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Appendix A

Solutions to Exercises

Here we intend to present solutions to all exercises embedded in the
main text of each chapter. Most of the exercises are concerned with
corroborating the results described in the text. It is expected that solv-
ing these exercises will give the reader the opportunity to find better
solutions than the ones given here.

Chapter 1

1.1.1 Since it holds that

lim
h→0

E

(

W (t + h) −W (t)
h

)2 = lim
h→0

|h|
h2 = lim

h→0

1
|h| = ∞,

{W (t)} is not m.s. differentiable.

1.1.2 Since Var(X (t)) = E(X2(t)) = t, it holds that E(X2(0)) = 0, which
implies P(X (0) = 0) = 1. Increments of X (t) are linear combinations of
normal random variables so that they are normal with means 0 and

Var(X (s) − X (t)) = s − 2 min(s, t) + t = |s − t |.

Thus X (t) − X (s) ∼ N(0, |s − t |). For 0 ≤ t1 < t2 < t3 < t4 ≤ 1, we have

Cov (X (t2) − X (t1), X (t4) − X (t3)) = t2 − t2 − t1 + t1 = 0,

which implies that increments are independent. Thus {X (t)} is Bm since it
satisfies all the conditions of the definition of Bm.

1.1.3 Put ∆Wk = W (tk ) −W (tk−1) and ∆tk = tk − tk−1. Then we have
n∑

k=1

E
[
(∆Wk )2

]
=

n∑
k=1

∆tk = b − a ≤ max
1≤k≤n

|∆Wk |
n∑

k=1

E(|∆Wk |).

The left side is a positive constant, but the first factor on the right side

1



converges to 0. Thus the second factor on the right must diverge, which
implies that W (t) is of unbounded variation. We next have

E



n∑
k=1

(∆Wk )2 − (b − a)


2 = E



n∑
k=1

(
(∆Wk )2 − ∆tk

)
2

=

n∑
k=1

Var
[
(∆Wk )2

]

= 2
n∑

k=1

(∆tk )2 ≤ 2 max
1≤k≤n

∆tk (b − a) → 0.

Thus the quadratic variation is finite and bounded away from 0.

1.1.4 It is clear that {X (t)} is a Gaussian process with X (0) = 0 and
E(X (t)) = 0. Using the formula presented in the problem, we also have

Cov(X (s),X (t)) =
∞∑
n=1

2 sin
(
n − 1

2

)
πs sin

(
n − 1

2

)
πt(

n − 1
2

)2
π2

=

∞∑
n=1

cos
(
n − 1

2

)
πs − cos

(
n − 1

2

)
πt(

n − 1
2

)2
π2

=
1
2

(1 − |s − t |) − 1
2

(1 − (s + t)) = min(s, t).

It follows from Exercise 1.1.2 that {X (t)} is Bm. Note here that we used
the fact that “l.i.m.” and “expectation” commute [see (1.6)].

1.1.5 For s ≤ t we have(
X
Y

)
=




W (s)
W (t)
W (1)


 ∼ N (0, Σ) , Σ =




s s s
s t t
s t 1


 =

(
Σxx Σxy

Σyx Σyy

)
,

where X = (W (s),W (t))′ and Y = W (1). Then it follows from the property
of the multivariate normal distribution that

E(X |Y = 0) = E(X ) + ΣxyΣ−1
yy (0 − E(Y )) = 0,

Var(X |Y = 0) = Σxx − ΣxyΣ−1
yyΣyx =

(
s − s2 s − st
s − st t − t2

)
.

Thus Cov(W (s),W (t) |W (1) = 0) = min(s, t) − st so that {W (t) |W (1) =
0} is the Bb. It is clear that W̃ (t) = W (t) − tW (1) is a Gaussian pro-
cess with Cov(W̃ (s),W̃ (t)) = min(s, t) − st. Thus W̃ (t) is the Bb. Since
Cov(W̃ (t),W (1)) = 0, W̃ (t) is independent of W (1).
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1.1.6 It is clear that {X (t)} is a zero-mean Gaussian process with X (0) =
X (1) = 0 and E(X (t)) = 0. Using the formula presented in the problem,
we have

E (X (s)X (t)) =
∞∑
n=1

2 sin nπs sin nπt
n2 π2

=

∞∑
n=1

1
n2π2 (cos nπ(s − t) − cos nπ(s + t))

=
1
4

(|s − t | − 1)2 − 1
4

(|s + t | − 1)2

= min(s, t) − st,

which proves that {X (t)} is the Bb. Note here that we used the fact that
“l.i.m.” and “expectation” commute [see (1.6)].

1.2.1 We have √
E

{
(aXn + bYn − (aX + bY ))2}

=
√

E
{
(a(Xn − X ) + b(Yn − Y ))2}

≤
√

E
{
(a(Xn − X ))2} + √

E
{
(b(Yn − Y ))2}

= |a |
√

E
{
(Xn − X )2} + |b|√E

{
(Yn − Y )2}

→ 0,

which implies that l.i.m.
n→∞

(aXn + bYn ) = aX + bY . We also have

|E(XmYn ) − E(XY ) |
= |E {X (Yn − Y )} + E {(Xm − X )Y } + E {(Xm − X )(Yn − Y )} |
≤ E {|X (Yn − Y ) |} + E {|(Xm − X )Y |} + E {|(Xm − X )(Yn − Y ) |}
≤

√
E(X2)E

{
(Yn − Y )2} + √

E
{
(Xm − X )2} E(Y 2)

+
√

E
{
(Xm − X )2} E

{
(Yn − Y )2} → 0,

which implies that limm,n→∞ E(XmYn ) = E(XY ).

1.2.2 The m.s. integral given by

Y =
∫ 1

0
X (t) dt

is well defined if Yn =
∑n

i=1 X (t′i )(ti − ti−1) converges in the m.s. sense,
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which is ensured if

lim
m,n→∞

E(YmYn ) = lim
m,n→∞

m∑
i=1

n∑
j=1

E[X (s′i )X (t′j ))](si − si−1)(t j − t j−1)

(A.1)
exists for any sequence of subdivisions pm : 0 = s0 < s1 < · · · < sm = 1,
qn : 0 = t0 < t1 < · · · < tn = 1 and for any s′i ∈ [si−1, si ), t′j ∈ [t j−1, t j ). If
X (t) is m.s. continuous, it follows from Exercise 1.2.1 that E(X (s)X (t)) is
continuous so that the right side of (A.1) exists.

1.2.3 Let us consider

An =

n∑
i=1

X (t′i )(ti − ti−1), A =
∫ 1

0
X (t) dt,

where it holds that l.i.m.
n→∞

An = A. It follows from the m.s. property that

E(A) = E(l.i.m.
n→∞

An ) = lim
n→∞

n∑
i=1

E(X (t′i ))(ti − ti−1) =
∫ 1

0
E(X (t)) dt.

Noting that E(A2) = limn→∞ E(A2
n ), we obtain

E(A2) = E
(∫ 1

0

∫ 1

0
X (s)X (t) ds dt

)
= lim

n→∞
E(A2

n )

= lim
n→∞

n∑
i=1

n∑
j=1

E(X (t′i )X (t′j ))(ti − ti−1)(t j − t j−1)

=

∫ 1

0

∫ 1

0
E(X (s)X (t)) ds dt .

1.2.4 Since {Xn (t)} is a Gaussian process, any finite-dimensional distri-
butions of Xn (ti ) (i = 1, . . . , k) for each finite k and each collection t1 <

· · · < tk are normal for all n. Then, putting Y n =
(
Xn (t1), . . . , Xn (tk )

) ′
, it

holds that

ϕn (θ) = E
{
exp(iθ′Y n )

}
= exp

{
iθ′E(Y n ) − θ′Var(Y n )θ

/
2
}
.

Since l.i.m.
n→∞

Y n = Y , where Y =
(
X (t1), . . . , X (tk )

) ′
, we have, from Exer-

cise 1.2.1, E(Y n ) → E(Y ) and Var(Y n ) → Var(Y ). Thus it follows that

lim
n→∞

ϕn (θ) = lim
n→∞

exp
{
iθ′E(Y n ) − θ′Var(Y n )θ

/
2
}

= exp
{
iθ′E(Y ) − θ′Var(Y )θ

/
2
}
,

4



which implies that Y ∼ N
(
E(Y ), Var(Y )

)
.

1.2.5 It is evident that E(I1) = 0, whereas we obtain

E(I2
1 ) = E

(∫ 1

0

∫ 1

0
W (s)W (t) ds dt

)
=

∫ 1

0

∫ 1

0
min(s, t) ds dt

=

∫ 1

0

(∫ t

0
s ds + t

∫ 1

t

ds
)

dt =
1
3
.

It follows from W (t) ∼ N(0, t) that

E(|W (t) |) =
∫ ∞

−∞
|x | 1
√

2πt
e−x2/2t dx =

2
√

t
√

2π

∫ ∞

0
ze−z2/2 dz

=

√
2t
π

[
−e−z2/2

]∞
0
=

√
2t
π
.

Then we have

E(I2) =
∫ 1

0

√
2t
π

dt =
2
3

√
2
π
.

To compute E(|W (s)W (t) |), note that (W (s),W (t))′ ∼ N(0,Σ), where

Σ =

(
σ2

x ρσxσy

ρσxσy σ2
y

)
, σ2

x = s, σ2
y = t, ρ =

min(s, t)
√

st
.

Denoting the joint density of W (s) and W (t) as

f (x, y) =
1

2πσxσy

√
1 − ρ2

exp
{
− 1

2(1 − ρ2)

(
x2

σ2
x

− 2ρ
xy

σxσy

+
y2

σ2
y

)}
,

and putting x = σxr cos θ and y = σyr sin θ, E(|W (s)W (t) |) is equal to∫ ∞

−∞

∫ ∞

−∞
|xy | f (x, y) dx dy

=
σxσy

2π
√

1 − ρ2

∫ ∞

0

∫ 2π

0
r3 | cos θ sin θ |

× exp
{
− r2

2(1 − ρ2)
(1 − 2ρ cos θ sin θ)

}
dr dθ

=
σxσy (1 − ρ2)3/2

π

∫ 2π

0

| cos θ sin θ |
(1 − 2ρ cos θ sin θ)2 dθ

∫ ∞

0
ue−u du

=
2σxσy (1 − ρ2)3/2

π

∫ π/2

0

(
cos θ sin θ

(1 − 2ρ cos θ sin θ)2 +
cos θ sin θ

(1 + 2ρ cos θ sin θ)2

)
dθ

=
σxσy (1 − ρ2)3/2

π

d
dρ

∫ π/2

0

(
1

1 − 2ρ cos θ sin θ
− 1

1 + 2ρ cos θ sin θ

)
dθ.
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Putting u = tan θ, it follows that

E(|W (s)W (t) |)

=
σxσy (1 − ρ2)3/2

π

d
dρ

∫ ∞

0

(
1

1 − 2ρu + u2 −
1

1 + 2ρu + u2

)
du

=
σxσy (1 − ρ2)3/2

π

d
dρ


2√

1 − ρ2
tan−1 ρ√

1 − ρ2


=
σxσy (1 − ρ2)3/2

π

d
dρ


2√

1 − ρ2
sin−1 ρ


=

2σxσy

π

(√
1 − ρ2 + ρ sin−1 ρ

)
=

2
π

(√
st − (min(s, t))2 +min(s, t) sin−1 min(s, t)

√
st

)
.

Then we have

E(I2
2 ) =

∫ 1

0

∫ 1

0
E(|W (s)W (t) |) ds dt

=
4
π

∫ 1

0

[∫ t

0

{√
s(t − s) + s sin−1

√
s/t

}
ds
]

dt

=
2
π

∫ 1

0

[
πt2

8
+

5πt2

32
+

2
√

t (1 − t)3/2

3

+t sin−1
√

t +
√

1 − t t3/2 − πt2

2

]
dt =

3
8
.

We also have

E(I3) =
∫ 1

0
E

(
eW (t )

)
dt =

∫ 1

0
et/2 dt = 2(

√
e − 1),

E(I2
3 ) =

∫ 1

0

[∫ t

0
E

(
eW (s)+W (t )

)
ds +

∫ 1

t

E
(
eW (s)+W (t )

)
ds
]

dt

= 2
∫ 1

0

[∫ t

0
exp

(
3s
2
+

t
2

)
ds
]

dt

=
2e2

3
− 8
√

e
3
+ 2.
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1.2.6 Putting W̃ (t) = W (t) − tW (1) and noting that

Cov(W (s),W (t)) = min(s, t), Cov(W̃ (s),W̃ (t)) = min(s, t) − st,

Cov(W̄ (s),W̄ (t)) =
1
3
− max(s, t) +

s2 + t2

2
, W̄ (t) = W (t) −

∫ 1

0
W (u) du,

we have E(I4) = 1/2 and E(I5) = E(I6) = 1/6. When (X,Y )′ ∼ N(0,Σ),
where

Σ =

(
σ2

x σxy

σxy σ2
y

)
,

it holds that E(X2Y 2) = σ2
xσ

2
y + 2σ2

xy . Thus

E(I2
4 ) =

∫ 1

0

∫ 1

0

[
st + 2(min(s, t))2

]
ds dt =

7
12
,

E(I2
5 ) =

∫ 1

0

∫ 1

0

[
st(1 − s)(1 − t) + 2(min(s, t) − st)2

]
ds dt =

1
20
,

E(I2
6 ) =

∫ 1

0

∫ 1

0

[(
1
3
− s + s2

) (
1
3
− t + t2

)
+2

(
1
3
− max(s, t) +

s2 + t2

2

)2 ds dt =
1

20
.

1.2.7 Since

A =
∫ 1

0
g(t) dW (t) = l.i.m.

n→∞

n∑
i=1

g(t′i )(W (ti ) −W (ti−1)),

and the m.s. limit retains normality, A is normal. Moreover we have

E(A) = lim
n→∞

n∑
i=1

g(t′i )E(W (ti ) −W (ti−1)) = 0,

Var(A) = lim
n→∞

n∑
i=1

g2(t′i )Var(W (ti ) −W (ti−1))

= lim
n→∞

n∑
i=1

g2(t′i )(ti − ti−1) =
∫ 1

0
g2(t) dt.

1.3.1 Let us consider

Xm,n =

m∑
i=1

n∑
j=1

K (s′i , t
′
j )∆W (si )∆W (t j ),
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where 0 = s0 < s1 < · · · < sm = 1, 0 = t0 < t1 < · · · < tn = 1,
s′i ∈ [si−1, si ), t′j ∈ [t j−1, t j ), and ∆W (si ) = W (si ) −W (si−1). Then

l.i.m.
∆m,n→0

Xm,n = X =
∫ 1

0

∫ 1

0
K (s, t) dW (s) dW (t),

where ∆m,n = max(s1 − s0, . . . , sm − sm−1, t1 − t0, . . . , tn − tn−1). The m.s.
limit X is independent of the partition as well as the choice of s′i and t′j .
Putting m = n, si = ti and ∆si = si − si−1, we now have

E(X ) = lim
n→∞

E(Xn,n ) = lim
n→∞

n∑
i=1

K (s′i , s
′
i )∆si =

∫ 1

0
K (s, s) ds,

E(X2) = lim
n→∞

E(X2
n,n ) = lim

n→∞

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

K (s′i , s
′
j )K (s′k , s

′
l )Ai jkl ,

where

Ai jkl = E
(
∆W (si )∆W (s j )∆W (sk )∆W (sl )

)

=



3(∆si )2 (i = j = k = l)

∆si∆sk (i = j, k = l, i , k)

∆si∆s j (i = k, j = l, i , j)

∆si∆s j (i = l, j = k, i , j).

Therefore we have

E
(
X2
n,n

)
= 3

n∑
i=1

K2(s′i , s
′
i )(∆si )2 +

∑
i, j

K (s′i , s
′
i )K (s′j , s

′
j )∆si∆s j

+2
∑
i, j

K2(s′i , s
′
j )∆si∆s j

= 2
n∑
i=1

n∑
j=1

K2(s′i , s
′
j )∆si∆s j +


 n∑
i=1

K (s′i , s
′
i )∆si




2

→ E(X2) = 2
∫ 1

0

∫ 1

0
K2(s, t) ds dt +

(∫ 1

0
K (s, s) ds

)2

,

which implies that

Var(X ) = 2
∫ 1

0

∫ 1

0
K2(s, t) ds dt = 4

∫ 1

0

∫ t

0
K2(s, t) ds dt,
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where this last equality holds because K (s, t) is symmetric. Another way
for the solution will be given in Theorem 2.4 of Chapter 2.

1.3.2 For K2(s, t) = g1(s)g1(t) + g2(s)g2(t) with g1(t) = 1 and g2(t) = t,
we have

E(X2) =
∫ 1

0
K2(t, t) dt =

∫ 1

0
(1 + t2) dt =

4
3
,

Var(X2) = 2
∫ 1

0

∫ 1

0
K2

2 (s, t) ds dt = 2
∫ 1

0

∫ 1

0
(1 + st)2 ds dt =

29
9
.

Since 

∫ 1

0
g1(t) dW (t)∫ 1

0
g2(t) dW (t)


 ∼ N(0,Σ2), Σ2 =

(
1 1/2

1/2 1/3

)
,

we obtain

E
(
eiθX2

)
=
���I2 − 2iθΣ2

���−1/2
=

(
1 − 8

3
iθ − 1

3
θ2

)−1/2

.

For K3(s, t) = g1(s)g1(t)+g2(s)g2(t)+g3(s)g3(t) with g1(t) = 1, g2(t) = t
and g3(t) = t2, we have

E(X3) =
∫ 1

0
K3(t, t) dt =

∫ 1

0
(1 + t2 + t4) dt =

23
15
,

Var(X3) = 2
∫ 1

0

∫ 1

0
(1 + st + s2t2)2 ds dt =

1199
300

.

Since 


∫ 1

0
g1(t) dW (t)∫ 1

0
g2(t) dW (t)∫ 1

0
g3(t) dW (t)



∼ N(0,Σ3), Σ3 =




1 1/2 1/3
1/2 1/3 1/4
1/3 1/4 1/5


 ,

we obtain

E
(
eiθX3

)
=
���I3 − 2iθΣ3

���−1/2
=

(
1 − 46

15
iθ − 127

180
θ2 +

1
270

iθ3
)−1/2

.
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1.3.3 Noting that W (t) =
∫ t

0
dW (u), we have

∫ 1

0
g(t)W 2(t) dt =

∫ 1

0
g(t)

(∫ t

0

∫ t

0
dW (u) dW (v)

)
dt

=

∫ 1

0

∫ 1

0

(∫ 1

max(u,v)
g(t) dt

)
dW (u) dW (v).

1.3.4 It holds that∫ 1

0

∫ 1

0
min(s, t) dW (s) dW (t)

=

∫ 1

0

(∫ t

0
s dW (s) + t

∫ 1

t

dW (s)
)

dW (t)

=

∫ 1

0

(
tW (1) −

∫ t

0
W (s) ds

)
dW (t)

= W (1)
(
W (1) − 2

∫ 1

0
W (t) dt

)
+

∫ 1

0
W 2(t) dt

=

∫ 1

0
(W (1) −W (t))2 dt.

On the other hand, we have∫ 1

0
(W (1) −W (t))2 dt

= W 2(1) − 2W (1)
∫ 1

0
W (t) dt +

∫ 1

0
W 2(t) dt

=

∫ 1

0

∫ 1

0
[1 − (1 − s + 1 − t) + 1 − max(s, t)] dW (s) dW (t)

=

∫ 1

0

∫ 1

0
min(s, t) dW (s) dW (t).

1.3.5 Since

K7(s, t) =
∞∑
n=1

fn (s) fn (t)
λn

= min(s, t) − st,
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where λn = n2π2 and fn (t) =
√

2 sin nπt, it holds that

E(X7) =
∫ 1

0
K7(t, t) dt =

∫ 1

0
t(1 − t) dt =

1
6
,

Var(X7) = 2
∫ 1

0

∫ 1

0
(min(s, t) − st))2 ds dt =

1
45
.

We also have

E
(
eiθX7

)
= E

exp
iθ

∞∑
n=1

1
λn

Z2
n


 =

∞∏
n=1

(
1 − 2iθ

λn

)−1/2

=


sin
√

2iθ
√

2iθ



−1/2

.

1.3.6 Noting that 1 − max(s, t) − (1 − s)(1 − t) = min(s, t) − st and

∫ 1

0
W 2(t) dt =

∫ 1

0

∫ 1

0
[1 − max(s, t)] dW (s) dW (t),∫ 1

0
W (t) dt =

∫ 1

0
(1 − t) dW (t),

the equality can be proved.

1.3.7 For W̃ (t) = W (t) − tW (1), we have Cov(W̃ (s),W̃ (t)) = min(s, t) −
st. Since

∫ 1

0
W̃ 2(t) dt =

∫ 1

0
W 2(t) dt − 2W (1)

∫ 1

0
tW (t) dt +

1
3

W 2(1),∫ 1

0
tW (t) dt =

∫ 1

0
t
(∫ t

0
dW (u)

)
dt =

1
2

∫ 1

0
(1 − u2) dW (u),

it holds that
∫ 1

0
W̃ 2(t) dt is equal to

∫ 1

0

∫ 1

0

[
1 − max(s, t) − 1

2
(1 − s2 + 1 − t2) +

1
3

]
dW (s) dW (t),

which leads to the required equality.
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1.4.1 Putting ∆Wi = W (si ) −W (si−1) and ∆si = si − si−1, we have

E



n∑
i=1

X (si−1)
(
(∆Wi )2 − ∆si

)
2

= E


n∑
i=1

n∑
k=1

X (si−1)X (sk−1)
(
(∆Wi )2 − ∆si

) (
(∆Wk )2 − ∆sk

)
= 2

n∑
i=1

E
(
X2(si−1)

)
(∆si )2 ≤ 2 max

i
∆si

n∑
i=1

E
(
X2(si−1)

)
∆si

→ 0

as n → ∞ and maxi ∆si → 0 so that the relation for j = 2 is established.
For j ≥ 3 it holds that

E



n∑
i=1

X (si−1)(∆Wi ) j


2
= E


n∑
i=1

n∑
k=1

X (si−1)X (sk−1)(∆Wi ) j (∆Wk ) j


=

n∑
i=1

E
(
X2(si−1)

)
E((∆Wi )2 j )

+
∑
i,k

E (X (si−1)X (sk−1)) E((∆Wi ) j )E((∆Wk ) j ),

where E((∆Wi )ℓ) = const. × (∆si )ℓ/2 for even ℓ and 0 for odd ℓ, which
leads to the conclusion.

1.4.2 Consider
n∑
j=1

y j−1ε j =

n∑
j=1

y j−1(y j − y j−1)

= −1
2




n∑
j=1

(y j − y j−1)2 −
n∑
j=1

y2
j +

n∑
j=1

y2
j−1




=
1
2
y2
n −

1
2

n∑
j=1

ε2
j ,

which establishes the required relation by the FCLT and CMT.

1.4.3 Put τi−1 = (1 − λ)ti−1 + λti and ∆Wi = W (ti ) −W (ti−1). Then we
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have
m∑
i=1

W (τi−1)∆Wi =

m∑
i=1

W (ti−1)∆Wi +

m∑
i=1

(W (τi−1) −W (ti−1)) ∆Wi .

Here the first term on the right side converges in m.s. to (W 2(t) − t)/2,
whereas the second term can be rewritten as
m∑
i=1

(W (τi−1) −W (ti−1))2 +

m∑
i=1

(W (τi−1) −W (ti−1)) (W (ti ) −W (τi−1)) .

(A.2)
Since it holds that

E


m∑
i=1

(W (τi−1) −W (ti−1))2
 =

m∑
i=1

(τi−1 − ti−1) = λ
m∑
i=1

(ti − ti−1) = λt,

Var


m∑
i=1

(W (τi−1) −W (ti−1))2
 = 2

m∑
i=1

(τi−1 − ti−1)2 ≤ 2λ2t max
i
∆ti ,

the first term in (A.2) converges in m.s. to λt. Noting that ti−1 ≤ τi−1 ≤ ti ,
the second term can be shown to converge in m.s. to 0, which establishes
the required relation.

1.4.4 Since it holds that

d
(
g(t)W 2(t)

)
= 2g(t)W (t) dW (t) + (g′(t)W 2(t) + g(t)) dt,

we obtain∫ 1

0
g(t)W (t) dW (t)

=
1
2

[∫ 1

0
d(g(t)W 2(t)) −

∫ 1

0

(
g′(t)W 2(t) + g(t)

)
dt
]

=
1
2

[
g(1)W 2(1) −

∫ 1

0

∫ 1

0
[g(1) − g(max(s, t))] dW (s) dW (t)

−
∫ 1

0
g(t) dt

]

=
1
2

∫ 1

0

∫ 1

0
g(max(s, t)) dW (s) dW (t) − 1

2

∫ 1

0
g(t) dt.

1.4.5 Noting that

X (t) = eγt
∫ t

0
e−γu dW (u),

13



it follows that∫ 1

0
X2(t) dt =

∫ 1

0
e2γt

(∫ t

0

∫ t

0
e−γ(u+v) dW (u) dW (v)

)
dt

=

∫ 1

0

∫ 1

0

(∫ 1

max(u,v)
e2γt dt

)
e−γ(u+v) dW (u) dW (v)

=

∫ 1

0

∫ 1

0

e2γ − e2γ max(u,v)

2 γ
e−γ(u+v) dW (u) dW (v)

=

∫ 1

0

∫ 1

0

eγ(2−s−t ) − eγ |s−t |

2 γ
dW (s) dW (t).

We also have

Cov(X (s),X (t)) = E
(
eγ(s+t )

∫ s

0

∫ t

0
e−γ(u+v) dW (u) dW (v)

)
= eγ(s+t )

∫ min(s, t )

0
e−2γu du =

eγ(s+t ) − eγ |s−t |

2 γ
.

1.4.6 When H is symmetric, we have, from (1.69),

S1 =

∫ 1

0
W ′(t)H dW (t) =

1
2

(
W ′(1)HW (1) − tr (H)

)
. (A.3)

Then we obtain

E
(
eiθS1

)
=
���Iq − iθH ���−1/2

exp
(
− iθ tr (H)/2

)
=

q∏
k=1

(
1 − iθλk

)−1/2
exp


− iθ

2

q∑
k=1

λk


 ,

where λk (k = 1, . . . , q) are the eigenvalues of H .

1.4.7 It follows from (A.3) that

S2 =

∫ 1

0
W ′(t)H dW (t) =

1
2
W ′(1)HW (1),

where

H =
(
0 1
1 0

)
.

Since the eigenvalues of H is ±1, the c.f. of S2 is
(
1+θ2

)−1/2
, which is also

the c.f. of
(
W 2

1 (1) −W 2
2 (1)

)
/2.
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1.4.8 Given {W1(t)}, it holds that

U =
∫ 1

0
W1(t) dW2(t)

�����
{
W1(t)

}
∼ N

(
0,

∫ 1

0
W 2

1 (t) dt
)
.

Using (1.29) we have

E
(
eiθU

)
= E

[
E

(
eiθU ���{W1(t)

}) ]
= E

[
exp

{
− θ

2

2

∫ 1

0
W 2

1 (t) dt
}]

=
(

cos
√
−θ2

)−1/2
=

(
cosh θ

)−1/2
.

On the other hand we obtain

E
exp


iθ
2

∞∑
n=1

Z2
n1 − Z2

n2(
n − 1

2

)
π


 =

∞∏
n=1


1 + θ2(

n − 1
2

)2
π2



−1/2

=
(

cosh θ
)−1/2

,

which proves the distributional equivalence.

1.5.1 Putting F (x; ξ̂) = F (x), we obtain

W 2
n (ξ̂) = n

∫ ∞

−∞
(Fn (x) − F (x))2 dF (x)

= n

n−1∑
j=1

∫ X ′
j+1

X ′
j

(
j
n
− F (x)

)2

dF (x) +
∫ X ′

1

−∞
F2(x) dF (x)

+

∫ ∞

X ′
n

(1 − F (x))2 dF (x)
]
.

Using ∫
F (x) dF (x) =

1
2

F2(x),
∫

F2(x) dF (x) =
1
3

F3(x),

we can arrive at the final expression after some manipulations.

1.5.2 Since F (X1), . . . , F (Xn ) are independent and uniformly distributed
over [0,1], it holds that

E[ϵ
(
t − F (X j )

)
] = E[ϵ2

(
t − F (X j )

)
] = P(X j < t) = t,

Cov[ϵ
(
s − F (X j )

)
, ϵ

(
t − F (Xk )

)
] = E[ϵ

(
s − F (X j )

)
ϵ
(
t − F (Xk )

)
] − st

=


min(s, t) − st ( j = k)

0 ( j , k).
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Thus, putting Hn (t) =
1
n

∑n
j=1 ϵ

(
t − F (X j )

)
, we have

E(Hn (t)) =
1
n

n∑
j=1

t = t, Cov(Hn (s),Hn (t)) =
1
n

(min(s, t) − st).

1.5.3 When F (x; ξ) = R(x − ξ) = t, we have

∂F (x; ξ)
∂ξ

=
∂R(x − ξ)

∂ξ
= −r (x − ξ), gξ (t) = −r (R−1(t)),

σ−2(ξ) = E

(
∂ log f (x; ξ)

∂ξ

)2 = E

(
r ′(x − ξ)
r (x − ξ)

)2 =
∫ ∞

−∞

(r ′(x))2

r (x)
dx.

Thus we obtain

σ(ξ) gξ (t) = −
(∫ ∞

−∞

(r ′(x))2

r (x)
dx

)−1/2

r (R−1(t)),

which does not depend on ξ. When F (x; ξ) = R(x/ξ) = t, we have x =
ξR−1(t) and

∂F (x; ξ)
∂ξ

=
∂R(x/ξ)
∂ξ

= − x
ξ2 r (x/ξ), gξ (t) = − 1

ξ
R−1(t)r (R−1(t)).

It follows from f (x; ξ) = r (x/ξ)/ξ that

σ−2(ξ) = E

(
∂ log f (x; ξ)

∂ξ

)2 =
1
ξ2 E


(
1 +

x
ξ

r ′(x/ξ)
r (x/ξ)

)2
=

1
ξ2

∫ ∞

−∞

(
1 +

x
ξ

r ′(x/ξ)
r (x/ξ)

)2 1
ξ

r (x/ξ) dx

=
1
ξ2

∫ ∞

−∞

(
1 +

xr ′(x)
r (x)

)2

r (x) dx

=
1
ξ2

∫ ∞

−∞

(
r (x) + 2xr ′(x) +

(xr ′(x))2

r (x)

)
dx

=
1
ξ2

(∫ ∞

−∞

(xr ′(x))2

r (x)
dx − 1

)
.

Thus we obtain

σ(ξ) gξ (t) = −
(∫ ∞

−∞

(xr ′(x))2

r (x)
dx − 1

)−1/2

R−1(t) r (R−1(t)),

which does not depend on ξ.
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1.5.4 Since f (x; ξ) = ξ (R(x))ξ−1r (x), we have

σ−2(ξ) = E

(
∂ log f (x; ξ)

∂ξ

)2 = E

(

1
ξ
+ log R(x)

)2
=

1
ξ2 + A,

where

A = E
[

2
ξ

log R(x) + (log R(x))2
]

=

∫ ∞

−∞

(
2
ξ

log R(x) + (log R(x))2
)
ξ (R(x))ξ−1r (x) dx

=

∫ 1

0

(
2
ξ

log u + (log u)2
)
ξuξ−1 du = 0.

Thus σ2(ξ) = ξ2. We now have

gξ (t) =
∂F (x; ξ)
∂ξ

�����x=x (t ;ξ)
= (R(x))ξ log R(x)���x=x (t ;ξ)

=
t
ξ

log t,

which yields σ(ξ) gξ (t) = t log t.

1.5.5 The log-likelihood for y is given by

L(ρ,σ2
ε ) = −n

2
log 2πσ2

ε −
1
2

log |In + ρCC′ | − 1
2σ2

ε

y′(In + ρCC′)−1y.

Then we have

∂L(ρ,σ2
ε )

∂ρ

�����ρ=0
= −1

2
tr (CC′) +

1
2σ2

ε

y′CC′y =
1
2
Z ′CC′Z − n(n + 1)

4
,

where Z ∼ N(0, In ). Since the ( j, k)th element of CC′/n is min( j, k)/n and
its uniform limit in the sense of (1.105) is K (s, t) = min(s, t), it follows
from Theorem 1.11 that

2
n2

∂L(ρ,σ2
ε )

∂ρ
=

1
n2 Z ′CC′Z−n + 1

2n
⇒

∫ 1

0

∫ 1

0
min(s, t) dW (s) dW (t)−1

2
.

1.5.6 Define P = HF1 and Q = X F2, where F1 is an (n − p) × (n − p)
matrix such that P′P = In−p and F2 is a p × p matrix such that Q′Q = Ip .
Since P′Q = F′

1 H ′X F2 = 0, it follows from Lemma 1.12 that, putting
A = Ω,

P(P′AP)−1P′ = H (H ′
ΩH)−1H ′ = N ′A−1 N = N ′

Ω
−1 N,
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where N = In −Q(Q′A−1Q)−1Q′A−1 = In − X (X ′Ω−1X )−1X ′Ω−1. It also
follows from Lemma 1.12 that

P(P′AP)−2P′ = P(P′AP)−1P′P(P′AP)−1P′ = N ′A−1 A−1 N,

which leads to H (H ′ΩH)−2H ′ = N ′Ω−2 N .

1.5.7 Since y = (y1, . . . , yn )′ ∼ N(0,σ2
εΩ(α)), the log-likelihood for y is

given by

L(α,σ2
ε ) = −n

2
log 2πσ2

ε −
1
2

log |Ω(α) | − 1
2σ2

ε

y′Ω−1(α)y.

We have ∂L(α,σ2
ε )/∂α |H0 = 0 and

∂2L(α,σ2
ε )

∂α2

�����H0

= n
y′Ω−2y

y′Ω−1y
− n(n + 5)

6
, Ω = Ω(1).

Then we obtain the LBIU statistic Sn = y′Ω−2y/(n y′Ω−1y). Since ξ =
Ω−1/2y/σε ∼ N(0, In ) under H0, it follows that y′Ω−1y/(nσ2

ε ) = ξ′ξ/n →
1 in probability. Noting that the ( j, k)th element of Ω−1/n is given by
min( j, k)/n − j k/(n(n + 1)), it follows from Theorem 1.11 that

1
n2σ2

ε

y′Ω−2y =
1
n
ξ′

(
1
n
Ω

−1
)
ξ ⇒ S =

∫ 1

0

∫ 1

0
[min(s, t)−st] dW (s) dW (t).

Thus Sn ⇒ S and the c.f. of S is given from (1.35) by
(
sin
√

2iθ/
√

2iθ
)−1/2

.

1.5.8 Define the partial sum process

Yn (t) =
1
√

nσε

u j−1 + n
(
t − j − 1

n

)
u j − u j−1√

nσε

(
j − 1

n
≤ t ≤ j

n

)
.

It follows from the FCLT that {Yn (t)} ⇒ {W (t)}. Consider

û j = y j − β̂1 − β̂2 j

= u j −


 n∑
k=1

k2 − j
n∑

k=1

k


 n∑

k=1

uk +


 jn −

n∑
k=1

k


 n∑

k=1

kuk

n
n∑

k=1

k2 −

 n∑
k=1

k




2 ,
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which yields, because of the FCLT and CMT,

1
n2σ2

ε

n∑
j=1

û2
j + op (1)

=
1
n

n∑
j=1


Yn

(
j
n

)
+

(
6 j
n
− 4

)
1
n

n∑
j=1

Yn

(
j
n

)
−

(
12 j
n
− 6

)
1
n

n∑
j=1

j
n

Yn

(
j
n

)
2

⇒
∫ 1

0

(
W (t) + (6t − 4)

∫ 1

0
W (s) ds − (12t − 6)

∫ 1

0
sW (s) ds

)2

dt .

1.5.9 The ( j, k)th element Φ jk (ρ) of Φ(ρ) = C(ρ)C′(ρ) is given for
j ≤ k by

Φ jk (ρ) =
j−1∑
i=0

ρk− j+2i .

Thus we obtain, for j ≤ k,

dΦ jk (ρ)
dρ

�����ρ=1
=

j−1∑
i=0

(k − j + 2i) ρk− j+2i−1
������ρ=1

= j k − j = j k − min( j, k),

which leads to the required result.

1.5.10 SinceΦ−1(ρ) = (C′(ρ))−1C−1(ρ), where C(ρ) is defined in (1.131),
and

C−1(ρ) =




1
−ρ 1 0

. .

0 . .

−ρ 1



,

we have

dΦ−1(ρ)
dρ

=
d
{
(C′(ρ))−1

}
dρ

C−1(ρ) + (C′(ρ))−1 dC−1(ρ)
dρ

=




2ρ −1
−1 2ρ −1 0

. . .

. . .

0 −1 2ρ −1
−1 0



.
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Thus we obtain

d2Φ−1(ρ)
dρ2

�����ρ=1
=

d
dρ

(
dΦ−1(ρ)

dρ

) �����ρ=1
= 2(In − ene′n ).

1.5.11 Note first that y′N ′Ny = u′N ′Nu and y′M̃y = u′M̃u. Consider
Nu = (In − X (X ′(CC′)−1X )−1X ′(CC′)−1u, where

X ′(CC′)−1X =
(
1 1
1 n

)
,

(
X ′(CC′)−1X

)−1
=

1
n − 1

(
n −1
−1 1

)
.

Then we obtain

Nu = u − 1
n − 1

(e,d)
(

n −1
−1 1

) (
e′

d′

)
(C′)−1C−1u

= u − eu1 −
un − u1

n − 1
(d − e),

which leads to the first relation. Since u′M̃u = u′N ′(C′)−1C−1 Nu and it
holds that

C−1 Nu = C−1v =




v1

v2 − v1
...

vn − vn−1


 ,

where v = Nu and v j is the jth component of Nu, which is u j − u1 − ( j −
1)(un − u1)/(n − 1). Thus the second relation is established.

1.5.12 Let the left side be Sn , for which

Sn =
1
n2

n∑
j=1

(
u j −

j
n

un

)2

+ op (1) =
1
n

n∑
j=1

(
Yn

(
j
n

)
− j

n
Yn (1)

)2

+ op (1),

where {Yn (t)} is the partial sum process for {u j }. It follows from the FCLT
that {Yn (t)} ⇒ {W (t)}. Then we arrive at the conclusion from the CMT.
Alternatively it follows from Exercise 1.5.11 that u′N ′Nu

D
= ε′NCC′N ′ε,

where ε ∼ N(0,σ2
ε In ) and

NCC′N ′ = CC′ − X (X ′(CC′)−1X )−1X ′

= CC′ − 1
n − 1

(e,d)
(

n −1
−1 1

) (
e′

d′

)
= CC′ − 1

n − 1
(
nee′ − de′ − ed′ + dd′) .
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Since the ( j, k)th element of NCC′N ′/n is given by

Bn ( j, k) =
min( j, k)

n
− n − j − k + j k

n(n − 1)
,

it follows from Theorem 1.11 and (1.33) that

1
n2 ε

′NCC′N ′ε ⇒
∫ 1

0

∫ 1

0
[min(s, t) − st] dW (s) dW (t)

D
=

∫ 1

0
(W (t) − tW (1))2 dt.

Chapter 2

2.1.1 Following Hochstadt (1973), consider

d
dλ

DN (λ) = (∂1 + ∂2 + · · · + ∂N )DN (λ),

where ∂j is a differentiation operator with respect to λ, acting only on the
terms in the jth column. Then it holds that

an (N ) =
(

d
d λ

)n
DN (λ)

�����λ=0
= (∂1 + ∂2 + · · · + ∂N )nDN (λ)���λ=0

=
∑

α1+···+αN=n

n!
α1! · · · αN !

∂α1
1 · · · ∂

αN

N DN (λ)
������λ=0

.

Since each column of DN (λ) is linear in λ, every term with α j ≥ 2 van-
ishes. Thus we have

an (N ) =
∑

∑
α j=n;α j (1−α j )=0

n! ∂α1
1 · · · ∂

αN

N DN (λ)
�������λ=0

=
∑
π

∂j1∂j2 · · · ∂jn∂0
jn+1

∂0
jn+2
· · · ∂0

jN
DN (λ)

������λ=0

, (A.4)

where this last sum
∑
π

runs over all permutations of the subscripts 1,2, . . . , N .
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Observing that ∂1 · · · ∂n DN (λ) |λ=0 is equal to�������������������

− 1
N

K
(

1
N
, 1
N

)
− 1

N
K

(
1
N
, 2
N

)
· · · − 1

N
K

(
1
N
, n
N

)
0 · · · 0

...
...

...
...

− 1
N

K
(
n
N
, 1
N

)
− 1

N
K

(
n
N
, 2
N

)
· · · − 1

N
K

(
n
N
, n
N

)
0 · · · 0

− 1
N

K
(
n+1
N
, 1
N

)
− 1

N
K

(
n+1
N
, 2
N

)
· · · − 1

N
K

(
n+1
N
, n
N

)
1 · · · 0

...
...

...
. . .

− 1
N

K
(
N
N
, 1
N

)
− 1

N
K

(
N
N
, 2
N

)
· · · − 1

N
K

(
N
N
, n
N

)
0 · · · 1

�������������������

,

and similarly for the other terms in (A.4). Then we can arrive at the required
expression.

2.1.2 Putting M = max |K (s, t) | and using the Hadamard inequality, we
have �����K

(
t1 · · · tn
t1 · · · tn

) ����� ≤ Mnnn/2 (n = 1,2, . . . )

and

|D(λ) | ≤ 1 +
∞∑
n=1

(
|λ |M

√
n
)n

n!
= 1 +

∞∑
n=1

bn .

The ratio test gives us

lim
n→∞

bn+1

bn

= lim
n→∞

(
|λ |M

√
n + 1

)n+1
/(n + 1)!(

|λ |M
√

n
)n
/n!

= lim
n→∞

|λ |M (1 + 1/n)n/2

√
n + 1

= 0,

which ensures that D(λ) as a function of λ converges for all λ.

2.1.3 For K (s, t) = 1 + s + t, we have d1 = 2,

d2 =

∫ 1

0

∫ 1

0
[(1 + 2s)(1 + 2t) − (1 + s + t)2] ds dt = −1

6
,

and dn = 0 for n ≥ 3. Thus D(λ) = 1−2λ − λ2/12. The function K (s, t) =
1+s+t+st = (1+s)(1+t) is the form given in (2.19). We have d1 = 7/3 and
dn = 0 for n ≥ 2, which gives D(λ) = 1−7λ/3. For K (s, t) = 1+s+t+s2t2,
we have d1 = 11/5,

d2 =

∫ 1

0

∫ 1

0

����� 1 + 2s + s4 1 + s + t + s2t2

1 + s + t + s2t2 1 + 2t + t4

����� ds dt =
7

90
,

d3 =

∫ 1

0

∫ 1

0

∫ 1

0

�������
K (s, s) K (s, t) K (s,u)
K (t, s) K (t, t) K (t,u)
K (u, s) K (u, t) K (u,u)

������� ds dt du = − 1
360

,
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and dn = 0 for n ≥ 4. Thus D(λ) = 1 − 11λ/5 + 7λ2/180 + λ3/2160.

2.1.4 Since

σ jk = Cov
(∫ 1

0
cos jπt dW (t),

∫ 1

0
cos kπt dW (t)

)
=

1
2
δ jk ,

we obtain, as the FD of K1(s, t),

D1(λ) = ���In − λΣ��� =
(
1 − λ

2

)n
.

Similarly, we obtain D2(λ) = (1 − λ/2)n as the FD of K2(s, t). Consider

S3 =

∫ 1

0

∫ 1

0

n∑
j=1

cos jπ(s − t) dW (s) dW (t)

=

n∑
j=1


(∫ 1

0
cos jπt dW (t)

)2

+

(∫ 1

0
sin jπt dW (t)

)2 =
n∑
j=1

(
X2

j + Y 2
j

)
,

where

X j =

∫ 1

0
cos jπt dW (t), Yj =

∫ 1

0
sin jπt dW (t).

Since (X j ,Yj )′ ∼ NID(0, I2/2), we have E
(
eiθS3

)
= (1 − iθ)−n so that the

FD of K3(s, t) is given by D3(λ) = (1 − λ/2)2n . Similarly, consider

S4 =

∫ 1

0

∫ 1

0

n∑
j=1

sin jπ(s + t) dW (s) dW (t)

= 2
n∑
j=1

∫ 1

0
cos jπt dW (t)

∫ 1

0
sin jπt dW (t) = 2

n∑
j=1

X j Yj .

Then we obtain E
(
e2iθX jYj

)
=

(
1 + 4θ2

)−1/2
so that E

(
eiθS4

)
=

(
1 +

4θ2
)−n/2

. Thus we obtain D4(λ) =
(
1 − λ2

)n
as the FD of K4(s, t).

2.1.5 We have, for 0 ≤ t1 ≤ · · · ≤ tn ≤ 1,

K
(
t1 · · · tn
t1 · · · tn

)

=

�����������

t1(1 − t1) t1(1 − t2) · · · t1(1 − tn )
t1(1 − t2) t2(1 − t2) · · · t2(1 − tn )

...
...

...
...

t1(1 − tn ) t2(1 − tn ) · · tn (1 − tn )

�����������
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= (1 − tn )

�����������

t1(1 − t1) t1(1 − t2) · · · t1(1 − tn−1) t1

t1(1 − t2) t2(1 − t2) · · · t2(1 − tn−1) t2
...

...
...

...
...

t1(1 − tn ) t2(1 − tn ) · · · tn−1(1 − tn ) tn

�����������

= (1 − tn )

����������������

0 0 0 · · 0 t1

t1 − t2 0 0 · · 0 t2

t2 − t3 0 · · 0 t3

· 0
...

...

∗ · 0 tn−1

tn−1 − tn tn

����������������
= t1(t2 − t1)(t3 − t2) · · · (tn − tn−1)(1 − tn ),

∫ 1

0
· · ·

∫ 1

0
K

(
t1 · · · tn
t1 · · · tn

)
dt1 · · · dtn

= n!
∫
· · ·

∫
A

t1(t2 − t1) · · · (tn − tn−1)(1 − tn ) dt1 · · · dtn =
n!

(2n + 1)!
,

where A = {0 ≤ t1 ≤ · · · ≤ tn ≤ 1}. Then the FD of K (s, t) = min(s, t)− st
is given by

D(λ) =
∞∑
n=0

(−λ)n

n!
n!

(2n + 1)!
=

∞∑
n=0

(−λ)n

(2n + 1)!
=

sin
√
λ

√
λ

.

where the series expansion for the sin function is employed.

2.2.1 Mercer’s theorem gives the relation for j = 1. Suppose that the
relation holds for j = k. Then we have

K (k+1) (s, t) =
∫ 1

0
K (k ) (s,u)K (u, t) du

=

∫ 1

0

∞∑
m=1

1
λk
m

fm (s) fm (u)
∞∑
n=1

1
λn

fn (u) fn (t) du

=

∞∑
m=1

∞∑
n=1

1
λk
mλn

fm (s) fn (t)
∫ 1

0
fm (u) fn (u) du

=

∞∑
n=1

fn (s) fn (t)
λk+1
n

,

which proves the required relation.
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2.2.2 Using Theorem 2.8, we compute

B2 =

√∫ 1

0

∫ 1

0
K2

3 (s, t) ds dt =
1
6

√
2
∫ 1

0

(∫ t

0
s4(3t − s)2 ds

)
dt

=
1
6

√
33

140
= 0.08092.

Thus 1/λ1 = 0.08089 < B2 = 0.08092.

2.2.3 It follows from

Lm (s, t) =
m∑
j=1

α jK ( j ) (s, t) =
∞∑
n=1




m∑
j=1

α j

λ
j
n


 fn (s) fn (t)

that ∫ 1

0
Lm (s, t) fn (s) ds =




m∑
j=1

α j

λ
j
n


 fn (t).

Thus the eigenvalues and eigenfunctions of Lm (s, t) are given by



1

/ m∑
j=1

α j

λ
j
n

, fn


 : n = 1,2, . . .

 .
2.2.4 It follows from Theorem 2.10 that the c.f. of S2 is given by

E
(
eiθS2

)
=

[
D(β1(2iθ)) D(β2(2iθ))

]−1/2

=
[
D

(
iθ +
√
−θ2 + 2ic2θ

)
D

(
iθ −
√
−θ2 + 2ic2θ

)]−1/2
,

where

β1(λ) =
λ +
√
λ2 + 4c2λ

2
, β2(λ) =

λ −
√
λ2 + 4c2λ

2
,

and D(λ) is the FD of K (s, t) given in (1.79) as

D(λ) =
12
λ


2(1 − cos

√
λ)

λ
− sin

√
λ

λ


 .

2.2.5 The distributional equivalence in∫ 1

0

∫ 1

0
K (s, t) dW (s) dW (t) D

=

∞∑
n=1

1
λn

Z2
n

25



is ensured due to Mercer’s theorem [Theorem 2.2]. On the other hand, it
follows from the Karhunen-Loève expansion in (2.36) that∫ 1

0
Y 2(t) dt =

∫ 1

0

∞∑
m=1

∞∑
n=1

fm (t)
√
λm

fn (t)
√
λn

ZmZn dt

=

∞∑
m=1

∞∑
n=1

1
√
λmλn

ZmZn

∫ 1

0
fm (t) fn (t) dt =

∞∑
n=1

1
λn

Z2
n ,

which establishes the required relations.

2.3.1 Consider first the case where z = (2m + 1/2)π + βi with | β | ≤
(2m + 1/2)π. Then

cos z =
eiz + e−iz

2
=

1
2

(
eiπ/2−β + e−iπ/2+β

)
=

i
2

(
e−β − eβ

)
,

sin z =
eiz − e−iz

2i
=

1
2i

(
eiπ/2−β − e−iπ/2+β

)
=

1
2

(
e−β + eβ

)
.

On the other hand, when z = α + i(2m + 1/2)π with |α | ≤ (2m + 1/2)π,
we have

cos z =
1
2

(
eiα−(2m+1/2)π + e−iα+(2m+1/2)π

)
,

sin z =
1
2i

(
eiα−(2m+1/2)π − e−iα+(2m+1/2)π

)
.

It can be checked that cos z/ sin z is bounded on the two sides of Cm . Since
cos z/ sin z is an odd function, cos z/ sin z is bounded on each side of Cm .

2.3.2 It can be shown easily that the integral equation leads to the differ-
ential equation with five conditions. We show the reverse. Denote by R the
right side of the integral equation to be proved. Then, using the conditions
in (2.62), R is equal to∫ 1

0
[min(s, t) − st](− f ′′(s) − λaψ′′(s)) ds

−ψ(t)
∫ 1

0
ψ(s)(− f ′′(s) − λaψ′′(s)) ds

= −
∫ t

0
s(1 − t)( f ′′(s) + λaψ′′(s)) ds −

∫ 1

t

t(1 − s)( f ′′(s) + λaψ′′(s)) ds

+ψ(t)
[ [
ψ(s)( f ′(s) + λaψ′(s))

]1
0 −

∫ 1

0
ψ′(s)( f ′(s) + λaψ′(s)) ds

]
,
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which can be shown, after some manipulations, to be equal to f (t).

2.3.3 The expression (2.74) gives the integral equation

f (t) = λ
[∫ t

0
L1(s, t) f (s) ds +

∫ 1

t

L2(s, t) f (s) ds
]
,

where

L1(s, t) =
1

(g!)2

∫ s

0
((s − u)(t − u))g du,

L2(s, t) =
1

(g!)2

∫ t

0
((s − u)(t − u))g du.

Let us define, for j = 0,1, . . . , g,

Aj (s, t) =
∂ j L1(s, t)

∂t j
=

g(g − 1) · · · (g − j + 1)
(g!)2

∫ s

0
(s − u)g (t − u)g− j du,

Bj (s, t) =
∂ j L2(s, t)

∂t j
=

g(g − 1) · · · (g − j + 1)
(g!)2

∫ t

0
(s − u)g (t − u)g− j du,

where Aj (t, t) = Bj (t, t) and Aj (0, t) = Bj (s,0) = 0. Then it holds that

f ( j ) (t) = λ
[∫ t

0
Aj (s, t) f (s) ds +

∫ 1

t

Bj (s, t) f (s) ds
]
, f ( j ) (0) = 0.

Since

Ag (s, t) =
∂gL1(s, t)

∂tg
=

1
g!

∫ s

0
(s − u)g du =

sg+1

(g + 1)!
,

Bg (s, t) =
∂gL2(s, t)

∂tg
=

1
g!

∫ t

0
(s − u)g du =

−1
(g + 1)!

(
(s − t)g+1 − sg+1

)
,

it holds that Aj (s, t) = 0 for j > g and, for k = 1, . . . , g + 1,

f (g) (t) = − λ

(g + 1)!

[∫ 1

t

(s − t)g+1 f (s) ds −
∫ 1

0
sg+1 f (s) ds

]
,

f (g+k ) (t) =
λ(−1)k−1

(g + 1 − k)!

∫ 1

t

(s − t)(g+1−k ) f (s) ds, f (g+k ) (1) = 0,

f (2g+1) (t) = λ(−1)g
∫ 1

t

f (s) ds,

so that we obtain the homogeneous differential equation of order 2g + 2

f (2g+2) (t) + (−1)gλ f (t) = 0
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with 2g + 2 boundary conditions

f ( j ) (0) = 0, f (g+1+ j ) (1) = 0 ( j = 0,1, . . . , g).

2.3.4 Define

Cj (s, t) =
∂ j L1(s, t)

∂s j
=

g(g − 1) · · · (g − j + 1)
(g!)2

∫ s

0
(s − u)g− j (t − u)g du,

D j (s, t) =
∂ j L2(s, t)

∂s j
=

g(g − 1) · · · (g − j + 1)
(g!)2

∫ t

0
(s − u)g− j (t − u)g du,

so that

Cg (s, t) =
1
g!

∫ s

0
(t − u)g du =

−1
(g + 1)!

(
(t − s)g+1 − tg+1

)
,

Dg (s, t) =
1
g!

∫ t

0
(t − u)g du =

tg+1

(g + 1)!
.

It holds that Cj (t, t) = D j (t, t) and Cj (0, t) = D j (s,0) = Dg+1+ j (s, t) = 0
for j = 0,1, . . . , g, whereas

Cg+1+ j (t, t) = 0 ( j = 0,1, . . . , g − 1), C2g+1(s, t) = (−1)g .

Using integration by parts, λ
∫ 1

0
L(s, t) f (s) ds is equal to

(−1)g+1
∫ 1

0
L(s, t) f (2g+2) (s) ds

= (−1)g+1
[ [

L(s, t) f (2g+1) (s)
]1

0
−

∫ 1

0

∂L(s, t)
∂s

f (2g+1) (s) ds
]

= (−1)g+1
[
L(1, t) f (2g+1) (1) − L(0, t) f (2g+1) (0)

−
∫ t

0
C1(s, t) f (2g+1) (s) ds −

∫ 1

t

D1(s, t) f (2g+1) (s) ds
]

= (−1)g+2
[∫ t

0
C1(s, t) f (2g+1) (s) ds +

∫ 1

t

D1(s, t) f (2g+1) (s) ds
]
,

where we have used f (2g+1) (1) = 0 and L(0, t) = 0. Proceeding further by
integration by parts and using the boundary conditions (2.76), we obtain

λ

∫ 1

0
L(s, t) f (s) ds = −

[∫ t

0
Cg (s, t) f (g+2) (s) ds +

∫ 1

t

Dg (s, t) f (g+2) (s) ds
]
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=

∫ t

0
Cg+1(s, t) f (g+1) (s) ds = −

∫ t

0
Cg+2(s, t) f (g) (s) ds

= (−1)g
∫ t

0
C2g+1(s, t) f ′(s) ds = (−1)2g

∫ t

0
f ′(s) ds

=

∫ t

0
f ′(s) ds = f (t) − f (0) = f (t),

which gives the integral equation (2.75).

2.3.5 Since the solutions to the characteristic equation of the differential
equation (2.72) are x1, . . . , x2g+2 and it holds that xg+1+k = −xk for k =
1, . . . , g + 1, the general solution is given by

f (t) =
2g+2∑
j=1

bjex j t =

g+1∑
k=1

(
bkei (−i xk t ) + bg+1+kei (i xk t )

)
=

g+1∑
k=1

[
bk (cos ixk t − i sin ixk t) + bg+1+k (cos ixk t + i sin ixk t)

]

=

g+1∑
k=1

[
(bk + bg+1+k ) cos ixk t + i(bg+1+k − bk ) sin ixk t

]
,

which gives the expression in (2.78).

2.3.6 It follows from the relation in (2.84) that P(λ) − 1 is equal to

λ

π2

∫ 1

0


∫ t

0
ψ′(s)


1

2λ/π2 −
π

2
cos
√
λ(1 − s − t)

√
λ sin

√
λ/π

+
1

2λ/π2 −
π

2
cos
√
λ(1 + s − t)

√
λ sin

√
λ/π

 ds

+

∫ 1

t

ψ′(s)


1
2λ/π2 −

π

2
cos
√
λ(1 − s − t)

√
λ sin

√
λ/π

+
1

2λ/π2 −
π

2
cos
√
λ(1 − s + t)

√
λ sin

√
λ/π

 ds
 ψ

′(t) dt

= −
√
λ

sin
√
λ

∫ 1

0

∫ 1

0
ψ′(s)ψ′(t)L1(s, t) ds dt .
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2.3.7 It follows from the relation in (2.88) that P(λ) − 1 is equal to

2λ
π2

∞∑
n=1

1(
n − 1

2

)2

− λ

π2

(∫ 1

0
ψ′(t) sin

(
n − 1

2

)
πt dt

)2

=

√
λ

2 cos
√
λ

∫ 1

0

[∫ t

0
ψ′(s)

{
sin
√
λ(1 + s − t) − sin

√
λ(1 − s − t)

}
ds

+

∫ 1

t

ψ′(s)
{
sin
√
λ(1 − s + t) − sin

√
λ(1 − s − t)

}
ds
]
ψ′(t) dt

=

√
λ

cos
√
λ

∫ 1

0

∫ 1

0
ψ′(s)ψ′(t)L2(s, t) ds dt .

2.3.8 Since fn (t) =
√

2 cos(n − 1/2)πt and

bjn =

∫ 1

0
ψ j (t) fn (t) dt = −

√
2

(n − 1/2)π

∫ 1

0
ψ′

j (t) sin
(
n − 1

2

)
πt dt,

we obtain Pj j (λ) from Theorem 2.18. On the other hand, putting λn =

(n − 1/2)2π2, we have

Pjk (λ) = λ

∞∑
n=1

bjnbkn

1 − λ/λn

=
2λ
π2

∞∑
n=1

1
(n − 1/2)2 − λ/π2

∫ 1

0

∫ 1

0
ψ′

j (s)ψ′
k (t) sin(n − 1/2)πs

× sin(n − 1/2)πt ds dt

=
λ

π2

∞∑
n=1

1
(n − 1/2)2 − λ/π2

∫ 1

0

∫ 1

0
ψ′

j (s)ψ′
k (t)

×
{

cos(n − 1/2)π(s − t) − cos(n − 1/2)π(s + t)
}

ds dt,

which leads to Pjk (λ) in the theorem because of Theorem 2.18. Thus the
theorem is established.

2.4.1 Denote by R the right side of the integral equation to be proved.
Then

R = λ
∫ 1

0
[min(s, t) − st] f (s) ds

= −
[∫ t

0
s f ′′(s) ds + t

∫ 1

t

f ′′(s) ds − t
∫ 1

0
s f ′′(s) ds

]
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= − [
s f ′(s)

] t
0 +

∫ t

0
f ′(s) ds − t( f ′(1) − f ′(t))

+t
[
s f ′(s)

]1
0 − t

∫ 1

0
f ′(s) ds = f (t),

which is the left side of the integral equation to be proved.

2.4.2 We have

R = λ

[
−t

∫ t

0
f (s) ds −

∫ 1

t

s f (s) ds +
∫ 1

0

(
s2 + t2

2
+

1
3

)
f (s) ds

]

= −t
∫ t

0
(− f ′′(s) + λa) ds −

∫ 1

t

s(− f ′′(s) + λa) ds

+

∫ 1

0

(
s2 + t2

2
+

1
3

)
(− f ′′(s) + λa) ds

= t( f ′(t) − f ′(0)) − λat2 +
[
s f ′(s)

]1
t −

∫ 1

t

f ′(s) ds − λa
2

(1 − t2)

−
[(

s2 + t2

2
+

1
3

)
f ′(s)

]1

0
+

∫ 1

0
s f ′(s) ds +

λa
2

(1 + t2)

= f (t) −
∫ 1

0
f (s) ds = f (t) − a,

which shows that R leads to the left side of the integral equation only when
a = 0.

2.4.3 It is clear that the integral equation with the present kernel leads
to the differential equation with the two boundary conditions given in the
problem. Conversely, consider

R = −
∫ 1

0
[1 − max(s, t) + b] f ′′(s) ds

= t
∫ t

0
f ′′(s) ds +

∫ 1

t

s f ′′(s) ds − (1 + b)
∫ 1

0
f ′′(s) ds

= − f (1) − b f ′(1) + f (t),

where it holds that f (1) = −b f ′(1) since

f (1) = λb
∫ 1

0
f (s) ds = −b

∫ 1

0
f ′′(s) ds = −b f ′(1).

Thus R reduces to f (t), which is the left side of the integral equation to be
proved.
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2.4.4 When b = 0, it is clear that all eigenvalues are positive. Assume that
b , 0. The zeros of h(z) = cos z − bz sin z (z , 0) satisfy tan z = 1/(bz),
where z =

√
λ is real for λ > 0 or purely imaginary for λ < 0. Suppose

first that b is positive. Then no purely imaginary number z = ix satisfies
tan ix = 1/(bix) ⇔ tanh x = −1/(bx), as can be seen from the graphs
of tanh x and −1/(bx) with b > 0. Thus the eigenvalues are all positive
when b is positive. When b is negative, the graphs of tanh x and −1/(bx)
cross at two points, ±a, say, which implies that there is only one negative
eigenvalue.

2.4.5 We prove that

h(z) = (1 + b2
2z2)

sin z
z
+ 2(b1 + b2 + b2

2)(cos z − 1)

has an infinite product expansion described in Theorem 2.13. Consider

h′(z)
h(z)

=
p1(z) cos z + p2(z) sin z

q0(z) + q1(z) cos z + q2(z) sin z
,

where

p1(z) = z + b2
2z3, p2(z) = −1 − (b2

2 + 2b1 + 2b2)z2,

q0(z) = −2(b1 + b2 + b2
2)z2, q1(z) = −q0(z), q2(z) = p1(z).

Then it can be shown that cos z/ sin z is bounded on each side of squares
Cm in the complex plane with vertices (2m + 1/2) π(±1± i) (m = 1,2, ... ).
Noting that p2(z) is a lower order polynomial than p1(z) = q2(z), and
that q0(z) and q1(z) are lower order polynomials than q2(z), it is ensured
that h′(z)/h(z) is bounded on each side of Cm . Since h′(0) = 0 and h(z)
is symmetric with simple zeros of h(z), Theorem 2.13 ensures that h(z)
admits an infinite product expansion and we conclude that D(λ) is the FD
of the present kernel.

2.4.6 Since

X (t) = eγt
∫ t

0
e−γs dW (s),

we have∫ 1

0
X2(t) dt =

∫ 1

0
e2γt

(∫ t

0

∫ t

0
e−γ(u+v) dW (u) dW (v)

)
dt

=

∫ 1

0

∫ 1

0

(∫ 1

max(u,v)
e2γt dt

)
e−γ(u+v) dW (u) dW (v)
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=
1

2γ

∫ 1

0

∫ 1

0

(
e2γ − e2γ max(u,v)

)
e−γ(u+v) dW (u) dW (v)

=
1

2γ

∫ 1

0

∫ 1

0

(
eγ(2−s−t ) − eγ |s−t |

)
dW (s) dW (t).

We also have

Cov(X (s),X (t)) = eγ(s+t )
∫ min(s, t )

0
e−2γu du =

1
2γ

(
eγ(s+t ) − eγ |s−t |

)
,

which gives the required distributional relation.

2.4.7 We have

f (t)

=
λ

2γ

[
−eγt

∫ t

0
e−γs f (s) ds − e−γt

∫ 1

t

eγs f (s) ds + eγt
∫ 1

0
eγs f (s) ds

]
,

f ′(t)

=
λ

2

[
−eγt

∫ t

0
e−γs f (s) ds + e−γt

∫ 1

t

eγs f (s) ds + eγt
∫ 1

0
eγs f (s) ds

]
,

f ′′(t)

=
γλ

2

[
−eγt

∫ t

0
e−γs f (s) ds − e−γt

∫ 1

t

eγs f (s) ds + eγt
∫ 1

0
eγs f (s) ds

]
−λ f (t)

= (γ2 − λ) f (t), f (0) = 0, f ′(1) = γ f (1).

Conversely, assume the differential equation with two boundary conditions.
Then

(λ − γ2)
∫ t

0
e−γs f (s) ds = −

∫ t

0
e−γs f ′′(s) ds

= −e−γt f ′(t) + f ′(0) − γe−γt f (t) + γ f (0) − γ2
∫ t

0
e−γs f (s) ds,

which gives

λ

∫ t

0
e−γs f (s) ds = −e−γt f ′(t) + f ′(0) − γe−γt f (t) + γ f (0).

Consider next

(λ − γ2)
∫ 1

t

eγs f (s) ds = −
∫ 1

t

eγs f ′′(s) ds

= −eγ f ′(1) + eγt f ′(t) + γeγ f (1) − γeγt f (t) − γ2
∫ 1

t

eγs f (s) ds,
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which gives

λ

∫ 1

t

eγs f (s) ds = eγt f ′(t)−γeγt f (t), λ

∫ 1

0
eγs f (s) ds = f ′(0)−γ f (0).

Denote by R the right side of the integral equation to be proved. Then we
have

R =
1

2γ
[−eγt

(−e−γt f ′(t) + f ′(0) − γe−γt f (t) + γ f (0)
)

−e−γt (
eγt f ′(t) − γeγt f (t)

)
+ eγt

(
f ′(0) − γ f (0)

)]
= f (t),

which is the left side of the integral equation to be proved.

2.4.8 Consider

h(µ) = cos µ − γ sin µ
µ

,
h′(µ)
h(µ)

=
(γ − µ2) sin µ − γµ cos µ

µ2 cos µ − γµ sin µ
,

where h(0) = 1 − γ and h′(0) = 0. Since sin µ/ cos µ is bounded on
squares Cm with vertices 2mπ(±1±i), h′(µ)/h(µ) is also bounded on Cm as
m → ∞. Noting that h(µ) is symmetric with simple zeros at ±a1,±a2, . . . ,
it follows from Theorem 2.13 that

h(µ) = (1 − γ)
∞∏
n=1

(
1 − µ2

a2
n

)
= (1 − γ)

∞∏
n=1

(
1 − λ − γ2

λn − γ2

)

= (1 − γ)
∞∏
n=1

λn

λn − γ2

(
1 − λ

λn

)
.

Since

h(µ) |λ=0 = e−γ = (1 − γ)
∞∏
n=1

λn

λn − γ2 ,

we have

h(µ) = e−γ
∞∏
n=1

(
1 − λ

λn

)
.

Thus D(λ) = eγh(µ) admits an infinite product expansion.

2.4.9 We prove that

h(µ) = cos µ − (γ + b(µ2 + γ2))
sin µ
µ
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admits an infinite product expansion, where h(0) = 1−γ−bγ2 and h′(0) =
0. Consider

h′(µ)
h(µ)

=
−(bµ3 + (γ + bγ2)µ) cos µ + (−(b + 1)µ2 + γ + bγ2) sin µ

−(bµ3 + (γ + bγ2)µ) sin µ + µ2 cos µ
.

Since cos µ/ sin µ is bounded on squares Cm with vertices (2m+1/2)π(±1±
i), h′(µ)/h(µ) is also bounded on Cm as m → ∞. Noting that h(µ) is
symmetric with simple zeros at ±a1,±a2, . . . , it follows from Theorem 2.13
that

h(µ) = (1 − γ − bγ2)
∞∏
n=1

(
1 − µ2

a2
n

)
= (1 − γ − bγ2)

∞∏
n=1

(
1 − λ − γ2

λn − γ2

)

= (1 − γ − bγ2)
∞∏
n=1

λn

λn − γ2

(
1 − λ

λn

)
.

Since

h(µ) |λ=0 = e−γ = (1 − γ − bγ2)
∞∏
n=1

λn

λn − γ2 ,

we have

h(µ) = e−γ
∞∏
n=1

(
1 − λ

λn

)
.

Thus D(λ) = eγh(µ) admits an infinite product expansion.

2.4.10 Define

G(t) =
∫ t

0
g(s) ds, G(0) = 0,

where g(t) is any continuous function. Then we have

I =
1
4

∫ 1

0

∫ 1

0
[1 − 2|s − t |] g(s)g(t) ds dt

=
1
4

G2(1) − 1
2

∫ 1

0

(∫ t

0
(t − s)g(s) ds +

∫ 1

t

(s − t)g(s) ds
)
g(t) dt

=
1
4

G2(1) − 1
2

∫ 1

0

(∫ t

0
G(s) ds + (1 − t)G(1) −

∫ 1

t

G(s) ds
)
g(t) dt

=
1
4

∫ 1

0
(G(1) − 2G(t))2 dt ≥ 0.

We next prove that the differential equation with two boundary conditions
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leads to the integral equation with K (s, t). Denote by R the right side of the
integral equation to be proved. Then R is equal to

−1
4

∫ 1

0
[1 − 2 |s − t |] f ′′(s) ds

=
−1
4

[
f ′(1) − f ′(0) − 2

{∫ t

0
(t − s) f ′′(s) ds +

∫ 1

t

(s − t) f ′′(s) ds
}]

= f (t),

which is the left side of the integral equation to be proved.

2.4.11 Noting that λn = (2n − 1)2π2, eigenfunctions are given by

fn (t) = c1 cos
√
λn t + c2 sin

√
λn t = c1 cos(2n − 1)πt + c2 sin(2n − 1)πt,

where c1 and c2 are arbitrary constants. Since the multiplicity of each λn

is two, there are two linealy independet eigenfunctions c1 cos(2n − 1)πt
and c2 sin(2n − 1)πt. Then we have two linearly independent orthonormal
eigenfunctions by putting c1 = c2 =

√
2.

2.4.12 We have

Cov(X̃ (s), X̃ (t)) = Cov
(
W̃ (s) −

∫ 1

0
W̃ (u) du, W̃ (t) −

∫ 1

0
W̃ (v) dv

)
= min(s, t) − st −

∫ 1

0
[min(s,v) − sv] dv

−
∫ 1

0
[min(u, t) − ut] du +

∫ 1

0

∫ 1

0
[min(u,v) − uv] du dv

= min(s, t) − st − 1
2

(s − s2 + t − t2) +
∫ 1

0

1
2

(v − v2) dv

= K (s, t),

which proves the first equality. We also have∫ 1

0
X̃2(t) dt =

∫ 1

0
W̃ 2(t) dt −

(∫ 1

0
W̃ (t) dt

)2

,

where∫ 1

0
W̃ 2(t) dt =

∫ 1

0
(W (t) − tW (1))2 dt

=

∫ 1

0

∫ 1

0

[
1 − max(s, t) −

(
1 − s2 + t2

2

)
+

1
3

]
dW (s) dW (t),
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∫ 1

0
W̃ (t) dt =

∫ 1

0
(1 − t) dW (t) − 1

2
W (1) =

∫ 1

0

(
1
2
− t

)
dW (t),

which proves the second equality.

2.4.13 It is clear that the integral equation with the present kernel leads to
(2.129). Suppose that (2.129) holds. Then, using the two boundary condi-
tions and noting that(

f ′(t)
t2m

) ′
+ λ f (t) = 0, t2m f (t) = − 1

λ

(
f ′′(t) − 2m

t
f ′(t)

)
,

we have

λ

∫ 1

0

[
1 − (max(s, t))2m+1

]
f (s) ds

= −
∫ 1

0

(
f ′(s)
s2m

) ′
ds + t2m+1

∫ t

0

(
f ′(s)
s2m

) ′
ds +

∫ 1

t

(
s f ′′(s) − 2m f ′(s)

)
ds

= − f ′(1) + t2m+1 f ′(t)
t2m + f ′(1) − t f ′(t) − (2m + 1)( f (1) − f (t))

= (2m + 1) f (t),

which establishes the required relation.

2.4.14 It is clear that the integral equation with the present kernel is equiv-
alent to (2.135). The general solution to the differential equation is given
by

h(t) =
√

t
c1 J1/2(m+1)



√
λ

m + 1
tm+1


 + c2 J−1/2(m+1)



√
λ

m + 1
tm+1




= c1



√
λ

2(m + 1)




1/2(m+1)

t


1
Γ(ν + 1)

− λt2(m+1)/4(m+1)2

Γ(ν + 2)
+ · · ·


+c2



√
λ

2(m + 1)



−1/2(m+1) 

1
Γ(−ν + 1)

− λt2(m+1)/4(m+1)2

Γ(−ν + 2)
+ · · ·

 ,
where ν = 1/2(m + 1). The boundary condition h(0) = 0 implies c2 = 0
and the other condition h(1) = 0 yields Jν (

√
λ/(m + 1)) = 0. Then, using

(2.125), we can obtain the FD given in (2.136).

2.4.15 It follows from

cos z =
∞∏
n=1

(
1 − z2

(n − 1/2)2π2

)
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that

cos
π
√

1 + 4z
2

=

∞∏
n=1

(
1 − π

2(1 + 4z)/4
(n − 1/2)2π2

)
= −4z

∞∏
n=2

(
1 − (1 + 4z)/4

(n − 1/2)2

)

= −4z
∞∏
n=2

(
1 − z

n(n − 1)

) ∞∏
n=2

(
1 − 1/4

(n − 1/2)2

)

= −4z
∞∏
n=1

(
1 − z

n(n + 1)

) ∞∏
n=1

(
1 − 1/4

(n + 1/2)2

)

= −πz
∞∏
n=1

(
1 − z

n(n + 1)

)
,

where we have used the fact that
∞∏
n=1

(
1 − 1/4

(n + 1/2)2

)
=
π

4
.

Alternatively, we can use the product expansion formula:
∞∏
n=1

(
1 +

x(1 − x)
n(n + 1)

)
=

sin πx
πx(1 − x)

,

which leads to D(λ) by putting x(1 − x) = −λ.

2.4.16 Putting f (t) = t1/(2m+1) h(t), the integral equation with the present
kernel is equivalent to the differential equation

h′′(t) +
2m + 2
2m + 1

h′(t)
t
+

λ

(2m + 1)2 t−2m/(2m+1) h(t) = 0 (A.5)

with the boundary conditions

h(1) = 0, lim
t→0

t1/(2m+1) h(t) = 0.

The differential equation (A.5) is a special case of Bessel’s equation in
(2.123) with

α =
−1

2(2m + 1)
, β =

√
λ

m + 1
, γ =

m + 1
2m + 1

, ν =
1

2(m + 1)
,

so that the general solution is

h(t) = t−1/2(2m+1)
c1 Jν



√
λ

m + 1
t (m+1)/(2m+1)


 + c2 J−ν



√
λ

m + 1
t (m+1)/(2m+1)


 .

Then the boundary condition t1/(2m+1) h(t) → 0 as t → 0 implies c2 = 0 so
that we obtain the same FD as that in Exercise 2.4.14 from h(1) = 0.
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2.4.17 S is equal to∫ 1

0
t2mW 2(t) dt − (2m + 1)

(∫ 1

0
s2mW (s) ds

)2

=

∫ 1

0

∫ 1

0

(∫ 1

max(u,v)
t2m dt

)
dW (u) dW (v)

−(2m + 1)
(∫ 1

0

(∫ 1

u

t2m dt
)

dW (u)
)2

=

∫ 1

0

∫ 1

0

1
2m + 1

[
(min(s, t))2m+1 − (st)2m+1

]
dW (s) dW (t).

2.4.18 The integral equation with the present kernel gives

f ′(t)t−2m = λ

[∫ 1

t

f (s) ds −
∫ 1

0
s2m+1 f (s) ds

]
,

from which it follows that

f ′′(t) − 2m
t

f ′(t) + λt2m f (t) = 0, f (0) = f (1) = 0.

The differential equation is the same as (2.129) whose general solution is
given in (2.130) as

f (t) = t (2m+1)/2
c1 Jν



√
λ

m + 1
tm+1


 + c2 J−ν



√
λ

m + 1
tm+1


 ,

where ν = (2m + 1)/2(m + 1). The boundary condition f (0) = 0 implies
c2 = 0 and it follows from f (1) = 0 that a necessary and sufficient condi-
tion for λ , 0 to be an eigenvalue is Jν (

√
λ/(m + 1)) = 0. Then we obtain

the FD given in (2.141) using (2.125).

2.4.19 Since

J−ν−1(β) =
(
β

2

)−ν−1

 1
Γ(−ν)

+
λm/2(m + 1)2

Γ(−ν + 1)
+

∞∑
k=2

(λm/2(m + 1)2)k

k! Γ(−ν + k)


 ,

where ν = m/(m + 1) and β =
√
−2λm/(m + 1), it holds that

J−ν−1(β)Γ(−ν)
(β/2)−ν−1 = 1 +

Γ(−ν)λm/2(m + 1)2

Γ(−ν + 1)
+ Γ(−ν)

∞∑
k=2

(λm/2(m + 1)2)k

k! Γ(−ν + k)
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= 1 +
λm/2(m + 1)2

−ν +

∞∑
k=2

(λ/2(m + 1)2)kmk

k! (−ν + k − 1) · · · (−ν + 1)(−ν)

→ 1 − λ

2
(m → 0).

2.4.20 It follows from the text that we have only to prove that g(z) =
720 h(z)/z8 admits an infinite product expansion of the form in (2.39),
where

h(z) = 4z2 + 24 + 8(z2 − 3) cos z + z(z2 − 24) sin z, z =
√
λ.

It can be checked that every zero (, 0) of h(z) is simple by showing that
there exists no solution common to h(z) = 0 and h′(z) = 0. It also holds
that rank(M (λn )) = 3 for each eigenvalue λn . Thus the multiplicity is
unity for each λn . The function g(z) = 720 h(z)/z8 is even and analytic
for all z with g(0) = 1 and g′(0) = 0. The zeros of g(z) can be denoted
by ±an (n = 1,2, . . . ). Furthermore, g′(z)/g(z) is bounded on the squares
Cm (m = 1,2, . . . ) with the vertices at (2m + 1/2)π(±1 ± i). It follows
from Theorem 2.13 that g(z) has an infinite product expansion (2.39) with
λn = a2

n and ℓn = 1, which ensures that the FD of the present kernel is
g(
√
λ).

2.4.21 Theorem 2.20 gives us

Pj j (λ) = 1 − 2
√
λ

sin
√
λ

∫ 1

0

(∫ t

0
ψ′

j (s) cos
√
λs ds

)
ψ′

j (t) cos
√
λ(1 − t) dt,

Pjk (λ) = −
√
λ

sin
√
λ

∫ 1

0

(∫ t

0
ψ′

j (s) cos
√
λs cos

√
λ(1 − t) ds

+

∫ 1

t

ψ′
j (s) cos

√
λt cos

√
λ(1 − s) ds

)
ψ′
k (t) dt,

where j , k, from which we obtain, using computerized algebra,

P11(λ) = −5 − 72
λ
−

144
(
cos
√
λ − 1

)
λ
√
λ sin

√
λ

,

P22(λ) = 9 +
120
λ
− 360

λ2 +
360 cos

√
λ

λ
√
λ sin

√
λ
,

P33(λ) = −3 − 120
λ
+

1080
λ2 −

120
(
5 cos

√
λ + 4

)
λ
√
λ sin

√
λ

,
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P12(λ) = 3
√

5i
1 +

12
λ
+

24
(
cos
√
λ − 1

)
λ
√
λ sin

√
λ

 ,
P13(λ) =

i
√

3
P12(λ),

P23(λ) = 3
√

3i
1 +

20
λ
− 120

λ
+

40
(
2 cos

√
λ + 1

)
λ
√
λ sin

√
λ

 ,
which yields

|P(λ) | = 720

λ3
√
λ sin

√
λ

(
4(6 + λ) − 8(3 − λ) cos

√
λ −
√
λ(24 − λ) sin

√
λ
)
,

and arrive at the FD given in (2.179).

Chapter 3

3.2.1 We can deduce that∫ 1

0
q(t)(m(t) − q(t)) dt =

∫ 1

0

∞∑
n=1

cn fn (t)


m(t) −

∞∑
m=1

cm fm (t)


 dt

=

∞∑
n=1

c2
n −

∞∑
m=1

∞∑
n=1

cmcn

∫ 1

0
fm (t) fn (t) dt

=

∞∑
n=1

c2
n −

∞∑
n=1

c2
n = 0.

3.2.2 Putting α = a2 + ab + b2/3 and A2 = 4a2/3 + 5ab/3 + 8b2/15,
consider

ψ(θ) = E
(
eiθ (S1−α)/A

)
=

(
cos

√
2iθ/A

)−1/2
exp

[
− b(2a + b)

2
+ ab sec

√
2iθ/A

+
2iθa2/A + b2

2
tan
√

2iθ/A
√

2iθ/A
− iθα

A

]
,

where

cos
√

2iθ/A = 1 − 2iθ
2A
+O(A−2),

sec
√

2iθ/A = 1 +
2iθ
2A
+

5(2iθ/A)2

24
+O(A−3),
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tan
√

2iθ/A
√

2iθ/A
= 1 +

2iθ
3A
+

2
15

(
2iθ
A

)2

+O(A−3).

Then we obtain, as |ab| → ∞ so that A→ ∞, ψ(θ) → e−θ2/2, which means
that (S1 − α)/A ⇒ N(0,1).

Alternatively, it can be shown more easily by noting that

S1 =

∫ 1

0
W 2(t) dt + 2

∫ 1

0
(a + bt)W (t) dt + α ⇒ N(α, A2),

where

A2 = 4Var
(∫ 1

0
(a + bt)W (t) dt

)
= 8

∫ 1

0

(∫ t

0
(a + bs)s ds

)
(a + bt) dt .

3.2.3 The integral equation (3.16) with K (s, t) = min(s, t)− st and m(t) =
a+bt is equivalent to h′′(t; λ)+λh(t; λ) = −a−bt with h(0; λ) = h(1; λ) =
0. The general solution is given by

h(t; λ) = c1 cos
√
λ t + c2 sin

√
λ t − a + bt

λ
.

It follows from the boundary conditions that

c1 =
a
λ
, c2 =

a + b

λ sin
√
λ
− a
λ

cot
√
λ.

Then we obtain

λ

2

∫ 1

0

(
m2(t) + λh(t; λ)m(t)

)
dt

=
1

cos
√
λ + 1

[
a(a + b)

√
λ sin

√
λ

+
b2

2



√
λ cos

√
λ sin

√
λ

cos
√
λ − 1

+ cos
√
λ + 1


 ]

= exp


b2

2
+

a(a + b)
√
λ

sin
√
λ

−
√
λ

(
a(a + b) +

b2

2

)
cot
√
λ

 ,
which yields the c.f. of S1 given in (3.22).
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Putting α = a2 + ab + b2/3 and B2 = a2/3 + ab/3 + 4b2/45, consider

ψ(θ) = E
(
eiθ (S1−α)/B

)
=

(
sin
√

2iθ/B
√

2iθ/B

)−1/2

exp
[

b2

2
+ a(a + b)

√
2iθ/B cosec

√
2iθ/B

−
(
a(a + b) +

b2

2

) √
2iθ/B cot

√
2iθ/B − iθα

B

]
,

where

sin
√

2iθ/B
√

2iθ/B
= 1 − 2iθ

6B
+O(B−2),

√
2iθ/B cosec

√
2iθ/B = 1 +

2iθ
6B
+

7
360

(
2iθ
B

)2

+O(B−3),

√
2iθ/B cot

√
2iθ/B = 1 − 2iθ

3B
− 1

45

(
2iθ
B

)2

+O(B−3).

Then we obtain, as |ab| → ∞ so that B → ∞, ψ(θ) → e−θ2/2, which means
that (S1 − α)/B ⇒ N(0,1).

Alternatively, it can be shown more easily that

S1 =

∫ 1

0
Y 2(t) dt + 2

∫ 1

0
(a + bt)Y (t) dt + α ⇒ N(α,B2),

where

B2 = 4Var
(∫ 1

0
(a + bt)Y (t) dt

)
= 8

∫ 1

0

(∫ t

0
(a + bs)(s − st) ds

)
(a+bt) dt .

3.2.4 We have

S1 =

∫ 1

0
Y 2(t) dt − 2γ

∫ 1

0
t(1 − t)Y (t) dt + γ2

∫ 1

0
t2(1 − t)2 dt,

where

Var
(∫ 1

0
t(1 − t)Y (t) dt

)
=

∫ 1

0

∫ 1

0
st(1 − s)(1 − t)[min(s, t) − st] ds dt

=
17

5040
,∫ 1

0
t2(1 − t)2 dt =

1
30
.
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Then it holds that

S1 − γ2/30√
4γ2 × 17/5040

=
S1 − γ2/30√
γ2 × 17/1260

⇒ N(0,1).

This result can also be obtained from the c.f. of S1 given in (3.26).

3.2.5 Putting σ =
√

a2/2π2, we prove that S = (S1 − a2/2)/σ ⇒ N(0,1)
as |a | → ∞. In fact, it follows from (3.28) that

E
(
eiθS

)
=

(
sin
√

2iθ/σ
√

2iθ/σ

)−1/2

exp


a22iθ/σ
4

(
1 − 2iθ/σ

4π2

)−1

− a2iθ
2σ


=

(
sin
√

2iθ/σ
√

2iθ/σ

)−1/2

exp
[

a2

2σ2π2

(iθ)2

2
+O(σ−1)

]

→ exp
[
− θ

2

2

]
.

3.3.1 It can be easily established that the integral equation leads to the
differential equation with the two boundary conditions. Conversely, putting
g(t) = Γ(0, t; λ) and using

λg(t) = −
(
g′(t)
t2m

) ′
, λt2mg(t) = −g′′(t) + 2m

t
g′(t),

we obtain

R = λ

∫ 1

0
K (s, t)g(s) ds

=
λ

2m + 1

[∫ 1

0
g(s) ds − t2m+1

∫ t

0
g(s) ds −

∫ 1

t

s2m+1g(s) ds
]

=
−1

2m + 1

[∫ 1

0

(
g′(s)
s2m

) ′
ds − t2m+1

∫ t

0

(
g′(s)
s2m

) ′
ds

−
∫ 1

t

(
sg′′(s) − 2mg′(s)

)
ds
]

=
−1

2m + 1
(1 − t2m+1) + g(t) = −K (0, t) + g(t),

which gives the integral equation to be proved.

3.3.2 Consider E
(
eiθ (S2−µ)/σ

)
, where µ = a2/(2m+1) and σ2 = 4a2/(m+
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1)(4m + 3). Noting that

Jν (κ) =
(
κ

2

)ν 1
Γ(ν + 1)

(
1 − Γ(ν + 1)
Γ(ν + 2)

κ2

4
+O(κ4)

)
,

J−ν (κ) =
(
κ

2

)−ν 1
Γ(−ν + 1)

(
1 − Γ(−ν + 1)
Γ(−ν + 2)

κ2

4
+O(κ4)

)
,

where κ = η/
√
σ =
√

2iθ/σ/(m + 1), we obtain

A = Γ(−ν + 1)J−ν (κ)
/ (
κ

2

)−ν
= 1 +O

(
|a |−1

)
,

B =
ia2θ/σ

2m + 1
Γ(ν + 1)Jν (κ)
Γ(−ν + 1)J−ν (κ)

(
κ

2

)−2ν

=
ia2θ/σ

2m + 1

[
1 +

(
1

1 − ν −
1

1 + ν

)
κ2

4
+O(κ4)

]

=
iµθ
σ
− θ

2

2
+O

(
|a |−1

)
,

E
(
eiθ (S2−µ)/σ

)
= A−1/2eBe−iµθ/σ → exp

[
− θ

2

2

]
(|a | → ∞),

which gives the required result. Alternatively, we can use (3.35) to compute
a2K (0,0) = a2/(2m + 1) and

Var
(
2a

∫ 1

0
K (0, t) dW (t)

)
= 4a2

∫ 1

0
K2(0, t) dt =

4a2

(m + 1)(4m + 3)
.

3.3.3 We prove that the differential equation with the two boundary con-
ditions leads to the integral equation (3.32). Putting g(t) = Γ(0, t; λ) and
using

λg(t) =
2
m

(
g′(t)
tm−1

) ′
, λtmg(t) =

2
m

(
tg′′(t) − (m − 1)g′(t)

)
,

we obtain

λ

∫ 1

0
K (s, t)g(s) ds =

λ

2

[
tm

∫ t

0
g(s) ds +

∫ 1

t

smg(s) ds
]

=
1
m

[
tm

∫ t

0

(
g′(s)
sm−1

) ′
ds +

∫ 1

t

(
sg′′(s) − (m − 1)g′(s)

)
ds
]

= g(t) − 1
2

tm = g(t) − K (0, t).

45



3.4.1 Let us define

SN3 =

N∑
n=1

(
1
λn

Z2
n +

2cn√
λn

ZnZ
)
+ Z2

∫ 1

0
m2(t) dt =W ′AW ,

where W = (Z1, . . . , ZN , Z )′ and

A =
(
Λ h
h′ q

)
, Λ = diag

(
1
λ1
, . . . ,

1
λN

)
,

h =

(
c1√
λ1
, . . . ,

cN√
λN

) ′
, cn =

∫ 1

0
fn (t)m(t) dt, q =

∫ 1

0
m2(t) dt.

Since

E
(
eiθSN3

)
= |IN+1 − 2iθA|−1/2

=
[
|IN − 2iθΛ|

{
1 − 2iqθ + 4θ2h′(IN − 2iθΛ)−1h

}]−1/2

=

N∏
n=1

(
1 − 2iθ

λn

)−1/2

1 − 2iqθ + 4θ2

N∑
n=1

c2
n

λn − 2iθ



−1/2

and SN3 ⇒ S3 as N → ∞, we have, using (3.17),

lim
N→∞

E
(
eiθSN3

)
=

∞∏
n=1

(
1 − 2iθ

λn

)−1/2

1 − 2iqθ + 4θ2

∞∑
n=1

c2
n

λn − 2iθ



−1/2

=
(
D(2iθ)

)−1/2
(
1 − 2iθ

∫ 1

0
m2(t) dt

+4θ2
∫ 1

0
h(t; 2iθ)m(t) dt

)−1/2

,

which establishes the required result described in Theorem 3.12.

3.4.2 It follows from Theorem 3.12 that the c.f. of S3 is given by

E
(
eiθS3

)
= (D(2iθ))−1/2

(
1 − 2iθ

∫ 1

0
m2(t) dt + 4θ2

∫ 1

0
h(t; 2iθ)m(t) dt

)−1/2

,

where D(λ) = cos
√
λ and (3.20) gives

λ

∫ 1

0
m2(t) dt + λ2

∫ 1

0
h(t; λ)m(t) dt

= λ2
−

b(2a + b)
λ2 + 2ab

sec
√
λ

λ2 + (a2λ + b2)
tan
√
λ

λ2
√
λ

 ,
where λ = 2iθ. Then we obtain the c.f. of S3 described in this problem.
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3.4.3 We obtain, from (3.24),

λ

∫ 1

0
m2(t) dt + λ2

∫ 1

0
h(t; λ)m(t) dt =

a2λ sin µ/µ
cos µ − γ sin µ/µ

,

where λ = 2iθ and a2 = −1/2γ. Then, noting that the FD of Cov(X (s),X (t))
is given by

D(λ) = eγ
(
cos µ − γ sin µ

µ

)
, µ =

√
λ − γ2,

Theorem 3.12 yields the c.f. of S3 described in this problem.

3.5.1 Let us define

SN4 =

N∑
n=1

1
λn

(
Z2
n + 2a fn (0)ZnZ

)
+ bZ2 =W ′AW ,

where W = (Z1, . . . , ZN , Z )′ and

A =
(
Λ h
h′ b

)
, Λ = diag

(
1
λ1
, . . . ,

1
λN

)
,

h =

(
a f1(0)
λ1

, . . . ,
a fN (0)
λN

) ′
.

Since

E
(
eiθSN

)
= |IN+1 − 2iθA|−1/2

=
[
|IN − 2iθΛ|

{
1 − 2ibθ + 4θ2h′(IN − 2iθΛ)−1h

}]−1/2

=

N∏
n=1

(
1 − 2iθ

λn

)−1/2

1 − 2ibθ + 4a2θ2

N∑
n=1

f 2
n (0)

λn (λn − 2iθ)



−1/2

and SN4 ⇒ S4 as N → ∞, we have

lim
N→∞

E
(
eiθSN4

)
= (D(2iθ))−1/2


1 − 2ibθ + 4a2θ2

∞∑
n=1

f 2
n (0)

λn (λn − 2iθ)



−1/2

,

where
∞∑
n=1

f 2
n (0)

λn (λn − 2iθ)
=

1
2iθ

∞∑
n=1

(
f 2
n (0)

λn − 2iθ
− f 2

n (0)
λn

)
=

1
2iθ

( Γ(0,0; 2iθ) − K (0,0)) .

Then we obtain the c.f. of S4 described in Theorem 3.16.
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3.5.2 It is recognized that S4 is obtained from S2 in (3.33) by replacing a
by aZ , where a = 1/

√
−2γ. Thus it follows from (3.34) that

E
(

eiθS4 ��� Z
)
= e−γ/2

(
cos ν − γ sin ν

ν

)−1/2

exp
[

ia2 Z2θ sin ν/ν
cos ν − γ sin ν/ν

]
.

Taking expectations on both sides with respect to Z , we obtain the c.f. of
S4 described in Example 3.17.

3.5.3 It follows from (3.50) with b = a2K (0,0) that

E
(
eiθS4

)
= (D(2iθ))−1/2

(
1 − 2ia2

Γ(0,0; 2iθ)
)−1/2

,

where D(λ) is given in (2.133), whereas Γ(0,0; λ) is given in (3.38). Thus
we obtain the c.f. of S4 described in (3.53).

3.5.4 It follows from (3.50) with K (0,0) = 0 and b = 0 that

E
(
eiθS4

)
= (D(2iθ))−1/2 exp

{
− iθ

2(m + 1)

} (
1 − 2ia2

Γ(0,0; 2iθ)
)−1/2

,

where D(λ) is given in (2.143), whereas Γ(0,0; λ) is given in (3.43). Thus
we obtain the c.f. of S4 described in (3.55).

Chapter 4

4.2.1 Noting that (x − α)/β = − cot πt, we have

∂F (x; ξ)
∂α

�����x (t ;ξ)
=
−1
βπ

1
1 + (x − α)2/β2

�����x (t ;ξ)
= − 1

βπ

1
1 + cot2 πt

=
−1
βπ

sin2 πt,

∂F (x; ξ)
∂ β

�����x (t ;ξ)
=
−(x − α)
β2π

1
1 + (x − α)2/β2

�����x (t ;ξ)
=

cot πt
βπ

1
1 + cot2 πt

=
1

2βπ
sin 2πt.
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4.2.2 Using the formula described in the problem, we obtain

E

(
∂ log f
∂α

)2 =
4
βπ

∫ ∞

−∞

(x − α)2/β4

(1 + (x − α)2/β2)2

1
1 + (x − α)2/β2 dx

=
8
β2π

∫ ∞

0

u2

(1 + u2)3 du =
8
β2π
× 1

2
× B

(
3 − 3

2
,
3
2

)
=

1
2β2 .

Similarly we have

E

(
∂ log f
∂ β

)2 = E

(
− 1
β
− 2(X − α)2/β3

1 + (X − α)2/β2

)2
= E

[
1
β2 −

4(X − α)2/β4

1 + (X − α)2/β2 +
4(X − α)4/β6

(1 + (X − α)2/β2)2

]

=
1
β2 +

8
β2π

∫ ∞

0

(
−u2

(1 + u2)2 +
u4

(1 + u2)3

)
du

=
1
β2 +

8
β2π

(
−1

2
B

(
1
2
,
3
2

)
+

1
2

B
(

1
2
,
5
2

))
=

1
2β2 .

On the other hand, it holds that

E
[(
∂ log f
∂α

) (
∂ log f
∂ β

)]
= E

[
2(X − α)/β2

1 + (X − α)2/β2

(
− 1
β
+

2(X − α)2/β3

1 + (X − α)2/β2

)]
= 0

because the integrand is an odd function.

4.2.3 It is clear that the integral equation leads to the differential equa-
tion with the two boundary conditions. Conversely, denoting by R the right
side of the integral equation to be proved and using λh(s) = λh(s; λ) =
−h′′(s) − m(s), we have

R =
∫ 1

0
K (s, t)m(s) ds +

∫ 1

0
K (s, t)(−h′′(s) − m(s)) ds

= −
∫ 1

0
K (s, t)h′′(s) ds

= −
∫ t

0
sh′′(s) ds − t

∫ 1

t

h′′(s) ds + t
∫ 1

0
sh′′(s) ds

= h(t),
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which is the left side of the integral equation to be proved.

4.2.4 Putting T = (R2(ξ0) − µ)/σ, where

µ =
3(γ1/β0)2 + (γ2/β0)2

8π2 , σ2 =

(
1

12π2 +
5

8π4

) (
γ1

β0

)2

+
1

8π4

(
γ2

β0

)2

,

we have, from (4.14),

E
(
eiθT

)
=

(
sin
√
λ/σ

√
λ/σ

)−1/2

exp

(
γ1

β0

)2 {
λ/σ

4(4π2 − λ/σ)
+

4π2

(4π2 − λ/σ)2

× 1 − cos
√
λ/σ

sin
√
λ/σ/

√
λ/σ

}
+

(
γ2

β0

)2
λ/σ

4(4π2 − λ/σ)
− λµ

2σ

 ,
where λ = 2iθ. We obtain, as σ → ∞,

sin
√
λ/σ

√
λ/σ

= 1 +O(σ−1),

λ/σ

4(4π2 − λ/σ)
=

λ

16π2σ
+

λ2

64π4σ2 +O(σ−3),

4π2

(4π2 − λ/σ)2 =
1

4π2

(
1 +

λ

2π2σ
+

3λ2

16π4σ2 +O(σ−3)
)
,

1 − cos
√
λ/σ

sin
√
λ/σ/

√
λ/σ

=
λ

2σ
+

λ2

24σ2 +O(σ−3).

Thus we have

E
(
eiθT

)
=

(
1 +O(σ−1)

)−1/2
exp


λ2

8σ2


(

1
12π2 +

5
8π4

) (
γ1

β0

)2

+
1

8π4

(
γ2

β0

)2 +O(σ−3)
 → exp

(
λ2

8

)
= exp

(
− θ

2

2

)
.

4.3.1 Putting ψ(t) =
√

2 sin2 πt, we have, from Darling’s formula in
(2.159),

D(λ) =
sin
√
λ

√
λ
− 2

∫ 1

0

(∫ t

0
ψ′(s) cos

√
λs ds

)
ψ′(t) cos

√
λ(1 − t) dt,

where ψ′(t) =
√

2π sin 2πt. Using computerized algebra we can obtain the
FD given in (4.23). We also have, from Mercer’s theorem,

K (s, t) = min(s, t)−st− 1
2π2 sin 2πs sin 2πt =

∞∑
n=1

fn (s) fn (t)
λn

− f2(s) f2(t)
λ2

,
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where λn = n2π2 and fn (t) =
√

2 sin nπt. Since K (s, t) excludes the eigen-
value λ2 from the FD of min(s, t) − st, we can also obtain the FD in (4.23).

4.3.2 It can be shown that the integral equation leads to

h′′(t) + λh(t) = −m(t) + 2λa sin 2πt, (A.6)

with conditions

h(0) = h(1) = 0, a =
∫ 1

0
h(s) sin 2πs ds. (A.7)

Conversely, assume that (A.6) and (A.7) hold. Then

h(s) = c1 cos
√
λs + c2 sin

√
λs +

γ

2βπ

(
1
λ
+

cos 2πs
4π2 − λ

)
− 2λa

sin 2πs
4π2 − λ

so that it follows from the last condition in (A.7) that

a =
∫ 1

0
h(s) sin 2πs ds =

2π
4π2 − λ

(
(1 − cos

√
λ)c1 − c2 sin

√
λ
)
− λa

4π2 − λ .

Since it follows from the two boundary conditions in (A.7) that

h(0) − h(1) = (1 − cos
√
λ)c1 − c2 sin

√
λ = 0,

we conclude that a = 0. Denoting by R the right side of the integral equa-
tion, we have

R =
∫ 1

0
K (s, t)m(s) ds +

∫ 1

0
K (s, t)(−h′′(s) − m(s) + 2λa sin 2πs) ds

= −
∫ 1

0
K (s, t)h′′(s) ds + 2λa

∫ 1

0
K (s, t) sin 2πs ds

= h(t) + 2λa
sin 2πt

4π2 = h(t),

which is the left side of the integral equation to be proved.

4.3.3 It is clear that the integral equation leads to the differential equation

h′′(t) + λh(t) = −m(t) − 4λa cos 2πt, m(t) =
γ

2βπ
sin 2πt (A.8)

with conditions

h(0) = h(1) = 0, a =
∫ 1

0
h(s) sin2 πs ds. (A.9)
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Conversely, assume that (A.8) and (A.9) hold. Then we have

h(s) = c1 cos
√
λs + c2 sin

√
λs +

γ

2βπ
sin 2πs
4π2 − λ + 4λa

cos 2πs
4π2 − λ . (A.10)

It follows from the last condition in (A.9) that

a =
∫ 1

0
h(s) sin2 πs ds

=
2π2

√
λ(4π2 − λ)

(
c1 sin

√
λ + c2(1 − cos

√
λ)

)
− λa

4π2 − λ
so that

a =
1

2
√
λ

(
c1 sin

√
λ + c2(1 − cos

√
λ)

)
,

from which it holds that∫ 1

0
h(s) cos 2πs ds =

−
√
λ

4π2 − λ
(
c1 sin

√
λ + c2(1 − cos

√
λ)

)
+

2λa
4π2 − λ

= 0.

Denoting by R the right side of the integral equation, we have

R =
∫ 1

0
K (s, t)m(s) ds +

∫ 1

0
K (s, t)(−h′′(s) − m(s) − 4λa cos 2πs) ds

= −
∫ 1

0
K (s, t)h′′(s) ds − 4λa

∫ 1

0
K (s, t) cos 2πs ds

= h(t) + 4 sin2 πt
∫ 1

0
h(s) cos 2πs = h(t),

which is the left side of the integral equation to be proved.

4.3.4 For m(s) and h(s) given in (A.8) and (A.10), respectively, we obtain∫ 1

0
h(s)m(s) ds =

∫ 1

0
h(s)

γ

2βπ
sin 2πs ds

=
γ

β(4π2 − λ)

(
c1(1 − cos

√
λ) − c2 sin

√
λ
)

+
γ2

8β2π2

1
4π2 − λ .

Since the two boundary conditions h(0) = h(1) = 0 give c1(1 − cos
√
λ) −

c2 sin
√
λ = 0, we arrive at the desired result.

Chapter 5
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5.2.1 Since L(δ) is given by

L(δ) = −n
2

log 2πσ2
ε −

1
2

log |In + ρDxCC′Dx |

− 1
2σ2

ε

(y − β0x − Zγ)′(In + ρDxCC′Dx )−1(y − β0x − Zγ),

the MLEs of σ2
ε , β0 and γ under H0 are given by

σ̃2
ε =

1
n
y′My, ( β̃0, γ̃

′)′ =
(
x′x x′Z
Z ′x Z ′Z

)−1 (
x′y
Z ′y

)
.

Then it it holds that, putting ṽ = y − β̃0x − Zγ̃ = My,

∂L(δ)
∂ρ

�����H0

= −1
2

tr(DxCC′Dx ) +
1

2σ̃2
ε

ṽ′DxCC′Dx ṽ

= −1
2

tr(DxCC′Dx ) +
n
2
y′MDxCC′Dx My

y′My
.

5.2.2 For Case (a) consider

1
n
y′My =

1
n

(ε + ρDxCη)′M (ε + ρDxCη)

D
=

1
n
ζ′(In + ρDxCC′Dx )1/2 M (In + ρDxCC′Dx )1/2ζ

D
=

1
n
ζ′Mζ +

c
n2m+3 ζ

′MDxCC′Dx Mζ,

where ζ ∼ N(0,σ2
ε In ). It holds that ζ′Mζ/n → σ2

ε in probability because

1
n
ζ′Mζ =

1
n
ζ′ζ − 1

n
ζ′(In − M)ζ =

1
n
ζ′ζ +Op (n−1) → σ2

ε .

On the other hand, we have

1
n2m+2 ζ

′MDxCC′Dx Mζ
D
=

1
n2m+2 y

′MDxCC′Dx My,

which is assumed to converge to a nondegenerate distribution. Thus it holds
that y′My/n → σ2

ε in probability. Cases (b) and (c) can be dealt with
similarly.

5.3.1 Since x = (1m ,2m , . . . , nm )′ and

An = C′Dx (In − xx′/x′x)DxC = C′DxDxC − C′Dxxx
′DxC/x′x,
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we can deduce that the ( j, k)th element of An is given by

An ( j, k) =
n∑

ℓ=max( j,k )

ℓ2m −
n∑

ℓ= j

ℓ2m
n∑

ℓ=k

ℓ2m
/ n∑

ℓ=1

ℓ2m .

5.3.2 Define b(θ) = −θ2 + 2icθ/(m + 1)2. Noting that b(θ) → −θ2 and
ν → 1 as m → ∞, and Γ(ν + 1)Jν (z)/(z/2)ν → 1 as z → 0, we have

E
(
eiθ (m+1)2R(m;c)

)
= [D1(θ)D2(θ)]−1/2 ,

where, for θ > 0,

D1(θ) = D
(
(m + 1)2

(
iθ +

√
b(θ)

))
= Γ(ν + 1)Jν

(√
iθ +

√
b(θ)

) / (
1
2

√
iθ +

√
b(θ)

)ν
→ 2J1(

√
2iθ)/

√
2iθ,

D2(θ) = D
(
(m + 1)2

(
iθ −

√
b(θ)

))
= Γ(ν + 1)Jν

(√
iθ −

√
b(θ)

) / (
1
2

√
iθ −

√
b(θ)

)ν
→ 1.

When θ < 0, we have D1(θ) → 1 and D2(θ) → 2J1(
√

2iθ)/
√

2iθ. Thus it
holds that

lim
m→∞

E
(
eiθ (m+1)2R(m;c)

)
=

(
2J1(
√

2iθ)/
√

2iθ
)−1/2

.

5.3.3 The ( j, k)th element An ( j, k) of An = C′MC is given by

n + 1 − max( j, k) − 1

n
∑n

ℓ=1 ℓ
2q − (∑n

ℓ=1 ℓ
q
)2

(n − k + 1)
(n − j + 1)

n∑
ℓ=1

ℓ2q

−
n∑

ℓ= j

ℓq
n∑

ℓ=1

ℓq
 +

n∑
ℓ=k

ℓq
n

n∑
ℓ= j

ℓq − (n − j + 1)
n∑

ℓ=1

ℓq

 .

Then we can find K (s, t; q) such that ���An ( j, k)/n − K ( j/n, k/n; q)��� con-
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verges uniformly to 0, where K (s, t; q) is given by

1 − max(s, t) − (q + 1)2

q2 (1 − s)(1 − t)

+
2q + 1

q2

[
(1 − s)(1 − tq+1) + (1 − t)(1 − sq+1) − (1 − sq+1)(1 − tq+1)

]
= min(s, t) − st + (1 − s)(1 − t) − (q + 1)2

q2 (1 − s)(1 − t)

+
2q + 1

q2

[
(1 − s)(1 − tq+1) + (1 − t)(1 − sq+1) − (1 − sq+1)(1 − tq+1)

]
= min(s, t) − st − 2q + 1

q2 st (1 − sq )(1 − tq ).

5.3.4 Since

(X ′X )−1 ≈




n n2/2 n3/3
n2 n3/3 n4/4

n3/3 n4/4 n5/5



−1

=
2160

n9




n8/240 −n7/60 n6/72
−n7/60 4n6/45 −n5/12
n6/72 −n5/12 n4/12


 ,

and

C′X =




...
...

...

n − j + 1
∑n

ℓ= j ℓ
∑n

ℓ= j ℓ
2

...
...

...


 ,

the ( j, k)th element Hn ( j, k) of C′X (X ′X )−1X ′C is given by

Hn ( j, k) ≈ 2160
n9

[
(n − k)

(
(n − j)n8

240
− (n2 − j2)n7

120
+

(n3 − j3)n6

216

)
+

n2 − k2

2

(
− (n − j)n7

60
+

2(n2 − j2)n6

45
− (n3 − j3)n5

36

)
+

n3 − k3

3

(
(n − j)n6

72
− (n2 − j2)n5

24
+

(n3 − j3)n4

36

)]
.

Thus we can obtain the uniform limit K (s, t) of An ( j, k)/n as

K (s, t) = 1 − max(s, t) −
[
(1 − t)

(
9(1 − s) − 18(1 − s2) + 10(1 − s3)

)
+(1 − t2)

(
−18(1 − s) + 48(1 − s2) − 30(1 − s3)

)
+(1 − t3)

(
10(1 − s) − 30(1 − s2) + 20(1 − s3)

)]
= min(s, t) − st − 2st(1 − s)(1 − t) (4 − 5s − 5t + 10st) .
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5.3.5 Since My = M (ε + Cη) D
= M (In + ρCC′)1/2ζ, it holds that

P
(

1
n1+τ

y′MCC′My

y′My
≤ x

)
= P

(
(ε + Cη)′

(
xM
n
− MCC′M

n2+τ

)
(ε + Cη) ≥ 0

)
= P

(
ζ′M

(
xM
n
− MCC′M

n2+τ

)
M (In + ρCC′)ζ ≥ 0

)
= P

(
ζ′

(
xM
n
+
ρxMCC′M

n
− MCC′M

n2+τ − ρ(MCC′M)2

n2+τ

)
ζ ≥ 0

)
= P

(
ζ′Q(τ)ζ ≥ 0

)
,

where ρ = c/nκ has been inserted.

5.4.1 Define b(θ) = −θ2 + 2icθ/(m + 1). Noting that b(θ) → −θ2 and
ν → 1 as m → ∞, and Γ(−ν + 1)J−ν (z)/(z/2)−ν → 1 as z → 0, we have

E
(
eiθ (m+1)S (m;c)

)
= [D1(θ)D2(θ)]−1/2 ,

where, for θ > 0,

D1(θ) = D
(
(m + 1)

(
iθ +

√
b(θ)

))
= Γ(−ν + 1)J−ν



√

(m + 1)(iθ +
√

b(θ))
m + 1



/ 

√
(m + 1)(iθ +

√
b(θ))

2(m + 1)



−ν

= Γ(−ν + 1)
∞∑
k=0

(
−
(
iθ +
√

b(θ)
)
/4(m + 1)

)k
k! Γ(−ν + 1 + k)

→ 1 − iθ,

D2(θ) = D
(
(m + 1)

(
iθ −

√
b(θ)

))
→ D(0) = 1.

When θ < 0, we have D1(θ) → 0 and D2(θ) → 1 − iθ. Thus it holds that

lim
m→∞

E
(
eiθ (m+1)S (m)

)
= (1 − iθ)−1/2 .

5.4.2 We can easily obtain the mean and variance by using

E(R(m; 0)) =
∫ 1

0
K (t, t; m) dt, Var(R(m; 0)) = 2

∫ 1

0

∫ 1

0
K2(s, t; m) ds dt .
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Alternatively, we have E
(
eiθR(m;0)

)
= (DR (2iθ))−1/2, where

DR (λ) = Γ(ν + 1)Jν



√
λ

m + 1



/ 

√
λ

2(m + 1)



ν

= 1 − Γ(ν + 1)
Γ(ν + 2)

λ

4(m + 1)2 +
Γ(ν + 1)

2Γ(ν + 3)
λ2

16(m + 1)4 + λ
3O

(
m−6

)
= 1 − λ

2(m + 1)(4m + 3)
+

λ2

8(m + 1)2(4m + 3)(6m + 5)
+ λ3O

(
m−6

)
.

We also have E
(
eiθS (m;0)

)
= (DS (2iθ))−1/2, where

DS (λ) = Γ(−ν + 1)J−ν



√
λ

m + 1



/ 

√
λ

2(m + 1)



−ν

= 1 − Γ(−ν + 1)
Γ(−ν + 2)

λ

4(m + 1)2 +
Γ(−ν + 1)

2Γ(−ν + 3)
λ2

16(m + 1)4 + λ
3O

(
m−5

)
= 1 − λ

2(m + 1)
+

λ2

8(m + 1)2(2m + 3)
+ λ3O

(
m−5

)
.

Then moments can be derived from Theorem 2.4.

5.4.3 Since z = (1q ,2q , . . . , nq )′ and

An = C′(In − zz′/z′z)C = C′C − C′zz′C/z′z,

we deduce that the ( j, k)th element of An is given by

An ( j, k) = n + 1 − max( j, k) −
n∑

ℓ= j

ℓq
n∑

ℓ=k

ℓq
/ n∑

ℓ=1

ℓ2q .

Thus An ( j, k)/n converges uniformly to

K (s, t; q) = 1 − max(s, t) −
∫ 1

s

uq du
∫ 1

t

vq dv
/ ∫ 1

0
w2q dw

= 1 − max(s, t) − 2q + 1
(q + 1)2 (1 − sq+1)(1 − tq+1).

5.4.4 Since

(Z ′Z )−1 ≈
(
n3/3 n4/4
n4/4 n5/5

)−1

=
240
n8

(
n5/5 −n4/4
−n4/4 n3/3

)
,

and the jth row of C′Z is given by (
∑n

ℓ= j ℓ,
∑n

ℓ= j ℓ
2), the ( j, k)th element
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Hn ( j, k) of C′Z (Z ′Z )−1 Z ′C is given by

Hn ( j, k) ≈ 240
n8

[
n2 − k2

2

(
(n2 − j2)n5

10
− (n3 − j3)n4

12

)
+

n3 − k3

3

(
− (n2 − j2)n4

8
+

(n3 − j3)n3

9

)]
.

Thus we can obtain the uniform limit K (s, t) of An ( j, k)/n as

K (s, t) = 1 − max(s, t) − 240
[
1 − t2

2

(
1 − s2

10
− 1 − s3

12

)
+

1 − t3

3

(
−1 − s2

8
+

1 − s3

9

)]
= 1 − max(s, t) +

2
9

(1 − s)(1 − t)

×
(
5(s2 + t2 − 8s2t2 + st (s + t)) − 4(1 + s)(1 + t)

)
.

Chapter 6

6.1.1 Putting η = y − Xβ, we have

∂L
∂α
= −1

2
tr

(
Ω

−1(α)
∂Ω(α)
∂α

)
+

1
2σ2

ε

η′
Ω

−1(α)
∂Ω(α)
∂α

Ω
−1(α)η,

∂2L
∂α2 = −

1
2

tr


−

(
Ω

−1(α)
∂Ω(α)
∂α

)2

+Ω−1(α)
∂2Ω(α)
∂α2




+
1

2σ2
ε

η′


−2

(
Ω

−1(α)
∂Ω(α)
∂α

)2

Ω
−1(α) +Ω−1(α)

∂2Ω(α)
∂α2 Ω

−1(α)


 η,

which yields

∂2L
∂α2

�����H0

= −1
2

tr(−In + 2Ω−1) +
1

2σ̃2
ε

η̃′(−2Ω−1 + 2Ω−2)η̃. (A.11)

Since

tr(Ω−1) = tr
(
CC′ − 1

n + 1
Cee′C′

)
=

n(n + 2)
6

, σ̃2
ε =

1
n
η̃′
Ω

−1η̃,

substituing these into (A.11) gives the required result.
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6.1.2 It holds that

η̃′
Ω

−1η̃
D
= ζ′Ω1/2(α)Ñ ′

Ω
−1 ÑΩ1/2(α)ζ

D
= ζ′MΩ−1/2

Ω(α)Ω−1/2 Mζ
D
= ζ′MΩ−1/2

(
αΩ + (1 − α)2In

)
Ω

−1/2 Mζ

= αζ′Mζ +
c2

n2 ζ
′MΩ−1 Mζ,

where M = In−Ω−1/2X (X ′Ω−1X )−1X ′Ω−1/2 = M2. It holds that αζ′Mζ/n →
σ2

ε in probability, whereas ζ′MΩ−1 Mζ/n3 = Op (n−1), which establishes
(6.12).

6.1.3 Consider

1
nτ

Rn =

ζ′
[
α

nτ+2 A2
nΩ +

c2

nτ+2κ+2 A2
n

]
ζ

ζ′
[
α

n
AnΩ +

c2

n2κ+1 An

]
ζ

.

Since it holds that

1
nτ

Rn =



c2

n4 ζ
′A2

nζ + op (1)
α

n
ζ′AnΩζ + op (1)

(1/2 < κ < 1, τ = 2 − 2κ)

c2

n4 ζ
′A2

nζ + op (1)

σ2
ε +

c2

n2 ζ
′Anζ + op (1)

(κ = 1/2, τ = 1),

and, for 0 ≤ κ < 1/2 and τ = 1,

1
nτ

Rn =

ζ′
[

α

n4−2κ A2
nΩ +

c2

n4 A2
n

]
ζ

ζ′
[

α

n2−2κ AnΩ +
c2

n2 An

]
ζ

=

c2

n4 ζ
′A2

nζ + op (1)

c2

n2 ζ
′Anζ + op (1)

,

we obtain the required convergence.

6.2.1 The jth row of C′(α) and the kth column of C(α) are given, respec-
tively, by

(0, . . . , 0,1,α, . . . , αn− j ), (0, . . . , 0,1,α, . . . , αn−k )′,
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so that the ( j, k)th element H jk of C′(α)C(α) is, for j ≤ k,

H jk =

n−k∑
i=0

αk− j+2i .

We have

dH jk

dα

�����α=1
=

n−k∑
i=0

(k − j + 2i)αk− j+2i−1
������α=1

= (n − j)(n − k + 1)

= (n − j + 1)(n − k + 1) − (n − k + 1),

which gives the required result.

6.2.2 It is clear that γ = 1 for Case (A). For Case (B) we have

e′Me = e′e − (e′Ce)2/e′C′Ce = n − (n2/2)2/(n3/3) + o(n) = n/4 + o(n)

so that γ = 1/4. For Case (C) we have

e′Me = e′e−(e′Cd)2/(d′C′Cd) = n−(n3/6)2/(n5/20)+o(1) = 4n/9+o(n)

so that γ = 4/9. For Case (D) we have

e′Me = e′e − e′C(e,d)
[(
e′

d′

)
C′C(e,d)

]−1 (
e′

d′

)
C′e

= n − (n2/2,n3/6)
(
n3/3 n4/8
n4/8 n5/20

)−1 (
n2/2
n3/6

)
+ o(n)

= n/9 + o(n)

so that γ = 1/9.

6.2.3 Using (6.23), we have

1
n
y′C′MCy

D
=

1
n
ε′C′MCΨ(α)ε

=
1
n
ε′C′MC

(
α(C′C)−1 + α

c
n
e1e

′
1 +

c2

n2 In

)
ε

=
α

n
ε′C′M (C−1)′ε +

αc
n2 ε′C′Mee′1ε +

c2

n3 ε
′C′MCε

D
=
α

n
ε′Mε + op (1) → σ2

ε in probability.

60



6.2.4 Using (6.23), we consider

lim
n→∞

γn = lim
n→∞

1
n
e′MC

[
α(C′C)−1 + α

c
n
e1e

′
1 +

c2

n2 In

]
C′Me

= lim
n→∞

α

n
e′Me + lim

n→∞

αc
n2 (e′Me)2 + lim

n→∞

c2

n3 e
′MCC′Me

= γ + cγ2 + lim
n→∞

c2

n3 e
′MCC′Me,

where γ = limn→∞ e′Me/n is available in the text. Concentrate on the last
term. For Case (A) we have γ = 1 and

e′MCC′Me = e′CC′e =
n∑
j=1

j2 = n3/3 + o(n3)

so that γ(A; c) = 1 + c + c2/3. For Case (B) we have γ = 1/4 and

e′MCC′Me =
n∑
j=1

j2 − 3
n

n∑
j=1

(n − j + 1)
n∑
i= j

i +
(

3
2n

)2 n∑
j=1




n∑
i= j

i




2

+ o(n3)

so that limn→∞ e′MCC′Me/n3 = 1/120. Thus γ(B; c) = (1 + c/4 +
c2/30)/4. For Case (C) we have γ = 4/9 and

e′MCC′Me =
n∑
j=1

j2 − 20
3n2

n∑
j=1

(n − j + 1)
n∑
i= j

i(i + 1)
2

+

(
10
3n2

)2 n∑
j=1




n∑
i= j

i(i + 1)
2




2

+ o(n3),

which gives limn→∞ e′MCC′Me/n3 = 2/63. Thus γ(C; c) = 4(1+ 4c/9+
c2/14)/9. For Case (D) we have γ = 1/9 and

e′MCC′Me =
n∑
j=1

j2 −
n∑
j=1

(n − j + 1)
(

2(n2 − j2)
n

− 10(n3 − j3)
9n2

)

+

n∑
j=1

(
2(n2 − j2)

n
− 10(n3 − j3)

9n2

)2

+ o(n3),

which gives limn→∞ e′MCC′Me/n3 = 1/945. Thus γ(D; c) = (1 + c/9 +
c2/105)/9.

Chapter 7
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7.1.1 We prove that the differential equation with the two boundary con-
ditions implies the integral equation. Denote by R the right side of the
integral equation to be proved. Then it follows that

R = λ

∫ 1

0

(
b0e−c |s−t | + b1(s) + b2(s)e−ct

)
f (s) ds

=
λx
2c

(
e−ct

∫ t

0
ecs f (s) ds + ect

∫ 1

t

e−cs f (s) ds
)

+λ

[
− x

c2

∫ 1

0
f (s) ds +

(
x
c2 +

1
2c

) ∫ 1

0
e−cs f (s) ds

+
x
c2 e−ct

∫ 1

0
f (s) ds −

(
x
c2 +

x
2c
+

1
c
+

1
2

)
e−ct

∫ 1

0
e−cs f (s) ds

]
.

Since

(λx − c2)
∫ t

0
ecs f (s) ds =

∫ t

0
ecs (λa − f ′′(s)) ds

=
λa
c

(ect − 1) − ect ( f ′(t) − c f (t))

+ f ′(0) − c f (0) − c2
∫ t

0
ecs f (s) ds,

we have

λx
∫ t

0
ecs f (s) ds =

λa
c

(ect − 1) − ect ( f ′(t) − c f (t)) + f ′(0) − c f (0).

We also have

(λx − c2)
∫ 1

t

e−cs f (s) ds =
∫ 1

t

e−cs (λa − f ′′(s)) ds

= − λa
c

(e−c − e−ct ) − e−ct ( f ′(1) − f ′(t) − c f (t))

−ce−c f (1) − c2
∫ 1

t

e−cs f (s) ds,

so that

λx
∫ 1

t

e−cs f (s) ds = − λa
c

(e−c − e−ct ) − e−ct ( f ′(1) − f ′(t) − c f (t))

−ce−c f (1).

Using these relations and the two boundary conditions together with the
definition of a, we arrive at R = f (t) after some manipulations.
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7.1.2 Since it follows from Theorem 7.1 that

ϕ(θ; A,c, x) = E(eiθ (xV (A)−U (A))) = e(c+iθ)/2
[
cos µ + (c + iθ)

sin µ
µ

]−1/2

,

where µ =
√

2iθx − c2, the joint c.f. of U (A) and V (A) is given by

ψ(θ1, θ2) = ϕ(−θ1; A,c,−θ2/θ1) = e(c−iθ1)/2
[
cos ν + (c − iθ1)

sin ν
ν

]−1/2

,

where ν =
√

2iθ2 − c2. To deal with
√

c(U (A) + cV (A))/cV (A), consider

ψ
(√

cθ1,c
√

cθ1 + cθ2

)
= E

[
exp

{
iθ1
√

c(U (A) + cV (A)) + iθ2cV (A)
}]

= exp
[
1
2

(
c − i
√

cθ1

)]
H (η),

where

η =
(
c2 − 2ic

√
cθ1 − 2icθ2

)1/2

= c − i
√

cθ1 − iθ2 +
θ2

1

2
+O

(
1
√

c

)
,

1
η
=

1
c

(
1 +

iθ1√
c
+O

(
1
c

))
,

H (η) =
[
cosh η +

(
c − i
√

cθ1

) sinh η
η

]−1/2

= e−η/2
(
1 +O

(
1
√

c

))
= exp

[
− c

2
+

i
2
√

cθ1 +
1
2

iθ2 −
θ2

1

4
+O

(
1
√

c

)] (
1 +O

(
1
√

c

))
.

Then we obtain

ψ
(√

cθ1,c
√

cθ1 + cθ2

)
→ exp

[
1
2

iθ2 −
θ2

1

4

]
,

which shows that cV (A) converges to 1/2 in probability, whereas

√
c (U (A) + cV (A)) ⇒ N

(
0,

1
2

)
,
√

c
(

U (A)
cV (A)

+ 1
)
⇒ N(0,2).
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7.2.1 For x j = 1 it holds that

M̃ = (CC′)=1 − (CC′)−1ee′(CC′)−1

= (C′)−1 (
In − e1e

′
1
)

C−1, e1 = (1,0, . . . , 0),

M̃y = M̃u = (C′)−1(0,u2 − u1,u3 − u2, . . . , un − un−1)′,

y′M̃y = u′M̃u =
n∑
j=2

(u j − u j−1)2,

d′M̃y = d′M̃u = un − u1,

which gives

Rn =
(un − u1)2∑n

j=2 (u j − u j−1)2 .

Then it is seen that, as n → ∞ under ρ = 1 − c/n, Rn ⇒ Y 2(1) because
of the same reasoning as in the case of x j = 0, where dY (t) = −cY (t) dt +
dW (t) with Y (0) = 0.

7.2.2 The kernel e−c (2−s−t ) is degenerate and it follows from the definition
of the FD given in (2.5) that

D(λ) = 1 − λ
∫ 1

0
e−2c (1−t ) dt = 1 − 1 − e−2c

2c
λ.

Alternatively, noting that

Y 2(1) =
(∫ 1

0
e−c (1−t ) dW (t)

)2

∼ 1 − e−2c

2c
χ2(1),

we have E
(
eiθY

2 (1)
)
=

(
1 − 2iθ(1 − e−2c )/2c

)−1/2
= (D(2iθ))−1/2, from

which D(λ) is obtained.

7.5.1 We obtain

ℓn (α)
ℓn (β)

= exp

β2 − α2

2n2

n∑
j=1

y2
j−1 +

β − α
n

n∑
j=1

y j−1(y j − y j−1)
 ,

where it holds by the CMT that, under ρ = 1 − γ/n,
 1

n2

n∑
j=1

y2
j−1,

1
n

n∑
j=1

y j−1(y j − y j−1)


 ⇒

(∫ 1

0
X2(t) dt,

∫ 1

0
X (t) dX (t)

)
.

Thus we establish the required result using again the CMT.
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7.5.2 It holds that

U =
∫ 1

0
H (X (t)) dX (t)

=

∫ 1

0

(
X (t) + (6t − 4)

∫ 1

0
X (s) ds − (12t − 6)

∫ 1

0
sX (s) ds

)
dX (t)

=
1
2

(X2(1) − 1) +
(
2X (1) − 6

∫ 1

0
X (s) ds

) ∫ 1

0
X (s) ds

−
(
6X (1) − 12

∫ 1

0
X (s) ds

) ∫ 1

0
sX (s) ds

= −1
2
+

1
2

X2
1 + 2X1X2 − 6X2

2 − 6X1X3 + 12X2X3,

V =
∫ 1

0
H2(X (t)) dt

=

∫ 1

0
X2(t) dt − 4

(∫ 1

0
X (t) dt

)2

− 12
(∫ 1

0
tX (t) dt

)2

+12
∫ 1

0
X (t) dt

∫ 1

0
tX (t) dt

=

∫ 1

0
X2(t) dt − 4X2

2 − 12X2
3 + 12X2X3.

Then, using Theorem 7.4, we have

E
(
eθ1U+θ2V

)
= e−θ1/2 exp

[
θ1

{
1
2

Z2
1 − 6Z2

2 + 2Z1 Z2 − 6Z1 Z3 + 12Z2 Z3

}
+
β − c

2
(Z2

1 − 1) + θ2(−4Z2
2 − 12Z2

3 + 12Z2 Z3)
]
,

which leads to the required expression.

7.5.3 It holds that

Z1 = Z (1) = e−β

∫ 1

0
eβs dW (s) =

∫ 1

0
a1(s) dW (s),

Z2 =

∫ 1

0
Z (t) dt =

∫ 1

0

(
e−βt

∫ t

0
eβs dW (s)

)
dt

=

∫ 1

0

(∫ 1

s

e−βt dt
)

eβs dW (s) =
1
β

∫ 1

0

(
1 − e−β (1−s)

)
dW (s)

=

∫ 1

0
a2(s) dW (s),
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Z3 =

∫ 1

0
tZ (t) dt =

∫ 1

0

(
te−βt

∫ t

0
eβs dW (s)

)
dt

=

∫ 1

0

(∫ 1

s

te−βt dt
)

eβs dW (s)

=

∫ 1

0

(
s − e−β (1−s)

β
+

1 − e−β (1−s)

β2

)
dW (s) =

∫ 1

0
a3(s) dW (s).

Then we compute

Cov(Z j , Zk ) =
∫ 1

0
a j (s)ak (s) ds ( j, k = 1,2,3),

which yields the covariance matrix Ω described in the text.

7.5.4 Let us put

dY 0(t) = dW (t), dYγ (t) = γYγ (t) dt + dW (t), Y 0(0) = Yγ (0) = 0.

Then Girsanov’s theorem yields

m1(θ; x) = e−bθ/2E
[
exp

{(
θ

(
ax +

c2θ

2

)
+
γ2

2

) ∫ 1

0
(Yγ (t))2 dt

− bθ + γ
2

(Yγ (1))2 +
γ

2

}]
= e(−bθ+γ)/2E

[
exp

{
− bθ + γ

2
(Yγ (1))2

}]
,

where γ =
√
−θ(2ax + c2θ). Since Yγ (1) ∼ N(0, (e2γ − 1)/2), we have

m1(θ; x) = e−bθ/2
[
e−γ

(
1 + (bθ + γ)

e2γ − 1
2γ

)]−1/2

= e−bθ/2
[
e−γ +

(bθ + γ)(eγ − e−γ )
2γ

]−1/2

= e−bθ/2
[
cosh γ + bθ

sinh γ
γ

]−1/2

= e−bθ/2
[
cos µ + bθ

sin µ
µ

]−1/2

,

where µ =
√
θ(2ax + c2θ). This last result yields (7.49).

7.5.5 Putting

dY 0(t) = dW (t), dYγ (t) = γYγ (t) dt + dW (t), Y 0(0) = Yγ (0) = 0,
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Girsanov’s theorem yields

m2(θ; x) = e−bθ/2E
exp


(
c1 +

γ2

2

) ∫ 1

0
(Yγ (t))2 dt − c1

(∫ 1

0
Yγ (t) dt

)2

+

(
c2 −

γ

2

)
(Yγ (1))2 + c3Yγ (1)

∫ 1

0
Yγ (t) dt +

γ

2

}]
= e(−bθ+γ)/2E

exp
−c1

(∫ 1

0
Yγ (t) dt

)2

+

(
c2 −

γ

2

)
(Yγ (1))2

+c3Yγ (1)
∫ 1

0
Yγ (t) dt

}]
,

where c1 = θ(ax + c2θ/2),c2 = −bθ/2,c3 = bθ, and γ =
√
−2c1. Since

Z =




Yγ (1)∫ 1

0
Yγ (t) dt


 ∼ N(0,Σ), Σ =




e2γ − 1
2γ

(eγ − 1)2

2γ2

(eγ − 1)2

2γ2

2γ + (eγ − 1)(eγ − 3)
2γ3


 ,

we have

m2(θ; x) = e(−bθ+γ)/2E
[

exp{Z ′AZ }
]
= e(−bθ+γ)/2���I2 − 2AΣ���−1/2

,

where

A =



c2 −

γ

2
1
2

c3

1
2

c3 −c1


 .

Then we arrive at (7.52) after some manipulations.

Chapter 8

8.1.1 Consider

f (t) = λ

∫ 1

0
Kg (s, t; x) f (s) ds

= λx
[∫ t

0
A1(s, t) f (s) ds +

∫ 1

t

A2(s, t) f (s) ds
]

− λ(1 − t)g

2(g!)2

∫ 1

0
(1 − s)g f (s) ds,
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where

A1(s, t) =
1

(g!)2

∫ 1

t

((s − u)(t − u))g du,

A2(s, t) =
1

(g!)2

∫ 1

s

((s − u)(t − u))g du.

Then we have, for j = 0,1, . . . , g,

f ( j ) (t) = λx
[∫ t

0

∂ j A1(s, t)
∂t j

f (s) ds +
∫ 1

t

∂ j A2(s, t)
∂t j

f (s) ds
]

− λg(g − 1) · · · (g − j + 1)(−1) j (1 − t)g− j

2(g!)2

∫ 1

0
(1 − s)g f (s) ds,

which yields

f ( j ) (1) = 0 ( j = 0,1, . . . , g−1), f (g) (1) =
λ(−1)g−1

2g!

∫ 1

0
(1−s)g f (s) ds.

We also have, for j = 1,2, . . . , g + 1,

f (g+ j ) (t) =
λx(−1) j

(g + 1 − j)!

∫ t

0
(s − t)g+1− j f (s) ds,

which yields

f (g+ j ) (0) = 0 ( j = 1, . . . , g + 1),

and

f (2g+1) (t) = λx(−1)g+1
∫ t

0
f (s) ds, f (2g+2) (t) = λx(−1)g+1 f (t).

Conversely, define

Cj (s, t) =
∂ j A1(s, t)

∂s j
=

g(g − 1) · · · (g − j + 1)
(g!)2

∫ 1

t

(s − u)g− j (t − u)g du,

D j (s, t) =
∂ j A2(s, t)

∂s j
=

g(g − 1) · · · (g − j + 1)
(g!)2

∫ 1

s

(s − u)g− j (t − u)g du.

It holds that Cj (t, t) = D j (t, t) and Cj (s,1) = D j (1, t) = Cg+1+ j (s, t) = 0
for j = 0,1, . . . , g, whereas

Dg+1(s, t) =
−1
g!

(t − s)g , Dg+1+ j (t, t) = 0 ( j = 0,1, . . . , g − 1),
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and D2g+1(s, t) = (−1)g+1. Then we have, by integration by parts,

R = λ

∫ 1

0
Kg (s, t; x) f (s) ds

= (−1)g+1
[∫ t

0
A1(s, t) f (2g+2) (s) ds +

∫ 1

t

A2(s, t) f (2g+2) (s) ds
]

− λ(1 − t)g

2(g!)2

∫ 1

0
(1 − s)g f (s) ds

= (−1)g+2
[∫ t

0
C1(s, t) f (2g+1) (s) ds +

∫ 1

t

D1(s, t) f (2g+1) (s) ds
]

− λ(1 − t)g

2(g!)2

∫ 1

0
(1 − s)g f (s) ds,

where we have used A1(t, t) = A2(t, t), A2(1, t) = 0, and f (2g+1) (0) = 0.
Proceeding further by integration by parts, we obtain

R = −
[∫ t

0
Cg (s, t) f (g+2) (s) ds +

∫ 1

t

Dg (s, t) f (g+2) (s) ds
]

− λ(1 − t)g

2(g!)2

∫ 1

0
(1 − s)g f (s) ds

= Dg+1(1, t) f (g) (1) −
∫ 1

t

Dg+2(s, t) f (g) (s) ds

− λ(1 − t)g

2(g!)2

∫ 1

0
(1 − s)g f (s) ds

= −
∫ 1

t

Dg+2(s, t) f (g) (s) ds = (−1)g
∫ 1

t

D2g+1(s, t) f ′(s) ds

= (−1)2g+1
∫ 1

t

f ′(s) ds = − f (1) + f (t) = f (t),

which gives the required result.

8.1.2 The integral equation

f (t) = λ
∫ 1

0
L0(s, t; x) f (s) ds = λ

∫ 1

0

[
x min(s, t) − 1

2

]
f (s) ds

is equivalent to

f ′′(t) + λx f (t) = 0, f ′(1) = 0, f ′(0) = −2x f (0).

The general solution to the differential equation is

f (t) = c1 cos
√
λxt + c2 sin

√
λxt,
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and it follows from the two boundary conditions that M (λ)c = 0, where
c = (c1,c2)′ and

M (λ) =
(

2x
√
λx

− sin
√
λx cos

√
λx

)
.

Computing |M (λ) | we arrive at the FD given in the problem.

8.1.3 Noting that

E
(
eθ (xV−U )

)
= (D0(2θ; x))−1/2 =

cos
√

2θx + θ
sin
√

2θx
√

2θx


−1/2

,

we have

ψ(θ1,−θ2) = E
(
eθ1U−θ2V

)
=

[
cosh

√
2θ2 − θ1

sinh
√

2θ2√
2θ2

]−1/2

.

Then it follows that

E
(
U
V

)
=

∫ ∞

0

∂ψ(θ1,−θ2)
∂θ1

�����θ1=0
dθ2

=
1
2

∫ ∞

0

sinh
√

2θ2√
2θ2

(
cosh

√
2θ2

)−3/2
dθ2

=
1
2

∫ ∞

1
u−3/2 du = 1,

where we have put cosh
√

2θ2 = u so that 1 < u < ∞ and du/dθ2 =

sinh
√

2θ2/
√

2θ2. It is clear that E(U) = E(V ) = 1/2.
To prove that R = U/V and V are not independent, we show that E(R2V 2) ,

E(R2)E(V 2). It holds that E(R2V 2) = E(U2) = E(W 4(1))/4 = 3/4 and

E(V 2) = E

(∫ 1

0
W 2(t) dt

)2 =
∫ 1

0

∫ 1

0
E(W 2(s)W 2(t)) ds dt

=

∫ 1

0

∫ 1

0

[
E(W 2(s))E(W 2(t)) + 2E2(W (s)W (t))

]
ds dt

=

∫ 1

0

∫ 1

0
[st + 2(min(s, t))2] ds dt =

7
12
.
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On the other hand, since we obtain

E(R2) = E

(

1
2

W 2(1)
/ ∫ 1

0
W 2(t) dt

)2
=

∫ ∞

0
θ2

∂2

∂θ2
1

[
cosh

√
2θ2 − θ1

sinh
√

2θ2√
2θ2

]−1/2������θ1=0

dθ2

=
3
8

∫ ∞

0

tanh2 √2θ2√
cosh
√

2θ2

dθ2 = 1.891,

we have

E(R2V 2) =
1
4
, E(R2)E(V 2) = 1.891 × 7

12
= 1.103.

8.2.1 Using (8.21) we obtain, as n → ∞,

1
n2d+1 Var




n∑
j=1

v j


 = 1

n2d+1

2
n−1∑
h=1

(n − h)γv (h) + nγv (0)


=
σ2

εΓ(1 − 2d)
Γ(d)Γ(1 − d)

2
n

n∑
h=1

(
1 − h

n

) (
h
n

)2d−1

+ o(1)

→ 2σ2
εΓ(1 − 2d)

Γ(d)Γ(1 − d)

∫ 1

0
(1 − t)t2d−1 dt

=
σ2

εΓ(1 − 2d)
(2d + 1)Γ(1 + d)Γ(1 − d)

.

8.2.2 The first equality is evident. We have, as |h| → ∞,

(h ± 1)2H = |h|2H ± 2H |h|2H−1 + H (2H − 1) |h|2H−2 +O(|h|2H−3),

which establishes the second equality.

8.2.3 We first note that the infinite series on the left side converges abso-
lutely when 0 < H < 1/2. Putting γ∆(h) = Cov(∆BH ( j),∆BH ( j + h)), it
holds that, as n → ∞,

n∑
h=−n

γ∆(h) = 2
n∑

h=1

γ∆(h) + γ∆(0)

=

n∑
h=1

[
|h + 1|2H + |h − 1|2H − 2|h|2H

]
+ 1
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= (n + 1)2H − n2H = 2Hn2H−1 +O(n2H−2) → 0.

8.2.4 Putting α = H − 1/2 and I (x < a) = 1 for x < a and 0 for x ≥ a, it
follows from (8.24) that, for s < t,

Var (BH (t) − BH (s)) =
1

A2
H

∫ ∞

−∞
{(t − u)α I (u < t) − (s − u)α I (u < s)}2 du

=
1

A2
H

∫ ∞

−∞
{(t − s − v)α I (v < t − s) − (−v)α I (v < 0)}2 dv

=
(t − s)2H

A2
H

∫ ∞

−∞
{(1 − u)α I (u < 1) − (−u)α I (u < 0)}2 du

= (t − s)2H .

8.2.5 It holds that, when 0 < H < 1, X j = nH
(
BH (t j ) − BH (t j−1)

)
is a

zero-mean stationary Gaussian process with E(X2
j ) = n2H |t j − t j−1 |2H = 1.

Then it follows from the weak law of large numbers that

plimn→∞
1
n

n∑
j=1

X2
j = plimn→∞

1
n1−2H

n∑
j=1

(
BH (t j ) − BH (t j−1)

)2

= E(X2
j ) = 1,

which gives the required result.

8.2.6 We have

∫ s

0

∫ t

0
|u − v |2H−2 du dv =

∫ s

0

[∫ v

0
(v − u)2H−2 du +

∫ t

v

(u − v)2H−2 du
]

dv

=
1

2H − 1

∫ s

0

[
v2H−1 + (t − v)2H−1

]
dv

=
1

2H (2H − 1)

[
s2H + t2H − |t − s |2H

]
.
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8.4.1 Consider, for s ≤ t,

E (BH (s), MH (t))

= E
[
κ−1
H

∫ s

0

∫ t

0
(v(t − v))1/2−H dBH (u) dBH (v)

]

= κ−1
H H (2H − 1)

∫ s

0

∫ t

0
(v(t − v))1/2−H |v − u|2H−2 du dv

= κ−1
H H (2H − 1)

∫ s

0

∫ 1

0
(b(1 − b))1/2−H

����b − u
t
����
2H−2

db du

= κ−1
H H (2H − 1)B(H − 1/2,3/2 − H) s = s,

which is the required result, where we have used the formula given in
(8.46).

8.4.2 It follows from the definition of BH (t) and NH (t) that

Cov(BH (t),NH (t)) = E
[

bH

A(H)

∫ t

0

∫ t

0
(t − u)H−1/2v1/2−H dW (u) dW (v)

]

=
bH

A(H)

∫ t

0
(t − u)H−1/2u1/2−H du

=
bH

A(H)

∫ 1

0
(t(1 − v))H−1/2 (tv)1/2−H t dv

=
bH

A(H)
B(3/2 − H,H + 1/2) t =

Γ2(3/2 − H)
Γ(2 − 2H)

t .

Noting that Var(BH (t)) = t2H and Var(NH (t)) = aH t2−2H , we have

Corr(BH (t),NH (t)) =
1√

t2HaH t2−2H

Γ2(3/2 − H)
Γ(2 − 2H)

t

=
Γ2(3/2 − H)
Γ(2 − 2H)

/ √
aH .

8.4.3 We have∫ 1

0
C2

H (t) dt

= 2(1 − H)
∫ 1

0
t4H−2

(∫ t

0

∫ t

0
(uv)1/2−H dW (u) dW (v)

)
dt

= 2(1 − H)
∫ 1

0

∫ 1

0

(∫ 1

max(u,v)
t4H−2 dt

)
(uv)1/2−H dW (u) dW (v)
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=
2(1 − H)
4H − 1

∫ 1

0

∫ 1

0

[
1 − (max(u,v))4H−1

]
(uv)1/2−H dW (u) dW (v).

We also have, for s < t,

Cov (CH (s),CH (t)) = 2(1 − H)(st)2H−1
∫ s

0
u1−2H du = (st)2H−1 s2−2H ,

which establishes the required relations.

8.4.4 We prove that the differential equation with the two boundary con-
ditions leads to the integral equation given by

t2αh(t) = λκ2
[∫ 1

0
h(s) ds − t4α+1

∫ t

0
h(s) ds −

∫ 1

t

s4α+1h(s) ds
]
,

(A.12)
where α = H − 1/2 and κ2 = (1 − 2α)/(4α + 1). We first note that(

2αt−2α−1h(t) + t−2αh′(t)
) ′
= −λκ2(4α + 1)h(t).

Thus we have

λκ2h(t) = − 1
4α + 1

(
2αt−2α−1h(t) + t−2αh′(t)

) ′
= − 1

4α + 1
g′(t).

Then the right side of (A.12) is given by

− 1
4α + 1

[∫ 1

0
g′(s) ds − t4α+1

∫ t

0
g′(s) ds −

∫ 1

t

s4α+1g′(s) ds
]
,

which is shown to be equal to the left side of (A.12) by using the two
boundary conditions.

8.4.5 The integral equation with the kernel LH (s, t) is shown to be equiv-
alent to

f ′′(t) − 2H − 1
t

f ′(t) +
(
2(1 − H)λt2H−1 +

2H − 1
t2

)
f (t) = 0

with the boundary conditions

lim
t→0

t2−2H f ′(t) = 0, f ′(1) = (2H − 1) f (1).

The general solution to the above differential equation is given by

f (t) = tH (c1 Jν−1(ηtγ ) + c2 J1−ν (ηtγ )) ,

where η =
√

2(1 − H)λ/(H+1/2), γ = H+1/2, and ν = (2H−1/2)/(H+
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1/2). We have, from the two boundary conditions, the homogeneous equa-
tions in c = (c1, c2)′:

M (λ) c =



1 0

a
2(1 − H)
η(H + 1/2)

J1−ν (η) − J2−ν (η)


 c = 0,

where a is some constant. Since it holds [Watson (1958)] that

J−ν (η) =
2(1 − ν)

η
J1−ν (η) − J2−ν (η) =

2(1 − H)
η(H + 1/2)

J1−ν (η) − J2−ν (η),

we have |M (λ) | = J−ν (η) and obtain the FD given in the problem.

8.4.6 We have

Var(SH ) = 2
∫ 1

0

∫ 1

0
Cov2 (BH (s), BH (t)) ds dt

=
1
2

∫ 1

0

∫ 1

0

[
s2H + t2H − |s − t |2H

]2
ds dt,

and arrive at the required result after some algebra. To compute Var(TH ),
consider the FD of KH (s, t) given by

DH (λ) = Γ(1 − ν)J−ν (η)
/ (
η

2

)−ν
= Γ(1 − ν)

∞∑
k=0

(−1)k (η/2)2k

k! Γ(−ν + k + 1)

= Γ(1 − ν)
[

1
Γ(1 − ν)

− (η/2)2

Γ(2 − ν)
+

(η/2)4

2Γ(3 − ν)
− (η/2)6

6Γ(4 − ν)
+ · · ·

]

= 1 − (η/2)2

1 − ν +
(η/2)4

2(2 − ν)(1 − ν)
− (η/2)6

6(3 − ν)(2 − ν)(1 − ν)
+ · · ·

= 1 − d1λ +
d2

2
λ2 − d3

6
λ3 + · · · ,

where η =
√

2(1 − H)λ/(H + 1/2), ν = (2H − 1/2)/(H + 1/2), d1 =

1/(2H +1), and d2 = 2(1−H)/3(2H +1)2. Then it follows from Theorem
2.4 that

Var(TH ) = 2(d2
1 − d2) = 2

(
1

(2H + 1)2 −
2(1 − H)

3(2H + 1)2

)
=

2
3(2H + 1)

.

8.5.1 We prove that the differential equation with the two boundary con-
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ditions leads to the integral equation given by

t2αh(t) = λ

[
x

4α + 1

{∫ 1

0
h(s) ds − t4α+1

∫ t

0
h(s) ds −

∫ 1

t

s4α+1h(s) ds
}

−1
2

∫ 1

0
h(s) ds

]
, (A.13)

where α = H − 1/2. We first note that

G′(t) =
(
2αt−2α−1h(t) + t−2αh′(t)

) ′
= −2α(2α + 1)t−2α−2h(t) + t−2αh′′(t)

= t−2α
(
h′′(t) − 4α2 + 2α

t2 h(t)
)
= −λxh(t).

Then the right side of (A.13) is given by

1
4α + 1

{
−

∫ 1

0
G′(s) ds + t4α+1

∫ t

0
G′(s) ds +

∫ 1

t

s4α+1G′(s) ds
}

+
1

2x

∫ 1

0
G′(s) ds,

which is shown to be equal to the left side of (A.13) by using the two
boundary conditions.

8.5.2 The general solution to the differential equation is given by

h(t) = tβ (c1 Jν (κtγ ) + c2 J−ν (κtγ )) ,

where β = 1/2, γ = H+1/2, κ =
√
λx/(H+1/2), and ν = (2H−1/2)/(H+

1/2). Then it follows from the boundary condition limt→0 G(t) = 0 that, as
t → 0,

G(t) → (2H − 1)
(
c1

κν/2ν

Γ(1 + ν)
+ c2

κ−ν/2−ν

Γ(1 − ν)
t−4H+1

)
+c1

(β + γν)κν/2ν

Γ(1 + ν)
+ c2

(β − γν)κ−ν/2−ν

Γ(1 − ν)
t−4H+1

= c1(2H − 1 + β + γν)
κν/2ν

Γ(1 + ν)

+c2(2H − 1 + β − γν)
κ−ν/2−ν

Γ(1 − ν)
t−4H+1

= c1(4H − 1)
κν/2ν

Γ(1 + ν)
= 0.
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The other boundary condition yields, allowing for c1 = 0,

(2H − 1 − 2x)h(1) + h′(1)

= (2H − 1 − 2x)c2 J−ν (κ)

+c2

[
βtβ−1 J−ν (κtγ ) + tβγκtγ−1

{
−J1−ν (κtγ ) − ν

κtγ
J−ν (κtγ )

}]
t=1

= c2
[
(2H − 1 − 2x + β − γν)J−ν (κ) − γκJ1−ν (κ)

]
= c2

[
−2xJ−ν (κ) −

√
λxJ1−ν (κ)

]
= 0.

Then we have the equation in c = (c1, c2)′ given in the problem, where we
have used the relation

J′
−ν (z) = −J−ν+1(z) − ν

z
J−ν (z).

8.5.3 Let us put

I =
∫ ∞

0
f (x) dx =

1
2

(H + 1/2)
∫ ∞

0
g(x) (h(x))−3/2 dx,

where

f (x) =
(ξ/2)−ν/2−1 J1−ν (ξ)(J−ν (ξ))−3/2

4(H + 1/2)
√
Γ(1 − ν)

, ξ =

√
−2x

H + 1/2
,

g(x) =
Γ(1 − ν)

2(H + 1/2)2 J1−ν (ξ)
/ (
ξ

2

)1−ν

,

h(x) = Γ(1 − ν)J−ν (ξ)
/ (
ξ

2

)−ν
=

∞∏
n=1

(
1 − ξ2

c2
n

)

=

∞∏
n=1

(
1 +

2x
c2
n (H + 1/2)2

)
≥ 1,

with c1 < c2 < · · · being the positive zeros of J−ν (ξ). Then, using the
relation in (2.127), we have

d {J−ν (ξ)/ξ−ν }
dx

= −ξν J1−ν (ξ)
dξ
dx
=

1
(H + 1/2)2 J1−ν (ξ)/ξ1−ν .

Thus we obtain dh(x) = g(x) dx, where h(x) ≥ 1. Then it follows that

I =
1
2

(H + 1/2)
∫ ∞

0
(h(x))−3/2 dh(x)

=
1
2

(H + 1/2)
∫ ∞

1
u−3/2 du = H + 1/2.

77



Appendix B

Graphs of Distributions of Brownian
Functionals

In this appendix we present graphs of probability densities of some statis-
tics dealt with in the main text. In each figure the associated FD or the
c.f. is shown together with the equation number referred to in the text.
Means, variances, and percent points are also reported for some distribu-
tions. Densities presented are computed by numerical integration, which
is carried out by different methods depending on the property of statistics.
More specifically, the statistics are classified into the following three cases:

Sj =



V ( j = 1)

U + V ( j = 2)

U/V ( j = 3),

where U and V are random variables with −∞ < U < ∞ and V > 0. Then
we can compute the distribution function Fj (x) of Sj as follows:

Fj (x) = P(Sj < x) =



1
π

∫ ∞

0
Re

[
1 − e−iθx

iθ
E

(
eiθV

)]
dθ ( j = 1)

1
2
− 1
π

∫ ∞

0

1
θ

Im
[
e−iθxE

(
eiθ (U+V )

)]
dθ ( j = 2)

1
2
+

1
π

∫ ∞

0

1
θ

Im
[
E

(
eiθ (xV−U )

)]
dθ ( j = 3),

where the case of j = 1 is Lévy’s inversion formula, whereas the cases of
j = 2,3 are due to Imhof (1961).

Numerical integration for the above integrals was done by Simpson’s
rule by taking care in the actual computation because the c.f. is usually
the square root of a complex-valued function, which any computer cannot
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evaluate properly. We also need to examine the behavior of the integrand.
It is sometimes the case that the function oscillates and converges to 0
quite slowly, for which Euler’s transformation can be used to overcome the
difficulty. It is also convenient to apply change of variables like θ = u2

so that the integrand vanishes at the origin. More computational details
can be found in Tanaka (1996, 2017). In any case the probability density
f j (x) = dFj (x)/dx can be easily obtained from numerical derivatives of
the distribution function Fj (x) by computing f j (x) ≈ (Fj (x+δ)−Fj (x))/δ
for small δ.
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Figure 1 S1 =

∫ 1

0

∫ 1

0
[1 − max(s, t)] dW (s) dW (t)

=

∫ 1

0
W 2(t) dt,

D(λ) = cos
√
λ, Mean =

1
2
, Var =

1
3
,

x(0.9) = 1.1958, x(0.95) = 1.6557, x(0.99) = 2.7875

0.0 0.5 1.0

0

1

2

3

 

 

0.322

 eqs. (1.28), (2.102) 

0.0 0.5 1.0

0

2

4

6

 

 

1 6

0.343

 eqs. (1.34), (2.103) 

Figure 2 S2 =

∫ 1

0

∫ 1

0
[min(s, t) − st] dW (s) dW (t)

=

∫ 1

0

(
W (t) −

∫ 1

0
W (s) ds

)2

dt,

D(λ) =
sin
√
λ

√
λ

, Mean =
1
6
, Var =

1
45
,

x(0.9) = 0.3473, x(0.95) = 0.4614, x(0.99) = 0.7435
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Figure 3 S3 =

∫ 1

0

∫ 1

0
[1 − max(s, t) + b] dW (s) dW (t)

D(λ) = cos
√
λ − b

√
λ sin

√
λ,

Mean =
1
2
+ b, Var =

1
3
+ 2b2 +

4
3

b

0.0 0.5 1.0 1.5 2.0

0

1

2

 

 

 b =   0 
 b =   1 
 b =   2 
 b = 10 

 eq. (2.107) 

−2 −1 0 1 2

0

1

2

 

 

 eq. (2.107) 
 b =   − 1  
 b =   − 2  
 b =   − 5  
 b = − 10  

Figure 4 S4 =

∫ 1

0

∫ 1

0
[1 − max(s, t) + b] dW (s) dW (t)

D(λ) = cos
√
λ − b

√
λ sin

√
λ,

Mean =
1
2
+ b, Var =

1
3
+ 2b2 +

4
3

b
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Figure 5 S5 =

∫ 1

0

∫ 1

0

1
4

[1 − 2|s − t |] dW (s) dW (t)

=

∫ 1

0

(
W (t) − 1

2
W (1)

)2

dt,

D(λ) =


cos

√
λ

2




2

, Mean =
1
4
, Var =

1
24
,

x(0.9) = 0.5156, x(0.95) = 0.6560, x(0.99) = 0.9822

0.0 0.5

0

2

4

 

 

1 4

0.371

 eq. (2.119) 

−2 0 2

0.0

0.5

1.0

 

 

1

0.027

 eq. (2.120) 

Figure 6 S6 =
1
2

∫ 1

0

[
W1(t) dW2(t) −W2(t) dW1(t)

]
,

E
(
eiθS6

)
=

(
cosh

θ

2

)−1

, f (x) =
1

cosh πx
, Var =

1
4
,

x(0.9) = 0.5866, x(0.95) = 0.8092, x(0.99) = 1.3221

82



Figure 7 S7 =

∫ 1

0

∫ 1

0

[
min(s, t) − st +

1
2

(s2 + t2 − s − t) +
1

12

]
dW (s) dW (t)

=

∫ 1

0

(
W (t) − tW (1) −

∫ 1

0
(W (s) − sW (1)) ds

)2

dt,

D(λ) =


sin

√
λ

2

/ √
λ

2




2

, Mean =
1

12
, Var =

1
360

0.0 0.2

0

5

10

 

 

1 12

0.383

 eq. (2.122) 
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 eq. (2.133) 
m = 0
m = 2
m = 4
m = ∞

Figure 8 S8 =

∫ 1

0

∫ 1

0

m + 1
2m + 1

[
1 − (max(s, t))2m+1

]
dW (s) dW (t)

=

∫ 1

0
(m + 1)

(
tmW (t)

)2
dt,

D(λ) = Γ(−ν + 1) J−ν



√
λ

√
m + 1



/ 

√
λ

2
√

m + 1



−ν

, ν =
2m + 1

2(m + 1)
,

Mean =
1
2
, Var =

m + 1
2m + 3
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Figure 9 S9 =

∫ 1

0

∫ 1

0
(m + 1)2smtm[min(s, t) − st] dW (s) dW (t)

D
=

∫ 1

0
(m + 1)2

(
tm (W (t) − tW (1))

)2
dt,

D(λ) = Γ
(

2m + 3
2(m + 1)

)
J1/2(m+1)

(√
λ
) / 
√
λ

2




1/2(m+1)

,

Mean =
m + 1

2(2m + 3)
, Var =

(m + 1)3

(2m + 3)2(4m + 5)

0.0 0.2 0.4

0

2

4

6

 

 

 eq. (2.136) m = 0
m = 2
m = 4
m = ∞

0 1 2 3

0.0

0.5

1.0

 

 0.357

 eq. (2.139) 

Figure 10 S10 =

∫ 1

0

∫ 1

0

min(s, t) − st
√

st (1 − s)(1 − t)
dW (s) dW (t)

D
=

∫ 1

0

(W (t) − tW (1))2

t(1 − t)
dt D
=

∞∑
n=1

Z2
n

n(n + 1)
,

D(λ) = − cos
π
√

1 + 4λ
2

/
πλ, Mean = 1, Var =

2π2

3
− 6
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Figure 11 S11 =

∫ 1

0

∫ 1

0

1
2

(max(s, t))m dW (s) dW (t)

=

∫ 1

0
tmW (t) dW (t) +

1
2(m + 1)

, Mean = Var =
1

2(m + 1)
,

D(λ) = Γ(−ν) J−ν−1



√
−2λm
m + 1



/ 
√
−2λm

2(m + 1)



−ν−1

, ν =
m

m + 1

0 1 2

0

2

4

 

 

 eq. (2.143) 

m = 0.5
m =    1
m =    5

0.0 0.2 0.4

0
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15

 

 

 eqs. (2.164), (2.165) 
  
  
  

S12
A

S12
B

Figure 12 SA
12 =

∫ 1

0

∫ 1

0

[
min(s, t) − st − 2

π2 sin πs sin πt
]

dW (s) dW (t),

DA(λ) =
sin
√
λ

√
λ

/ (
1 − λ

π2

)
, Mean =

π2 − 6
6π2 , Var =

1
45
− 2
π4 ,

SB
12 =

∫ 1

0

∫ 1

0

[
min(s, t) − st − 2

π2 sin2 πs sin2 πt
]

dW (s) dW (t),

DB (λ) =


sin
√
λ

√
λ
+

1 − cos
√
λ

π2(1 − λ/4π2)



/ (

1 − λ

4π2

)
, Mean =

2π2 − 9
12π2
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Figure 13 SA
13 =

∫ 1

0

∫ 1

0

[
1 − max(s, t) − 8

π2 cos
πs
2

cos
πt
2

]
dW (s) dW (t),

DA(λ) = cos
√
λ

/ (
1 − 4λ

π2

)
, Mean =

π2 − 8
2π2 , Var =

π4 − 18π2 + 48
3π4 ,

SB
13 =

∫ 1

0

∫ 1

0

[
1 − max(s, t) − 8

π2

(
cos

πs
2

cos
πt
2

)2
]

dW (s) dW (t),

DB (λ) =


cos
√
λ +

2
√
λ sin

√
λ

π2(1 − λ/π2)



/ (

1 − λ

π2

)
, Mean =

π2 − 6
2π2
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 eqs. (2.167), (2.168)   
  
 

S13
A

S13
B
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 eq. (3.19)  a = 1, b = 0 
 a = 2, b = 0 
 a = 2, b = 1 
 a = 2, b = 2 

Figure 14 S14 =

∫ 1

0

(
W (t) + a + bt

)2
dt, Mean =

1
2
+ a2 + ab +

1
3

b2,

E
(
eiθS14

)
=

(
cos
√
λ
)−1/2

exp
[
− b(2a + b)

2
+ ab sec

√
λ

+
a2λ + b2

2
tan
√
λ

√
λ

 (λ = 2iθ)
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Figure 15 S15 =

∫ 1

0

(
W (t) − tW (1) + a + bt

)2
dt,

E
(
eiθS15

)
=


sin
√
λ

√
λ



−1/2

exp
[

b2

2
+ a(a + b)

√
λ csc

√
λ

−
√
λ

(
a(a + b) +

b2

2

)
cot
√
λ

]
(λ = 2iθ),

Mean =
1
6
+ a2 + ab +

1
3

b2
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 eq. (3.21)  a = 1, b = 0 
 a = 2, b = 0 
 a = 2, b = 1 
 a = 2, b = 2
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 eqs. (3.23), (3.33)  b = − 1 
 b = − 2 
 b = − 3 
 b = − 4 

Figure 16 S16 =

∫ 1

0

(
X (t) + a ebt

)2
dt, X (t) = ebt

∫ t

0
e−bs dW (s),

E
(
eiθS16

)
=

(
cos µ − b

sin µ
µ

)−1/2

exp
[
− b

2
+

ia2θ sin µ/µ
cos µ − b sin µ/µ

]
,

µ =
√

2iθ − b2, a =
√
−1/(2b) (b < 0),

Mean = − 1
2b
, Var =

−e4b + 4e2b − 4b − 3
8b4
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Figure 17 S17 =

∫ 1

0

(
X (t) + a ebt

)2
dt, X (t) = ebt

∫ t

0
e−bs dW (s),

E
(
eiθS17

)
=

(
cos µ − b

sin µ
µ

)−1/2

exp
[
− b

2
+

ia2θ sin µ/µ
cos µ − b sin µ/µ

]
,

µ =
√

2iθ − b2, Mean =
e2b − 1

2b

(
a2 +

1
2b

)
− 1

2b
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 eqs. (3.23), (3.33) a = 1
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 eqs. (3.23), (3.33) b = 0.2 

b = 0.4 
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Figure 18 S18 =

∫ 1

0

(
X (t) + a ebt

)2
dt, X (t) = ebt

∫ t

0
e−bs dW (s),

E
(
eiθS18

)
=

(
cos µ − b

sin µ
µ

)−1/2

exp
[
− b

2
+

ia2θ sin µ/µ
cos µ − b sin µ/µ

]
,

µ =
√

2iθ − b2, Mean =
e2b − 1

2b

(
a2 +

1
2b

)
− 1

2b
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Figure 19 S19 =

∫ 1

0

(
X (t) + a ebt

)2
dt, X (t) = ebt

∫ t

0
e−bs dW (s),

E
(
eiθS19

)
=

(
cos µ − b

sin µ
µ

)−1/2

exp
[
− b

2
+

ia2θ sin µ/µ
cos µ − b sin µ/µ

]
,

µ =
√

2iθ − b2, Mean =
e2b − 1

2b

(
a2 +

1
2b

)
− 1

2b
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 eqs. (3.23), (3.33)  b = − 2 
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 eqs. (3.23), (3.33)  b = 0.2 

Figure 20 S20 =

∫ 1

0

(
X (t) + a ebt

)2
dt, X (t) = ebt

∫ t

0
e−bs dW (s),

E
(
eiθS20

)
=

(
cos µ − b

sin µ
µ

)−1/2

exp
[
− b

2
+

ia2θ sin µ/µ
cos µ − b sin µ/µ

]
,

µ =
√

2iθ − b2, Mean =
e2b − 1

2b

(
a2 +

1
2b

)
− 1

2b
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Figure 21 S21 =

∫ 1

0

(
W (t) − tW (1) − at(1 − t)

)2
dt,

E
(
eiθS21

)
=


sin
√
λ

√
λ



−1/2

exp

4a2

λ2


1 − cos

√
λ

sin
√
λ/
√
λ
− λ(λ + 12)

24


 ,

λ = 2iθ, Mean =
1
6
+

1
30

a2, Var =
1
45
+

17
1260

a2
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 eq. (3.25) 
 a = 2
 a = 4 
 a = 6 
 a = 8 

0 1 2 3

0

1
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 eq. (3.27)  a = 0.5
 a = 1.0 
 a = 1.5 
 a = 2.0 

Figure 22 S22 =

∫ 1

0

(
W (t) − tW (1) − a sin 2πt

)2
dt,

E
(
eiθS22

)
=


sin
√
λ

√
λ



−1/2

exp
[

a2π2λ

4π2 − λ

]
,

λ = 2iθ, Mean =
1
6
+

1
2

a2, Var =
1

45
+

1
2π2 a2
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Figure 23 S23 =

∫ 1

0
t2m

(
W (t) + a

)2
dt,

E
(
eiθS23

)
=

[
Γ(−ν + 1) J−ν (η)

/ (
η

2

)−ν ]−1/2

× exp
[

ia2θ Γ(ν + 1)
(2m + 1) Γ(−ν + 1)

Jν (η)
J−ν (η)

(
η

2

)−2ν
]
,

ν =
2m + 1

2(m + 1)
, η =

√
2iθ

m + 1
, Mean =

1
2(m + 1)

+
a2

2m + 1
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 eq. (3.35) m = 0.5  a = 2
 a = 3

 a = 4
 a = 5
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 eq. (3.40) m = 1
 a = 2
 a = 3

 a = 4
 a = 5

Figure 24 S24 =

∫ 1

0
tm

(
W (t) + a

)
dW (t),

E
(
eiθS24

)
=

[
Γ(−ν)J−ν−1(η)

/ (
η

2

)−ν−1
]−1/2

× exp
[
ia2θ

2
Γ(ν + 1)
Γ(−ν + 1)

Jν+1(η)
J−ν−1(η)

(
η

2

)−2ν
− iθ

2(m + 1)

]
,

ν =
m

m + 1
, η =

√
−4iθm
m + 1

, Mean = 0
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Figure 25 S25 =

∫ 1

0

(
W (t) + Z (a + bt)

)2
dt, Z ∼ N(0,1),

E
(
eiθS25

)
=


(1 + b(2a + b)

)
cos
√
λ − 2ab − (a2λ + b2)

sin
√
λ

√
λ



−1/2

,

λ = 2iθ, Mean =
1
2
+ a2 + ab +

1
3

b2

0 2

0
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 eq. (3.46)  a = 0, b = 0 
 a = 0, b = 1 
 a = 1, b = 0 
 a = 1, b = 1 

0 2
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 eq. (3.47) 
 a = 0, b = 0 
 a = 0, b = 1 
 a = 1, b = 0 
 a = 1, b = 1 

Figure 26 S26 =

∫ 1

0

(
W (t) − tW (1) + Z (a + bt)

)2
dt, Z ∼ N(0,1),

E
(
eiθS26

)
=


(1 − b2)

sin
√
λ

√
λ
− 2a(a + b) +

(
2a(a + b) + b2

)
cos
√
λ



−1/2

,

λ = 2iθ, Mean =
1
6
+ a2 + ab +

1
3

b2
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Figure 27 S27 =

∫ 1

0

(
X (t) +

Z
√
−2b

ebt
)2

dt, b < 0, Z ∼ N(0,1),

X (t) = ebt
∫ t

0
e−bs dW (s),

E
(
eiθS27

)
= e−b/2

(
cos ν −

(
b − iθ

b

)
sin ν
ν

)−1/2

, ν =
√

2iθ − b2,

Mean = − 1
2b
, Var =

1
4b4

(
e2b − 2b − 1

)
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 eqs. (3.48), (3.51) 
 b = − 1 
 b = − 2 
 b = − 3 
 b = − 4 
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 eq. (3.52) 
 a = m =    0
 a = m = 0.5 
 a = m =    1 
 a = m = 1.5 

Figure 28 S28 =

∫ 1

0
t2m

(
W (t) + aZ

)2
dt, Z ∼ N(0,1),

E
(
eiθS28

)
=

(
Γ(−ν + 1) J−ν (η)

(η/2)−ν
− 2ia2θΓ(ν + 1)Jν (η)

(2m + 1)(η/2)ν

)−1/2

,

ν =
2m + 1

2(m + 1)
, η =

√
2iθ

m + 1
, Mean =

1
2(m + 1)

+
1

2m + 1
a2

93



Figure 29 S29 =

∫ 1

0
tm

(
W (t) + aZ

)
dW (t), Z ∼ N(0,1),

E
(
eiθS29

)
=

[(
Γ(−ν)J−ν−1(η)

(η/2)−ν−1 +
ia2θΓ(ν + 1)Jν+1(η)

ν(η/2)ν−1

)
eiθ/(m+1)

]−1/2

,

Mean = 0, Var =
1

2(m + 1)
+

1
2m + 1

a2
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 eq. (3.54)  a = m = 0.5
 a = m = 0.8
 a = m =    1
 a = m = 1.5

0 1 2 3

0
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 eq. (4.33)  a =   4
 a =   6 
 a =   8 
 a = 10 

Figure 30 S30 =

∫ 1

0

(
Z (t) + a sin 2πt/(2π)

)2
dt,

Cov(Z (s), Z (t)) = min(s, t) − st − 2 sin2 πs sin2 πt/π2,

E
(
eiθS30

)
=



sin
√
λ

√
λ
+

1 − cos
√
λ

π2(1 − λ/4π2)



/ (

1 − λ

4π2

) 
−1/2

× exp
[

a2λ

4(4π2 − λ)

]
, λ = 2iθ,

Mean =
1
6
− 3

4π2 +
a2

8π2 , Var =
1

45
− 1

6π2 −
1 − a2

8π4
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Figure 31 S31 =

∫ 1

0

∫ 1

0

(
K (s, t) + cK (2) (s, t)

)
dW (s) dW (t),

K (s, t) = min(s, t) − st, K (2) (s, t) =
∫ 1

0
K (s,u)K (u, t) du,

E
(
eiθS31

)
=

[
D

(
iθ +
√
−θ2 + 2icθ

)
D

(
iθ −
√
−θ2 + 2icθ

)]−1/2
,

D(λ) = sin
√
λ/
√
λ, Mean =

1
6
+

c
90
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 eqs. (5.18), (6.17)  c =     0
 c =   10 
 c = 100 
 c = 200 
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 eq. (5.21)  q = 1
 q = 2 
 q = 3 
 q = 4 

Figure 32 S32 =

∫ 1

0

∫ 1

0
Kq (s, t) dW (s) dW (t),

Kq (s, t) = min(s, t) − st − 2q + 1
q2 st (1 − sq )(1 − tq ),

D(λ) =
12
λ2

(
2 −
√
λ sin

√
λ − 2 cos

√
λ
)

(q = 1),

Mean =
1
15
, Var =

11
6300

(q = 1)
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Figure 33 S33 =

∫ 1

0

∫ 1

0

(
K (s, t) + cK (2) (s, t)

)
dW (s) dW (t),

K (s, t) = min(s, t) − st − 5
4

st (1 − s2)(1 − t2),

D(λ) =
15
λ3

(√
λ(3 − λ) sin

√
λ − 3λ cos

√
λ
)
,

Mean =
1
14
+

1
882

c
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 eqs. (5.22), (6.17)  c =     0 
 c =   10 
 c =   50 
 c = 100 
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 eqs. (5.24), (6.17)  c =     0 
 c =   20 
 c =   50 
 c = 100 

Figure 34 S34 =

∫ 1

0

∫ 1

0

(
K (s, t) + cK (2) (s, t)

)
dW (s) dW (t),

K (s, t) = min(s, t) − st − 2st (1 − s)(1 − t)(4 − 5s − 5t + 10st),

D(λ) =
720
λ4

(
4(6 + λ) −

√
λ(24 − λ) sin

√
λ − 8(3 − λ) cos

√
λ
)
,

Mean =
3

70
+

11
44100

c
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Figure 35 S35 =

∫ 1

0

∫ 1

0
Kq (s, t) dW (s) dW (t),

Kq (s, t) = 1 − max(s, t) − 2q + 1
(q + 1)2 (1 − sq+1)(1 − tq+1),

D(λ) =
3
λ2

(√
λ sin

√
λ − λ cos

√
λ
)

(q = 1),

Mean =
1

10
, Var =

1
175

(q = 1)
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 eq. (5.37)  q = 1
 q = 2 
 q = 3 
 q = 4 
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 eq. (5.38)  c =     0 
 c =   10 
 c =   50 
 c = 100 

Figure 36 S36 =

∫ 1

0

∫ 1

0

(
K (s, t) + cK (2) (s, t)

)
dW (s) dW (t),

K (s, t) = 1 − max(s, t) − 5
9

(1 − s3)(1 − t3),

D(λ) =
20
λ3

(
−2λ +

√
λ(1 + λ) sin

√
λ + λ

(
1 − λ

3

)
cos
√
λ

)
,

Mean =
1
7
+

277
31752

c
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Figure 37 S37 =

∫ 1

0

∫ 1

0

(
K (s, t) + cK (2) (s, t)

)
dW (s) dW (t),

K (s, t) = 1 − max(s, t) − 7
16

(1 − s4)(1 − t4),

D(λ) =
126
λ4

(√
λ
(
2 − 2λ +

λ2

2
)

sin
√
λ − λ (

2 − 4λ
3
+
λ2

10
)

cos
√
λ

)
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 c =     0 
 c  =  10 
 c =   50 
 c = 100 

 eq. (5.38) 
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 c =     0 
 c  =  20 
 c =   50 
 c = 100 

 eqs. (5.40) 

Figure 38 S38 =

∫ 1

0

∫ 1

0

(
K (s, t) + cK (2) (s, t)

)
dW (s) dW (t),

K (s, t) = 1 − max(s, t) +
2
9

(1 − s)(1 − t)

× (
5(s2 + t2 − 8s2t2 + st(s + t)) − 4(1 + s)(1 + t)

)
,

D(λ) =
80
λ4

(
12(2 + λ) − 4

√
λ(6 + λ) sin

√
λ − (24 − λ2) cos

√
λ
)
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Figure 39 S39 =

∫ 1

0
G2

k (t) dt,

G1(t) = W (t), G2(t) = W (t) −
∫ 1

0
W (s) ds,

G3(t) = W (t) + (6t − 4)
∫ 1

0
W (s) ds − (12t − 6)

∫ 1

0
sW (s) ds,

Mean =
1
2
,

1
6
,

1
15

(k = 1, 2, 3)
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eq. (1.129) 
 k = 1 
 k = 2 
 k = 3 

0.0 0.2 0.4

0

5

10

 

 

eq. (7.10) 
 c =  − 2 
 c =     0 
 c =     2 
 c =     5 

Figure 40 S40 =

∫ 1

0
Y 2(t) dt, Y (t) = e−ct

∫ t

0
ecs dW (s),

D(λ) = e−c
(
cos µ + c

sin µ
µ

)
, µ =

√
λ − c2,

Mean =
1

4c2e2c

(
(2c − 1)e2c + 1

)
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Figure 41 S41 =

∫ 1

0

(
Y (t) −

∫ 1

0
Y (s) ds

)2

dt, Y (t) = e−ct
∫ t

0
ecs dW (s),

D(λ) = e−c
(
λ − c3

µ2

sin µ
µ
− c2

µ2 cos µ − 2cλ
µ4 (cos µ − 1)

)
, µ =

√
λ − c2,

Mean =
1

4c3e2c

(
(2c2 − 5c + 6)e2c − 8ec + c + 2

)
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eq. (7.10) 
 c =  − 2 
 c =     0 
 c =     2 
 c =     5 
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eq. (7.10) 

 c =  − 2 
 c =     0 
 c =     2 
 c =     5 

Figure 42 S42 =

∫ 1

0

(
Y (t) + (6t − 4)

∫ 1

0
Y (s) ds − (12t − 6)

∫ 1

0
sY (s) ds

)2

dt,

D(λ) = e−c
(

c5 − 4λ(c2 − 3c − 3)
µ4

sin µ
µ
− 24λ2(c + 1)

µ6

(
sin µ
µ
+

cos µ
µ2 − 1

µ2

)
+

(
c4

µ4 +
8λc3

µ6

)
cos µ +

4λc2(c + 2)
µ6

)
,

Mean =
1

4c5e2c

(
(2c4 − 9c3 + 24c2 − 24c − 24)e2c + 16(c2 + 3c)ec

+c3 + 8c2 + 24c + 24
)
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Figure 43 S43 =

∫ 1

0
Gk (t) dW (t)

/ ∫ 1

0
G2

k (t) dt,

G1(t) = W (t), G2(t) = W (t) −
∫ 1

0
W (s) ds,

G3(t) = W (t) + (6t − 4)
∫ 1

0
W (s) ds − (12t − 6)

∫ 1

0
sW (s) ds,

Mean = −1.7814, −5.3791, −10.2455 (k = 1, 2, 3)
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 eq. (1.129) 
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 eq. (7.10) : M=A  c = − 2 
 c =    0 
 c =    2 
 c =    5 

Figure 44 S44 =

∫ 1

0
Y (t) dY (t)

/ ∫ 1

0
Y 2(t) dt,

Y (t) = e−ct
∫ t

0
ecs dW (s),

Mean = 0.7488, −1.7814, −3.9299, −6.9758 (c = −2, 0, 2, 5),

x(0.01) = −13.6954, x(0.05) = −8.0391, x(0.1) = −5.7137 (c = 0)

101



Figure 45 S45 =

∫ 1

0
G(t) dY (t)

/ ∫ 1

0
G2(t) dt,

G(t) = Y (t) −
∫ 1

0
Y (s) ds, Y (t) = e−ct

∫ t

0
ecs dW (s),

Mean = −1.1866, −5.3791, −7.3742, −9.9345 (c = −2, 0, 2, 5),

x(0.01) = −20.6259, x(0.05) = −14.0936, x(0.1) = −11.2506 (c = 0)
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      eq. (7.10) : M=B 
 c = − 2 
 c =    0 
 c =    2 
 c =    5 
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eq. (7.10) : M=C   
 c = − 2 
 c =    0 
 c =    2 
 c =    5 

Figure 46 S46 =

∫ 1

0
H (t) dY (t)

/ ∫ 1

0
H2(t) dt, Y (t) = e−ct

∫ t

0
ecs dW (s),

H (t) = Y (t) + (6t − 4)
∫ 1

0
Y (s) ds − (12t − 6)

∫ 1

0
sY (s) ds,

Mean = −7.6596, −10.2455, −10.9622, −13.0996 (c = −2, 0, 2, 5),

x(0.01) = −29.3586, x(0.05) = −21.7112, x(0.1) = −18.2453 (c = 0)
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Figure 47 S47 =

∫ 1

0

(
Y (t) − tY (1)

)2
dt,

Y (t) = e−ct
∫ t

0
ecs dW (s), µ =

√
λ − c2, λ = 2iθ,

D(λ) = e−c
[

c4

µ4 cos µ −
(

3c3 − λ(c2 + 3c + 3)
3µ2 +

λc2

µ4

)
sin µ
µ

]
,

Mean = 0.1667, 0.1386, 0.0913, 0.0552 (c = 0, 2, 5, 10),

x(0.01) = 0.03446, x(0.05) = 0.05646, x(0.1) = 0.07654 (c = 0)
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 eq. (7.28) 
 c =   0 
 c =   2 
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 eq. (8.4) 

g = 0
g = 1
g = 2

Figure 48 S48 =
1
2

F2
g (1)

/ ∫ 1

0
F2
g (t) dt,

Fg (t) =
∫ t

0
Fg−1(s) ds =

∫ t

0

(t − s)g

g!
dW (s),

Mean = g + 1
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Figure 49 S49 =

∫ 1

0

∫ 1

0
(st)2H−1(min(s, t))2−2H dW (s) dW (t),

D(λ) = Γ(1 − ν)J−ν (η(λ))
/ (
η(λ)

2

)−ν
, Mean =

1
2H + 1

,

λ = 2iθ, η(λ) =
√

2(1 − H)λ
H + 1/2

, ν =
2H − 1/2
H + 1/2
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 eq. (8.49)  H = 0.5 
 H = 0.6 
 H = 0.7

 H = 0.8 
 H = 0.9 
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 eq. (8.64)  H = 0.5 
 H = 0.6 

 H = 0.7 
 H = 0.8 
 H = 0.9 

Figure 50 S50 =

1
2

(∫ 1

0
u1/2−H dW (u)

)2

∫ 1

0
t4H−2

(∫ t

0
u1/2−H dW (u)

)2

dt

, Mean = H +
1
2
,

D(λ; x) = Γ(1 − ν)
(
J−ν (κ) +

λ

2
J1−ν (κ)
√
λx

) / (
κ

2

)−ν
,

λ = 2iθ, ν =
2H − 1/2
H + 1/2

, κ =

√
λx

H + 1/2
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