn

D) < 1+ Z

n=1

< M'n"? (n=12,...)

and

wa i

The ratio test gives us
n+l
b (IUMVRHT)T @ DU M+ 1y
lim = lim n = lim
n—oo bn n—oo (l/llM\/ﬁ) /n; n—oo \/m
which ensures that D(1) as a function of A converges for all A.

2.1.3 For K(s,t) =1+ s+t,wehaved; =2,

=0,

1 1
d2=f f[(1+2s)(1+2¢)—(1+s+t)2]dsdt:——
0 0

and d, = O forn > 3. Thus D(1) = 1 —21 — 1?/12. The function K (s,t) =
1+s+1+st = (1+5)(1+1) is the form given in (2.19). We have d, = 7/3 and
d, = 0forn > 2, which gives D(1) = 1-71/3.For K(s,t) = 1+s+t+5°t2,
we have d; = 11/5,

1425+ s 1+ s+1+ 5% 7
d = 1+s+1+ s> 1+2t+¢ dsdt—%,
1 1 1 K(S,S) K(S,t) K(S,M) 1
ds =f f f K(t,s) K(t,t) K(t,u) |dsdtdu=—-——,
K(u,s) K(u,t) K(u,u)
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and d,, = 0forn > 4. Thus D(1) =1 —111/5+71%/180 + 13/2160.
2.1.4 Since

1 1
1
o = Cov (f cos jnt dW(t),f cos kit dW(t)) = Edjk,
0 0
we obtain, as the FD of K (s,?),
/l n
I, -z =(1-Z%] .
-(1-3)

Similarly, we obtain D,(1) = (1 — 2/2)" as the FD of K, (s,t). Consider

1 1 n
S; = fo fo ; cos jr(s — 1) dW (s) dW (1)
n 1 2 1 2 n
= Z [(f cosjde(z‘)) + (f sinjde(t)) } = (sz+yjz),
Jj=1 0 0 Jj

where

Di(1) =

1l
—_

1 1
X; = f cos jmtdW(t), Y; = f sin jxt dW (1).
0 0

Since (X;,Y;)’ ~ NID(0,1,/2), we have E (ei953) = (1 — i#)™" so that the
FD of K3(s,t) is given by D3(1) = (1 — 1/2)*". Similarly, consider

1 1 n
Sy :f f D sinj(s + 1) dW(s) dW (1)
o Jo I
n 1 1 n
=23 f cos jxt dW (1) f sinjnt dW (1) =2 )" X, ;.
=1 Y0 0 J=1

Then we obtain E (ez”’x-fyf) = (1 + 492)_1/2 so that E (ei"54) = (1 +
46?) """, Thus we obtain Dy(4) = (1 - 2%)" as the FD of Ki(s,).

2.1.5 Wehave, forO<¢ <---<t1,<1,

K(tl"'tn)
o - - i,

nl-n) -ty - - - -ty
B Hil-1n) nd-t) - - - -ty
HA-1) b-1) - (-1,
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n(l-t) n(d-) - - - nll-1,01) 1
n(l-t) n(d-) - - - -1, n
= (1 _tn) . . . . .
tl(l - tn) t2(1 - tn) oot tn—l(l - tn) Iy

0 0 o - - 0 t

-1 0 0 0 5]

th—t3 0 - - 0 3

=1 -1

0 : :

* . 0 Ih-1

Ihn_1 — Iy Iy

=ttty —t)(tz —12) -+ (1, —t,_)(1 = 1),

fl...flj((t‘ ;”)dtl...dtn
' n!
= "'f ffl(fz—l‘l) (= th-1)(I = 1,) dty -+ - dty, = onr Dl
where A ={0<# <..--<t, <1}. Thenthe FD of K(s,t) = min(s,t) — st

is given by B
N G e ()" sinVa
D) ";) nl QCn+1)! L (2n+1)! R

o]

where the series expansion for the sin function is employed.

2.2.1 Mercer’s theorem gives the relation for j = 1. Suppose that the
relation holds for j = k. Then we have

1
K(k“)(s,t) — f K(k)(sﬂ,t)K(u,t) du
0

'S 1 S |
= fo >, A—kfm<s)fm(u>z A—f,I(u)fn(r) du

which proves the required relation.
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2.2.2 Using Theorem 2.8, we compute

1 pl 1 '
= \/f f K3 (s,t)dsdt = l\/2f (f s4(3t—s)2ds) dt
0o Jo 6 0 0

33
6 10 = 0.08092.

Thus 1/4; = 0.08089 < B, = 0.08092.
2.2.3 It follows from

L, (s.1) = ZQK(“(st i[i

n=1 \ j=1

]fn(S)fn(t)

|8

that

j=1 “n

1 m
fo Ln(s,1) fu(s) ds = [Z A—J’]fn(t)

Thus the eigenvalues and eigenfunctions of L,,(s,?) are given by

{[l/ij—f] n=1,2,...}.

2.2.4 It follows from Theorem 2.10 that the c.f. of S, is given by
E ('7%) = [D(B1(2i6)) D(B2(2i6))] "
-1/2
= [D (i0 + V=62 +2ic20) D (i6 - V=62 +2ic%9) |

where
A+ VA2 +4c22 A—VAZ+4c%2a
ﬁl(/l) = f, B2(/l) = f,

and D(Q) is the FD of K(s,t) given in (1.79) as
2(1 - i
D) = /l[ ( cosﬁ)_smﬁ .

A A

2.2.5 The distributional equivalence in

1 1
f f K(s,t) dW(s) dW(t) 2
0 0

25
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is ensured due to Mercer’s theorem [Theorem 2.2]. On the other hand, it
follows from the Karhunen-Loé¢ve expansion in (2.36) that

1 1 o o
YZ d zf fm(t) fn(t) Z Z d
fo (di= | ZZ =T t

m=1 n=1

2 - =1
= WO dt= Y — 7,
,;21 — f Fn(0) fu(0) dt = Zl T

which establishes the required relations.

2.3.1 Consider first the case where z = (2m + 1/2)7 + Bi with |B] <
(2m + 1/2)r. Then

cosz = # = %( /2B _”’/2+5) 5.(6_5 —6'8),
sinz = eu_z—l_e_lz = le (ei”/z_ﬁ—e_i”/2+/’)) %( _ﬁ+eﬁ).

On the other hand, when z = @ +i(2m + 1/2)n with |a| < Cm + 1/2)n,
we have

( ia—(2m+1/2)nx +e

Ccosz = —ia+(2m+1/2)7r)

’

San =

( ia—2m+1/2)x _ e*ia+(2m+1/2)7r)

It can be checked that cos z/ sin z is bounded on the two sides of C,,,. Since
cos z/ sin z is an odd function, cos z/ sin z is bounded on each side of C,,,.

2.3.2 It can be shown easily that the integral equation leads to the differ-
ential equation with five conditions. We show the reverse. Denote by R the
right side of the integral equation to be proved. Then, using the conditions
in (2.62), R is equal to

1

f [min(s,t) — st](—f"(s) — day” (s)) ds

0
1
—lﬁ(f)fo Y(S)(=f"(s) — day” (s)) ds

' 1

= —f s(1=8)(f"(s) + day” (s)) ds — f t(1=s)(f"(s) + day” (s)) ds
0 '

1
+ (1) [[tﬂ(S)(f’(S) + day’ ()] —fo Y (s)(f'(s) + day’ () ds |,
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which can be shown, after some manipulations, to be equal to f ().

2.3.3 The expression (2.74) gives the integral equation

t 1
f@)=2a [f Li(s,0) f(s) ds +f Ly (s,t) f(s) dS] ;
0 t

where
1

(gh?
1

(gh?

Let us define, for j = 0,1, ..., g,

Li(s,1) = fs ((s —w)(t —u)*® du,
0

Ly(s,t) =

f (s —u)(t —u))® du.
0

O'Li(s,;t) _gg—D---(g—j+D 7 -
Aj(s.t) = —— == = G fo(s—u)g(r—u)g 7 du,

O Ly(s.t) _gg=D---(g—j+1) (* -
Bi(s,1) = —— ~= = G fo(s—u)g(t—u)g 7 du,

where A;(t,t) = B;(t,t) and A;(0,1) = B;(s,0) = 0. Then it holds that

t 1
f<f>(z)=/1[f0 Aj(s,t)f(s)ds+f Bj(s,t)f(s)ds], F90) = 0.

Since
08L(s,t) 1 f‘ g8+l
A == —w)du= ——,
e T I A A P by
_9Ly(st) 1 (" _ -l R
Bg(s,t)—T—Ej; (s—u)gdu_(g+l)! (s —nyst —s871),

itholds that A;(s,r) =0for j > gand,fork=1,...,g+1,

1 1
f<g>(z>=—(gf1)! U (s—t)*”“f(S)ds—fO sg“f(S)ds],

A(=1)k-!
(g+1-k)!

1
f(2g+”(t)=/1(—1)gf f(s)ds,

1
FER@) = f (s =@ O f(9)ds, fEO1) =0,

so that we obtain the homogeneous differential equation of order 2g + 2
SO + (=1)*Af(1) =0
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with 2g + 2 boundary conditions

fP0)=0, M =0 (G=01,...,8).

2.3.4 Define

OLi(s,t) _glg=D---(g=j+1D (7 .
A = @) fo(s—u)gf(t—u)gdu,

87 Ly (s, (g —j+ 1) [ »
D5y = el - SE D I )fo(s—mgf(r—u)gdu,

C}(S,t) =

so that

C,(s,t) = lfs (t—u)gdu=( 111), (= s)s! —zg”),

tg+1
D, (s,t) = f(t—u)gdu—( O

It holds that C;(¢,t) = D;(¢,t) and C;(0,t) = D;(s5,0) = Dg.14;(s,t) =0
for j =0,1,..., g, whereas

Coi1+j(t,1) =0 (j=0,1,...,8=1), GCogi(s,1) = (=1)%.
Using integration by parts, A fol L(s,t)f(s)ds is equal to

1
(1! f L(s,0) f®$*2)(5) ds
0

= (-1 [[L(s,nf“g*“(s)];— fo oLts) f<2g+l>(s)ds]

= (=DF [LALD S0 (1) - L0 (0)

t 1
- f Ci(s,1) D (s) ds - f Dl<s,t>f<2g“><s>ds]
0 t

t 1
= (=1)8*2 [ f Ci(s,1) D (s) ds + f Dl(s,nf(Zg*“(s)ds],
0 t

where we have used f?¢*V (1) = 0 and L(0,t) = 0. Proceeding further by
integration by parts and using the boundary conditions (2.76), we obtain

1 t 1
A f L(s,t)f(s)ds = — [ f Co (s, 1) f 8™ (s) ds + f D, (s5,1) f&+(s) ds]
0 0 t
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= f Cort(,) f4V(s) ds = — f ' Conals.) 0 (5) ds
0 0
= (-1)* f Coget (5,007 (5) ds = (=1)% f £ (s)ds
0 0
= fo F/(s)ds = f(1) = £(0) = f(1),

which gives the integral equation (2.75).

2.3.5 Since the solutions to the characteristic equation of the differential
equation (2.72) are xi, ..., X244 and it holds that x,, ., = —x; for k =
I, ..., g + 1, the general solution is given by

[

+

[
o

(bkei(—ixkt) + bg+1+kei<ixkt))

f@ bje“' =

g+l
k

=1

~

1
+1

o

DII4

[bk (cosixyt —isinixgt) + bgi14x (COSTXiE + i8I ixkt)]

—_ =

+

e =

[(bic + bgurii) cosixpt +i(bgrra — be) sinixgt]
=1

>~

which gives the expression in (2.78).

2.3.6 It follows from the relation in (2.84) that P(1) — 1 is equal to

i 1 ftl//(s) 1 _ zcosﬁ(l —s—1)
72 Jo 0 24/n> 2 ﬁsinﬁ/ﬂ

1 ncosx/}(lﬂ—z)}
- ds

+ —_
20/7* 2 \AsinVA/n

r 1 mcosVA(l =5 —1)
+I ¥is) {2/1/”2 2 +/Asin \/Z/ﬂ'
1 zcosﬁ(l—s+t)

+ —
2/7* 2 \AsinVaA/n

} dsl W' () dt

pl 1 1
= _Si:l/_\/jj(: f(; W () (1)L (s,1) ds dt.
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2.3.7 It follows from the relation in (2.88) that P(1) — 1 is equal to

oo

22 1 Lo 1 2
FZ—I T (j(; w(t)sm(n—z)mdt)

n=1
(n 2) 2

1 t
= Zcfﬁj; [fo t//'(s){sin‘/z(1+s—t)—sinﬁ(l_s_t)} ds

1
+f Y (s) {sin VA(1 = s + 1) = sin V(1 - s = 1)} ds] W () dt
— ﬁ 1 1 ’ 4
= cosﬁfo fo W (W (1) Lo (s,1) ds dt.

2.3.8 Since f, (1) = V2cos(n — 1/2)xt and

! V2 re 1
bjn=f0 ‘/’j(l‘)fn(t)df=—m~fo !l/j(f)sm(n—z)mdt,

we obtain P;;(4) from Theorem 2.18. On the other hand, putting A, =
(n — 1/2)*7%, we have

~ b'nbkn
Pu() = A ) e
; - /l//ln

20 & 1 et
= s ; 12 j; j(: Y () (1) sin(n — 1/2) s
X sin(n — 1/2)rt ds dt

1 - 1 1 1 ) )
- P; (n— 1/2)2—/1/7r2j(; ](; W,'(S)Wk(f)

x { cos(n = 1/2)z(s - 1) — cos(n — 1/2)m(s + 1)} ds dt,

which leads to Pj; (1) in the theorem because of Theorem 2.18. Thus the
theorem is established.

2.4.1 Denote by R the right side of the integral equation to be proved.
Then

1
R = /lf [min(s,z) — st] f(s)ds
0

' 1 1
= - [f sf”(s)ds +tf f7(s)ds — tf sf7(s) ds]
0 ' 0
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= —[Sf'(S)]6+f0 f'(s)yds —t(f"(1) - f7 (1))

1
i [sf (9]}~ 1 f F(s)ds = £,
0

which is the left side of the integral equation to be proved.

2.4.2 We have

t 1 1 2
/l[—tf f(s)ds—f sf(s)ds+f (S “2+1)f<s)ds]
0 t 0 2 3

t 1
—tf (—f”(s)+ﬂa)ds—f s(=f"(s) + da) ds
0

t

Vis2+2 1 .
+‘f0( > +§)(—f (s) + da) ds

R

1
A

= 10 - 100 = a4 [5G0} = [ wds = =)
s2+12 1), : b Aa 2
—[( > +§)f(s)]o+j(; sf(s)ds+7(1+t)

1
£ - fo Fls)ds = £(t) - a,

which shows that R leads to the left side of the integral equation only when
a=0.

2.4.3 1t is clear that the integral equation with the present kernel leads
to the differential equation with the two boundary conditions given in the
problem. Conversely, consider

1
R= —f [1 — max(s,t) + b] f"”(s)ds
0

' 1 1

=tf f"(s)ds+f sf"(s)ds—(l+b)f f7(s)ds
0 ' 0

=—f() -bf () + fQ),

where it holds that f(1) = —bf’(1) since

1 1
f(1) = /lbf f(s)ds = —bf f7(s)ds = —bf’(1).
0 0

Thus R reduces to f(¢), which is the left side of the integral equation to be
proved.
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2.4.4 When b = 0, itis clear that all eigenvalues are positive. Assume that
b # 0. The zeros of h(z) = cosz — bzsinz (z # 0) satisfy tan z = 1/(bz),
where z = VA is real for 1 > 0 or purely imaginary for 1 < 0. Suppose
first that b is positive. Then no purely imaginary number z = ix satisfies
tanix = 1/(bix) & tanhx = —1/(bx), as can be seen from the graphs
of tanh x and —1/(bx) with b > 0. Thus the eigenvalues are all positive
when b is positive. When b is negative, the graphs of tanh x and —1/(bx)
cross at two points, +a, say, which implies that there is only one negative
eigenvalue.

2.4.5 We prove that
h(z) = (1 + 022222 4 2(by + by + B2 (cos z — 1)
Z
has an infinite product expansion described in Theorem 2.13. Consider

W) _  pi(z)cosz+pr(z)sinz
h(z)  qo(z) + q1(z)cos z + g2(z) sinz’

where

pi(2) =2+ b2, pa(z) = =1 — (b3 +2by +2b) 27,

qo(2) = =2(by + by + )%, q1(2) = —qo(2),  q2(2) = pi(2).
Then it can be shown that cos z/ sin z is bounded on each side of squares
C,, in the complex plane with vertices (2m + 1/2) n(£1 i) (m = 1,2,...).
Noting that p,(z) is a lower order polynomial than p;(z) = ¢»(z), and
that ¢gy(z) and ¢, (z) are lower order polynomials than ¢,(z), it is ensured
that 4’(z)/h(z) is bounded on each side of C,,. Since #’(0) = 0 and h(z)
is symmetric with simple zeros of /4(z), Theorem 2.13 ensures that h(z)

admits an infinite product expansion and we conclude that D(1) is the FD
of the present kernel.

2.4.6 Since

X(@) = eytf e S dW(s),
0

we have

1 1 t t
f X2(r) dr = f e ( f f e‘y(“”)dW(u)dW(v)) dt
0 0 0 0
1 1 1
- f f ( f et dz) e AW (u) dW (v)
0 0 max(u,Vv)
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1 1 1 e
=35 fo fo (&2 — e maten) ) gW () dW (v)

1 1 1
- 2_f f (eW—S—” - eﬂs-") dW (s) dW (z).
Y Jo Jo

We also have

min(s,t) 1
Cov(X(s),X(1) = ey(””f e du = > (67(”’) - ey's_"),
0 Y

which gives the required distributional relation.

2.4.7 We have

f(@
t 1 !
_ 4 [_ew [Cers@as-er [erwasver [ e”f<s>ds],
2y 0 t 0
@

' 1 1
= % [—ew f e f(s)ds+e f e f(s)ds + e’ f e’ f(s) ds} ,
0 ' 0
I @

t 1 !
%[—e”f e_ysf(S)ds—e_V’f e’ f(s) dS+ey’f e’ f(s) dS]
0 ! 0
—Af ()

= -Df@, fO)=0, fA)=yf).

Conversely, assume the differential equation with two boundary conditions.
Then

(A - yz)f e f(s)ds = —f e f"(s)ds
0 0

= e " f@t)+ f(0) —ye " f(t) + yf(0) - yzf e 7 f(s)ds,

0
which gives

2 f e f(s)ds = =" /(1) + F/(0) = ye " £(1) + 7 £ (0).
0

Consider next

1 1
(1 —72)f e’ f(s)ds = —f e’ (s)ds
1
= = (D +e” /() +ye’ f(1) —ye f(1) - sz e’ f(s) ds,

33



which gives

1 1
2 f e f(s)ds = &' f'(D—ye" (1), A f e f(s)ds = f'(0)=y £ (0).
‘ 0

Denote by R the right side of the integral equation to be proved. Then we
have

1
2y [=e” (=e7" £ (1) + f7(0) —ye ™ f(t) + Y £(0))
e (7 f1(1) —ye f(1) + € (f(0) - yf(0))]

f@,
which is the left side of the integral equation to be proved.

2.4.8 Consider

R

sin W(u) (y— p?)sinu—ypcos
h() = cos g — ySH, " 1) _ (= ) sinp - yiicos g
H (1) HZCcos pu—ypusinpy

where h(0) = 1 —y and A’(0) = 0. Since sin g/ cos u is bounded on
squares C,,, with vertices 2mm (£1+i), h’ (i) /h(u) is also bounded on C,, as
m — oo. Noting that 4(u) is symmetric with simple zeros at +a;,+as,. . .,
it follows from Theorem 2.13 that

© 2 © p- 2
h(#)=(1—7)n(l—g—2)=(1—7)1—[(1—/l _772)
n n=1 n

n=1

=1 A A
=a-n[] p: (1—/1—).
n=1 n n

Since
Ay
/ln - 72 ’

W) Lo =7 = (1= [ ]
n=1

we have

= A
h(,u) :6_71_1(1 - /l_)

n=1
Thus D(A) = e”h(w) admits an infinite product expansion.
2.4.9 We prove that

sin
h(p) = cos pu — (y + b(u” + 72))Tﬂ
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admits an infinite product expansion, where 2(0) = 1—y—by? and h’(0) =
0. Consider

W _ =+ (y+ by )peospt (=(b+ D +y +by*)sinp
h(w) = (b + (y + by*)p) sin p + p cos

Since cos y/ sin u is bounded on squares C,,, with vertices (2m+1/2)m(x1+
i), W (u)/h(u) is also bounded on C,, as m — oo. Noting that h(u) is
symmetric with simple zeros at +ay, +a,,. . ., it follows from Theorem 2.13
that

h(u)z(l—y—byz)]_[(l—”—z)—(1—y by)]_[(
A
=(l-y- by)]_[ (1——)

Since
h(p) a0 =7 = (1~

we have

= A
hw =e | | (1 - 7).

n=1
Thus D(A) = e”h(u) admits an infinite product expansion.
2.4.10 Define

G@) = f g(s)ds, G@0) =0
0

where g(t) is any continuous function. Then we have

1 pl
Izlf f [1-2|s—t|]g(s)g(t)dsdt
4G2(1)——’f (f (t—s)g(s)ds+f (s—t)g(s)ds)g(t)dt

1 t 1
iGz(l) - lf (f G(s)ds + (1 -1)G(1) —f G(s) ds) g(t)dt
0 0 t

=_f (G(1) = 2G(t))* dt = 0.
4 Jo

We next prove that the differential equation with two boundary conditions
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leads to the integral equation with K (s,¢). Denote by R the right side of the
integral equation to be proved. Then R is equal to

1
_—lf [1-2]s—1]] f”(s)ds
4 Jo

-1 t 1

e [f’(l)—f’(O)—Z{f (t—s)f”(s)ds+f (s—t)f”(s)ds}]
0 t

= f(),

which is the left side of the integral equation to be proved.

2.4.11 Noting that 1, = (2n — 1)?n2, eigenfunctions are given by
fu(®) =crcosyA, t +cpsin/A, t = ¢y cos(2n — )7t + ¢, sin(2n — 1)xt,

where c¢; and ¢, are arbitrary constants. Since the multiplicity of each 4,
is two, there are two linealy independet eigenfunctions ¢, cos(2n — 1)t
and ¢, sin(2n — 1)xt. Then we have two linearly independent orthonormal
eigenfunctions by putting ¢; = ¢; = V2.

2.4.12 We have

Cov(X(s),X (1))

1 1
Cov (W(s) — f W (u) du, W(t) — f W) dv)
0 0

1
min(s,t) — st — f [min(s,v) — sv]dv
0

1 1l
—f [min(u,t) — ut] du + f f [min(u,v) — uv] du dv
0 0o Jo

1 !

= min(s,t)—st——(s—s2+t—t2)+f —(v=v)dy
2 0 2

K(s,1),

which proves the first equality. We also have

2

1 1 1
f X%(1) dt:f W2(1) dt — (f W(t) dt) ,
0 0 0

1 1
fWz(t)dt:f(W(t)—tW(l))zdt
0 0

1 1 2 2
=f f [l—max(s,t)—(l— S ;t )+1] AW (s) dW (1),
0o Jo 3
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1 1 1
f W(z)dz:f (1—t)dW(t)—1W(1):f (l—z) AW (1),
0 0 2 0 2

which proves the second equality.

2.4.13 Itis clear that the integral equation with the present kernel leads to
(2.129). Suppose that (2.129) holds. Then, using the two boundary condi-
tions and noting that
‘oY m (., m
(ftz—m +Af(1) =0, "f() = O -—ro],

we have

1
2 f [1 = (max(s,1)*"*"] f(s)ds
0

Ly opr ’ t pr ’ 1
- [(E2) s [(E2) ase [ - 2mr o) as
0 s 0 s :

—f()+ tz'"”% + /(D) —1f (1) = Cm+ D(f(D) = f(1))
@Qm + 1) f (1),

which establishes the required relation.

2.4.14 Ttis clear that the integral equation with the present kernel is equiv-
alent to (2.135). The general solution to the differential equation is given

by
VA, Vi,
h(l‘) = \/;{CIJI/Z(m+1) [m+ lt +1 +02J71/2(m+1) e+ lt +
Vi 1720m+1) 1 A20m+D A1)
_ a4 ¢ _
N2m+1) Tv+1) T(v+2)

— —1/2(m+1)

+ A )
c —
12m+ 1)

where v = 1/2(m + 1). The boundary condition #(0) = 0 implies ¢c; = 0
and the other condition 4(1) = 0 yields J,(NA/(m + 1)) = 0. Then, using
(2.125), we can obtain the FD given in (2.136).

2.4.15 It follows from

cos z = 1_[ (1 T o1 1/2)27r2)

n=1

1 /Uz(m+1)/4(m+1)2
T(—v+1)  TI(—v+2) |
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that

S (R
(- )
=_4Zﬂ(1_n(n+l))ﬁ( (n:/IL;Z)Z)
= —"Zﬁ (1 - n(nz+ 1))’

where we have used the fact that

ﬁ P VL
(n+1/2)2) 4

n=1

Alternatively, we can use the product expansion formula:

1—[(1+ x(1 —x)) _ sin mx ,
nn+1) ax(l —x)

n=1

which leads to D(A) by putting x(1 — x) = —
2.4.16 Putting f(¢) = t'/®"*Dq(r), the integral equation with the present
kernel is equivalent to the differential equation
2m +2 W () . A

+1 ¢t 2m + 1)2
with the boundary conditions

h(1) =0, limot”(z’"”)h(t) =0
t—

() + F72mICmED gy = 0 (A.5)

The differential equation (A.5) is a special case of Bessel’s equation in
(2.123) with
-1 P Va m+1 1
= P e—— = . = —— y = eEEE———
202m + 1) m+1 7T 2m+1 20m+ 1)

so that the general solution is

h(r) = t~12eme0 Lo g Va fomh/@min | g Va [mensemeny ||
VIim+1 lm+1

Then the boundary condition t'/@"*Dx(t) — 0 as t — 0 implies ¢; = 0 so
that we obtain the same FD as that in Exercise 2.4.14 from A(1) = 0
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2.4.17 Sisequal to

1 1
f m"Wie) dt - 2m + 1) (f sPMW(s) ds)
0 0
1 1 1
= f f (f m dt) dW (u) dW (v)
0 0 max(u,v)
1 1
-Q2m+1) (f (f 2m dt) dW(u))
0 u

f f (mm(s £))2m+ (st)z’"*']dW(s)dW(t).
2m +

2

2

2.4.18 The integral equation with the present kernel gives

o =2 [ f f(s)ds — f s2m+1f(s)ds],

from which it follows that

2
f"(t)—Tmf'(t)+/lt2mf(t)=0, J0)=f(1)=0

The differential equation is the same as (2.129) whose general solution is
given in (2.130) as

VA4 VA
— (2m+1)/2 m+1 m+1
f(l) t {CIJV [m+1t +cJ_, —m+1t s

where v = (2m + 1)/2(m + 1). The boundary condition f(0) = O implies
¢; = 0 and it follows from f(1) = O that a necessary and sufficient condi-
tion for A # 0 to be an eigenvalue is J,(\WA/(m + 1)) = 0. Then we obtain
the FD given in (2.141) using (2.125).

2.4.19 Since

(BT 1 w2 1N (Amf20m + D)
J—v—l(ﬁ)_(z) [F(—V)+ I'(-v+1) +; kI'T(=v+k) )’

where v = m/(m + 1) and 8 = V-2Am/(m + 1), it holds that

Ty s (BT(=y) . T(=v)dm/2(m + 1)? © (Am/2(m + 1))k
e T ES)) +T) ) A=Y
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(o]

oy Am/20m 1) (4/2(m +1)*)*m*
B —v Lk (=v+k=1)-(=v+ (=)

A
—>1—§ (m — 0).

2.4.20 It follows from the text that we have only to prove that g(z) =
720 h(z)/z® admits an infinite product expansion of the form in (2.39),
where

h(z) =472 + 24+ 8(z> = 3)cosz + z(z> = 24)sinz, z=VA.

It can be checked that every zero (# 0) of h(z) is simple by showing that
there exists no solution common to 4(z) = 0 and #’(z) = 0. It also holds
that rank(M(4,,)) = 3 for each eigenvalue A,. Thus the multiplicity is
unity for each A,. The function g(z) = 720 h(z)/z% is even and analytic
for all z with g(0) = 1 and g’(0) = 0. The zeros of g(z) can be denoted
by +a, (n =1,2,...). Furthermore, g’(z)/g(z) is bounded on the squares
C, (m = 1,2,...) with the vertices at 2m + 1/2)x(x1 + i). It follows
from Theorem 2.13 that g(z) has an infinite product expansion (2.39) with
A, = a> and ¢, = 1, which ensures that the FD of the present kernel is

g(Va).
2.4.21 Theorem 2.20 gives us

1 '
Pii(d) =1~ 24 (f zpj’-(s) cos Vs ds) zpj’-(t) cos \/Z(l —1)dt,
sin V2 Jo 0

I t
Pi(1) = - ﬁ f (f w}(s)cos\/zscosﬁ(l —t)ds
sin VA Jo 0

!
+f (p.;(S)cosﬁtcos\/z(l—s)dS) Uy (1) dt,

where j # k, from which we obtain, using computerized algebra,

72 144 (cos VA1)
1 AVasin VA
120 360 360cos VA
A A2 AAsinVa
120 1080 120 (5 cos VA + 4)

P33(1) =-3 - — +
. 4 2 AV sin VA
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4 AWVaAsinva |
i
Pi3(1) = — P2 (),

V3
20 120 40(2cosVa+1
Py(1) =3V3i |1+ = - —+ ( )
A AVAsinVa

24 (cos VA - 1
PIZ(/l) = 3\/51 [1 + E 4 (COS )]

which yields

720
A3VAsinVa
and arrive at the FD given in (2.179).

IP()| = (46 + 1) = 8(3 = D) cos VA - V(24 - V) sin V),

Chapter 3

3.2.1 We can deduce that

1 1 oo oo
j:aMmm—mmm:i:Zﬁdﬂﬂ@@—}]%ﬂﬁqm
n=1

m=1

o 1
Z%%Lﬁmmmm

2
Cn —

M

[S)

c: =0.

I
M &
:QI\)
|
e 5D
S

n

3
I
I

n

3.2.2 Putting @ = a® + ab + b*/3 and A? = 4a?/3 + S5ab/3 + 8b*/15,
consider

Y(0) = E (S0

(cos \/21’0/14)_1/2 exp [—M + absec+2i0/A

2
N 2i0a*/A + b? tan V2i0/A i

2 \2i0/A A

where
- 2i0 .
cosy2i0/A =1 - A +O0(A™),

20 5(2i0/A)
sec V2i0/A = 1 + i + % +0(A7Y),
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+—+
\2i0]A 34 15

Then we obtain, as |ab| — oo so that A — oo, ¥/(8) — e~?/2, which means
that (S, — @)/A = N(O,1).
Alternatively, it can be shown more easily by noting that

tan V2i6/A _ 2i6 2 (21'9
B A

2
—) +0(A7Y).

1 1
S :f Wz(t)dt+2f (a+bOOW(t)dt + @ = N(a,A?),
0 0

where
1 1 t
A? = 4Var (f (a+bYW(t) dt) = 8f (f (a+ bs)sds) (a + bt) dt.
0 0 0

3.2.3 The integral equation (3.16) with K (s,7) = min(s,z) —st and m(t) =
a+bt isequivalentto h” (¢t; 1)+ Ah(t; 1) = —a—bt with h(0; 1) = h(1;2) =
0. The general solution is given by

+ bt
h(t; A) = ¢ cos\/zt+c25in\/2t— 4

It follows from the boundary conditions that

+b
a -4 otV

a
c =-, =
T ’ AsinvVa 4

Then we obtain
A,
- (m (1) + /lh(t;/l)m(t)) dt
0

2

_—\/lz 1[a(a+b)‘/§sin‘/§

cos +

) .
+b—[ﬁcosﬁsmﬁ+cos\/ﬁ+l]]

2 cosﬁ—l

b b)yva b?
= exp [;+%—ﬁ(d(a+b)+?)cotﬁl,

which yields the c.f. of S| given in (3.22).
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Putting @ = a® + ab + b*/3 and B*> = a*/3 + ab/3 + 4b*/45, consider

w(@) — E(eiH(SI*a)/B>

. - -1/2 2
_ (sz— \1291/9/8) exp [b— + a(a + b)\2i0/B cosecy2i0/B

(a(a +b) + —) V2i6/B cot \2i6/B — l%"] ,
where
—Slrl;ivi_’f? - 1- 2’: +0(B™),
2
\2i0/B cosecy2i6/B = 1 + ?g 320 (2l—6) +0(B™),
V2i6/Bcot\2i0/B = 1 — % - % (21—9) +0(B™?).

Then we obtain, as |ab| — o so that B — oo, §/(0) — e~?/2, which means

that (S — @)/B = N(0,1).
Alternatively, it can be shown more easily that

1 1
S, :f Y2(t) dt + 2f (a+b)Y(t)dt + @ = N(a,B?),
0 0

where

1 1 '
= 4Var (f (a+ b)Y (1) dt) =8 f (f (a + bs)(s — st) ds) (a+bt) dt.
0 0 0

3.2.4 We have

1 1 1
S :f Yz(t)dt—ny z(1—z)Y(r)dz+y2f *(1 - 1)* dt,
0 0 0

where

1 1 1
Var (f t(1 =Y (@) dt) :f f st(1 = s)(1 — )[min(s,) — st] ds dt
0 0 0

17
"~ 50407

1
1
2(1-0)2dt = —.
f; ( ) 30
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Then it holds that
S =930 S -%%/30
Vdyr x 17/5040  /y? x 17/1260

= N(0,1).

This result can also be obtained from the c.f. of S; given in (3.26).

3.2.5 Putting o = \/a?/2n?2, we prove that S = (S; —a?/2)/oc = N(0,1)
as |a| — oco. In fact, it follows from (3.28) that

E(e%) (sin \/21'9/0-)‘”2 oxp [a22i9/0' (1 B 2;'9/0)‘l B a2iel

V2if/o 4 4r? 20
_ (sinVZOr\ T a? Gi6)?
-\ V2ig/e 20272 2

92
— exXp [—E:| .

+0(a—‘)]

3.3.1 It can be easily established that the integral equation leads to the
differential equation with the two boundary conditions. Conversely, putting
g(t) =T1(0,t; 1) and using

’ ’ 2
Ag(1) = - (gtz(ni)) . ATt = —g" (1) + Tm g’ (1),
we obtain
1
R = /lf K(s,t)g(s)ds
0

/l 1 . t 1 .
T— [f g(s)ds —t*" lf g(s) ds—f s¥ g (s) ds}
0 0 '
_1 ! g,(S) ’ 2m+1 ! g/(S) ’
vt L (5] e [0(52) o

1
- [ 6 - 2mgo) ds]

-1
2m + 1

(1 =" + g(1) = —K(0,1) + g(1),

which gives the integral equation to be proved.

3.3.2 ConsiderE (e“’(SZ‘“)/‘T), where u = a*/(2m+1) and 0% = 4a*/(m+

44



1)(4m + 3). Noting that

(kY 1 I'(v+1)«? 4
Sy = (E) To+1D) (1 TToe2 4 Ok ))’
K\ 1 I'(—v+1)«? 4
k) = (E) T(—v+1) (1 Ty 4 PO ))’

where k = n/+/o = V2i8/0/(m + 1), we obtain

A=T(=v+1)J &) /(g)f =1+0(lal™),

_ia*0/o T(v+ 1)J,(x) (5)‘2V
S 2m+ 1 T(=v+ DJ_, (k) \2

) 2
=’“9/0[1+( L )K—+0(K4)]

2m + 1 1-v 1+v] 4
R »
=~z o(a),

2

B (ei(J(Sz—ﬂ)/") =A72eBe 7 — exp [_%] (la] = co),

which gives the required result. Alternatively, we can use (3.35) to compute
a’K(0,0) = a’/(2m + 1) and

4a?

1 1
_ 2 2 - -
Var(zafo K(O,t)dW(t)) =4a fo K*(0,1) dt = (m+ ) (dm+3)

3.3.3 We prove that the differential equation with the two boundary con-

ditions leads to the integral equation (3.32). Putting g(¢) = I'(0,#; 1) and
using

2 (@)Y 2
Ag®) = - (fm(_tl)) , At"gt) = - (tg” (@) —(m—-1g'(1)),

we obtain

1 t 1
/lf K(s,t)g(s)ds:i[t”’f g(s)ds+f s”’g(s)ds}
0 2 0 t
t ’ 4 1
l[;'"f (gm(fl)) ds+f (sg”(s) — (m — 1)g’(s)) ds]
m 0o \S ¢

1
g1 — 51" =g(1) - K(O.0).
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3.4.1 Let us define

N 1
1 2¢,
e (_22 "z, z) +zzf m>(t) dit = W’ AW,
0

n=1 /ln " V/l
where W = (Z,, ..., Zn, Z)’ and
A h 1 1
A= "), A=d L)
(h q) lag(/ll /lN)
1
C1 CN f )
fum@) dt, g = f (1) dt.
(e 0
Since

E (5% = [Ty = 2i0A]7"/2

= [|IN — 2i6A]| {1 - 2ig6 +492hI(IN _ ZiGA)_lh}]fl/Z

-1/2
2i0\ "2 N c2
1-— 1 -2igh +46* Y —" —
1_[ ( ) 1 Zf A, — 2i0
and Sy; = S3 as N — oo, we have, using (3.17),

s 0 2i0\"'? e e
lim E (V) = 1-== 1-2igf+40> ) — " —
Jim E (%) ﬂ( 1 ) “a ;/ln—ZiH

n=1 n
N v . l 2
= (D(2i0)) (1—219f m2(t) dt
0

1 -1/2
+402f h(t;2i0)m(t) a't) ,
0

which establishes the required result described in Theorem 3.12.

3.4.2 It follows from Theorem 3.12 that the c.f. of S; is given by
-1/2

1 1
E (eigss) = (D(2i0))"'? (1 - 2i9f m?(t) dt + 492f h(t;2i0)m(r) dt) ,
0 0
where D(A) = cos VA and (3.20) gives

1 1
/lf mz(t)dt+/12f h(t; D)m(z) dt
0

b(2a + b) bsec Va

& 2) 4 pryA0VA tan VA

\/_

where A = 2i6. Then we obtain the c.f. of S5 described in this problem.

= 22 |- +2a +(a
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3.4.3 We obtain, from (3.24),
a’Asinu/u
cos p—ysinpu/u’

where A = 2if) and a*> = —1/2y. Then, noting that the FD of Cov(X (s), X (¢))
is given by

1 1
/lf m>(t) dt+/12f h(t; Dm(r) dt =
0 0

sin
#)’ #: /1_727
u

D(A) = ¢ (cos,u -y

Theorem 3.12 yields the c.f. of S5 described in this problem.
3.5.1 Letus define

N

1 2 2 ’
Sna = ; = (22 +2af,(0)2,Z) + bZ* = W’ AW,
where W = (Z,, ..., Zn, Z)" and

A h . 1 1
A:(h’ b)’ A=d1ag(/l—1,...,m),
(af 1(0) afn(0) )

h e
A AN

Since
E(ei"SN) = |Ins — 2i0A]7"?

= (i — 2i6A1 {1 - 2ib0 + 46°h’ (I, — 2i0A) 'R )] "

N oy —1/2 N 5 -1/2
2i6 0
[1 (1 - AL) [1 —2ib0 + 44267 L]

— A,(d, — 2i0)

n=1 n

and Sys = S; as N — oo, we have

>

= 2o )
: i0SNs) _ =172 1 _ 5 202 n
lim E (e ) = (D(2i6)) (1 2ibO + 4a*6 ;:1 a0 2i9)]

N—>oo

where
S fr(0) 1 [0 ) 1 A
; A, (A, —2i0) ﬁ; (/1,, —2i6 1, ) = ;g (1(0,0:2i6) = K(0,0)).

Then we obtain the c.f. of S; described in Theorem 3.16.
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3.5.2 TItisrecognized that S, is obtained from S, in (3.33) by replacing a
by aZ, where a = 1/4/—2y. Thus it follows from (3.34) that

E (eiHS4

sinv)_l/2 [ ia’Z*0 sinv/v ]
ex )

Z) =e7? (cosv -y -
cosv — vy sinv/v

Taking expectations on both sides with respect to Z, we obtain the c.f. of
Sy described in Example 3.17.

3.5.3 It follows from (3.50) with b = a2K (0,0) that
E () = (D2i6) " (1 - 2ia®1(0,0;2i0))

where D(A) is given in (2.133), whereas I'(0,0; 1) is given in (3.38). Thus
we obtain the c.f. of S; described in (3.53).

3.5.4 It follows from (3.50) with K(0,0) = 0 and b = O that

i

1 - 2ia®T(0,0:2i6)) "
2t D) ( = 2ia"T(0, ,l)) ,

E (e“6’54) = (D(2i6)) " exp {—

where D(A) is given in (2.143), whereas I'(0,0; 1) is given in (3.43). Thus
we obtain the c.f. of S4 described in (3.55).

Chapter 4

4.2.1 Noting that (x — @)/ = — cotnt, we have

OF (x;&) 3 —_1 1 B _L 1
da x(t:€) Br 1+ (x—a)?/p? x(t:8) Br 1+ cot® it
= ,;_711 sin? 7,
OF (x;&) (- 1 _ cotnt 1
B x(£:€) p*r 1+ (x - a)?/p? X(£:8) Br 1+ cot? nt
1
= 2,‘771 sin 27t.
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4.2.2 Using the formula described in the problem, we obtain

. dlog f\ _if‘” (x - a)?/B* 1 p
da )| Bl o U+G-a/pR 1+ (x-ap/p2 "

8 ® u? 8 1 33
-5 ), e s (-33)

1
2pB%

Similarly we have

(alogf 2 5 (_1 22X -a)YB )2
EY] ) - B 1+ (X-a)2/p

_el 1l AX - a)?/p* 4(X - a)*/B°
EE T T X T U (X — )R

3 1 . 8 f‘x’ —u? N u® J
“8 B, \ru2  Arurp)

L (L) e (a))
g g\ 2°\272) 2722
1
2_ﬁ2.
On the other hand, it holds that
E[(alogf)(alogf)]_E[ 2X — )/ B2 ( L, 2(X - a)*/B? )]

da ap 1+ (X—a)?/B2\ B 1+(X-a)2/5

E

=0
because the integrand is an odd function.

4.2.3 It is clear that the integral equation leads to the differential equa-
tion with the two boundary conditions. Conversely, denoting by R the right
side of the integral equation to be proved and using Ah(s) = Ah(s; 1) =
—h"(s) — m(s), we have

1 1
R = f K(s,t)m(s)ds + f K(s,t)(=h"(s) — m(s)) ds
0 0

1
=_f K(s,H)l" (s) ds
0

' 1 1
= —f sh” (s)ds — tf h(s)ds + tf sh” (s) ds
0 ' 0

= h(1),
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which is the left side of the integral equation to be proved.

4.2.4 Putting T = (R*(§,) — n)/o, where

3B alB o (1, S\ (), L (x)
K= 812 ’ - Bo 874\ Bo)

1272 * 84
we have, from (4.14),

oy _ [sinVa/o -2 7 2 Ao 4n?
E(e )‘( Vi ) P (ﬁo) 1@r2 - o) | @r? = Ao

1 —cosV/o } . (2)2 Ao Au

X—
sinVA/o /Ao Bo) 4(@dr?-2Alo) 20
where A = 2i6. We obtain, as ¢ — oo,
inyA4
M =1+ 0(0-—1),
VA/o
Ao p 22 .
= + +0 ,
2@~ o) - Tere T eamer O
4m? 1 A 312
- = - - O -3 ,
(4n2 - A/o)?  4An? ( W l6ntor @ ))

1 —cosVa/o —i+ A2
sinVi/o/NAjo 20 2407

Thus we have

, - 2 1 5 ?
B(e) = (1+0@™)) Ve [g {(T o) (&)

1 2 22 6>
+@ (ﬁ) } + 0(0"3)] — exp (?) = exp (—3) .

4.3.1 Putting () = V2 sin’ nit, we have, from Darling’s formula in
(2.159),

+0(c7d).

: d 1 t
D(A) = s -2 (f W’ (s) cos Vs ds) Y’ () cos \/Z(l —1)dt,
va 0 0
where /(1) = V27 sin 2nt. Using computerized algebra we can obtain the
FD given in (4.23). We also have, from Mercer’s theorem,

(8)fu(®)  f2(s)f2(0)
An p R

1 O
K(s,t) = min(s,t)—st—ﬁ sin 2zts sin 27t = ; /
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where A, = n®z% and £, (1) = V2 sin nnt. Since K (s,1) excludes the eigen-
value A, from the FD of min(s, ) — st, we can also obtain the FD in (4.23).

4.3.2 It can be shown that the integral equation leads to

h” () + Ah(t) = —m(¢) + 2Aasin 2nt, (A.6)
with conditions
1
h(0) = h(1) =0, a= f h(s) sin2rs ds. (A7)
0
Conversely, assume that (A.6) and (A.7) hold. Then
h(s) =c cos VAs + ¢y sin Vs + Y l + cos 27 — 2AaM
- : 2\ A At -2 42— A

so that it follows from the last condition in (A.7) that

: 2 1
a= j(; h(s)sin2nsds = 4ﬂ27i 2 ((1 —COS\/Z)CI - sinﬁ)—ﬁ.

Since it follows from the two boundary conditions in (A.7) that
h(0) — k(1) = (1 = cos V)¢, — ¢, sin VA = 0,

we conclude that a = 0. Denoting by R the right side of the integral equa-
tion, we have

1 1
R= f K(s,t)ym(s)ds + f K(s,t)(=h" (s) — m(s) + 2Aasin2rs) ds
0 0

1 1
= - f K(s,H)h" (s)ds +21a f K(s,t)sin2ns ds
0 0

in 2t
=h(t)+2/laSIZ n

= h(),

2
which is the left side of the integral equation to be proved.

4.3.3 Itis clear that the integral equation leads to the differential equation
W (t) + Ah(t) = —m(t) — 4dacos2xt, m(t) = % sin2rt (A.8)
g
with conditions

1
h(0)=h(1)=0, a :f h(s) sin® 7s ds. (A.9)
0
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Conversely, assume that (A.8) and (A.9) hold. Then we have

sin 27rs cos2ms
pra—a am
It follows from the last condition in (A.9) that

h(s) = c; cos\/_s+czsm\/_s+ (A.10)

I
a:f h(s)sin® nts ds
0

2
= \/5(4272 ) (c1 sm\/_+cz(1 — Cos \/_))
7T f—

so that

47r2 A
1
= ——(c;1sinVA + (1 —cosVA) ),
i ’ )

from which it holds that

(cl sin VA + ¢2(1 = cos \/_)> &

1
fo h(s)cosZnsds—4 5 P

=0.

Denoting by R the right side of the integral equation, we have
1 1
R = f K(s,t)ym(s) ds + f K(s,t)(=h"(s) — m(s) —4Aacos2ns)ds
0 0
1 1
- f K(s,0)h” (s)ds —4Aa f K(s,t)cos2ns ds
0 0

1
= h(t) + 4 sin® 7t f h(s) cos2ms = h(1),
0

which is the left side of the integral equation to be proved.

4.3.4 For m(s) and h(s) given in (A.8) and (A.10), respectively, we obtain

1
f h(s)m(s) ds
0

1
f h(s)% sin 27rs ds
0 /8
m (C](l — COS \/Z) — sin \/Z)
AN T
8B 4m> — A’

Since the two boundary conditions 4(0) = (1) = 0 give ¢;(1 — cos ﬁ) -
¢, sin VA = 0, we arrive at the desired result.

Chapter 5
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5.2.1 Since L(6) is given by

1
L(6) = —g log 27r0'§ -3 log|I, + pD,CC’D,|

1
202

v = Box = Zy)' (I, + pD.CC' D)™ (y = Box — Zy),

the MLEs of o2, B and y under H, are given by

~1
1 ~ x'x x'Z x’y
~2 _ S\ —
O, = I’ly My’ (,30,)’ ) (Z/x Z/Z) (Z/y) .

Then it it holds that, putting # =y — Box — Zy = My,

IL(© I I

LON _ _Li(p,cc'Dy) + ——#D,CC'D,3
p g, 2 20;

ny’ MD,CC’D, My

2 y’'My

1
= —5 t(DxCC'Dy) +

5.2.2 For Case (a) consider

1 1
-y'My = — (& + pDCn)’M(& + pD,Cn)
n n

1
—-{' (I, + pD,CC'D)'*M (1, + pD,CC' D)
n

1 4 4 4 4
~{'M{ + — s ' MD,CC'D. M,

ne

where ¢ ~ N(0,021,,). It holds that £’ M{/n — o2 in probability because

1 1 1 1
—{ME==08- =0 -M{ ==+ 0,(n"") - o}
n n n n

On the other hand, we have

1
——'MD,CC'D.M¢ B

n2m+2 y,MDxCC,DxMys

n2m+2

which is assumed to converge to a nondegenerate distribution. Thus it holds
that y’My/n — o2 in probability. Cases (b) and (c) can be dealt with
similarly.

5.3.1 Sincex = (1™,2™,...,n™) and

A, =C'D., -xx"/x'x)D,C=C'D,D,C-C'D,xx'D,,C/x'x,
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we can deduce that the (j, k)th element of A,, is given by

An(j.k) = Z om - Z o Z 52’"/2 £m,

{=max(j,k)

5.3.2 Define h(f) = —6> + 2icA/(m + 1)*. Noting that b(#) — —6? and
yv—olasm—-oo,and I'(v + 1)J,(2)/(z/2)” — 1 as z — 0, we have

E (eie(erl)zR(m;C)) = [D:(0)D2(6)]7"%,
where, for 6 > 0,

D,(0) =D((m+1) (;9+ b(0))

=F(v+1)J( i + /( i + b(e)) - 2J,(V2i0)/N2i6,

o =

When 6 < 0, we have D;(0) — 1 and D,(0) — 2J,(V2i60)/V2i6. Thus it
holds that

)

b(@)

Dy(8) = D ((m+1)( \b(6) )
b(H)

=I'(v+1)J, (

lim E (/00 R0 = (2, (V2i0)/V2i6)

m— oo

5.3.3 The (j,k)th element A, (j,k) of A,, = C’MC is given by

1 n
n+1—max(j,k) - (n—k+1) (n—j+1)§£2q
nszM—(szﬂz[ { =

t=j =1 t=k t=j =1

Then we can find K(s,; ¢) such that

#(ok)/n = K(j/n.k/n: )| con-
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verges uniformly to 0, where K (s,7; g) is given by

2
1 - max(s.r) - < ;l) (1-5)(1-1)

2g + 1
+q2
q

[(1=9) (1= + (=) (1 = 577 = (1 = 577y (1 =177

2
min(s.1) - st + (1 = $)(1 = 1) - & ;“21) (1-5)(1-1)

2qg +1

+q2

[(1=9) (1=t + (A=) (1 = 5971 = (1 = 577 (1 =177

2g+1
7

= min(s,t) — st — st(1 = s7)(1 —19).

5.3.4 Since

n n22 w33\ 2160 n%/240 -n’/60 n®/72
X'X)'~| n®2 n3 ntja| = -n’/60 4nS/45 -nd/12],
nd/3 n*/4 n’)5 n®/72  -n’/12  n*/12

no

and

CX=|n-j+1 2,6 3o,

the (j, k)th element H, (j, k) of C’X(X’X)~'X’C is given by

2160 (n—jpHn® > -’ (- jHnd
o [(” %) ( 240 20 ' 216

+n2 _ k2 _(I’l —j)l’l7 . 2(]12 _j2)n6 ~ (1’13 _j3)n5

2 60 45 36
n—k? ((l’l—j)n6 B (n* — jHn’ (n3—j3)n4)]
3 .

H,(j,k) =

+

7 % T T 36

Thus we can obtain the uniform limit K (s,z) of A, (j,k)/n as

K(s,1)

1 — max(s,?) — [(1 _ (9(1 —5) —18(1 = 5% + 10(1 — s3))
+(1 =) (=18(1 = 5) +48(1 - s*) - 30(1 — 5))
+(1 =) (10(1 = 5) = 30(1 = 5?) +20(1 — 57))]
min(s,?) — st — 2st(1 —s)(1 —¢) (4 — 55 — 5t + 10s1) .
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5.3.5 Since My = M(e + C) 2 M(I, + pCC’)'?{, it holds that

1 yMCC' My
I+7 M <X
n y My

P ((8 +Cn)’ (e+Cnp) > 0)

(xM MCC’M)
P ({ M (ﬂ - MSC/ ) M1, + pCC){ > 0)

24T

P

xM poCC’M MCC'M  p(MCC'M)*
n n2+T n2+T gZO

P({ Q(1)¢ 2 0),
where p = ¢/n* has been inserted.

5.4.1 Define b(6) = —6° + 2ic6/(m + 1). Noting that b(6) — —6* and
yv—olasm — oo,and I'(—v + 1)J_,(2)/(2/2)™” — 1 as z — 0, we have

E (/0 DS0m) = [Dy(6)Da(6)] 7,
where, for 6 > 0,
D) = D ((m+ 1)(i6 + \b(9)))
Vim + )6 + W)] (\/(m +1)(i8 + Vb(9)) |

m+1 2(m+1)

=TI'(-v+1)J_,

(= (i6 + VB(@))/4(m + 1)

=T V“)ZO T (—v+1+4)

—1-1i6,
Dy(8) = D ((m + 1)(1’0 - \/b(e)))
— D) =1.

When 6 < 0, we have D;(6) — 0 and D,(6#) — 1 —i6. Thus it holds that
lim E (¢ DS0m) = (1 -ig)™"/>.

m— oo

5.4.2 We can easily obtain the mean and variance by using

1 1 1
E(R(m;O))zf K(t,t;m) dt, Var(R(m;O)):Zf f K2(s,t;m) ds dt.
0 0

0
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Alternatively, we have E (e""R(m;O)) = (Dg(2i6))~'/2, where

DR(/l)=F(v+1)JV(ﬁ)/[ va ]

m+1 2(m+ 1)
Tv+1) A Fv+1) A2 3 (16
To+2)dm+ 12 2arr+3) 1o+ 40 (m™)
1 22

=l i D@m+3) T Smr D Am 3 6m s

1o (m_(’) .

We also have E (ems(’";o)) = (Ds(2i6))""/?, where

) G VI
Ds() =T(=v+DJ-y (m 1 /(2(m T 1)]
T(—v+1) A T(—v+1) 22 s
T+ dm+ 12 Ty 13 et A0 (m™)
1 22

_ 3 -5
=1 2(m+1)+8(m+1)2(2m+3)+/1O(m ).

Then moments can be derived from Theorem 2.4.
5.4.3 Sincez = (19,24, ..., n?)" and
A, =C', -2z /z2'2)C=C"C-C'zz2'C/z'z,
we deduce that the (j, k)th element of A,, is given by
AGok) = n+ 1 — max(j, k) — Z Iz Z 5‘1/2 %,
t=j =k (=1

Thus A, (j, k)/n converges uniformly to

1 1 I
K(s,t;q) = 1 — max(s,t) — f u? duf v dv/f w4 dw
s t 0

2 1
q+ (l—SQ+1)(1—tq+1).

=1 - max(s,t) — Qi)

5.4.4 Since

n/3 n4/4)“_@(n5/5 —n4/4)

(Z,Z)_lz(n4/4 w5 4 )3

n8

and the jth row of C"Z is given by (3;_; €, Xy_; £?), the (j,k)th element
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H,(j,k) of C"Z(Z'Z)~'Z’C is given by
240 k2 (I’l2 _ j2)n5 (I’l3 _ j3)n4
HaG k)~ =5 [ 2 ( 0 12

n3 _ k3 ~ (n2 _ j2)n4 (n3 _ j3)n3
3 8§ 9 '

+

Thus we can obtain the uniform limit K (s,7) of A, (j,k)/n as

1-s? 1—s3)

10 12

+1—t3 1—s2+1—s3
3 8 9

= 1 — max(s,t) + g(l -5)(1 -1

1-1¢%
K(s,t) = 1 —max(s,t) — 240 5

x (5(s2 + 12— 822 + st(s+1) —4(1 + 5)(1 + z)) .

Chapter 6

6.1.1 Puttingp =y — X, we have

Z_’C; - —%t (Q (o )69(“)) 212 "0 )‘9 ( Lo (@,
% = (Q (a )agg")) +Q"(a)82§ff)
+éﬂ’ ‘2(9“@)8%&))29“(&) LU
which yields
% s —%tr(—ln +2Q7" + Eﬁ'(—ﬂl_1 +20790. (AL
Since
@Y =tr (CC’ - n—ilCee’C’ = n("g S %ﬁ’ﬂ‘lfl’

substituing these into (A.11) gives the required result.

58




6.1.2 It holds that
i Q' D IOV ()N’ Q' NQ 2 (a)¢
2 MO Q@) P M
2oMOT (aQ+ (1 - a)’L,) Q72M¢

2
= o' M{ + S MO M,
n

where M = [,-Q 712X (X’Q7'X)~'X’Q~1/2 = M?.Itholds that ' M{ /n —
o2 in probability, whereas ' MQ~'M{/n* = O,(n™"), which establishes
(6.12).
6.1.3 Consider
2
’ @ 2 ¢ 2

| ¢ [nﬂz An9+mAn]§

—R, =

nT

[ c?
{ l:; AnQ + W An:| é‘
Since it holds that

62 7 A2
S0,
a 4

;g AnQ§+ Op(l)

12<k<1l,t=2-2k)

2

C 4

= LA+ 0p(1)

i =z (k=1/2,7=1),
o+ ;{’An§+o,,(1)

and, forO < k < 1/2and 7 =1,

N I TP s
I O lamm At A8 A+ o, (1)
—R, = - ’
nt [« 2 c
{ ﬁAnQ‘*'ﬁAn { ;{Ané“*’op(l)

we obtain the required convergence.

6.2.1 The jth row of C’(«@) and the kth column of C(«) are given, respec-
tively, by

(0""’0’1’(1"--,(I"_j), (0’”.’0’1,0’”.’0/1—1()/’
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so that the (j, k)th element H;; of C’(a)C(a) is, for j < k,

n—k
ij — § ak7j+21.
i=0

We have
dH: n—k o
L =Y k= j 200" E = (- -k + 1)
da |, 4 et

=n—-j+Dn-k+1)-(n-k+1),

which gives the required result.

6.2.2 Ttis clear that y = 1 for Case (A). For Case (B) we have

e’Me =e’e — (e’Ce)’/e’C’Ce =n — (n*/2)*/(n’/3) + o(n) = n/4 + o(n)
so that y = 1/4. For Case (C) we have

e’Me =e’e—(e’Cd)*/(d’ C’Cd) = n—(n’/6)*/(n’ ]20)+0(1) = 4n/9+0(n)

so that y = 4/9. For Case (D) we have

’ -1 ’
e’'Me =¢’e —e’C(e,d) [(Z,) C’C(e,d)] (Z,) C'e

/3 nt/8 )“ (n2/2

=n—(n*/2,n°/6) (n4/8 n3/20) \n®/6

=n/9 +o(n)

) + o(n)

so that y = 1/9.
6.2.3 Using (6.23), we have

ne

R S|~ 3=

1
—y'C"MCy gC'MCY¥(a)e
n

2
c 4
g'C’'MC (a(c’C)—‘ +a—ee]+ 51,
n n

. ac c?
—&C’M(IC e+ — &' C’'Mee'e + — &'C’MCe
n n n

2 g8’M8+01,(1) — o2 in probability.
n
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6.2.4 Using (6.23), we consider

. 1 c c?
lim y, = lim —e’MC |a(C’C)™! +a/;e1e] + ;1,, C’'Me

n—oo n—oco n

a ac (32
lim —e’Me + lim —(e’Me)* + lim — e’MCC’Me
n—oo n n—oo N n—oo n

2
— 2 : ¢ ’ ’
=y+cy +n11_r)1(}o—n3eMCCMe,

where y = lim,,_,, e’ Me/n is available in the text. Concentrate on the last
term. For Case (A) we have y = 1 and

e’'MCC’'Me =e’CC’e = Z 2 =n/3+o0(n?)
j=1

so that y(A;c) = 1 + ¢ + ¢*/3. For Case (B) we have y = 1/4 and
2
n 3 n n 3 2 n n ,
, , _ 2 2 . . 2 .
eMCC Me—jE1 j njgl(n j+1 izgj l+(2n) jgl l-:Ej i| +o(n)

so that lim,_,.,e’MCC’Me/n* = 1/120. Thus y(B;c) = (1 + c/4 +
c?/30)/4. For Case (C) we have y = 4/9 and

, , 5, 20 © , = i+ 1)
eMCCMe=Z]2—§Z(n—]+1)Z .
j=1 j=1 i=j

2
10V &[S+ 1)
+(W) Z[Z 5 J +0(n3)’

=1 =

which gives lim,, ., e’ MCC’Me/n* = 2/63. Thus y(C;c) = 4(1 +4c/9 +
c?/14)/9. For Case (D) we have y = 1/9 and

SN . 2m* = j3) 1002 = j?)
’ ’ _ 2 _ _ _
eMCC’'Me = 2 J E (n ]+1)( " o

Jj=1 Jj=1

n EY) 323 2
+Z(2<n =7 1000 >) 1 o0,
Jj=1

9n?

which gives lim,,_,., e’ MCC’Me/n* = 1/945. Thus y(D;c) = (1 + ¢/9 +
c2/105)/9.

Chapter 7
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7.1.1 We prove that the differential equation with the two boundary con-
ditions implies the integral equation. Denote by R the right side of the
integral equation to be proved. Then it follows that

1
R = /lf (Boe™1~"1 + by (5) + ba(s)e™ ") f(s) ds
0
/lx( . Lo . ! e
= —|e "f e“f(s)ds+e”f e “‘f(s)ds)
2C 0 t
x (! by 1 ! —es
wal-% [ f(s)ds+(§+%)j(; e £(5) ds
X —ct : X X 1 1 —ct : —cs
+5e fo‘f(s)ds—(§+z+z+§)e j(;é’ f(S)dS]-
Since
(/lx—cz)f eSf(s)ds = f e“S(da — [ (s)) ds
0 0
da .
= T - D) = (0 - ef (1)
+17(0) = cf(0) - & f e £(s) ds,
0
we have

Ax fo e f(s) ds = %ew — 1) = (1) — ef (1)) + £(0) — cf (0).
We also have
(Ax =) f e sy ds = f (a7 (s))ds
= —%(e“‘ — ™) = (D) ~ (1) - ef (1))
—ce (1) - & f e f(s) s
so that t

1
» A . . X
/le e f(s)ds = _Ta(e_‘ —e ) —e I (f'(1) = f(t) = cf(1)
—ce” “ f(1).

Using these relations and the two boundary conditions together with the
definition of a, we arrive at R = f(¢) after some manipulations.
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7.1.2 Since it follows from Theorem 7.1 that

. -1/2
. L s
#(0; A,c,x) = E(e"0VAD-UAy  plerif)/2 [cos i+ (e +ig)2H ] ,

where u = V2ifx — ¢2, the joint c.f. of U(A) and V (A) is given by

. —-1/2
W(01,62) = ¢(=01; A,c,—0,/0,) = eI/ [COS v+ (- i%ﬂ]
4

where v = 4/2i6, — 2. To deal with \/c(U(A) + cV(A))/cV (A), consider
Y (Veby,cveo, + 692) =E [exp {iGI\/E(U(A) +cV(A) + iech(A)}]
1
= exp [5 (c- i%el)] H(),
where
n = (& - 2ievco, - 2ico)'"”

. oo O I
=c—l\/591—102+?+0 —,

\/E
-t ool

H() = [coshn + (e - iveo))

o fofg)

—§+%%91+%i92—§+0(%)] (1+0(%)).

sinhn]_]/2

= exp

Then we obtain
e
v (\/E@],C\/ZQl + Caz) — €Xp —i6, — —|,
2 4
which shows that ¢V (A) converges to 1/2 in probability, whereas
U(A)
cV(A)

Ve (U(A) + cV(A) = N(O, %), \/E( +1) = N(0,2).
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7.2.1 For x; = 1 it holds that
M = (CC")™' - (CC") 'ee’(CC)™!
= ()" (I, —ee)) C™', e =(1,0,...,0),
My = Mu = (C,)_I(O,”z — U, Uz — Uz, ..., Uy — un—l)’s
y'My =u’Mu = Z (u; —uj_1)?,
j=2

d'My =d Mu = u, —u,

which gives
(un - M1)2

Yo (wy —uj 1)
Then it is seen that, as n — co under p = 1 — ¢/n, R, = Y?(1) because

of the same reasoning as in the case of x; = 0, where dY (t) = —cY (¢t) dt +
dW(t) with Y (0) = 0.

R, =

7.2.2 The kernel e~“?~5~") is degenerate and it follows from the definition
of the FD given in (2.5) that

1 —e%

2c

1
D(/l):l—/lf e 20D gr =1 - A.
0

Alternatively, noting that

1 2 1 — o2
Y3 (1) = (f e~ dW(t)) ~ T X (1),
0

1/

we have E (eigyz(l)) = (1 —2i6(1 - e‘zc)/Zc)_ - (D(2i6))"""*, from

which D(A) is obtained.
7.5.1 We obtain

Cn 2 _ 2 2 _ n
¢ EZ; - [ﬁznza Soii+ b = v - Yj—l)] :
n = <

where it holds by the CMT that, under p = 1 — y/n,

1 n 1 n 1 1
[;Z yi_l,;Zy,-_my,—y,»_l)] = ([ xwa [ xowxo).
=1 =1

Thus we establish the required result using again the CMT.
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7.5.2 It holds that

1
U:f H(X(1))dX (1)
0
1 1 1
:f (X(t)+(6t—4)f X(s)ds—(12t—6)f sX(s)ds) dx (1)
0 0 0

1 1
= %(Xz(l)—1)+(2x(1)—6f X(s)ds)f X(s)ds
0 0

1 1
- (6X(1) - 12f X(s) ds)f sX(s)ds
0 0

1 1
= —E + EXIZ +2X, X, — 6X22 - 6X1X3 + 12X2X3,

1
v:f H*(X (1)) dt
0

1 1 1
:fx2(z)dz—4(f X(t)dt) —12(f tX(t)a’t)
0 0 0
1 1
+12f X(t)dtf tX (1) dt
0 0

1
= f X23(t) dt — 4X7 — 12X; + 12X, X;.
0

2 2

Then, using Theorem 7.4, we have
1
E (e01U+92V) = e ?exp [91 {5212 —~ 6723 +27,Z, — 62,75 + 122223}

B

+

> S(Z2 1) +0,(~472 - 1222 + 122223)] :

which leads to the required expression.

7.5.3 It holds that

1 1
21:2(1):eﬁf eﬁde(s):f a,(s) dW(s),
0 0

1 1 t
Zzzf Z(t)dtzf (e_ﬁ’f ePs dW(s)) dt
0 0 0
1 1 1 1
= Prdt| P aw :—f 1—ePU=9) aw
f(; (fé e t)e (s) 5 Jo ( e ) (s)

1
= f ar(s) dW (),
0
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1 1 t
Z3=f tZ(t)dz:f (te‘ﬁ’f ePs a’W(s)) dt
0 0 0
1 1
= f (f te P! a't) s dW (s)
0 s

Vg o BU=5) | _ g=BU-s) 1
—f(; ( B + Iz )dW(s)—f(; az(s) dW (s).

Then we compute

1
Cov(Z;,Zi) = f a;(a(s)ds  (k =1,2.3),
0
which yields the covariance matrix Q described in the text.
7.5.4 Letusput
dy’(t) = dw(r), dY’(t) =yY?(t)dt +dW(r), Y°(0)=Y"(0) = 0.

Then Girsanov’s theorem yields

2 2 !
e—b@/ZE [exp {(9 (ax + ﬂ) + y_) f (YV([))Z dt
2 2 ) Jo

bl +vy Y
A O)) +5}]

],

where y = \/—60(2ax + ¢26). Since Y? (1) ~ N(0, (e? — 1)/2), we have

my(6; x)

PO [exp {_

2y

I Yy _ vy 12
_vor | o (b +y)(e” —e )}
2y

a 2y 1/2
my(0;x) = e P92 [ (1 +(b9+7)e )]

=e

[ sinhy ]~ "? sinu]™'?
—b0/2 coshy + b8 7] = P92 [COS u+ bo ﬂ} ,
i Y M

where u = \/0(2ax + ¢*0). This last result yields (7.49).
7.5.5 Putting

dy’(t) = dw (), dY*(t) =YY (t)dt +dW (), Y°(0)=Y"(0) =0,
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Girsanov’s theorem yields

2 1 1
exp{(c1 + y—)f Y ()2 dr - ¢, (f Y (1) dt)
2 0 0

1
+ (cz - %) ¥’ (1))% + c3Y7(1)f0 Y (t) di + %}

1 2
- Y (1) d “Nwa
exp{ c (j; (1) t) +(Cz 2)( (1)°
1
+C3Y7(1)f Yy(t)dt}],
0

where ¢; = 6(ax + c?0/2),c, = —b0/2,c3 = b6, and y = \/=2¢;. Since

2
my(0;x) = e P°E

= P02

2y _ Y _ 2
Y (1) e - 1 (e : 21)
= 1 ~ - Y Y
Z= f Y7(¢) dt NO.D), 2 (=12 2y+(-1)("=-3) |’
0 2,)/2 273

we have

—-1/2
my(0; x) = e<-b9+7)/2E[exp{Z'AZ}] = e<—”9+7>/2|12 - 2A2| ,

where
y 1
Cp—= =¢C
A 21 5 39
56‘3 —C1

Then we arrive at (7.52) after some manipulations.
Chapter 8

8.1.1 Consider

1
f@® ﬁf Ko (s,t;x) f(s)ds
0

t 1
= Ax [f Al(s,t)f(s)ds+f Az(s,t)f(s)ds]

Al -n#

ST f(l $)% f(s) ds,
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where

Ai(s,t) = f ((s —u)(t —u)® du,

!)2

Az(S,t)

- f ((s =)t = w)* du.

Then we have, for j = 0,1, ..., g,

Dy = "OA(s,1) f 87 A (s,1)
f’(l)—/lX[fo o f(s)ds + t 7 22 f(s)ds

Ag(g— D)oo (g = j+ D(=1)/(1 = )¢~
- 2(g1)? fo (=9 f ) ds.

which yields
g-1
P21 =0 (=01,...,g-1), 0= ACDT 1) f(l $)8 f(s)ds.

We also have, for j = 1,2, ..., g+ 1,

Ax(=1)7

(g+)) _ -
SRR =

ft(s -0 f(s) ds,
0

which yields
D0y =0 (=1,...,g+1),

and

e = /IX(—I)g“f f(s)yds, [P @) = Ax(=DE f(0).
0

Conversely, define

' Ai(s,t) _glg-D--(g-j+D fl(s—u)g_j(t—u)gdu,

R T FE
. . 1
Dj(s.1) = 5"2(;,0 _8g-1 .(.g.éf —j+D f (s — 108 (1 — u)® du.

It holds that C;(t,t) = D;(t,t) and C;(s,1) = D;(1,t) = Cgi14,(s,t) =0
for j =0,1, ..., g, whereas

-1 .
Dg+1(S,t)=?(t_S)g, Dg+1+j(t7t):0 (.]:071’9g_1)9
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and Dyg41(s,1) = (—=1)8*'. Then we have, by integration by parts,

R

1
/lf Kq(s,t;x) f(s)ds
0

t 1
(-1)8+! [ f Ai(s,0) fP8 D (s5) ds + f Az(s,t)f<28+2>(s)ds]
0

t

A -pF
2 ‘)2 f(l )8 f(s)ds
1
= (=1)8*? U cl(s,z)f<2g+1>(s)ds+f Dl(s,t)f<2g+1>(s)ds]
A -pF

where we have used Al(t,t) = As(t,1), Ay(1,t) = 0, and f2*D(0) = 0.
Proceeding further by integration by parts, we obtain

t 1
—[ f Co(s,1) & (s) ds + f Dg(s,z)f<8+2>(s)ds]

t

R

Al -
e f (1 - )% f(s5) ds
1
= DLW = [ Dt ) ds
/1(1

e f (1 - $)¢£(s) ds

1 1
—f Dg+z(s,t)f(g)(S)dS=(—l)gf Digr1(s,1) f'(s) ds

1
= (—l)zg“f f()ds=—f(1)+ f(r) = f(0),

which gives the required result.

8.1.2 The integral equation

1 1 1
f@) = ﬂf Lo(s,t;x)f(s)ds = /lf [xmin(s,t) - E] f(s)ds
0 0
is equivalent to
7O+ Axf@) =0, f(1)=0, f(0)=-2xf(0).
The general solution to the differential equation is

f(t) = cycos VAxt + ¢ sin VAxt,
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and it follows from the two boundary conditions that M (1)c = 0, where
¢ =(c1,00) and

2x \/ﬂ)

M) =
) (—sin Ax cosVAx

Computing |M(A)| we arrive at the FD given in the problem.
8.1.3 Noting that

—-1/2
in V2
E (ea<xv—U)) = (Dp(26; x))™"/* = [COS V26x+6 sz—gx} ’
O0x

we have

sinh V26, ] -2

¢/(9],—92) =E (eb‘]U—(hV) = [COSh\/ﬁ - 91 \/2_02

Then it follows that

E(g _f‘” Oy (61,—6>)
v)] Jo 96,

1 * sinh 20 -3/2
= - s 2 (cosh 292) do,

2 0 V292
1 (o)
= 3 fl u?du =1,

where we have put coshv26, = u so that 1 < u < oo and du/df, =
sinh v/26,/4/26,. It is clear that E(U) = E(V) = 1/2.

To prove that R = U/V and V are not independent, we show that E(R?V?) #
E(R*)E(V?). It holds that E(R*V?) = E(U?) = E(W*(1))/4 = 3/4 and

1 2 1 1
( f Wz(t)dt) = f f E(W?(s)W?(1)) ds dt
0 0 0

1t
= f f [E(Wz(s))E(Wz(t)) + 2E2(W(S)W(l))] ds dt
0o Jo

1 1
= f f [st+2(min(s,t))2]dsdt=l.
o Jo 12
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On the other hand, since we obtain

1 ! g
(—Wz(l)/f Wz(t)dt) }
2 0
© g2 sinh V26, ] -z
= 60— |cosh+/260, — ) ———
fo 2962 [ "0,
3 ( tanh®+/26,

8 Jo ycosh V26,

E(R?) =E

dé,
0,=0

df, = 1.891,

we have

1 7
E(R*V?) = i E(R>)E(V?) = 1.891 x = 1.103.

8.2.1 Using (8.21) we obtain, as n — oo,

1 n 1 n—1
—my Var [Z vj] =~ [2 D=y, () + ny, (0)
h=1

=1
_ oM(1-2d) 2 & AV
" T@ri—d) Z; (1 ) Z) (5) o

2021 (1 - 2d) (! i
— —F(d)F(l — d) j(; (1 - t)t dt

B a2I(1 - 2d)
T Qd+DIA+dI(1 -d)’

8.2.2 The first equality is evident. We have, as |h| — oo,
(h+ 1) = |n*" £2H|APP~" + HQH - DI 72 + O(|h1PH ),
which establishes the second equality.

8.2.3 We first note that the infinite series on the left side converges abso-
lutely when 0 < H < 1/2. Putting ya(h) = Cov(ABg (j),ABy (j + h)), it
holds that, as n — oo,
n n
DT )y =23 yalh) +ya(0)
h=1

h=-n
n

= >[I+ 1P w1 = 1P = 2inP" ] + 1
h=1
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=+ D —n* = 20277+ O ) - 0.

8.2.4 Puttinga = H—-1/2and I(x < a) =1for x < aand 0 for x > a, it
follows from (8.24) that, for s < ¢,

Var (By (t) — By (s)) = ALz f‘“’ (=) Tu<t)—(s—u)I(u < s))* du

H
= Lz ) {(t=5s=)"I(v <t—s5)— (=v)*I(v < 0)}* dv
A2 )

_ 2H o
:%[ {1 -uw)I(u < 1)—(—u)al(u<0)}2 du
AH _

=(@-s).

(o]

8.2.5 Itholds that, when 0 < H < 1, X; = n” (BH(tj) - BH(tj_l)) isa
zero-mean stationary Gaussian process with E(Xj?) =n*t;—t; 4" = 1.
Then it follows from the weak law of large numbers that

. 1 < . 1 z 2
Jj=1 Jj=1

=E(X}) =1,

which gives the required result.

8.2.6 We have

S t S v t
f f |u—v|2H_2dudv:f U (v—u)ZH_Zdu+f(u—v)ZH_zdu] dv
0 0 0 0 v
_ 1 * 2H -1 2H -1
_2H—1j(; [v +(t—v) ]dv
1

[ 4 21—~ 57

T2HQH-1)
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8.4.1

which

(8.46).

Consider, for s < t,

is

E(Bu(s), My (7))

E[Kﬂl f S f (v(r —v))l>-H dBH<u>dBH<v>}

'H(ZH—I)f f(v(t w2 )y — w2 dy dy

KHIH(ZH—l)fo fo(b(l—b))I/ZH’b——

Ky HQH — 1)B(H — 1/2,3/2-H)s = s,

2H-2
dbdu

the required result, where we have used the formula given in

8.4.2 It follows from the definition of By () and Ny () that

by
Cov(Bu(1),Nu (1)) = [

Corr(By (t),Ng (1)) =

A(H)ff(t w) A =V2V2=H gy (y) dW (v)

f (l M)H 1/2 1/2— Hdu

f (t(1 —v)H12 ()2 Hy gy

A(H)

A(H)
by T(3/2- H)
= A B3/2-H,H+1/2)t = —F(Z 8
Noting that Var(By (1)) = t*" and Var(Ny (t)) = ayt*~>", we have
1 I’(3/2 - H)
Vgt T2-2H) |
_T2(3/2-H)
- T(Q-2H) / Vai.

8.4.3 We have

1
fC,zi(t)dt
0
1
2(1—H)f =
0

z(f ft(uv)'/z_H dW (u) dW(v)) dt
0 0

1 1 1
2(1 - H) f f ( f f“Hm) w)'?H qw (u) dw (v)
0 0 max(u,v)
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_20-H)

S TUH-1 f f [1 = (max(u, )] @) >~ aw ) dw (v).

We also have, for s < ¢,

Cov (Cy(5),Cy (1)) = 2(1 — H)(st)*H~! f u =M dy = (st)?H 22
0

which establishes the required relations.

8.4.4 We prove that the differential equation with the two boundary con-
ditions leads to the integral equation given by

1 t 1
2 h(t) = Ak? U h(s)ds—f‘““f h(s)ds—f s4“+1h(s)ds],
0 0 t

(A.12)
where @ = H — 1/2 and «* = (1 — 2@)/(4a + 1). We first note that

(2m—2"—'h(z) + t‘2"h'(t))’ = — A2 (da + D).

Thus we have

AKPK(1) = L (Zat_z"_lh(t) + t‘z"h'(t))’ =— g'(@).

4a +1
Then the right side of (A.12) is given by

1 1 t 1
_ ’ d _t4a/+1f ’ d _f 4a+1 7 d
4a+1[fog(s>s g @ds- | g'(s)ds|,

which is shown to be equal to the left side of (A.12) by using the two
boundary conditions.

da + 1

8.4.5 The integral equation with the kernel Ly (s,¢) is shown to be equiv-
alent to

2H -1
2

-2 (z>+(2<1 H)AR! ! ¢ )f(t)=0

with the boundary conditions
}%12_2Hf'(t) =0, f(1)=Q@QH-1Df).
The general solution to the above differential equation is given by
f@) =" (e1 o1 (pt) + 21, (1)),
where n = V2(1 — H)A/(H+1/2),y = H+1/2,and v = (2H~-1/2)/(H +
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1/2). We have, from the two boundary conditions, the homogeneous equa-
tions in ¢ = (¢, ¢)’:

M) c = 2(1 - H)

m-’lw(ﬂ) = Jo (1)

where a is some constant. Since it holds [Watson (1958)] that

2(1 —v) 2(1 - H)

Jlfv(n) - J27v(77) = —Jlfv(n) - J27v(n)’

J_,(n) = D HT1/2)

we have |M ()| = J_,(n7) and obtain the FD given in the problem.
8.4.6 We have

1 1
Var(Sy) =2 f f Cov? (By (s), By (1)) ds dt
0 0

1 ! ! 2
_ Ef f [s2H +12H 5 - z|2H] ds dt,
0 0

and arrive at the required result after some algebra. To compute Var(Ty ),
consider the FD of Ky (s,t) given by

Dy (1) =T(1 —v)J_V(n)/(g)_ = 1(1 - )Z k( D! (/2)*

'T(=v+k+1)
_ 1 (n/2)? (77/2)4 (n/2)°
=rd-=» [r(l ) TC-» "2MG-v @G-
_1- (n/2)* N (n/2)* 3 (1/2)°
R TRV YC SN VF BT S SN 1 B VG Y
_ oo dsos
=1-diA+ > A 6 A7+ ,

where n = V2(1 - H)A/(H + 1/2), v = 2H - 1/2)/(H + 1/2), d| =
1/2QH +1),and d, = 2(1 — H)/3(2H + 1)2. Then it follows from Theorem
2.4 that

1 2(1-H) \ _ 2

P A = - =
Var(Ty) =2(dj —d,) = 2 QH+1? 3QH+12) 3CH+1)

8.5.1 We prove that the differential equation with the two boundary con-
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ditions leads to the integral equation given by

1 t 1
2a _ X _ da+l _ da+l
" h() = A [4a+1 {fo h(s)ds —t fo h(s)ds ft s h(s) ds}

1
—lf h(s)ds}, (A.13)
2 Jo

where @« = H — 1/2. We first note that

G (t) = (Zat’z"’lh(t) + fzf”h'(t))’ = 2aQa + Dt 2 2ht) + 721" (1)

2
_ [,20 (h//(t) _ 4at——2+_2a,h(t)) = —/lxh(t).

Then the right side of (A.13) is given by

1 1 t 1
{—f G’(s)ds+t4“”f G’(s)ds+f s“‘”‘G'(s)ds}
4CY+1 0 0 t

1 1
y— f G’ (s) ds,
2x 0

which is shown to be equal to the left side of (A.13) by using the two
boundary conditions.

8.5.2 The general solution to the differential equation is given by
h(t) =18 (c1J, (k") + o J_, (k1))

where 8 =1/2,y = H+1/2,k = VAx/(H+1/2),andv = QH-1/2)/(H+
1/2). Then it follows from the boundary condition lim,_,o G(¢) = O that, as
t — 0,

K [2Y K127 s
Ta+v)  CTa-»
(B +yv)e¥[2Y N (B - VV)K7V/27VI_4H+1

G() - 2H - 1) (Cl

T+ ) T -9
=c(2H -1 +ﬁ+yv)%
+c,(2H - 1 +,3—yv)% —4H
- c1(4H—1)Ff+fVV) =0
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The other boundary condition yields, allowing for ¢; = 0,

(QH -1 -2x)h(1) + A’ (1)

Q2H -1-2x)crJ_, (k)

ey [ﬁtﬁ—‘J_v(Kﬂ) + Py {—JI_V(KH) - K—LJ_V(M)}]
o [2H = 1-2x+ B =yn)J_, (k) = ykJi-,(«)]

e [-2xJ, () = VaxJi_, (0)] = 0.

t=1

Then we have the equation in ¢ = (cy, ¢;)” given in the problem, where we
have used the relation

T (D) = ~Joyi(2) — E I (2).

8.5.3 Letus put

I= f°° f(x)dx = %(H+ 1/2) foog(x) (h(x))™? dx,
0 0

where
oy = I OUL @R N
4(H + 1/2)NT(1 —v) H+1/2
T -v) £\
g(x) = mh—v(f)/(z) ,
_ A _r1(i-&
h(x) = T(1 - v)J_v@)/(z) = H (1 c,%)
= 2x
= 1] (1 + —cfl(H+ 1/2)2) > 1,
with ¢; < ¢; < --- being the positive zeros of J_,(£). Then, using the
relation in (2.127), we have
A&/, dé -
T = O = Gy T O

Thus we obtain dh(x) = g(x) dx, where h(x) > 1. Then it follows that
1 (o)
I = E(H + 1/2)f (h(x))™3? dh(x)
0

1 oo
:§(H+1/2)f u>?du=H+1/)2.
1
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Appendix B

Graphs of Distributions of Brownian
Functionals

In this appendix we present graphs of probability densities of some statis-
tics dealt with in the main text. In each figure the associated FD or the
c.f. is shown together with the equation number referred to in the text.
Means, variances, and percent points are also reported for some distribu-
tions. Densities presented are computed by numerical integration, which
is carried out by different methods depending on the property of statistics.
More specifically, the statistics are classified into the following three cases:

14 (G=1
S;={U+v  (j=2)

u/v (=3,

where U and V are random variables with —co < U < co and V > 0. Then
we can compute the distribution function F;(x) of §; as follows:

lmee —l_e_iaxE( )| de G=1
—_— e =
7 Jo i J

B =P(s; <0 =43 [ Zim[e @R (@0 ao (G =2)
0

%+ %fo éIm [E (eWV—U))] de (j =3),
where the case of j = 1 is Lévy’s inversion formula, whereas the cases of
j = 2,3 are due to Imhof (1961).

Numerical integration for the above integrals was done by Simpson’s
rule by taking care in the actual computation because the c.f. is usually
the square root of a complex-valued function, which any computer cannot
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evaluate properly. We also need to examine the behavior of the integrand.
It is sometimes the case that the function oscillates and converges to O
quite slowly, for which Euler’s transformation can be used to overcome the
difficulty. It is also convenient to apply change of variables like 6 = u?
so that the integrand vanishes at the origin. More computational details
can be found in Tanaka (1996, 2017). In any case the probability density
fi(x) = dF;(x)/dx can be easily obtained from numerical derivatives of
the distribution function F;(x) by computing f;(x) = (F;(x+6)—F;(x))/0
for small 6.
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Figurel S, = f f [1 — max(s,0)]dW(s) dW(t)
0o Jo

1
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0o Jo

1 1 2
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in VA 1 1
D) = SH\I/_;/_, Mean = 5 15
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1l
Figure3 S; = f f [1 — max(s,t) + b]dW (s) dW (1)
0o Jo
D() = cos VA - bVasin V2,
Mean=%+b, Var:%+2b2+é—1b

3

eg. (2.107
- I q. (2.107)

b= 1

....... b=z 2

14 [N ] e b=10
0 T T T —
0.0 0.5 1.0 15 2.0
eg. (2.107)
| |
-2 -1 0 1 2

1 pl
Figure4 S, f f [1 — max(s,t) + b1 dW (s) dW(¢)
0o Jo

cos VA — bVAsin VA,
1 1 4
Mean = E+b, Var = §+2b2+§b

D)
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1 1
1
Figure 5 Sszf f 7 1= 2Is —11dW(s) dW ()
0 0

2

1
:f (W(t)—lW(l)) dr,
0 2

2
VA 1 1

D = _— M = - = —

(1) [cos 7| ean 7 Var R

x(0.9) =0.5156, x(0.95) =0.6560, x(0.99) =0.9822

4 —]
eg. (2.119)
2 —
0.371
0~y T T
0.0 1/4 0.5
1.0
eqg. (2.120)
0.5
0.027
0.0 T T T
-2 0 1 2

1
Figure 6 S; = % f (W) dWa(r) = Wa(r) dWy (1) ]
0

Var = —,
coshrx’ 4

/65, A
E(e "’) = (coshz) s f(x) =

x(0.9) =0.5866, x(0.95) =0.8092, x(0.99)=1.3221
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1 1
1 1
Figure 7 S, = f f [min(s,t) —st+ (P + P —s5s—1)+ —] dW (s) dW (1)
o Jo 2 12
2

1 1
= f (W(t) -tW() - f (W(s) —sW(l)) ds) dt,
0 0

2
. Va[va 1 1
D) = [SIHT/T , Mean = Tk Var = 360
10 eq. (2.122)
5 0.383
0 | : |
0.0 1/12 0.2
eq. (2.133)
— m=0
m=2
....... m:4
...... m =co
0 I’ : |
0.0 ) 1.0
! "'m+1
FigureS SS :f f [1 _ (maX(S,l))2m+l:| dW(S) dW(I)
0 0 2m + 1
! 2
:f (m+ ("W (b)) dt,
0
2 2 ) m+ 1
D) =T(-v+1)J, Vi / va oyt
Vm + 1 2Vm + 1 2(m+1)
Mean = L Var = m+ 1
_2’ T 2m+3



1 1
Figure9 S, = f f (m + 1)2s™¢™ [min(s,1) — st] dW (s) dW (1)
0 0

1
2f (m+ D2 (" W) - W (1) dr,
0

1/2(m+1)
2m +3
D) =T (L)) Ji/2me1) (\/Z)/ [ﬁ) ,

2m+ 1 2
m+1 (m+1)3
Mean = —* "~ Var =
A= om+3) T 2m+3)@m+5)
=0 eg. (2.136)
=2
=4
=00
|
0.4
1.0 eq. (2.139)
o5 0.357
0.0 -

I I I I
1 2 3

0
Ve minGs,r) — st
Fi 1 =
igure 10 S fo‘ ‘f; DI dW(s) dW (1)

o (WO -tWD)? o< Z
_fo (-1 dt_;n(nﬂ)’

V1 +44 2712
ﬂT/ml, Mean = 1, Var = %—6

D(1) = — cos
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1 1
Figure 11 S, = f f %(max(s,t))’" dW (s) dW (1)
0 0

1
m 1 J— —
:j(; t W(l)dW(l)‘f‘m, Mean—Var——z(m+1),
_ V=2am V=2am - _om
D) =I(=v) J“( me 1 ]/[2(m+1)] VT T
: eq. (2.143)

egs. (2.164), (2.165)

I I I
0.0 0.2 0.4

1 pl
2

Figure 12 S}, = f f [min(s,t) — st — = sinzs sin nt} dW (s) dW (1),
0o Jo Tt

4, . sinVa A -6 12
D (/l)— n /(l—p , Mean—W, Var_E—F,
1l )
SE = f f [min(s,t) — st — = sin’ s sin’® m] dW (s) dW (1),
o Jo bis
invVa 1- A P 22—
DB = sm\/_+ cos VA - A Mean:ﬂ—g
va o (= A/4n) 4n? 1272
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1 1r
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Figure 13 S2 = f f 1 — max(s,1) — — cos = cos = | dW(s) dW (1),
o Jo | 2 2 2
42 2-8 41877 +48
DA(/l)zcos\/z/(l ——2) , Mean = ﬂ—z Var=¥,
bis 21 374

1 Ir
8 \?
S8 :f f I = max(s,0) = — (cos ¥ cos 7' ] AW (s) dW (1),
0o Jo L T

. )
DB(1) = [cosﬁ+M]/(l—i), Mean = T —6

(1 — A/n?) 2 272

egs. (2.167), (2.168)

A
10 — s,

05 - a=1b=0 eq. (3.19)
' a=2,b=0
a=2,b=1
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00 —] ; PSR : __I ............
0 5 10

. ! 2 1, 1,
Figure 14 S, = f (W(t) +a+ bt) dt, Mean = 3 +a +ab+ §b ,
0

E (eies,4) - (cos \/j)_l/z exp [_w + absec VA

2 2
+a A+ b tan VA (1 = 2i0)
2 Va
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1
2
Figure 15 S5 = f (W(e) —tW(1) +a+bt) dt,
0

E(eiasls) _ (Sinﬁ]_mexp v

i ?+a(a+b)ﬁcsc‘/z

2
-Va (a(a +b)+ %) cot x/i] (1 = 2i6),

1 1
Mean = 8+az+ab+§b2

1.0
— a=1,b=0 eq. (3.21)
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....... b=-3
Yoo ] e bh=-4
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00 , 05 . 10
Figure 16 ;6 = f (X@0)+ae™) di, X() = f e~ dw (s),
0 0
sinp)l/2 [ b ia*@sin u/u ]

E ieSl(, — _ b -+
(e ) (COS K u =P 2 cospu—bsinufu

wu=vN2i0-b2, a=+-1/2b) (b<0),
Mean = 1 Var = —e* +4e% —4p -3
YN B 8b*
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1 t
Figure 17 S, = f (X() + aeb’)2 dr, X@) = f e~ AW (s),
0 0
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1 t
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1
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Figure 23 Sy = f (W) +a) dt,
0

E(e”5) = [r=v+ D) /(g)_v]im
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V=r———— 1n=—— Mean = +
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1
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0

E (e“?st) = [(1 +b(2a + b)) cos VA - 2ab — (a4 + b*
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)sinﬁ
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1
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1 2
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eq. (7.10) : M=C

0.05

0.00 4 I I I I — T

-30 -25 -20 -15 -10 -5 0 5

1 1 '
Figure 46 Sy = f H(®) dY(t)/f H*(t)dt, Y(t) = e f e dW(s),
0 0 0

1 1
H@)=Y()+ (6t —4) f Y(s)ds — (12t - 6) f sY (s) ds,
0 0
Mean = —-7.6596, —10.2455, -10.9622, —13.0996 (c =-2,0, 2, 5),

x(0.01) = —=29.3586, x(0.05) = -21.7112, x(0.1) =-18.2453 (c=0)
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1
Figure 47 S47=f (Y(t)—fY(l))zdl’
0

t
Y(t) = e‘”f e dW(s), p=Vl-c2, A=2i6,
0

4 33 - A2 +3c+3) At si
D(/l)=ec[c—4cosy—(c (cj or )+_c4)s1nu}’
H 3u U U
Mean = 0.1667, 0.1386, 0.0913, 0.0552 (¢ =0, 2, 5, 10),

x(0.01) = 0.03446, x(0.05) =0.05646, x(0.1) =0.07654 (c=0)

20

eq. (7.28)

=
(&,
|
oo

o

=
o oo

o

0.0 0.1 0.2 0.3 0.4 0.5

0.6 1

0.4

02 -

0.0 -

I I I I I I
0 1 2 3 4 5

1 1
Figure 8 Sy = 5 F;(1) / fo F(r)d1,

R = [ Feas = [ awe),
0 0 8:

Mean =g + 1
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1 1
Figure 49 S, = f f (st)*" =V (min(s,1))> " dW (s) dW (1),
0 0

3 n()\~” _
D) =T(1 v)J_V(n(/l))/( > ) , Mean = ——
V2(1 - H)A 2H - 1/2
A = 2i6, ) = , v=
0, 1V =—"77 H+1/2
8_
I:l\\ —— H=05]| --- H=0.8 €q. (849)
671 1\ ---- H=06]| | --- H=09
4 E:\‘ ....... H=07
I
1.0
eg. (8.64)
....... H=07
~~~~~~ H=08
--- H=09
I
0 1 2 3 4
(! 2
E(f ul/z_HdW(u)) .
Figure 50 S5y = 0 , Mean=H + —,

1 t 2 2
ft4H2(f ul/ZHdW(u)) dt
0 0

D(A:x) =T(1 —v) (J_V(K) + iJI‘V(K)) /(g)f

2 VAx
2H -1 N
A=2ig, yo D2 NAx
H+1/2 H+1/2
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